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Abstract: The paper investigates the randomly stopped sums. Primary random variables are supposed
to be nonnegative, independent, and identically distributed, whereas the stopping moment is supposed
to be a nonnegative, integer-valued, and nondegenerate at zero random variable, independent of
primary random variables. We find the conditions under which dominated variation or extended
regularity of randomly stopped sum determines the stopping moment to belong to the class of
dominatedly varying distributions. In the case of extended regularity, we derive the asymptotic
inequalities for the ratio of tails of the distributions of randomly stopped sums and a stopping
moment. The obtained results generalize analogous statements recently obtained for regularly varying
distributions. Compared with the previous studies, we apply new methods to the proofs of the main
statements. At the end, we provide one example that illustrates the theoretical results.
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1. Introduction
This paper is devoted to randomly stopped sums in which the primary random variables (r.v.s)

are nonnegative, independent, and identically distributed (i.i.d.). The stopping moment is supposed
to be nonnegative, integer-valued, and independent of the primary r.v.s. Such objects appear when
the number of random variables under consideration is unknown and is described by some random
integer. In particular, randomly stopped sums appear in insurance and financial mathematics, survival
analysis, risk theory, computer and communication networks, etc. The area of randomly stopped sums
for various subclasses of heavy-tailed r.v.s has been well developed for more than 50 years and covers
mainly the case of i.i.d. r.v.s. In this paper, we continue to consider this standard model.

Specifically, suppose that {ξ1, ξ2, . . . } is a sequence of r.v.s defined on a probability space (Ω,F ,P).
Define the sequence of partial sums {Sn, n ⩾ 0} by

S0 := 0, Sn := ξ1 + · · ·+ ξn, n ≥ 1. (1)

The main subject of the paper is the study of randomly stopped sums

Sν := ξ1 + · · ·+ ξν,

where n in (1) is replaced by a random variable (r.v.) ν taking values in N0 := {0, 1, 2, . . . }. Throughout
the paper, we assume that {ξ1, ξ2, . . .} is a sequence of independent copies of r.v. ξ. In addition,
we suppose that the generating r.v. ξ is nonnegative, i.e., P(ξ1 ⩾ 0) = 1, and the counting r.v. ν is
nondegenerate at zero, i.e., P(ν ⩾ 1) > 0. We call such ν a counting random variable or a stopping moment
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and suppose throughout the paper that it is independent of the sequence {ξ1, ξ2, . . .}. According to
our assumptions, r.v.s ξ1, ξ2, . . . are i.i.d. with common distribution function

Fξ(x) = P(ξ ⩽ x).

In such a case the distribution function (d.f.) of the randomly stopped sum has the form

FSν
(x) = P(Sν ⩽ x) =

∞

∑
n=0

P(Sn ⩽ x)P(ν = n),

and the tail function (t.f.) of the randomly stopped sum for positive x has the form

FSν
(x) =

∞

∑
n=1

P(Sn > x)P(ν = n).

The usual problem considered in many papers is to give conditions that guarantee that FSν
belongs

to some regularity class, provided that d.f. Fξ or Fν belongs to the regularity class under consideration.
A detailed overview of regularity classes can be found in the books [1–6] and references therein, where
all the main properties of those regularity classes are described and analyzed. In this paper, both
in the main results and in the discussion of similar results, we essentially limit ourselves to four
regularity classes: the class of long-tailed distributions L , the class of distributions with dominantly
varying tails D , the class of distributions with consistently varying tails C , and the class of regularly
varying distributions R. Here we only note that all the mentioned regularity classes of distributions
are subclasses of the heavy-tailed distributions H .

2. Brief Discussion on the Regularity Classes under Consideration
In this section, we present definitions of the regularity classes under consideration and discuss

known results related to the closure of these classes under random stopped sums. As mentioned earlier,
in this paper, we only study the properties of nonnegative random variable distributions. The results
presented below are undoubtedly correct for nonnegative random variable distributions, whereas the
results presented for distributions of r.v.s that can take negative values can be incorrect. However, all
the definitions below can be applied to the distributions of r.v.s with both positive and negative values.
We begin with the narrowest class of distributions R.

• A d.f. F with t.f. F = 1 − F is said to be regularly varying with index α ⩾ 0, denoted F ∈ Rα, if for all
y > 0,

lim
x→∞

F(xy)
F(x)

= y−α.

