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Abstract: In the transportation and distribution of goods, cardboard boxes are often subjected to 
mechanical impacts such as shocks and random vibrations, which can cause damage to the goods. 
Many studies have focused on the durability of corrugated cardboard boxes. However, there is very 
limited research on compact cardboard boxes, especially in the case of exposure to random vibrations. 
In this study, static and dynamic tests on cardboard boxes were designed and conducted to determine 
compression strength, natural frequencies, and modal characteristics of the boxes. Subsequently, a 
finite element model of cardboard boxes taking into account the effects of the box manufacturing 
process on the mechanical properties of the cardboard, was developed to perform numerical 
simulations under compression and random vibrations. In this context, the in-plane orthotropic 
elastic-plastic behavior model of rigid cardboard was implemented in the Abaqus software through 
a VUMAT subroutine. Additionally, the parameters of the model were determined through an 
inverse identification process. Finally, numerical simulations of compression and random vibration 
tests were carried out to validate the experimental results. The comparison results show that the 
power spectral density (PSD) response of the mass/box system under random vibrations obtained 
through numerical simulations is consistent with the responses obtained from experimental 
measurements. Furthermore, the predicted force-displacement curves demonstrate good agreement 
with the measured curves. 

Keywords: random vibration; simulation; element finite; experiment 
 

1. Introduction 

Packaging is subject to random vibrations during transport. It is a set of frequencies and 
amplitudes constantly varying over time. Indeed, the packaging, by its design, can amplify or 
attenuate the movements to which it is subjected. Vibration tests make it possible to check the 
resistance of the packaging to these constraints. They also offer the possibility of comparing the 
difference in the behavior of different packaging solutions: either qualitatively by a classic test or 
quantitatively by instrumenting the test. During the product design phase, mechanical tests provide 
accurate information on structural strength, which is one of the very important steps to confirm the 
design. Cardboard boxes are made from paperboard, so to determine the mechanical properties of 
the box, it is necessary to determine the characteristics of the paperboard. There have been many 
research publications on the mechanical properties of paperboard using in-plane tensile tests, short 
compression tests, creasing tests, folding tests, and bending tests [1–10]. 

Many studies have been conducted by directly performing vertical compression experiments on 
corrugated boxes to obtain the force vs. displacement or stress vs. strain curves [11]. In some studies, 
the results obtained after box compression are compared with numerical simulation results [12–14]. 
Kwak [15] studied the compressive strength of corrugated shipping containers with different handle 
geometries that are sources of decrease in vertical compressive strength. Other studies have 
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evaluated the impact of environmental conditions on the performance of corrugated boxes by 
comparing the results of vertical compression at different relative humidities [16]. Thorpe and Choi 
[17] studied the behavior of corrugated cardboard boxes subjected to compression test using 2D 
digital image correlation. However, this method does not allow for the measurement of out-of-plane 
displacements, which is important when the panels are bent. Viguie et al. [18] used 3D digital image 
correlation to determine the complete displacement field and to trace back the stress field of the body 
panels. Using this method, it is possible to visualize where the elastic limit is reached or exceeded in 
the panel during box compression. 

Previous studies [19–23] have analyzed vibration levels during the transportation of goods on 
road and rail networks to propose Power Spectral Density (PSD) for each type of transport. Testing 
methods for packaging systems based on these data have been proposed. Low-frequency vibrations 
(0.1–10 Hz) are much more harmful to products than high-frequency vibrations [24]. Using the 
cumulative distribution functions (CDFs) of the RMS (Root Mean Square) values of vibrations in the 
time domain measured in the lateral, longitudinal, and vertical directions. Paternoster et al. [25] 
analyzed the vibration levels of cardboard packaging during the transportation of beers by truck in 
Belgium. The results show the CDF of the RMS and Kurtosis values of the acceleration signals 
measured in the time domain during the different transports. It can be concluded that vertical 
vibrations are the most severe with the highest RMS values. Vibration tests at different frequencies 
of cardboard boxes containing agricultural products such as apples [26] and bananas [27] were 
carried out to evaluate the performance of the boxes. From these studies, the authors proposed 
optimized designs of cardboard boxes that reduce damage to the packaged fresh products. Many 
other vibration tests on cardboard packaging have also been conducted by other researchers. Guo et 
al. [28] studied the vibration behavior of corrugated cardboard sheets using slow sine sweep vibration 
tests to analyze the resonance frequencies, vibration transmissibility, and damping ratios of different 
sheets. Zhang et al. [29] tested the vibration resistance of three types of corrugated cardboard boxes 
by subjecting them to vibration-only tests and drop-plus-vibration tests. They concluded that for 
vibration-only tests, the package with the highest static stress performed best, while for drop-plus-
vibration tests, the package with the lowest static stress performed best. Marcondes and Batt [30] 
analyzed the vibration behavior of corrugated cardboard boxes on a force-controlled vibration table. 
They concluded that the greatest advantage of controlling the vibration table with force rather than 
acceleration is that a more realistic test can be performed with only a permanent load. 

