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Abstract: Tuned Mass Damper Inerters (TMDIs) are recognized for their effectiveness in mitigating
undesirable structural vibrations caused by unpredictable environmental loads. This study aims to
derive closed-form expressions for the optimal parameters of a TMDI system using the principles of
equal modal frequency and equal modal damping. The objective is to minimize the peak
displacement and acceleration responses of a structure subjected to dynamic excitations. Four distinct
strategies for controlling structural responses are presented. The resulting closed-form formulas are
independent of the excitation frequency and depend solely on the structural damping and the mass
ratio of the installed device. The proposed method is applied to a benchmark tall building subjected
to wind excitation, demonstrating the robustness and effectiveness of the TMDI in enhancing
structural performance. A key contribution of this study is the demonstration that significant
reductions in structural displacement and acceleration responses can be achieved using a TMDI with
a relatively low physical mass ratio. This finding highlights the efficiency and practicality of the
proposed approach, especially for applications where adding large supplemental mass is impractical.

Keywords: tuned mass dampers; inerter; structural control; equal modal damping; equal modal
frequency; tall buildings; TMD; TMDI; optimal; benchmark

1. Introduction to TMDI Damper

The rise of tall buildings has been a hallmark of modern urban development, driven by the need
to optimize land use and accommodate growing populations [1-5]. As these structures have become
increasingly slender and flexible, their susceptibility to wind-induced vibrations has emerged as a
critical design challenge [6-10]. Particularly in buildings with rectangular floor plans, vortex
shedding around sharp edges can induce significant oscillations in the across-wind direction, often
resulting in higher peak floor accelerations than those caused by along-wind forces [1,11]. These
accelerations can compromise occupant comfort, making their mitigation a key serviceability [12-15].

Efforts to suppress oscillatory motion in tall buildings began in the early 20th century, with the
development of passive control strategies aimed at reducing displacements in the fundamental mode
of vibration [9,15]. Among these, the Tuned Mass Damper (TMD) has proven to be one of the most
effective and widely adopted solutions [16-19]. A TMD typically consists of a small auxiliary mass
connected to the main structure via springs and dampers [8,20]. When properly tuned, the TMD
resonates at the same frequency as the primary structure, allowing it to absorb vibratory energy and
oscillate out of phase with the building, thereby reducing motion [18,20].

The theoretical foundation of TMD design is rooted in the fixed-point theory, which identifies
an optimal damping condition where the system's response becomes independent of the structure’s
inherent damping [21-23]. This theory has guided the development of numerous damping systems
over the decades [23-28]. However, its applicability diminishes in structures with higher damping
levels, where numerical methods are often required to accurately determine optimal parameters. It is
well established that the tuning frequency and damping ratio of the TMD are critical to its
effectiveness [21,22,27,28].
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To further enhance vibration control, recent advancements have introduced the Tuned Mass-
Damper-Inerter (TMDI) [4,7,22]. This system incorporates an inerter—a mechanical device that
resists relative acceleration between its terminals, typically implemented using a flywheel
mechanism [30-32]. The inerter amplifies the inertial effect of the attached mass, enabling greater
vibration suppression without increasing the physical size of the damper [30]. Unlike traditional
TMDs, which primarily target the fundamental mode, TMDIs can also influence higher vibration
modes, which are particularly significant in tall buildings where multiple modes contribute to floor
accelerations [22,26,27].

The objective of the present study is to derive closed-form solutions for the optimal design of
TMDI systems in damped structures [27,28]. These solutions aim to be independent of the excitation
frequency and based solely on the structural properties of the building. The study also compares the
derived parameters with existing undamped models and evaluates the performance of TMDI-
equipped tall buildings in mitigating displacement and acceleration responses under wind excitation
[2,35,36]. A benchmark high-rise structure is used to assess the effectiveness of various TMDI
configurations, with a focus on practical design considerations such as stroke length, inerter force
magnitude, and device sizing [5,12,15,37-40].

As the field continues to evolve, the integration of inerter-based systems represents a promising
direction for enhancing the resilience and comfort of next-generation skyscrapers [41-47].

2. The methodology of the Derivation of Optimum TMDI Parameters

Let m & m; be the mass of the main system and mass of TMD], ¢ & c; are damping of main
system & TMD, whereas k & k; are stiffness of main system & TMDI respectively, while b is inerter
mass (flywheel damper mass) connected to the base. The system parameters are defined as follows
[29].
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Figure 1. TMDI System.
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Where w, is the natural frequency of the main system; w, is the natural frequency of TMD; ¢
is structural damping ratio; ¢, is damping ratio of TMD; u is mass ratio and f inerter-mass ratio,
and v is frequency ratio.

