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Abstract

In this study, we consider delta fractional Sturm-Liouville (DFSL) initial value problems in
the sense of delta Caputo and delta Riemann-Liouville (R-L) operators. One of the properties
of delta fractional difference operators which makes it different from nabla counterpart is to shift
its domain. This feature makes it more complex than the nabla fractional operator. We obtain
sum representation of solutions for DFSL initial value problems with the help of Z— transfor-
mation. Moreover, we get analytical solutions of homogeneous DFSL problem within Riemann-
Liouville (R-L) and Caputo sense, discrete Sturm—Liouville (DSL) problem, continuous frac-
tional Sturm-Liouville (FSL) problem in the sense of R-L and Caputo operators, and continuous
Sturm—Liouville (SL) differential problem. From this point of view, we compare all the solu-
tions with each other. Consequently, we show that all results for these four eigenvalue problems
are compatible with each other and approach to each other while the orders tends to one, i.e.
M (Ax(t—p)) = Dg+ )= Ax(n—-1D)=x" ) =Ax@), u — 1. We support our results compar-
atively by tables and simulations in detail.

Keywords: Delta fractional equations, Fractional differential equations, Sturm-Liouville, Z— Transform,
Eigenfunctions, Eigenvalues.
MSC: Primary: 34A08, 39A70, 34B24 ; Secondary: 44A10.

1 Introduction

The idea of a fractional derivative was first proposed in 1695 on the question of L’Hospital about the
meaning of the derivative % while n = % to Leibniz. Leibniz gave that answer, "It appears that one day
useful consequences will be drawn from these paradoxes.". Thereafter, Leibniz and Bernoulli began
to research the meaning of the derivative of %.th order of a power function by the help of the definition
of generalized derivative. First known definitions of fractional derivatives are Riemann-Liouville and
Caputo derivatives. In addition to these definitions, new fractional derivatives have been defined in the
recent past. Some of them are Hilfer [[1]] in 2000, Hadamard [2] in 2001, Caputo-Fabrizio [3]] in 2015,
Atangana-Baleanu [4] in 2016, and Hilfer-Katugampola [5] in 2017.

Fractional difference operators were first given by Chapman in 1911 [6] for A‘a, (for s € R).
Various fractional difference operators were defined by Kuttner [7] in 1957, Diaz-Osler [§] in 1974,

and Granger-R. Joyeux [9], Isaacs in 1980, Hosking in 1981, Miller-Ross in 1988,
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and Hirota [13]] in 2000. Anastassiou [14] defined the delta discrete fractional Caputo operator, and
also defined nabla discrete fractional Caputo operator [[15]]. Abdeljawad [16]] studied properties of the
delta Caputo fractional difference operator in 2011, and also dual identities of the delta Riemann—
Liouville fractional difference operator [17] in 2013. Then, Abdeljawad [18] studied relation between
delta and nabla discrete fractional Caputo operators. In fact, instead of the fractional expression, non-
integer expression is more appropriate because we can take the V3th order derivative and the 7rth order
difference of a function. However, we will continue to use "fractional” expression in a usual way.

Although the existence of considerable studies in the theoretical viewpoint of fractional differ-
ential equations [[19-22], there has been no significant parallel development of fractional difference
equations until very recently. In recent times, there has also been a huge increase in the theoretical
viewpoint of discrete fractional equations. With this development, unexpected difficulties and tech-
nical complications emerged in fractional difference equations. One of these complications seems in
the fractional Sturm-Liouville difference equations. Strictly speaking, fractional Sturm—Liouville dif-
ferential equations is a relatively new subject, with a history dating back to the last 10 years, and
improvement is still needed in its theory. In 2012, Klimek-Agrawal [23|] analyzed the reality of
eigenvalues and orthogonality of eigenfunctions for the regular fractional S-L problems, and Ciesiel-
ski et al. [24] investigated fractional S-L problems in a numerical way in 2017. In 2013, Bas and
Metin [25,26] studied spectral properties of the singular fractional S—-L differential operator, as well
as the self—adjointness of the operator, Dehghan-Mingarelli [27] studied the fractional S—L problems
in 2017. In 2016, Almeida et al. [28] analyzed the variational properties of solutions by dealing
with the fractional Sturm-Liouville difference equations with the Griinwald-Letnikov delta fractional
difference operator. Following, some spectral properties of conformable Sturm-Liouville and nabla
fractional Sturm—Liouville with R—L and Caputo-Fabrizio operator has been given by [29-31]]. Re-
cently, numerous studies about Atangana—Baleanu fractional derivative and its nabla discrete versions
are done [32,33]].