Studies have shown that the determination of durability for cardboard boxes generally uses 
experiments to directly determine the durability of the box. There is almost no research using 
numerical models for random vibration experiments on small cardboard boxes. This study will 
perform static compression and random vibration experiments for cardboard boxes, and numerical 
simulations of these experiments will also be performed to replace real experiments. This is very 
important in the packaging design process. 

2. Theory 

2.1. Random Vibrations 

During the transportation of goods, cardboard boxes are often stacked on top of one another to 
maximize the use of available space and reduce shipping costs. The boxes are subjected to random 
vibrations occurring during the transport process. To design a random vibration experiment for 
cardboard boxes, it is essential to rely on the theoretical aspects related to vibration mechanics, 
frequency spectrum analysis, and random theory. The frequency spectrum represents the 
distribution of oscillation energy across various frequency bands. Acceleration spectra or Power 
Spectral Density (PSD) spectra are used to recreate real-world conditions. Consequently, the 
cardboard box is modeled as a single degree of freedom (SDOF) vibration system (Figure 1) governed 
by the basic vibration differential equation: 
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𝑚𝑥̈(𝑡) + 𝑐𝑥̇(𝑡) + 𝑘𝑥(𝑡) = 𝐹(𝑡), (1)

where m is the mass, c is the damping factor, k is the stiffness, x(t) is the position variation over time, 
F(t) is the force 

 

Figure 1. Model of a single degree-of-freedom system [31]. 

In frequency spectrum analysis, the Fourier transform is used to represent force signals and 
vibration responses in the frequency domain. In the case where the impact force F(t) is considered a 
random process, it is characterized by: 

- Probability Density Function (PDF) 
- Autocorrelation function 

𝑅ி(𝜏) = 𝐸[𝐹(𝑡)𝐹(𝑡 + 𝜏)] (2)

- Power Spectral Density – PSD: 

𝑆௣(𝜔) = න 𝑅௣(𝜏)𝑒ି௝ఠఛ𝑑𝜏

ାஶ

ିஶ

 (3)

In the frequency domain, the transfer function H(ω) of the system from the impact force F(t) to 
the response X(t) is determined. Applying the Fourier transform, to (1) we have: 

−𝜔2𝑚+𝑗𝜔𝑐+𝑘𝑋(𝜔)=𝐹(𝜔) (4)

𝐻𝜔=𝑋(𝜔)𝐹(𝜔)=1𝑘−𝜔2𝑚+𝑗𝜔𝑐 (5)

The function H(ω) can be decomposed into two parts: 
- Amplitude: 

|𝐻(𝜔)| =
1

ඥ(𝑘 − 𝜔ଶ𝑚)ଶ + (𝜔𝑐)ଶ
 (6)

- Phase: Represents the phase change of the output signal relative to the input signal. The phase 
part shows the time shift between the input signal and the output at a given frequency. Power 
spectrum density (PSD) is used in random vibration analysis. The output power density spectrum is 
calculated as: 

𝑆௑(𝜔) = |𝐻(𝜔)|ଶ𝑆௣(𝜔) (7)

where S_p (ω) is the force spectrum and S_X (ω) is the system response spectrum. 
The resonance frequency corresponding to the amplitude H(ω) reaching its maximum 

corresponds to the natural frequency of the system, which can cause damage if not controlled. Thus, 
to set up a random vibration experiment, the following requirements must be fully prepared: 
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 Random Vibration Table: Programmed to replicate PSD spectra. 
 Data Recorder: Used to measure the responses of the cardboard box 
 Control and Sensor System: Includes accelerometers, pressure sensors, or motion sensors. 
 ASTM (American Society for Testing and Materials): Standards for random vibration testing of 

transportation packaging. 