The class of all regularly varying distributions is

R =
⋃

α⩾0
Rα.

It is evident that d.f.s

F1(x) =
1

(1 + x)3 I[0,∞)(x), F2(x) =
log2(1 + x)

x4 I[1,∞)(x),

F3(x) =
1

log(1 + x)
I[2,∞)(x), F4(x) =

( ∞

∑
n=1

1
n2

)−1

∑
1⩽n⩽x

1
n2

are regularly varying.
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Problems related to the randomly stopped sums of regularly varying d.f.s are considered in
[7–10,21], among others. For instance, Proposition 4.1 in [10] states that

Fξ ∈ Rα with α > 0,Eν < ∞, Fν(x) = o
(

Fξ(x)
)
⇒ FSν

(x) ∼
x→∞

EνFξ(x).

The direct generalization of the class R is the class E RV introduced in [11] and further considered
in [1,12–19].

• A d.f. F is said to be extended regularly varying with indices 0 ⩽ α ⩽ β < ∞, denoted F ∈ E RV {α,β},
if for all y > 1,

y−β ⩽ lim inf
x→∞

F(xy)
F(x)

⩽ lim sup
x→∞

F(xy)
F(x)

⩽ y−α.

The class of all extended regularly varying distributions is

E RV =
⋃

0⩽α⩽β<∞

E RV {α,β}.

Since F(xy) ⩽ F(x) for any d.f. F and all x > 0 and y ⩾ 1, the distribution F belongs to the class
E RV if

lim inf
x→∞

F(xy)
F(x)

⩾ y−β

for all y > 1 and some β < ∞; see [20].

Another somewhat broader class of distributions is the class of distributions with consistently
varying tails C .

• A d.f. F is said to have a consistently varying tail, denoted F ∈ C , if

lim
y↑1

lim sup
x→∞

F(xy)
F(x)

= 1.

The definitions presented imply that R ⊂ E RV ⊂ C . Therefore all d.f.s F1, F2, F3, and F4, presented
above, have consistently varying tails. Due to the considerations in [22–24], d.f.

F5(x) = (1 − p)
(

1 − p⌊log2 x⌋

1 − p
+
( x

2⌊log2 x⌋ − 1
)

p⌊log2 x⌋
)
I[1,∞)(x)

belongs to the class C for any parameter p ∈ (0, 1), where ⌊a⌋ is the integer part of a ∈ R. Namely,
for x ∈

[
2n, 2n+1) and 1/2 < y ⩽ 1, we have that ⌊log2 x⌋ = n and ⌊log2 xy⌋ ∈ {n − 1, n}. If

⌊log2 x⌋ = ⌊log2 xy⌋ = n, then

F5(xy)
F5(x)

= 1 +
(1 − p)(1 − y) x

2n

2 − p − (1 − p) x
2n

⩽ 1 +
2(1 − p)(1 − y)

p
.

If ⌊log2 x⌋ = n and ⌊log2 xy⌋ = n − 1, then

F5(xy)
F5(x)

= 1 +
(1 − p)

(
(2 − p)

(
1 − xy

2n

)
+ p(1 − y) x

2n

)
p
(

2 − p − (1 − p) x
2n

)
⩽ 1 +

(1 − p)(1 − y)(2 + p)
p2 .
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It is clear that the derived inequalities imply that F5 ∈ C . We also note that both inclusions in the
relation R ⊂ E RV ⊂ C are proper. Due to the results of [20], the distribution with t.f.

F6(x) = exp
{
− ⌊log(1 + x)⌋+

(
log(1 + x)− ⌊log(1 + x)⌋

)2
}

, x ⩾ 0,

belongs to E RV \R, and the distribution with t.f.

F7(x) = exp
{
− ⌊log(1 + x)⌋+

(
log(1 + x)− ⌊log(1 + x)⌋

)1/2
}

, x ⩾ 0,

belongs to C \ E RV .
Problems related to the randomly stopped sums of d.f.s from class C are considered in [22,25–27],

among others. For instance, [26, Theorem 3.4] states the following:

Fξ ∈ C , 0 < Eνq+1 < ∞ for some q > J+Fξ
⇒ FSν

∈ C and FSν
(x) ∼

x→∞
EνFξ(x),

where

J+Fξ
= − lim

y→∞

1
log y

log lim inf
x→∞

Fξ(xy)
Fξ(x)

is the upper Matuszewska index of d.f. Fξ ; see [28,29].