Mathematical modeling is needed for the study of physical events in the real world. Therefore,
boundary value differential problems are needed to model problems in many areas of mathematical
physics, science and engineering. While the solution of these problems can be expressed analytically
until the 1830s, in 1836 Charles Francois Sturm and Joseph-Liouville made studies on the properties
and behaviors of these solutions when the solutions could not be calculated analytically and they
established the Sturm—Liouville theory.

Basic spectral properties such as operator’s self-adjointness, orthogonality of eigenfunctions and
reality of eigenvalues have an important place in Sturm-Liouville theory. Besides, the problem of
finding the spectral data called the direct problem is the representation of the solutions, the finding
of asymptotic formulas of eigenfunctions and eigenvalues, spectral data, spectral functions, scattering
data, and spectral data such as norming constants.

If we mention in the physical applications of Sturm-Liouville problems, we can say about heat
conduction problems, heat flow problems, acoustics, aerodynamics, elastic, electrodynamic, fluid dy-
namics, seismic wave propagation, heat transfer, ocean science, optics, petroleum engineering, quan-
tum mechanics. Sturm considered the problem of heat conduction in a non-homogeneous fine wire,
and in the 1880s Rayleigh and Kirchhoff analyzed the vibration problem and applied the same Sturm’s
theorems to boundary value problems.

In this study, Sturm—Liouville differential equations of integer and fractional order are discussed.
The results of the solutions of fractional delta Riemann-Liouville and delta Caputo Sturm-Liouville
difference problems are obtained and the solutions obtained with four different operators are compared
with integer order delta difference, fractional order delta difference, integer order continuous and
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fractional continuous. However, solutions of delta Caputo fractional and Caputo fractional continuous
Sturm-Liouville problems are compared, similarly solutions of delta Riemann-Liouville fractional
and Riemann-Liouville fractional continuous Sturm-Liouville problems are compared and all results
obtained in detail with simulations.

Therefore, the content of this study is quite popular and original. Thus, a strong basis was ob-
tained in the classical subjects of fractional Sturm-Liouville difference problems, and at the same
time the fractional differential-continuous differential was compared with the integer order difference
and fractional difference versions, and the connection between of them was shown.

Delta fractional difference equations has been studied recently by Atici et al. [34-36], Mozyrska et
al. [37,38]], Baleanu et al. [39], Abdeljawad [|16l/17]], Mohan-Deekshitulu [40]]. In 2012, Abdeljawad et
al. [41]] discussed nabla Caputo discrete Mittag-Leffler (M—L) functions for fractional linear difference
systems. One of the properties of delta fractional difference operators which makes it different from
nabla counterpart is to shift its domain. This feature makes it more complex than the nabla fractional
difference. This difficulty will not be seen in the nabla fractional difference operator.

Z— transformation method dates back to 1730s. De Moivre [42] defined the generating function.
This definition is very similar to the Z— transformation. Later, the definition of generating function
was used more extensively in 1812 with Laplace [43]]. Applications of Z— transform are seen in
probability theory, system and control theory as a result of using digital computers in systems. The
Z— transformation method can be seen as the difference counterpart of Laplace transform used in the
calculation of differential equations. Bohner and Peterson [44] studied delta Laplace transformation
in their study. The Delta Laplace transformation is equivalent to the Z— transformation under one
transformation.

M-L function was first described by G. M. Mittag-Lefller [45] in 1903. In 2003, Nagai [46]
first described the discrete M—L function. In 2007 Atici-Eloe [47]] described the R-transformation for
the solution of delta fractional difference equations. In 2011, Holm [48]] described the delta Laplace
transformation for delta fractional difference equations. In 2013, Abu-Saris and Al-Mdallal [49]] used
the Z— transform to investigate the stability conditions of the Caputo type systems. In 2014, Xiao-
yan and Wei [50] described the Laplace transform and the discrete M-L function for the Caputo
delta fractional difference equations. In 2015, Mozyrska and Wyrwas [51]] used the classical Z—
transform for delta fractional differential equation systems, and from there they defined the discrete M—
L function and established a connection between the Z— transformation and discrete M—L functions.
In 2016, Wu et al. [|52]] obtained solutions of Caputo delta fractional difference equations and obtained
numerical solutions with the approximate value of the M—L function. In 2018, Anh et al. [|53]] used the
classical Z— transformation for delta fractional difference equation systems and, using the discrete M—
L function, described the method of variation of parameters for delta fractional differential equation
systems. In our work, in terms of convenience, the method used in [53]] is preferred for the delta
fractional Sturm—Liouville equations.