2.2. Material Model 

Cardboard exhibits anisotropic properties, which means that its mechanical response varies 
depending on the direction of the applied stress. In this study, we adopt the Isotropic Plasticity 
Equivalent (IPE) model, as proposed by M¨akel¨a and O¨stlund [34], to describe the mechanical 
behavior of paper. The following formulation characterizes the orthotropic elastic behavior under in-
plane stresses: 

{𝑠} = ൞

𝑠௫

𝑠௬

𝑠௭

𝑠௫௬

ൢ = [𝐿]{𝜎} =
1

3
൦

2𝑎 𝑐 − 𝑎 − 𝑏 0
𝑐 − 𝑎 − 𝑏 2𝑏 0
𝑏 − 𝑐 − 𝑎 𝑎 − 𝑏 − 𝑐 0

0 0 3𝑑

൪ ൝

𝜎௫

𝜎௬

𝜎௫௬

ൡ (8)

where a, b, c, and d, are the anisotropy parameters. 
The stress tensor can be decomposed into a sum of a hydrostatic part and a deviatoric part such 

that: 

𝑠௜௝ = 𝜎௜௝ −
1

3
𝜎௞௞𝛿௜௝  (9) 

Karafillis and Boyce [35] introduced the isotropic plasticity equivalent (IPE) material concept. 
The IPE material is a fictitious isotropic material subjected to a stress state equal to the corresponding 
stress state in the real anisotropic material. The isotropic relationship between the deviatoric stress 
tensor and the stress tensor given in equation (8) can be expressed as: 

{𝜎} =
1

൫1 − 𝜈௫௬𝜈௬௫൯
቎

𝐸௫ 𝜈௬௫𝐸௫ 0

𝜈௫௬𝐸௫ 𝐸௬ 0

0 0 𝐺௫௬൫1 − 𝜈௫௬𝜈௬௫൯

቏ ቐ

𝜀௫
௘

𝜀௬
௘

𝛾௫௬
௘

ቑ (10)

The IPE model load surface is given by the following expression: 

𝑓 = 𝜎௘௤ − 𝜎௬ = ൬
3

2
〈𝑠〉{𝑠}൰

ଶ

− 𝐸଴൫𝜀଴ + 𝜀௘௤
௣

൯
ଵ

௡ൗ
 (11)

where σy is the yield stress, {s} is the deviatoric stress tensor, 𝜺𝒆𝒒
𝒑

 is the equivalent plastic strain, E0 
and ε0, are two model parameters. 

This IPE model was implemented in the ABAQUS software using the VUMAT user subroutine. 

3. Experiment 

3.1. Studied Material 

Paperboard is the material used in this study, with a grammage of 320 g/m2 and a thickness of 
0.51 mm. The paper manufacturing process produces three characteristic directions: machine 
orientation (MD), cross direction (CD), and out-of-plane direction (ZD). Accordingly, Young’s 
modulus along the MD direction is usually about 200 times larger than the modulus in the ZD 
direction [32]. The Poisson coefficients vxz and vyz are close to zero because the strain in the plane is 
negligible during thickness compression [33]. 

3.2. Static Compression Test 

The boxes were designed using ArtiosCAD software and a cutting table (ZU¨ND M-1600). Two 
series of boxes were cut so that the vertical panels in compression were parallel to the MD and CD 
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directions. The dimensions of the boxes are shown in Figure 2. Three tests were carried out on each 
series. 

 

Figure 2. Dimensions of the compact cardboard box. 

The experiment is set up as shown in Figure 3. Figure 4 shows the experimental results of 
compressive force versus vertical displacement for MD and CD-oriented boxes. As shown in Table 1, 
the BCT strength of the MD- oriented box is 28.4% higher than that of the CD-oriented box. 