The state of equilibrium, under F,(t) excitation force [41,48]
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Using equations 1, equation 2 can be expressed in the term of system parameters, as equation 3.
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The purpose of the state representation of the equation of motion is to condense the second-
order ordinary differential equation into the form [17,49,50]

Zz = Az + Bu 4)
=7 MUK E i ©

where 'z' represents the state vector and 'u' represents the input vector. The 'z and ‘A’ can be
interpreted from equation 4. Here, 'A" and 'B' stand for the system matrix and input matrix,
respectively. This general equation can be extended to TMD system matrices as indicated in equation
4, with 'M,' 'C," and 'K' are mass, damping, and stiffness matrices, respectively [19,27,28]. The state
matrix ‘A’ for equation 3 is expressed as equation 6,

0 0 1 0
0 0 0 1
—wd(1+ (B +p)v?) @B+ v —2w0(E + (B +mvE) 2w,(B +pve| ()
w3v? —w3v? 2w Vé; —2wyv&,

3. Equal Modal Damping and Frequency of TMDI System

The Eigen solution in term of R of equation from equation 6 leads to the following characteristic
polynomial as shown in equation 7 [24,26],

R*+2R3(E+ (1 + B + wvé)wg + R?(1 + (1 + B + p)v? + 4vEE) w3 + 2RV(VE + &) wd + viwg = 0 (7)

The solution of this polynomial results in 2 pairs of complex conjugates expressed as equation 8

[27,28].
Ry = —wé +iwg |(1—&%);Ry = —w,& —iwy [(1— &%) Rs = —w,§, + iw, /(1 — &%) Ry = —wy6, — iw, 1-&% (8)

Where,w; and w,, &; and ¢, are respectively modal frequency and modal damping of the first
and second mode of vibration. The roots shown in equation (8), can be expressed as equation 9 as

(R + & — i, /(1 - 512)) (R &) +iw, /(1 - 512)) (R + w8, — iw, /(1 -&%) )(R + w6, + i, /(1 - 522)) =0 (9

The expansion of equation 9 leads to equation 10.

follow.

R* 4 2(w1&1 + w28)R? + (w01? + 4w, 810,58, + 0,2)R* 4 20, 0, (w1€1 + 0,8,)R + w2w,* = 0 (10)

Mathematically, equation 9 and equation 10 are the same equation but expressed in different
system [28,29]. As per the equal modal damping & modal frequency hypothesis, means ¢, = ¢§; &
w, = wq, the equation (10) re-written as equation 11.

R* + 4(0,E)R® + (2w, 2(1 + 26 °)R? + (4w *6)R + (0,%) = 0 (11)

That means, the coefficient of equation 11 and equation 7 is the same, these proposals lead to the
following equations 12 to 15 [28,29],

w* =v2wi(12)

2016 =+ A +B+pvé)w,  (13)

28, w3 = 2v(V€ + &)} (14)

2021+ 25 = 1+ (1 + B + wv? + wEEHwE  (15)

The natural frequency (w,), modal frequency (), and frequency ratio (v) have a non-negative
value, hence, from equation 12, w; can be derived as,

w; = Vv, (16)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.1253.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 May 2025 d0i:10.20944/preprints202505.1253.v1

4 of 18

Using equation 16 and equation 13, &; can be derived as,

§ =25 (17)

It is to be noted that equations 16 and 17 represent complete closed-form presentation of equal
modal damping (¢, = &;)and equal modal frequency (w, = w,). Using equations 14 to 17, one can
obtain equation 18 & 1).

1§60+ |-B-urE2-266+ (1B IOEE
v= 1+B+u—§2 (18)

& =J1=-2v+v2+Bv2+puv? +vé 19)

By substituting v in equation 19 using equation 18 and rearranging term it reduces into equation 20.
Similarly, one can obtain equation 21, vice versa. Equations 20 and 21 are independent to v and ¢,
respectively, [28,29]. Both equations are simplified quartic equations and they have one pair of real
and other one pair of complex conjugate roots. These expressions are independent of the optimum
parameter, and they depend only on structural properties ¢, p and f [28,29].