2 Mathematical Background

2.1 Fractional Differential Operators

Definition 1. [20] R-L fractional derivative is given as, « >0, x €eR andn—1<a<n,neN,

@ _ 1 i " _ pn—a—1
D= s () [roa-oia
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Definition 2. Caputo fractional derivative is given as, @ >0, €R andn—1<a<n,n€N,

Cna _ - d_n _ pn—a-—1
u%f@%—rm_a) g/ OG0t

a

Definition 3. 2-parameters ML function is defined for z, 8 € C, Re(a) > 0

© k
Z
E =) —-. 1
s (@) ;r(am 5 (1)
Theorem 1. [20] The Laplace transform (LT) of 2-parameters Mittag—Leffler functions has the fol-
lowing property
tﬁ—l @ _ Sa_ﬁ
L{F Eap ()} (9) = o @)
Property 2.1. f:N; > R,0<a< 1, the LT of Caputo fractional derivative operator is given as
L{DE. f}(9) = s Lif) ()= 571 £(0). 3)
Property 2.2. [20] f:N, » R, 0<a <1, the LT of R-L fractional derivative operator is given as
L{Dg 1) = S"LUFHS) = 1 F )] - (4)
where Ijj, is Riemann—Liouville fractional integral.
Definition 4. n € Z* U{0} falling factorial function is given as
2=tt-1)(t=-2)...(t—n+1), )

here {2 = 1.
Theorem 2. t, r € R*, generalized factorial function is given as

;i ri+1)
T T(-r+1)

here, t and r must be selected so that the gamma function is defined.

Now, let us give the relation between gamma function and falling factorial function:

ty_
r)] T@r+1)

2.2 Delta Fractional Difference and Sum Operators

Definition 5. x: Ny >R m—1<p<m,meZ*, ueR*, delta fractional sum operators
are defined as follows:

i. Let u> 0, u. order left defined delta fractional sum;
1 &
AFx(t)= —— Y (t—o()Lx(s), 1€ Nyy,, 6
(1) F(ﬂ);( T () x(s), 1€ Nosy (©6)
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ii. Letu> 0, u. order right defined delta fractional sum;

WAFx() = —— r(u) Z (s—o Y x(s), te p N 7)

S=t+u

Definition 6. Delta fractional difference operators are given as follows

i. Let u> 0, u. order left defined Riemann—Liouville (R-L) delta fractional difference operator,

re Na+n—p,
t—n+p

Z (1= () x(s), (8)

I’l

Ax ()= AN, "M x () = 5

ii. Letu> 0, u.order right defined Riemann—Liouville (R-L) delta fractional difference operator;
re b—n+;1N

PN (1) = (<1 V" A = DnV; Z (s = (D)= x(s). ©)

s=t+n—p

Definition 7. [[14)[16/[18)] x>0, u ¢ N, w. order delta Caputo fractional difference operators are given
as follows:

i. x, is defined on N,, and let u > 0, u. order left defined delta Caputo difference operator, t €
Na+n—,u,
t—n+u

CAx(t) = A, A X (8) = - AL A (s), (10)

ii. x, is defined on pN, and let u > O,u. order right defined delta Caputo fractional difference
operator; t € p_py N

SAx() = pA IV x(0) = Z (s=o@O)HL=1Vix(s). (1)

s=t+n—u

—H)

2.3 Z-Transformation for Delta Fractional Difference Equations

Definition 8. [56] f : N, - R, z € C, delta Z- transformation is given as follows,lz| > R, R =
lim sup | f (k)|'/%,

k— o0

=) flo* (12)

Lemma 2.1. f:N, | » R, z € C, delta Z-transformation has the following propertylz]| > R, R =
lim sup | (k)|'/%,

k—o0

Z[f1z- 1)—— [f1@)+f(=D).
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Definition 9. [56] (Delta convolution property) f,g:N, — R, the convolution of f and g functions
is defined as

Frem =) f-Rg®. (13)
k=0
Theorem 3. [56]] (Delta Convolution Theorem) f,g: N, — R,

Z[f*glm)=Z[f1Z[gl(®). (14)
Theorem 4. [56] (Z—transformation of nth order delta difference ) f : N, > R

n—1
ZINfl@ == 1" Z[f]@-z) =" A F(0). (15)

k=0

Theorem 5. f:N, >R, 0<u<1, Z-transformations of Caputo delta and R-L delta
fractional difference operators are as following respectively:

(=) "zin@- Z_ilfm)], neNg1 (16)

z( < )_”Z[f]<z>—zf(0), n€Ngyiop (17)

z—-1
Definition 10. (Delta discrete M-L function) Re(a) >0, 8,t € C, AcR and t € N, delta
discrete M—L function is given as follows;

Z[Nif|@+1-p

Z[A’,ﬁf] (z+1-p)

_ i n—k+ka+p-1
E(a,m(A,n)—ZA ( Nk ,n€Z, (18)
k=0
o k@ =D (= D" P+ k(=D
Eap(A,2)= ) AF , zeC.
o (4,2) ; T (ak+5) :
There exists a relation between these two functions although these two functions are different from
each other;

Eg.a)(A,n) = Eqay(A,n+1-p), neN.