 

Figure 3. Set up compression test on machine. 
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Figure 4. Vertical compression curves for the boxes. 

Table 1. BCT strength of the boxes. 

Box Direction MD Direction CD 

BCT Strength (N) 371.9±7.6 289.6±15.5 

3.3. Vibration Test 

Packaging can also be subjected to random vibrations during transportation. This is a set of 
frequencies and amplitudes that continuously change over time. In fact, according to the packaging 
design, it can amplify or damp the movements it is subjected to. Vibration tests help to evaluate the 
resistance of the packaging to these limitations. They also provide the possibility to compare the 
differences in the performance of different packaging solutions: qualitatively by classical testing or 
quantitatively by instrument testing. 

In this study, vibration tests on compact cardboard boxes were conducted. The objective of these 
tests was to obtain the natural frequencies and natural modes of the boxes. We used a Signal Force 
(Data Physics) vibration table as shown in (Figure 5a) to perform the tests. The tested packaging 
systems were all equipped with accelerometers PAT NO 5512794 from the USA (Figure 5b). The 
computer performed the acquisition of acceleration as a function of time through a vibration 
controller and a VibPilot4 dynamic signal analyzer (m+p International) connected to the 
accelerometer (Figure 5c). 

A compact cardboard box is placed on a vibrating table, on top of which is placed a 1.41 kg steel 
block (Figure 6). An accelerometer is attached to the steel plate to record the system response. The 
box is subjected to random white noise vibrations with a constant power spectral density (PSD) of 
0.0001 g2/Hz, over a frequency range of 3Hz to 200 Hz (Figure 7). The test results are shown in Figure 
8 as the PSD response as a function of frequency. The results obtained were reproducible. The natural 
frequency of the compact cardboard block system was 68.3±1.5 Hz 
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Figure 5. Experimental setup: (a)- SignalForce vibrating pot; (b)- Accelerometer; (c)- Vibration controller and 
dynamic signal analyzer. 

 
Figure 6. Experimental setup for random oscillation experiment. 

 

Figure 7. Shaker input signal setting. 
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Figure 8. PSD of the response of the compact cardboard box system. 

4. Simulation 

The finite element model of the box was developed using ABAQUS software to simulate its 
compression behavior. The model used a mesh of reduced-integration four-node shell elements (S4R) 
with an element size of 1 mm. During the paperboard box manufacturing process, in the folding 
positions where the box is formed (Figure 9), the cellulose fibers are unevenly compressed and 
stretched, resulting in damage to the microstructure of the material, such as reduction of stiffness, 
propagation of cracks, and delamination of the cardboard layers. The bonding strength between the 
layers typically decreases by up to 80% during folding [17]. This effect will be incorporated into the 
finite element model of the paperboard box. 

 

Figure 9. Location of mechanical changes on the box. 

However, when conducting numerical simulations, the values of material parameters in the 
behavior model must be accurate. Therefore, an inverse identification process of the parameters in 
the behavior model is also carried out based on the discrepancy between experimental data and 
numerical data. The objective function used is the scalar least square’s function given in expression 
(12): 

𝐹௢௕௝ =
1

𝑁
෍ ቀ𝐹௡௨௠(𝑈௡௨௠) − 𝐹௘௫௣൫𝑈௘௫௣൯ቁ

ଶ
ே

௜ୀଵ

 (12) 
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where N is the number of data sets, U_num and U_exp are the simulation and experimental 
displacements, and F_num and F_exp are the simulation and experimental tensile forces. The process 
diagram for identification is illustrated in Figure 10. 

First, tensile experiments on cardboard samples were conducted. The samples were cut on the 
ZÜND M-1600 cutting machine. To ensure a tighter grip when placing the samples, cardboard pieces 
were attached to both sides of each end of the tensile specimens. Experimental tensile tests were 
conducted in three directions: MD, CD, and 45°, at a constant speed of 10 mm/min under standard 
conditions (23°C and 50% relative humidity). The experimental tensile test results are presented in 
Figure 11. 