282 — (U4 B+ e/ P —u+E 286+ A +B+WE+E(B—p+ A+B+WE+-B—p+E 285+ A +p+w)ED) =0 (20)

-1+Q@A+p +u)v)\/1 +v(—2+QA+p+puv)+A+v(=2+A+L+wv))E=0 (21)

The roots of equation 20 are

T F.r _ SEBHDAH+u=ED) | SE(B+mE?
Sty Sty Sty Sty = T S epen (22)

Similarly, by using the factoring technique, roots of v can also be summarized from equation 21
[28,29]

o —e24¢ [(BrR(L+BHA=ED)
14B+pu—2 8/ B+ (1+p+p—¢2) 1 (23)
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In equation 22 and 23, when inerter ratio f3, set equal to zero & upon the simplification it results
from expression 24 and 25. This is a derivation of earlier work of authors [27,28].

— fi\/ #—fzuﬂlz . f — filf\/ﬁ (24)

";tl.Z - 1+p POE34 T 14y

,V— — fz—l—lf_rfv #_Ezu"'#z o — 1ii‘/ﬁ (25)
12 §2-2pu+§2pu—p?-1

Ve = T,

Moreover, If the absolute mass ratio is taken as pgps as sum of u and S, the equations 22 and

23 are presented as 26 and 27[28,29].
—_— fi Ha s_fzua s'H‘lEZl s i
_ \ b b b . f _ filf\/ Habs (26)

f12 ™ 1+Haps ot3a T 1+Uaps

52_1_P—absi€ Habs_fzuabs"'ugbs _ 1+i/Uaps (27)

Vg =
sz_zuabs*’{zl’-abs_ugbs_l e 1+Uapbs

Viz2 =

The solution of the quartic equation of ¢, and v shows one pair of real &, & &, V5 & V)
and other pair of the complex conjugate i and E, v; and ¥;. The & and ¥; roots are
commonly cited by various authors [8,22,25,27].

Here, optimal parameters, & and v; show their presence in whole ¢, (B + 1) space, equation
26 and 27. The real roots & and y; roots only because their partial presence in &, ( + p) space.
These roots are derived based on the proposed hypothesis for optimization given in [28,29], which
produces &;, &, ¥; and v, the optimal real roots. The optimal parameters suggest that there are
multiple solutions [27-29]. The equation 28 shows the optimal solution in a pair.

Ry = (5,70, Ry = (&%), Ry = (§,73) and Ry = (.70 (28)

The following sections represent the graphical explanation and characteristic behaviors of
optimal solutions.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4. Equal Modality on Optimal Parameters for TMDI

Figure 2 presents the root locus of the state matrix A, based on the characteristic polynomial of
Equation 7[13,14,28,29]. Each real modal roots are tracked in terms of modal frequency and modal
damping. Optimal parameters are identified when both fundamental modes exhibit equal modal
damping and the first two modal frequencies align. Previous studies indicate that this condition
termed natural parity yields optimal displacement and acceleration control, and improved structural
performance [21,24,28]. In Figure 2(a), the vertical dash-dot line on the x-axis marks the two optimal
real roots for damping; in Figure 2(b), it marks those for frequency.

Modal damping (blue, left y-axis) and modal frequency (red, right y-axis) are clearly
distinguished. At the optimal state, the graph is divided into four horizontal dash-dot lines two for
damping and two for frequency, each color-coded to its respective axis. All key parameter values are
highlighted with matching-colored labels for clarity[13,14,28,29].
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Figure 2. Equal modal damping and frequency effect for TMDI for a) optimal damping b) optimal frequency.

5. Effect of Absolute Mass Ratio for TMDI

Figure 3 illustrates the influence of the absolute mass ratio on various structural systems. As
structural damping increases, the optimal frequency demand decreases for a given absolute mass
ratio. This trend remains consistent when estimating equal modal frequencies, as shown in the inset
of Figure 3(a). However, this trend reverses when evaluating equal modal damping at a constant
absolute mass ratio but with reduced structural damping under these conditions, the optimal
frequency demand is lower [13,14,29]. A similar reversal is observed for the optimal damping of a
Tuned Mass Damper Inerter (TMDI), as shown in the inset of Figure 3(b).
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Figure 3. Variation in optimal frequency and EMD against absolute mass ratio.
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The structural damping ratio and absolute mass ratio are independent but critical. Changes to
either can cause sensitivity issues, as optimal tuning depends directly on both.

6. Procedure for Estimating Optimal Parameters in a TMDI Controlled Structure

The step-by-step procedure for estimating optimal parameters in a TMDI Controlled Structure
is as follows:

1. Estimate Natural Frequency: Using the stiffness and mass properties of the main system,
estimate the natural frequency: w,

2. Determine Mass and Damping Ratios: Evaluate Mass Ratio (1) and Inertance ratio () based on
the structural control strategy using TMDI. The Absolute Mass Ratio is calculated as pgps = 1 +
f. Determine Structural Damping Ratio (§), as per the relevant standard.