Theorem 6. A€R, x:N — R, Z- transformation of delta discrete M—L function is given
as follows;

i, Z|Ewp (A0 = (Z_il)ﬂ(l - (L)QA) ,

Z|Ewp 4.~ D](@) = l(Z_il)ﬁ(1 —1(L)QA) :

<

~.
o~

o~
~0

i

Z[Etwp A4.-2)| @) = le(zil)ﬁ(l - 1(%)%) :

i

=

Z

z[E<a,ﬁ><A,.+1>]<z>:z(z_il)ﬁ(1—1(L)QA) ,

where || > 1, |z—=1|%|z]'™® > |A] and a € (0, 1].
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3 Delta Fractional Sturm-Liouville Problems

In this section, we consider delta fractional Sturm—Liouville (DFSL) equations in two different forms
as;

1. (delta left) Caputo fractional difference operator,

Lix(t)= CAZ Ax@t+1-w)+qg@Ox@®)=ax(®), O<u<1, (19)

b+1-u

arl—p B bisa

here x : N — R, ¢g(¢) is a real valued function reel, A is spectral parameter, r € N
finite integer.

2. (delta left) Riemann-Liouville (R-L) fractional difference operator,

Lox(®) = A*(Ax(t+1-)+q (O x(@) = x(@), 0<pu < 1, (20)

b+1 p

here x : N — R, q(2) is a real valued function reel, 4 is spectral parameter, €N __, ', a, bisa

finite integer.
3.1 Representation of Solutions of Delta Fractional Sturm-Liouville Problems
3.1.1 Delta Fractional Sturm-Liouville Problem within Caputo Sense

Theorem 7. Let us consider the following ivp
Lix(t)= “AS(Ax(t+1-p)+gO)x() = Ax(®), 0<p<1, (21)

x(0)=c1, Ax(0) = ¢, (22)

here x: N>R, te NbH M. b is a finite integer., q(t) are defined on [0,1 —u] and real valued, A is a
spectral parameter. Representatzon of solution of Caputo DFSL problem (21) — 22)) is as follows

50 = S By (VL) Eust (= VA1) 4 2 | B ) (VA £~ 1)+ By (- VA2 1)|

[E(%',w) (VAt=k=2)+ Bt ) (- V01— k- 2)] q(k)x (k). 23)

1
2=

here |t| > 1, |t =111~ > |4| due to Theoremlél

Proof. If we take Z—transformation of both side of the equation (ZI)) from Theorem[5 we have

Z[ M Ax(+1-)]| @+ Z[gx] @) = AZIx ),

zz(i)# Zxl(@) - z( 1)_ﬂ61—z(i)_ﬂ+162

AZ[x](2) - Z[gx] (2).

z—1 z—1
From here
2( z \H 2 \HH!
T\T AT 1
Zxl@) = (Z_)_l c1+ € _)_1 - —Z[qx](@). (24)
z i) o zz(i o zz(i) o
z-1 z-1 z-1
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Now, let us take inverse Z—transformation of both side of the equation (24). For this aim firstly let
us make the terms in the rhs of the equation (24)) suitable respectively to apply Theorem|6]i.. For the
first term at the rhs of the equation (24) from Theorem|[6]:.;

—H + -1 + -1
B (= v s (T i

—u—1 - _ ?
Zz(z—il) ) 2z-1 z\z—1 2 1

1 1
= 2B (VA1) (e (- V1)

For the second term at the rhs of the equation (24)) from Theorem [6]i.;

—pl -1 -1
o 11 21 2 11 21 .2
s = ST ) ) )
z z z\z— z\z—
()"
1
= 5E(y+1 )(\/_l‘ )+2E(H+1 )(—\//_1,1‘—1)
For the third term at the rhs of the equation (24) from Theorem [6]iii.;

1 Tl z w17 2% Y 11y oz w1 oz & )
——— = szl )TV e )T V)
Zz(z—il) ) 7°\z— z\z— - \z— z\z—

L
= 5 (ﬂ+1 #H)(‘/_ t— )+ 2E(y+1 #H)(— \/z,l‘—Z).