Another, even broader class is the class of distributions with dominatedly varying tails D , de-
scribed more than half a century ago in [30].

• A d.f. F is said to have a dominatedly varying tail, denoted F ∈ D , if

lim sup
x→∞

F(xy)
F(x)

< ∞

for all (equivalently, for some) y ∈ (0, 1).
It is obvious that R ⊂ E RV ⊂ C ⊂ D and that F ∈ D ⇔ J+F < ∞. Hence all the above-

mentioned d.f.s F1, F2, F3, F4, F5, F6, and F7 belong to the class D . As noted in [31], the Peter and Paul
distribution is an example of a distribution belonging to the class D but not to the class C . We recall that
r.v. ξ is said to be distributed according to the generalized Peter and Paul distribution with parameters
a > 0 and b > 1 if its t.f. for x ⩾ 1 has the following expression:

F8(x) = Fξ(x) =
(
ba − 1

)
∑

k⩽1, bk>x

b−ak =
(
b−a)⌊logb x⌋.

For this distribution, we derive (for details, see [23]) that

lim
y↑1

lim sup
x→∞

F8(xy)
F8(x)

= ba ̸= 1,

which implies Fξ ∈ D \ C .
The asymptotic properties of randomly stopped sums with summands that vary dominatedly are

considered in [32–36]. For instance, [33, Theorem 5] states that

Fξ ∈ D , Eξ < ∞, 0 < Eν < ∞ ⇒
{

FSν
∈ D ⇐⇒ min{Fξ , Fν} ∈ D

}
.

Class C can be extended in the other direction instead of distributions with dominatedly varying
tails D by choosing the class of long-tailed distributions L . The class of long-tailed distributions
was introduced by Chistyakov [37] in the context of branching processes and became one of the most
important subclasses of heavy-tailed distributions.
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• A distribution F is said to belong to a class of long-tailed distributions L if

F(x + y) ∼
x→∞

F(x)

for all (equivalently, for some) y ∈ R.
However, all the definitions below can be applied to distributions of random variables taking on

both positive and negative values.
According to the above considerations, R ⊂ E RV ⊂ C ⊂ L ∩D ⊂ L with all proper inclusions.

To see that L ∩D \ C ̸= ∅, we can take d.f. F9 from [20] with t.f.

F9(x) = exp
{
− ⌊log x⌋ − min

{
log x(log x − ⌊log x⌋), 1

}}
, x ⩾ 1,

and a simple Weibull distribution with d.f.

F10(x) =
(
1 − e−

√
x)I[0,∞)(x)

shows that inclusion L ∩D ⊂ L is also proper.
The asymptotic properties of randomly stopped sums with summands with long-tailed distri-

butions are considered in [33,36,38–43]. Asymptotic properties in the above papers are found either
exclusively for summands with long tails or for summands satisfying additional conditions. For
instance, [40, Theorem 8] states that

Fξ ∈ L ∩D ,Eξ > 0, Fν ∈ C ⇒ FSν
(x) ∼

x→∞
EνFξ(x) + Fν

( x
Eξ

)
.

It was mentioned earlier that all discussed regularity classes consist of heavy-tailed distributions.
• A d.f. F is said to be heavy-tailed, denoted by F ∈ H , if∫ ∞

−∞
eδxdF(x) = ∞

for all δ > 0. Otherwise, F is said to be light-tailed.
Due to the inclusions R ⊂ E RV ⊂ C ⊂ L ∩D ⊂ L , all the participating classes are heavy-tailed

because L ⊂ H . This fact can be easily observed because of the property

F ∈ L ⇒ eλxF(x) →
x→∞

∞ for all λ > 0

(see, e.g., comments in [44]) and the criteria

F ∈ H ⇔ lim sup
x→∞

eλxF(x) = ∞ for all λ > 0

(see, e.g., [45, Lemma 1]).
The randomly stopped sum with heavy-tailed nonnegative i.i.d. summands {ξ1, ξ2, . . .} satisfies

the following simple estimate:

FSν
(x) =

∞

∑
n=1

P(Sn > x)P(ν = n) ⩾ Fξ1(x)P(ν ⩾ 1).