3. Calculate Optimal Frequency Ratio (v;) using the equation 27, where v;, =é2—1—p . =+

abs —
f\/pabs - ¢ HMabs + p’f\bs/(f2 - Zp‘abs + ";Zpabs - Pl:?1bs -1
4.  Compute Equal Modal Frequency (EMF) using equation 17: w; = Vvw,

5. Estimate Optimal Damping Ratios §;, ,, using equation 26, §;,, =¢ £ J Hops — $2Mps T M2,/

(141,
6. Calculate Equal Modal Damping (EMD) using equation 17: & = v& + &,/(2Vv) where, & =

Etl,Z'

7.  Determine Effective Optimal Damping Roots: The optimal damping roots are: &, , = &[28,29].
8.  Proceed to Compute Parameters R; to R4 as per equation 28.

7. Study of Benchmark Tall Building

The study involves a proposed 76-story building in Melbourne, Australia, with a height of 306.1
meters, although it was not [5,38,42,53]. Figure 4 illustrates the typical layout and elevation of the
building, which measures 42 meters by 42 meters with chamfered corners and a slenderness ratio of
7.3, making it susceptible to wind loads. The structure features a reinforced concrete core at its center
and a perimeter frame. The core is primarily designed to withstand wind loads, while the frame
handles gravity and partial wind forces [15].

For the study, a discretized model was created by treating the columns and walls as Euler—
Bernoulli beam elements, resulting in a giant cantilever beam model with 76 translational and 76
rotational degrees of freedom [3,5,12,38,53]. The first five mode shapes and corresponding natural
period is shown in Figure 5.

Consequently, the proposed model, with 76 x 76 mass, damping, and stiffness matrices, is
referred to as the 76-DOF model. The first five natural frequencies of the tall benchmark building are
0.16 Hz, 0.765 Hz, 1.992 Hz, 3.790 Hz, and 6.395 Hz.

This study investigates structural control using a passive TMDI system, where the inerter is
grounded to enhance performance. The TMDI is strategically installed on the top floor of the structure
to target and mitigate the first mode of vibration. Grounding the inerter end allows the system to
capitalize on relative acceleration, thereby maximizing its damping effectiveness[13,14].

Previous research has demonstrated that inerters can achieve significant mass amplification—
up to 3000 times the physical mass, with an average amplification of at least 100 times being
commonly reported [13,14,48,54]. A variety of two-terminal inerter devices are commercially
available, and configurations where one terminal is grounded have been advocated for improved
performance [42,53,54].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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To analyze the dynamic response of a wind-excited benchmark building equipped with the
TMDI, a state-space approach is employed. The governing equations used for this analysis are
presented in Section 2, specifically in Equations (4) and (5). The benchmark tall building has a total
mass of 153,000 tons[3,5,12,46,53]. For the controlled structure, a 1% absolute mass ratio (pabs) is

considered for the passive control strategy.

8. Performance Measures of Benchmark Building

To assess the performance of the TMDI system, twelve response parameters are defined. P;
represents the ratio of the root mean square (RMS) displacement at the 76th floor of the controlled
structure to that of the uncontrolled structure, while P, denotes the corresponding ratio for RMS
[14,19]. To capture the overall response across the structure, P; is defined as the average ratio of RMS
displacements at selected target floors specifically floors 1,30,50, 55, 60, 65, 70, 75, and 76 of the
controlled structure to those of the uncontrolled case, and P, similarly represents the average ratio
of RMS accelerations at the same floors. Furthermore, Ps; quantifies the ratio of the maximum RMS
displacement observed among the target floors of the controlled structure to the RMS displacement
at the 76th floor of the uncontrolled [12,16]. Lastly, Py is defined as the ratio of the maximum RMS
acceleration among the target floors of the controlled structure to the RMS acceleration at the 76th
floor of the uncontrolled structure. These parameters collectively provide a comprehensive
assessment of the TMDI's effectiveness in suppressing structural [11,13,14,29].