 
Figure 10. Identification method by the inverse method. 

 
Figure 11. Force-displacement curves from tensile tests of paperboard. 

Next, the numerical simulation of cardboard tensile tests was performed using Abaqus software. 
The dimensions of the simulation model were taken to match the size of the tensile specimens in the 
experimental tests. In this study, the MOGA-II genetic optimization algorithm was utilized to 
minimize the objective function in Equation (12). The results of the material parameter determination 
process are presented in Table 2, Table 3, and Figure 12. Figure 12 demonstrates the good similarity 
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between the experimental curves and the numerical results obtained through the parameter 
determination in the IPE model. 

 
Figure 12. Experimental traction curves and identified for cardboard. 

Table 2. Parameters of elastic model identified for cardboard. 

Ex (MPa) Ey (MPa) xy Gxy (MPa) 
3710 1559 0.36 1200 

Table 3. Parameters of IPE model identified for cardboard. 

n a b c d 0 E0 

2.31 1.0 2.04 2.48 1.08 0.0046 301 

4.1. Simulation Experimental Compression 

The box is placed between two rigid plates to simulate the longitudinal compression force. The 
lower plate is fixed, while the upper plate moves at a rate of 10 mm/min (Figure 13). The coefficient 
of friction between the box and the plates is 0.1. We performed a sensitivity study on the coefficient 
of friction and found that it weakens the overall performance of the box. 

Figures 12 compare the experimental and numerical results of the longitudinal compression 
curves for the MD- and CD-oriented boxes, respectively. The numerical curves agree with the 
experimental curves and the difference between the BCT strength values is about 11%. We find that 
the deformations are concentrated in narrow regions along the corners. The maximum stress on the 
MD-oriented box (= 79.5 MPa) is higher than the maximum stress on the CD-oriented box (max = 59.0 
MPa) 
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Figure 13. Boundary conditions for vertical compression of a cardboard box. 

 

Figure 14. Comparison of experimental and numerical results of the BCT strength of the box according to the 
MD. 

 

Figure 15. Comparison of experimental and numerical results of the BCT strength of the box according to the 
CD. 
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4.2. Vibration Test Simulation 

The numerical model of the random vibration test was validated by comparing the numerical 
and experimental results. The same finite element model as the previous section was used, containing 
95,135 reduced integral shell (S4R) elements and 95,981 nodes. To simulate the vibration test, two 
rigid plates were glued to a compact cardboard box: one on the upper side and the other on the lower 
side. The reference point of the lower plate was fixed and the upper plate with a mass of M=1.41 kg 
was free to move vertically (Figure 16). The effect of gravity was enabled to account for the pressure 
exerted by the upper plate on the box. Frequency analysis (Abaqus/Frequency) followed by random 
vibration analysis (Abaqus/Random Response) was performed. The input PSD applied to the system 
was the same as that of the experimental test as shown in Figure 16. 

 
Figure 16. Boundary conditions of the random vibration test on the cardboard box. 

Figure 17 shows the comparison of the PSD response of the mass/box system obtained by 
numerical simulation with the responses obtained experimentally. The numerical natural frequency 
is f = 69.5 Hz which is in very good agreement with the values obtained during the experimental tests 
using the vibrating pot: f = 68.47±1.55 Hz 

 
Figure 17. Comparison of experimental and numerical PSD responses of the mass/box system subjected to 
random vibrations. 

5. Conclusion 

The study evaluated the durability limit of cardboard boxes through static and dynamic tests, 
including compression strength, natural frequencies, and natural modes. The experiments were set 
up and conducted under realistic conditions. The obtained results showed that the durability of 
cardboard boxes in MD and CD directions was different. Then, compression and vibration 
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experiments were modeled and simulated to confirm the experimental results. The comparison 
showed that the power spectral density (PSD) response of the box system under random vibration, 
obtained through numerical simulation, was consistent with the experimental results. Similarly, the 
predicted force-displacement curves showed close agreement with the measured data. The study 
shows that static and dynamic tests to determine the durability of cardboard boxes can be replaced 
by numerical simulation models. This has great significance in the design process of cardboard 
packaging. 
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