Hence we have the following statement for any counting r.v. ν:

Fξ ∈ H ⇒ FSν
∈ H .
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In addition, for any positive λ and i.i.d. summands {ξ1, ξ2, . . .}, we have

E eλSν ⩾
∞

∑
n=1

E eλSnP(ν = n) =
∞

∑
n=1

(
E eλξ1

)n
P(ν = n) = E eν(logE eλξ1 ).

This leads to the following statement for any nondegenerate at zero distribution Fξ of {ξ1, ξ2, . . .}:

Fν ∈ H ⇒ FSν
∈ H .

3. Inverse-Type Statements in Class R

In Section 2, we described the results of direct type on the regularity of the randomly stopped
sums. In all the mentioned results, we specified the conditions on random summands and counting r.v.
ensuring that randomly stopped sums fall into the desired regularity class. However, the paper [10]
also presents results of the inverse type. Namely, Proposition 4.9 of [10] consists of the following two
statements.

Theorem 1. Let {ξ1, ξ2, . . .} be a sequence of i.i.d. copies of a nonnegative r.v. ξ, and let ν be a counting r.v.
independent of {ξ1, ξ2, . . .}. If d.f. of the randomly stopped sum FSν

∈ Rα with α > 0, Eξ < ∞, Eν < ∞, and

Fξ(x) = o
(

FSν
(x)
)

, then d.f. Fν ∈ Rα, and

FSν
(x) ∼

x→∞

(
Eξ
)α Fν(x).

Theorem 2. Let the sequence of r.v.s {ξ1, ξ2, . . .} and r.v ν satisfy the basic conditions of Theorem 1. If

FSν
∈ R1, Eξ < ∞, Eν = ∞, and xFξ(x) = o

(
FSν

(x)
)

, then Fν ∈ R1, and

FSν
(x) ∼

x→∞
Eξ Fν(x).

In this paper, we prove analogous statements in the broader classes of distributions E RV and D .
We present exact formulations of the statements in Section 4.

4. Main Results
As mentioned above, in this section, we formulate the main results of the work on how the

membership of the random stopped sum distribution in classes E RV and D affects the membership
of the counting r.v. distribution in the class D . If the randomly stopped sum distribution belongs to
the class E RV , then we also obtain asymptotic formulas similar to those in Theorems 1 and 2. Our
first statement is an analog of Theorem 1 for the wider regularity class E RV .

Theorem 3. Let {ξ1, ξ2, . . .} be a sequence of i.i.d. copies of a nonnegative r.v. ξ, and let ν be a counting r.v.
independent of {ξ1, ξ2, . . .}. If d.f. of the randomly stopped sum FSν

∈ E RV {α,β} (0 ⩽ α ⩽ β < ∞), Eξ < ∞,

Eν < ∞, and Fξ(x) = o
(

FSν
(x)
)

, then d.f. Fν ∈ D , and

(
Eξ
)α Fν(x) ≲

x→∞
FSν

(x) ≲
x→∞

(
Eξ
)β Fν(x) if Eξ > 1, (2)(

Eξ
)β Fν(x) ≲

x→∞
FSν

(x) ≲
x→∞

(
Eξ
)α Fν(x) if Eξ < 1, (3)

FSν
(x) ∼

x→∞
Fν(x) if Eξ = 1, (4)

where the symbol ≲
x→∞

between two positive functions a(x) and b(x) means that

lim sup
x→∞

a(x)
b(x)

⩽ 1.
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It is evident that Theorem 3 implies the statement of Theorem 1 because α = β in the case where
d.f. Fξ of r.v. ξ belongs to the class Rα.

Remark 1. The conditions of Theorem 3 imply that the expectation of the primary r.v. ξ is positive, i.e., Eξ > 0.

Proof of Remark. Suppose on the contrary that Eξ = 0, that is, P(ξ = 0) = 1. In such a case,
P
(
Sn = 0

)
= 1 for all n. Hence

FSν
(x) =

∞

∑
n=1

P
(
Sn > x

)
P(ν = n) = 0

for x > 0. This contradicts to the condition FSν
∈ D . Therefore P(ξ > 0) > 0, implying Eξ > 0. The

remark is proved.