P = (Gx76/0x760)
P, = (0%y6/0%760)
P; = %Zi:N(GXi/GXiO)
P, = %Zi:N(Gxi/Gszm)
P; = max( O'Xl,O'X30,O'XSO,O'XSS,O'XGO,O'X65,0'X70,0'X75)/0'X750

Ps = max( 0%y O30 Ok50» Oktssr Oxgo’ Oxtgs Oktyo 0X75)/05i750

29)

In addition to RMS, the peak response parameters are introduced to further evaluate the
performance of the TMDI under extreme loading conditions. P, is defined as the ratio of peak
displacement at the 76th floor of the controlled structure to that of the uncontrolled structure, while
Pg represents the corresponding ratio for peak acceleration response [12,55,56]. To capture the
broader structural response, Py denotes the average ratio of peak displacements at selected target
floors, specifically, floors 1, 30, 50, 55, 60, 65, 70, 75, and 76 between the controlled and uncontrolled
structures. Similarly, P, is the average ratio of peak accelerations at these target floors. The
parameter P;; is defined as the ratio of the maximum peak displacement observed among the target
floors of the controlled structure to the peak displacement at the 76th floor of the uncontrolled
structure. Lastly, P;, quantifies the ratio of the maximum peak acceleration among the target floors
of the controlled structure to the peak displacement at the 76th floor of the uncontrolled structure.
Together, these parameters provide a comprehensive view of the TMDI's capability to limit both
sustained and extreme structural [13,14,29,43].

Py, = (x76/x760)
Py = (5576/55760)
Ps = = Bi=n(%p,/%p;,)
Py = %Zi:N (xpi/jépio)
P11 = max(xy,X30, Xs50, X535, X60 X65, X70, X75)/X750
P, = maX(Xp5&30»5&50:5&55»5&60»5&65:5&70:5&75)/5&750

(30)

9. Assessment of Structural Response Characteristics

Table 1 presents a comparative assessment of the structural response under four different root
configurations, R; to R,, using both RMS and peak response indicators. The parameter P; shows

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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that R; achieves the highest reduction at 46.7%, followed closely by R, at 46.4%, R; at 45.0%, and
R, at 44.5%. Similarly, the RMS acceleration reduction, indicated by P, , is most significant for R;
at 64.1%, followed by R, at 63.9%, R; at 60.9%, and R, at 60.5% [12].

The parameters P; and P, shows the superior performance of R;, although with a marginal
advantage over R,. Moreover, P; and P; remain consistent between R; and R,, indicating robust
control effectiveness in both configurations[28,29].

Table 1. Performance Quantities for Control Strategies R; to Ra.

Roots RMS response Peak response
PP P, PP, P, P, Py Py Py Py Py
R, 0533 0359 0537 0428 0.533 0359 0.696 0453 0.712 0518 0.696 0.453
R, 0536 0361 0540 0.430 0536 0361 0.710 0457 0.726 0521 0.710 0.457
R; 0550 0.391 0553 0.457 0550 0391 0.744 0483 0.759 0.555 0.744 0.483
R, 0555 0.395 0.558 0.461 0555 0.395 0.773 0.488 0.788 0.565 0.773 0.488

In terms of peak response, the reduction in peak displacement at the 76th floor, as shown by P,
, 15 30.4% for Ry, 29.0% for R,, 25.6% for R3, and 22.7% for R,. This trend mirrors the performance
of the RMS indicators and highlights R; as the most effective configuration across both response
categories. The corresponding peak acceleration values shown by Py follow a similar pattern, with
R; again yielding the lowest response ratio at 0.453[12,16,29]. For more detail, refer Table 2.

Additional parameters Py through P;, consistently indicate a gradual decline in performance
from R; to R,.Specifically, P, and P;, show the average peak displacement and acceleration ratios
increasing slightly across the roots, while P;; and Pj, reflect the highest localized peak responses
within the structure[1,3,19,43], as shown in Table 3.

Table 2. RMS response quantities: Displacement o, (cm) and Acceleration o, (cm/s?).

Opt. Para. Un-cont. R, R, R4 Ry
Moys - 0.01 0.01 0.01 0.01
v; - 0.9852 0.9950 0.9852 0.9950
a - 0.0998 0.1001 0.0502 0.0502
Floor No. Oy, Oy, Oy; Oy, Oy, Oy, Oy, O3, Oy, O3,
1 0.02 0.06 0.01 0.06 0.01 006 0.01 006 0.01 0.06
30 215 202 117 082 117 083 120 088 121  0.89
50 522 478 281 1.70 282 171 289 18 292 188
55 611 559 328 197 329 198 338 216 341 218
60 702 642 377 223 378 224 388 244 391 247
65 797 731 426 257 428 258 439 281 443 284
70 892 818 477 287 479 289 492 314 496 3.18
75 992 914 529 333 532 335 546 362 551 3.66
76 10.14 935 541 336 543 338 558 366 563 3.69
TMD - - 1144 1143 1137 1159 1559 1537 1561 15.69

Table 3. Peak response quantities: Displacement x; (cm) and Acceleration ¥; (cm/s?).