Also, if we use convolution property in Theorem 3] then we have
1
2 —#-1
2(FH) -4
n

> [E(%#H)(x/i,r—k—z)+E(%.#+l) (- «/E,t—k—z)]q(k)x(k).

k=0

-1 7>

Z|gx] (Z)‘ (1 =

Finally, sum representation of solution of the problem 1)) — is found as follows

X0 = Cl[ ( )(ft)m(ml)(_vz,z)]ﬁ | et ) (V1= 1)+ Epan (= V1-1)

2 1T
[ sty (VA 1=K =2) + Epat )(—\//_l,t—k—Z)]q(k)x(k).

l\) |

Hence, the proof is completed. 1

3.1.2 Delta Fractional Sturm-Liouville Problem within Riemann-Liouville Sense

Theorem 8. Let us consider the following ivp
Lox(r) = A’g Ax(@t+1-p)+q@Ox@)=Ax@), 0<pu<1 (25)

x(0) =c3, Ax(0) =c4, (26)
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here x :N >R, te Nb+1 M. b is a finite integer., q(t) are defined on [0,1 —u] and real valued, A is a
spectral parameter. Representanon of solution of Riemann—Liouville DFSL problem 23) — 26) is as
follows

50 = S| B ) (VAN + B ) (- V3|4 5Bt oy (VA= 1)+ B (- VA= 1)

PR

|
| =

) | Bt o) (VA 1= k=2) 4 By (- VA1 =K=2) a0 xR, 27)

here |t| > 1, [t = 1|1 > |A| due to Theoremlél

Proof. If we take Z—transformation of both side of the equation (23) from Theorem 5 we have

Z[M@Bx(+1-)|@+Z[gx] @) = AZIx1@),
—u—1 —
zz(i)ﬂ Z[X](Z)—ZZ(L)#Q—ZM = AZIx1(2)-Z|gx](2),
z—1 z—1
From here
Zz(%l)_ﬂ Z 1
ZIxl(@) = 3+ 4 — —— Z[qx] ). (28)

2(5)" - 2(&H)" - 2(&H)" -

Now, let us take inverse Z—transformation of both side of the equation (28). For this aim firstly let us
make the terms in the rhs of the equation (28)) suitable respectively to apply Theorem [6]:..
For the first term at the rhs of the equation (28) from Theorem|6]i.;

22(211)_ﬂ 1 z 1/ z o B 1 1/ z gl -
2@ 51_—1[1‘2(:1) ﬁ] +zz_—1[“z(z_—1) ﬁ] ’
1 1
= 2Bt (VA0 + 3E ) (V).

For the second term at the rhs of the equation (28)) from Theorem [6]i.;
z 117 z !l 1/ z & B 11/ z \wtl 1/ z g B
=i (1"( 1) ﬁ) “32(=3) [H_( 1) ﬁ) ’
H z\z— Z\z— z\z— Z\z—
2(F)" -4
1
= 3 (,1+1 )(\/_l‘ )+2E(M+1 1)(—‘/1t—1).
For the third term at the rhs of the equation (28) from Theorem [6]iii.;

. -1

1 11/ z Wi 1( z \'7 11/ z Wi 1/ z \7

(o, 5_2(z—_1) 1_2(1—_1) v +§z_2(z—_1) 1+E(z—_1)
2(&H) -4 7F

= 1 (u+1 )(\/_t )+2E(;1+1 1)(—\/2,1‘—2).
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Also, if we use convolution property in Theorem 3] then we have

1
2(5)" -2

-1 7>

Z|qx] (Z)‘ (1 =

n

> [E(%#H)(\/z,t—k—2)+E(%|#+l)(— «/E,t—k—z)]q(k)x(k).

Finally, representation of solution of the problem (23) — (26))
Cc3 cs
X0 = o [E(‘%l) (Va.) +E(u) (- \/Z,;)] 5 [E(;%I#H) (Va.r-1) FE (it 1) (- Vai- 1)]
1 n
24 (e ) (V1=K 2) By (VA=K =2) 006,

Hence, the proof is completed. 1

3.2 Comparison of Delta Fractional and Delta Integer Order Sturm-Liouville Prob-
lems with Fractional Continuous and Integer Order Continuous Sturm-Liouville
Problems

In this section, we obtain analytical solutions of delta fractional Sturm-Liouville (DFSL), delta integer
order Sturm-Liouville (DSL), fractional Sturm—Liouville (FSL) and Sturm-Liouville differential (SL)
problems while taking ¢ (¢) = 0, and we compare all results obtained with figures and tables in detail.