Remark 2. The conditions of Theorem 3 imply that the support of the counting r.v. ν is infinite, i.e., Fν(x) > 0
for all x ∈ R.

Proof of Remark. We will prove the statement by contradiction. Let the opposite statement be true,
i.e., suppν ⊂ {0, 1, . . . , K} for some finite K ⩾ 1. In such a case, for x > 0, we have

FSν
(x) =

K

∑
n=1

P(Sn > x)P(ν = n) =
K

∑
n=1

P
(
ξ1 + ξ2 + · · ·+ ξn > x

)
P(ν = n).

For each 1 ⩽ n ⩽ K, we have

P
(
ξ1 + ξ2 + · · ·+ ξn > x

)
⩽ P

( n⋃
k=1

{
ξk >

x
n

})
⩽ nP

(
ξ >

x
n

)
⩽ nFξ

( x
K

)
.

Therefore, for all x > 0,

FSν
(x) ⩽ Fξ

( x
K

) K

∑
k=1

n =
K(K + 1)

2
Fξ

( x
K

)
,

implying that

Fξ(x) ⩾
2

K(K + 1)
FSν

(xK), x > 0,

and

lim inf
x→∞

Fξ(x)
FSν

(x)
⩾

2
K(K + 1)

lim inf
x→∞

FSν
(xK)

FSν
(x)

=
2

K(K + 1)

(
lim sup

x→∞

FSν

( x
K
)

FSν
(x)

)−1

> 0

by the condition Fsν ∈ D . This resulting estimate contradicts the condition Fξ(x) = o
(

FSν
(x)
)
. Hence

the counting r.v. ν must have an infinite support. The statement of the remark is proved.

Just as Theorem 3 generalizes Theorem 1, the following theorem generalizes Theorem 2 in a
similar way.
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Theorem 4. Suppose a sequence of r.v.s {ξ1, ξ2, . . .} and counting r.v. ν satisfy the basic conditions of Theorem

3. If FSν
∈ E RV {1,β} (1 ⩽ β < ∞) and xFξ(x) = o

(
FSν

(x)
)

, then d.f. Fν ∈ D , and the asymptotic
inequalities (2)–(4) are satisfied with α = 1.

Remark 3. The conditions FSν
∈ E RV 1,β and xFξ(x) = o

(
FSν

(x)
)

of the theorem imply that Eξ is finite

and, moreover, that E(ξ)r is also finite for some r > 1.

Both theorems can be proved based on the propositions below. Note that these two propositions
are interesting in themselves and that we prove them in a completely different way compared to the
proofs of Theorems 1 and 2 given in [10]. In addition, we observe that Propositions 2 and 3 present
statements analogous to Theorems 1 and 2 but for class D instead of R. Section 5 presents detailed
proofs of the theorems and propositions below.

Proposition 1. Let {ξ1, ξ2, . . .} be a sequence of i.i.d. copies of a nonnegative r.v. ξ with positive mean µ = Eξ,
and let ν be a counting r.v. with infinite support and independent of the sequence {ξ1, ξ2, . . .}. Then

FSν

(
(1 − ε)µx

)
≳

x→∞
Fν(x)

for all ε ∈ (0, 1).

Proposition 2. Let {ξ1, ξ2, . . .} be a sequence of i.i.d. copies of a nonnegative r.v. ξ with positive mean µ = Eξ

and d.f. Fξ , and let ν be a counting r.v. with Eν < ∞ and independent of the sequence {ξ1, ξ2, . . .}. If FSν
∈ D

and Fξ(x) = o
(

FSν
(x)
)
, then Fν ∈ D , and

FSν

(
(1 + ε)µx

)
≲

x→∞
Fν(x) (5)

for all ε > 0.

Proposition 3. Let {ξ1, ξ2, . . .} be a sequence of i.i.d. copies of a nonnegative r.v. ξ with positive mean µ = Eξ,
finite moment E ξr of order r > 1, and d.f. Fξ . Let ν be a counting r.v. independent of the sequence {ξ1, ξ2, . . .}
such that Eν = ∞. If FSν

∈ D and xFξ(x) = o
(

FSν
(x)
)
, then Fν ∈ D , and the asymptotic relation (5) holds.