Opt. Para. Un-cont. R, R, R, Ry
Mope - 0.01 0.01 0.01 0.01
v; - 0.9852 0.9950 0.9852 0.9950
& - 0.0998 0.1001 0.0502 0.0502
Floor No. X; X; X; X; X; X; X X; X; X;
1 005 022 004 021 004 021 004 021 004 021
30 684 714 501 339 510 336 532 357 552 350
50 1659 1496 11.88 693 1210 7.06 1265 780 13.13 8.28
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Opt. Para. Un-cont. R, R, Ry R,

55 1941 1748 13.82 846 1408 853 1473 930 1529 9.75

60 2234 1995 1581 9.18 1611 926 16.86 10.12 1751 10.34

65 2535 2258 1783 1055 1819 10.65 19.04 1157 19.78 11.75

70 2841 26.04 19.88 11.77 20.28 1190 21.25 12.85 22.07 13.04

75 31.59 30.33 22.00 13.30 22.44 1345 2353 1448 2444 1470

76 3230 31.17 2248 1412 2293 1424 24.04 15.07 2498 1522
TMD - - 38.44 3840 3835 39.08 53.78 53.00 5529 55.58

10. System Response Evaluation and Insight

Figures 6 and 7 present the displacement and acceleration time histories of R; across various
floor levels, under 0% stiffness uncertainty. These responses are overlaid with those of
the uncontrolled structure for direct comparison over the full-time frame.

A key observation is that the passive TMDI controller maintains effective control throughout the
entire duration, at no point it loses stability or effectiveness. The Figures 6 and 7 clearly demonstrate
a significant reduction in both displacement and acceleration, as annotated in the figure captions
peak response[4,13,14,28,29].

Moreover, the TMDI stroke behavior remains smooth and stable, with no abrupt swings in
either displacement or acceleration. This indicates a well-tuned system that not only suppresses
structural response effectively but also operates within practical stroke limits, an essential
consideration for real-world implementation [3,18,28].
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Figure 6. Displacement Response Time History for R; at Various Floor Levels.

The analysis clearly shows that root configuration R; delivers the most effective vibration
mitigation, achieving the greatest reductions in both RMS and peak structural responses. Notably,
this high level of performance is achieved with a relatively low mass ratio, underscoring the efficiency
of the proposed TMDI design[3,4,14,29,43]. Root configurations R, through R, show progressively
reduced performance, suggesting that careful tuning of TMDI parameters, particularly those
associated with modal frequency and damping alignment, is critical for maximizing structural
control. Overall, the results confirm the robustness and practicality of the TMDI system, especially
under wind-induced excitations in tall buildings. The R; offers moderate but reliable control
performance [27,28].
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Figure 7. Acceleration Response Time History for R; at Various Floor Levels.

The evaluation of stiffness uncertainty across 12 performance metrics (P1—P12) reveals critical
insights into the sensitivity and robustness of controlled structural systems, refer Table 4 in
association with table 1[12,56]. These parameters, which capture both RMS and peak responses in
terms of displacement and acceleration, highlight the impact of +10% variations in structural stiffness,
the graphics is presented in Figures 8 and 9.
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Figure 8. RMS Floor Response under +10% Uncertainty in Building Stiffness: (a) RMS Displacement with AK=
+10%; (b) RMS Acceleration with AK=+10%; (c) RMS Displacement with AK=-10%; (d) RMS Acceleration with
AK=-10%.

Notably, under 0% stiffness uncertainty conditions, all four root configurations (R; to Ry) yield
substantial performance benefits, with reductions exceeding 40-60% across most parameters. For
example, R; and R, consistently achieve RMS displacement and acceleration reductions around 47—
64% at the 76th floor (P; and P,), underscoring their effectiveness in mitigating dynamic responses.
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Table 4. Effect of +10% Stiffness Uncertainty on Structural Performance Parameters.
Stiffness
Root . RMS response Peak response
Uncertainty