Analytical Solution of Caputo DFSL Problem
DFSL problem:
CAG (Ax(t-p) = Ax (1), (29)

x(=1) =1, Ax(-1) =1, (30)

here x:N - R, r€e Nﬁ;" , b is a finite integer, and its analytic solution is as follows

x() = =Eq1,0) (At + 1)+ Ear)y (ALt + D+ Egi12)(4,1). 31

Analytical Solution of DSL Problem
DSL problem:
Ax(t—1) = Ax(1), (32)

x(=1) =1, Ax(-1) =1, (33)

here t € Nljl, b is a finite integer, and its analytic solution is as follows

x(t):(1+/l+ m)(2+/l+ m)t
VIA+ 8 2
+(1—/l+ m)(%l— m)’. (34)
VIA+d) 2

10


https://doi.org/10.20944/preprints202103.0674.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 March 2021 d0i:10.20944/preprints202103.0674.v1

Analytical Solution of Caputo FSL Problem
FSL problem:
D, (¥ (1) = x (1), (35)

x(0)=1, X' (0)=1, (36)

t € [0,b] and its analytic solution is as follows

xX(0) = Eppy (A7) + 1By (A1), (37)

Analytical Solution of Sturm—Liouville Differential Problem
(SL) problem:
X' (1) =Ax(), (38)

x(0)=1, X' (0)=1, (39)

t € [0,b] and its analytic solution is as follows

1+ ‘/’_le\ﬁt_ 1- ﬁe—\/it

0= 2V

sinh VAr
il
Where the domain and range of function x(#) and M-L functions must be selected to be defined.

We can state that the solution of (33) — (36) FSL problem can be obtained by taking 4 — 1 in the

solution of (38) — (39) SL problem and similarly, the solution of (29) — (30) DFSL problem can be
obtained by taking 4 — 1 in the solution of DSL (34) problem.

x(f) = cosh VAt + (40)

3.3 Visual Results

Firstly, we compare the solution of the problems (29) — (30) DFSL ve (32) — (33)) DSL and we show that
while the order u — 1 the solution of DFSL problem (3T]) approaches to the solution of DSL problem
(34) in figure[I} Let 2 = -0.01.

Secondly, we compare the solutions of DFSL, DSL, FSL and SL problems At first view, we
observe the solution of DSL and SL problems almost match in any order u, and we observe the
solutions of DFSL and FSL problem almost match in any order x in figures 2(a)H2(I)] However, we
observe that all of the solutions of DFSL, DSL, FSL and SL problems almost coincide to each other

as u = 1 in figures 2(m)H2(o)} Let A = —0.01.
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Thirdly, we compare the solution of DFSL problem (31) with different orders, potential functions
and eigenvalues in the figures [6.3.22H6.3.25]

Analytical Solution of Delta Riemann—Liouville Fractional Sturm—Liouville Problem

DFSL problem:
M (Ax(t—p)) = Ax(0), 41)
x(=1)=1, Ax(-1)=1, 42)
here x:N—> R, te Nli;” , b1is a finite integer, and its analytic solution is as follows
x() = —=E@i1,0) (A, 1+ 1)+ Eyr)y (Lt + D+ Egpq a1y (4,0). (43)

Analytical Solution of Riemann-Liouville Fractional Sturm—Liouville Problem
FSL problem

Dh (¥ (1) = Ax(0), (44)
x(O) =1, ¥ 0] =1, (45)
t € [0,b] and its analytic solution is as follows

xX(0) = Byt (A7) 4 4 By o (0. (46)

Now, let us compare Caputo and Riemann-Liouville forms of these results obtained with figures
visually.
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Figure 6.3.25 ¢(1) = 0, = 0.5
Figure 6.3.24 1 = ~0.01,1 = 0.9 reure 9(0)=0.p

o DFSL-RL (u=0.8) — FSL-RL (u=0.8) o DFSL-Caputo (y=0.8) — FSL-RL (1=0.8) o DFSL-Caputo (u=0.8) — FSL-Caputo (1=0.8)

Figure 6.3.26 £ =0.8 Figure 6.3.27 1 =0.8 Figure 6.3.28 1 =0.8

o DFSL-RL (u=0.9) — FSL-RL (u=0.9) o DFSL-Caputo (u=0.9) — FSL-RL (1=0.9) o DFSL-Caputo (u=0.9) — FSL-Caputo (1=0.9)

Figure 6.3.29 1 =0.9 Figure 6.3.30 ©=0.9 Figure 6.3.31 £ =0.9
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Figure 6.3.35 u=0.98

Figure 6.3.36 u = 0.99

Figure 6.3.37 u=1

Eigenvalues of DFSL problem (29) — correspond to some specific eigenfunctions for is given
with different orders while g (7) = 0 in Table [6.3.T}