5. Proofs
In this section, we present proofs of the propositions and theorems stated in Section 4.

5.1. Proof of Proposition 1

For all x > 0 and ε ∈ (0, 1), we have

FSν

(
(1 − ε)µx

)
=

∞

∑
n=1

P
(
Sn > (1 − ε)µx

)
P(ν = n)

⩾ ∑
n>x

P
(
Sn > (1 − ε)µx

)
P(ν = n)

⩾ ∑
n>x

P
(
S⌊x⌋ > (1 − ε)µ⌊x⌋

)
P(ν = n)

= P
(S⌊x⌋ − µ⌊x⌋

⌊x⌋ > −εµ

)
Fν(x).

Since Fν(x) > 0 for all x ∈ R, we derive that

lim inf
x→∞

FSν

(
(1 − ε)µx

)
Fν(x)

⩾ lim inf
x→∞

P
(S⌊x⌋ − µ⌊x⌋

⌊x⌋ > −εµ

)
= 1
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due to the law of large numbers. Proposition 1 is proved.

5.2. Auxiliary Lemmas for the Proofs of Propositions 2 and 3

In this section, we state three lemmas we use in the proof of Proposition 2. The first lemma contains
a construction of a special sequence of random variables with dominatedly varying distributions.

Lemma 1. Let {X1, X2, . . .} be a sequence of nonnegative i.i.d. r.v.s with common d.f. F such that F(x) =

o
(

H(x)
)

for some d.f. H ∈ D . Then there exists a sequence of i.i.d. r.v.s {Z1, Z2, . . .} with common d.f. G ∈ D

such that Xk ⩽ Zk for k ∈ {1, 2, . . .} and G(x) = o
(

H(x)
)
.

Proof. Here we present a detailed proof of the lemma, which is based on the ideas of Lemma 4.4 from
[10] and considerations in [46].

Let

L(x) = 1 if x ∈
[

0, x0 = max
{

1, sup
{

z :
F(z)
H(z)

> 1
}}]

,

L(x) = 2 if x ∈
[

x0, x1 = max
{

2x0, sup
{

z :
F(z)
H(z)

>
1
22

}}]
,

L(x) = 3 if x ∈
[

x1, x2 = max
{

3x1, sup
{

z :
F(z)
H(z)

>
1
32

}}]
,

· · ·

L(x) = k if x ∈
[

xk−2, xk−1 = max
{

kxk−2, sup
{

z :
F(z)
H(z)

>
1
k2

}}]
,

L(x) = k + 1 if x ∈
[

xk−1, xk = max
{
(k + 1)xk−1, sup

{
z :

F(z)
H(z)

>
1

(k + 1)2

}}]
,

L(x) = k + 2 if x ∈
[

xk, xk+1 = max
{
(k + 2)xk, sup

{
z :

F(z)
H(z)

>
1

(k + 2)2

}}]
,

· · ·

According to the presented construction,

L(x) →
x→∞

∞, and L(x)
F(x)
H(x)

→
x→∞

0,

because the sequence {xk} is unboundedly increasing, and

L(x)
F(x)
H(x)

⩽
k + 1

k2 , x ∈ (xk−1, xk],

for k ∈ {1, 2, . . .}.
In addition, the function L slowly varies because for each fixed y > 1 and large x, either both

points x and yx belong to the same interval (xk−1, xk], or x ∈ (xk−1, xk] and yx ∈ (xk, xk+1]. In the first
case,

L(yx)
L(x)

= 1,

and in the second case,
L(yx)
L(x)

=
k + 2
k + 1

.

In both cases,

lim
x→∞

L(yx)
L(x)

= 1,
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implying that the function L slowly varies by the classical definition; see Section 1 in [1] for details.
Let {W1, W2, . . .} be a sequence of i.i.d. positive r.v.s independent of the sequence {X1, X2, . . .}

with tail function

D(x) =


H(x)
L(x) if x ⩾ 1,

1 if x < 1.

By the construction of functions D and L we have that

D ∈ D , D(x) = o
(

H(x)
)
, F(x) = o

(
D(x)

)
. (6)

Now let us suppose that
Zn = Xn + Wn, n ∈ N.