Pl PZ P3 P4 P5 P6 P7 PS P9 P10 P11 PlZ
AK=+10% 0730 0565 0734 0613 0730 0565 0971 0692 0991 0729 0971 0701

Ry AK=-10% 0603 0421 0606 0485 0.603 0421 0.654 0534 0652 0579 0.654 0.534
R, AK=+10% 0729 0558 0733 0.607 0729 0558 0972 0.688 0992 0727 0972 0.702
AK=-10% 0609 0428 0611 0491 0609 0428 0661 0542 0.659 0586 0.661 0.542
AK=+10% 0767 0654 0771 0694 0767 0.654 1093 0791 1113 0.849 1.093 0.837
Rs AK=-10% 0468 0474 0472 0533 0468 0474 0743 0533 0.739 0590 0.743 0.533
R, AK=+10% 0761 0636 0765 0678 0761 0636 1084 0775 1105 0.833 1.084 0.834

AK=-10% 0643 0472 0645 0530 0.643 0472 0756 0550 0.752 0.605 0.756 0.550

However, as stiffness increases by 10%, performance degrades significantly across all
configurations, Further insights can be observed in Figures 8 and 9, which provide additional clarity
and depth to the analysis. This degradation is most prominent in Rz and Ry, where several parameters
approach or even exceed unity (e.g., Rs’s Py =1.093 and R4’s P7 = 1.084), indicating that the controlled
structure performs worse than the uncontrolled case in terms of peak displacement, refer to Table
4in conjunction with Table 1, for a comparative understanding of the results and parameter
relationships. This suggests that overestimating stiffness not only reduces the damping efficiency of
the control system but can potentially lead to control-structure interaction issues, where the tuned
mass dampers (TMDIs) become detuned from the dominant modal frequencies[12-14,16]. This
mismatch exacerbates peak responses rather than suppressing them.

In contrast, as stiffness decreases by 10%, generally preserves the effectiveness of the control
strategies and, in some cases, even improves it slightly. For instance, Rs sees P; drop to 0.468 (a 53.2%
reduction), indicating enhanced performance under reduced stiffness. This suggests that a slight
underestimation of stiffness keeps the TMDI closer to resonance with the structural modes, thus
maintaining or boosting damping effectiveness. Yet, this benefit does not uniformly extend across all
metrics or configurations, revealing the complex interplay between structural properties and
controller dynamics.
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Figure 10. Effect of +10% Stiffness Variation (K) on RMS and Peak Responses of R;—Rs Across Benchmark
Building Levels vs. Uncontrolled Structure.

Furthermore, RMS-based parameters (P1—P¢) appear more sensitive to stiffness uncertainty than
peak response parameters (P-—P1,), particularly in Rs and R4, where peak responses degrade sharply
under positive stiffness deviations. This divergence implies that control schemes optimized for
average energy dissipation may not necessarily perform well under extreme transient loads.
Therefore, the data strongly advocate for robust control strategies that can maintain stability and
performance across reasonable stiffness variations[13,14,28,29]. Among the four configurations, R
and R; stand out as the most resilient to uncertainty, maintaining consistent reductions across all 12
parameters and avoiding the counterproductive amplification seen in R and R, under high-stiffness
conditions.

In summary, this analysis reveals that stiffness uncertainty, especially positive deviation, can
critically undermine structural control performance, sometimes reversing intended benefits. It
underscores the necessity of designing controllers that are not only optimal under nominal conditions
but also robust to structural variability, particularly in tall or flexible buildings where stiffness is
prone to estimation error or time-dependent change[27-29]. The conclusion necessitates a
comprehensive reassessment of the system's time-domain responses through their transformation
into the frequency domain. Particular attention should be directed toward the region surrounding
the peak response, where subtle, microscopic variations may hold critical significance. Such focused
analysis will offer a more robust foundation for validating the conclusion and enhancing its
credibility.

The Figure 11 present Power Spectral Density Functions (PSDFs) of top floor displacement and
acceleration for a structural system subjected to dynamic loading, comparing uncontrolled (UC) and
various controlled scenarios (Ri— Ry4). The three natural frequencies of the structure - 0.16 Hz, 0.765
Hz, and 2 Hz - are evident as peaks in the PSDF plots. The control strategies aim to suppress structural
response at these resonant frequencies. Among the cases, R; consistently delivers the most effective
reduction in both displacement and acceleration PSDFs across all modes, indicating superior
performance in mitigating structural vibrations. R, and Rs also perform well, though slightly less
effective than R;. In contrast, Ry shows limited suppression and in some frequency, ranges even
amplify the acceleration response, suggesting poor tuning or instability. Overall, R; emerges as the
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most efficient control strategy, achieving significant response reduction and enhanced dynamic

stability.
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Figure 11. Power Spectral Density Function (PSDF) at the Top Floor without uncertainity: (a) Displacement

Response; (b) Acceleration Response.