Table 6.3.1 Eigenvalues of the ivp (—@) under different fractional orders

M A1 A A3 A4 As Ag A7 %
0.8 —-0.1029 | -0.077 | —0.068 | —-0.047 | -0.037 | —0.023 | -0.014 | —0.0068
0.85 | —0.1004 | —-0.075 | —0.060 | —0.044 | -0.032 | —-0.021 | —0.012 | —0.0059
09 | -0.1007 | —=0.070 | —0.054 | -0.040 | —0.029 | -0.018 | —0.011 | —-0.0051
x(100)
H % A A3 A4 As g A7
0.9 —0.0034 | -0.0026 | —-0.0019 | -0.0014 | -0.0009 | —0.0005 | —0.00024
0.94 | -0.0030 | —-0.0023 | -0.0017 | —=0.0012 | —0.0007 | —0.0004 | —0.00020
0.98 | —0.0033 | —0.0026 | —0.0020 | -0.0015 | —0.0010 | —0.0006 | —0.00017
x(500)
M A1 A A3 A4 As % A7
0.8 -0.169 | —0.0011 | —0.0007 | —0.00061 | —0.0003 | —0.00024 | —0.00011
0.85 | -0.256 | —0.0012 | —0.0008 | —0.00065 | —0.0004 | —0.00030 | —0.00018
0.9 —0.056 | —0.0010 | —0.0009 | —0.00071 | —0.0005 | —0.00037 | —0.00024
x(1000)
M A1 %) A3 A4 As Ag A7
0.9 -0.48 | -0.12 | —0.00019 | -0.00014 | —0.00010 | —0.00006 | —0.000038
094 | =040 | -0.18 | —-0.00020 | —0.00015 | —0.00011 | —0.00008 | —0.000031
098 | -0.34 | -0.27 | —-0.00021 | -0.00017 | —0.00013 | —0.00009 | —0.000024
x(2000)

Finally, we give the solutions of DFSL problem (29) — (30) with different orders, and potentials in

Tables

15


https://doi.org/10.20944/preprints202103.0674.v1

x(®)
x(0)
x(1)
x(2)
x(5)
x(7)
x(9)
x(12)
x(15)
x(16)
x(18)
x(20)

x(1)
x(0)
x(1)
x(2)
x(5)
x(7)
x(9)
x(12)
x(15)
x(16)
x(18)
x(20)
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Table 6.3.2 ¢(1) =0,4=-0.01

pu=0.1
2
2.8
35
5.100
5.831
6.357
6.860
7.122
7.172
7.229
7.245

Table 6.3.3 1 =-0.01, u = 0.8

gt)=1
2
2.98
0.954
-0.552
1.345
-0.644
0.480
-0.286
-0.363
0.227
0.079

q( =5
2
2.98
2.940
0.581
~0.935
~1.745
~1.675
~0.678
~0271
0.514
1.165

_ 1
q(t)_zm

2.98
2.213
-1.719
-1.435
0.261
1.397
0.174
-0.287
-0.764
-0.563

u=0.2
2
2.8
3.48
4911
5.457
5.763
5.906
5.817
5.757
5.612
5.449

u=0.5
2
2.8
3.42
4.260
4.128
3.645
2.640
1.692
1.437
1.040
0.794

16

u=0.7
2
2.8
3.38
3.748
3.046
1.933
0.225
-0.812
—0.948
-0.925
—-0.606

x(®)
x(0)
x(1)
x(2)
x(5)
x(7)
x(9)
x(12)
x(15)
x(16)
x(18)
x(20)

do0i:10.20944/preprints202103.0674.v1

3.34
3.166
1.783

-0.033
-2.207
-2.493
-2.131
-0.937
0.487

Table 6.3.4 1 =-0.01, u=0.9

g =1
2
2.98
0.952
-0.724
2.030
-1.227
1.049
-0.866
-1.112
0.740
0.215

g =5
2
2.98
2.938
0.040
~1.901
-2.851
~2.338
~0.456
0.245
1.513
2.418

_ 1
q(t)—zm

2.98
2211
-2.363
-1.821
0.719
2.110
-0.441
—-1.255
-1.795
—-0.866
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3.4 Discussions on Eigenvalues and Eigenfunctions of DFSL, DSL, FSL, SL Problems

Now, let us evaluate together the problems (29) — (30) DFSL, (32) — (33) DSL, (33) — (36) FSL and
(38) — (39) SL by taking the second initial conditions as zero.
If we consider DFSL problem as follows

CAS(Ax(t—p) = Ax(1), 47)
x(=1)=1, Ax(-1) =0, (48)
here t € Nli;“ , b is a finite integer, then its analytical solution
x(t)=-Eq1,0) (At + 1)+ Egn(A4,t+1). (49)
If we consider DSL problem as follows