The time-domain plots shown in Figure 12, illustrate the top floor displacement and acceleration
responses of a structure controlled using four different strategies (Ri— Ry), all with the same mass
ratio. The displacement response, shown on the left, and the acceleration response, on the right, both
include zoomed-in views between 500 and 600 seconds to highlight differences in control
performance. Across the full simulation period, R; and R, demonstrate consistently lower
displacement amplitudes compared to R3 and Ry, indicating more effective vibration suppression.
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Figure 12. Top floor response with 1% mass ratio with +10% stiffness uncertainty : (a) Displacement response;

(b) Acceleration response.

In the magnified section, R; and R, continue to exhibit smoother and more controlled behavior,
while R; and particularly R; display more irregular and amplified motion. Similarly, in the
acceleration response, R; maintains the lowest fluctuation levels, suggesting better dynamic control.
R4, in contrast, shows the largest acceleration variations, reinforcing its comparatively poorer
performance. These results align with the frequency-domain analysis, confirming that R, delivers the
most stable and efficient control among the four strategies.

Figure 12 illustrates the time-domain responses at the top floor, specifically analyzing the TMDI
behavior across control strategies R; through Ry, all employing an identical mass ratio. The left-hand
graphs depict displacement, while the right-hand ones show acceleration, each accompanied by
zoomed-in views to highlight detailed temporal effects. Of all the strategies, R, demonstrates the most
pronounced and persistent oscillations in both displacement and acceleration - especially evident in
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the focused intervals (560-660 sec for displacement and approximately 540—-600 sec for acceleration)
- indicating excessive TMD activity and potential instability. In contrast, R; and R; consistently exhibit
lower amplitude responses and smoother profiles, suggesting more effective TMD stroke regulation
and superior energy dissipation. The acceleration curve for R, features abrupt, irregular spikes,
further underscoring its limited control capability. These results collectively affirm that R; and R,
offer the most reliable performance in minimizing TMD stroke and enhancing system stability, while
R4's behavior raises concerns about its suitability. For a comprehensive understanding of TMD stroke,
please refer to Figures 6 and 7. Additionally, the RMS and Peak values of the strokes can be found in
the last row of the respective tables for detailed analysis.

11. Conclusion

This study offers a comprehensive assessment of four Tuned Mass Damper Inerter (TMDI)
configurations R; to R, for controlling wind-induced vibrations in tall buildings. R; consistently
demonstrates superior performance, achieving the most substantial reductions in both displacement
and acceleration across key structural modes, as revealed by frequency-domain PSDF analysis. Time-
domain evaluations further affirm Ri’s and R;’s effectiveness, with smooth, low-amplitude responses
and stable TMDI stroke behavior, indicating efficient energy dissipation. In contrast, Ry performs
poorly, often amplifying responses and exhibiting erratic motion, pointing to instability and
inadequate tuning. Quantitative metrics (P1—P12) highlights Ry's ability to reduce RMS acceleration by
up to 64.1% and peak displacement by 30.4%, maintaining top performance across various structural
levels. Sensitivity analysis reveals that stiffness variability, especially an increase of 10%, degrades R
and Ry’s effectiveness, underscoring the need for robust tuning. Overall, R; emerges as the most
practical and resilient TMDI solution, with R; as a viable secondary option, while R4 poses control
risks due to instability and sensitivity to structural uncertainties. The most significant contribution of
this work lies in its control strategy, which is based on the absolute mass ratio, a combination of
the physical mass ratio of the TMD and the virtual mass ratio generated by the inerter. This means
that when the inerter is inactive (i.e., inertance is zero), the TMD must weigh approximately 1530
tons to achieve the desired control. However, when the inerter operates at full capacity, it can
generate an equivalent inertial effect of 1530 tons.

Given that inerters typically offer a mass amplification factor of around 100, a physical mass of
just 15 tons can produce the same control effect. This breakthrough suggests a transformative
potential for the future of structural control in tall buildings especially for mitigating wind-induced
vibrations by enabling effective control with minimal physical mass. This realization brings engineers
closer to a long-standing aspiration: achieving high-performance structural control without the
burden of massive added weight.
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Abbreviations

The following abbreviations are used in this manuscript:

TMD Tuned Mass Damper
TMDI Tune Mass Damper Inerter
SDOF Single Degree Of Freedom
MDOF Multi Degree Of Freedom

EMF Equal Modal Frequency

EMD Equal Modal Damping

PSDFs Power Spectral Density Functions
ucC Uncontrolled Structures

RMS Root M
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