Ax(t-1)=Ax (), (50)

x(=1)=1, Ax(-1) =0, (&2))

here t € Nlj‘ll, b is a finite integer, then its analytical solution

—VA+ VA+4\[2+1+ VAQA+D)\ ([ VA+ VA+4)[(2+ 21— VAQ+ D)\
x(t) = + . (52)
2Va+4 2 2VaA+4 2
If we consider FSL problem as follows
DL (¥ (1)) = Ax(D), (53)
x(0)=1, X' (0)=0, (54)
t € [0, b], then its analytical solution
xX(1) = By (7). (55)
If we consider SL problem as follows
X" (1) = Ax(®), (56)
x(0)=1, X' (0)=0, (57)
t € [0, b], then its analytical solution
x(t) = cosh Vaz. (58)

Eigenvalues of these problems are the roots of the following boundary condition
x(50)=0.

Hence, if we apply the solutions of these four problems to the boundary condition above, we can find
the eigenvalues of these problems for the orders u = 0.9 and u = 0.99 approximately in Table[6.4.T]and
Table

Eigenfunctions are obtained by writing these eigenvalues into the solution of these four problems.
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Table 6.4.1 u=0.9

A1 A A3 A4 As Ag A7 Ag
DFSL | -0.292 -0.231 -0.177 | -0.129 | -0.088 | —0.055 | —0.029 | -0.001
FSL | -0.305 -0.241 -0.183 | -0.133 | -0.091 | —0.056 | —0.029 | -0.001
DSL | -0.0009 | —0.0087 -0.024 | -0.047 | -0.077 | -0.115 | —-0.161 | —0.273
SL | -0.0009 | —-0.0039 | —0.0088 | —0.015 | —-0.024 | —-0.035 | —0.048 | —0.079

Table 6.4.2 u =0.99

A1 A A3 Ag As Ag A7 Ag
DFSL | -0.340 -0.274 -0.215 | -0.117 | -0.078 | —0.047 | —0.024 | -0.001
FSL | -0.358 —-0.287 -0.168 | —-0.120 | —0.080 | —0.049 | —-0.025 -0.001
DSL | -0.0009 | —0.0087 -0.024 | -0.047 | -0.077 | -0.115 | —-0.161 | —0.273
SL | -0.0009 | —0.0039 | —0.0088 | —0.015 | —0.024 | —0.035 | —0.048 | —0.079

4 Conclusion

We consider firstly DFSL problem within Caputo and Riemann-Liouville sense, then we find the
representation of solutions respectively by means of Z—transformation. Subsequently, we obtain
analytical solution of DFSL problem within Caputo and Riemann-Liouville sense by taking g(¢) = 0.
Consequently, we observe that while the order u — 1 the solution of DFSL problem (31]) approaches
to the solution of DSL problem (34) in figure ]

We consider secondly the solutions of DFSL, DSL, FSL and SL problems. We observe the solution
of DSL and SL problems almost match in any order u, and we observe the solutions of DFSL and FSL
problem almost match in any order u in figures 2(a){2(I)] Besides that, we observe that all solutions
of DFSL, DSL, FSL and SL problems almost coincide to each other as i = 1 in figures 2(0)|

Following, we consider DFSL problem in R—L sense and we compare its solutions with the solu-
tions of FSL problem in R-L sense. We observe that solutions of these two problems almost matches
in any order i, however, it is observed that there exists difference between the solutions of DFSL prob-
lem in Caputo sense and FSL in R-L sense. Besides that, we compare solutions of DFSL in Caputo
sense with the solutions of FSL problem in Caputo sense and we observe that solutions of these two
problems almost matches in any order u. Then, we compare solutions of DFSL problem in R-L and
Caputo sense and we observe that solutions coincide while the order  — 1.

Consequently, we observe that all solutions for DFSL R-L-FSL R-L-DFSL Caputo-DFSL Caputo-
FSL Caputo—-DSL-SL matches while the order i = 1. However, we can observe that solutions of DFSL
R-L-FSL R-L matches, and solutions of DFSL Caputo—-FSL Caputo matches in any order. We con-
clude that all solutions for DFSL are compatible with the solutions of FSL, DSL and SL problems. A
comparison in this style is rather original and there is no known study in delta fractional eigenvalue
problems. Thus, this study will attract the attention of readers working in this area.

Moreover, we compare the eigenvalues of the solutions of DFSL problem under different orders
in Table[6.3.1] Then, we compare the solutions of DFSL problem with different orders, and different
potentials in Tables However, we discuss on eigenvalues of DFSL problem in the last
section in Table and Table
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