For this sequence of r.v.s, we have the following properties:
(i) Xn ⩽ Zn. This is obvious because Wn ⩾ 0 due to construction of r.v.s Wn, n ∈ N.
(ii) The sequence {Z1, Z2, . . .} consists of i.i.d. r.v.s because for any real numbers
{x1, x2, . . . , xn}, n ∈ N, we have

P
(
X1 + W1 ⩽ x1, . . . , Xn + Wn ⩽ xn

)
=
∫ ∞

−∞
· · ·

∫ ∞

−∞
P
(
X1 + y1 ⩽ x1, . . . , Xn + yn ⩽ xn

)
dP
(
W1 ⩽ y1, . . . , Wn ⩽ yn

)
=
∫ ∞

−∞
· · ·

∫ ∞

−∞

n

∏
j=1

P
(
Xj + yj ⩽ xj

)
dFW1(y1) . . . dFWn(yn)

=
n

∏
j=1

P
(
Xj + Wj ⩽ xj

)
.

(iii) D.f. G(x) = P(Z1 ⩽ x) satisfies the condition G(x) = o
(

H(x)
)

because

G(x) = P
(
X1 + W1 > x

)
=
∫
[0,x/2]

F(x − y)dD(y) +
∫
(x/2,∞)

F(x − y)dD(y)

⩽ F
( x

2

)
P
(

0 ⩽ W1 ⩽
x
2

)
+ D

( x
2

)
⩽ F

( x
2

)
+ D

( x
2

)
, (7)

and therefore

lim sup
x→∞

G(x)
H(x)

⩽ lim sup
x→∞

F
( x

2
)

H
( x

2
) H

( x
2
)

H(x)
+ lim sup

x→∞

D
( x

2
)

D(x)
D(x)
H(x)

= 0

by (6) and the conditions of the lemma.
(iv) Finally, d.f. G belongs to the class D because

lim sup
x→∞

G
( x

2
)

G(x)
⩽ lim sup

x→∞

F
( x

4
)
+ D

( x
4
)

P(X1 + W1 > x)

⩽ lim sup
x→∞

F
( x

4
)
+ D

( x
4
)

D(x)

⩽ lim sup
x→∞

F
( x

4
)

D
( x

4
) D
( x

4
)

D(x)
+ lim sup

x→∞

D
( x

4
)

D(x)
< ∞

by relations (6) and (7). This finishes proof of the lemma.
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The second lemma presents a special property of i.i.d. r.v.s distributed according to the dominat-
edly varying distribution. This exceptional property plays an essential role in the proof of Proposition
2. The proof of the lemma is presented in [47, Theorem 1] and is generalized for a dependence structure
in [32, Corollary 3.1].

Lemma 2. Let F ∈ D be a d.f. on R with finite mean

m =
∫ ∞

−∞
y dF(y).

Then for all γ > max{0, m}, there exists a constant D(γ) > 0, independent of x and n, such that

F∗n(x) ⩽ D(γ)nF(x)

for all x ⩾ γn and n ∈ N.

Remark 4. For a d.f. F : R → [0, 1], let us define the support of F as

supp F =
{

x : F(x + δ)− F(x − δ) > 0 for all δ > 0
}

.

If supp F ⊂ [0, ∞), then we say that the distribution (or d.f.) F is on R+. If supp F ̸⊂ [0, ∞), then we say that
the distribution (or d.f.) F is on R.

Remark 5. If d.f. F belongs to the class D , then F(x) < 1 or, equivalently, F(x) > 0 for all x ∈ R. This
follows from the definition of class D because the condition

lim sup
x→∞

F(x/2)
F(x)

< ∞

cannot be satisfied in the case F(x0) = 0 for some x0 ∈ R.

The last lemma in this section is another version of Lemma 2.

Lemma 3. Let F be a d.f. on R with finite mean m. Then for all γ > max{0, m}, there exists a positive constant
D(γ), independent of x and n, such that

max
1⩽n⩽ x

γ

F∗n(x)
nF(x)

⩽ D(γ) for x ⩾ γ.

Proof. By Lemma 2 we have

x ⩾ γ ⇒ F∗1(x)
F(x)

⩽ D(γ),

x ⩾ 2γ ⇒ F∗2(x)
2F(x)

⩽ D(γ),

x ⩾ 3γ ⇒ F∗3(x)
3F(x)

⩽ D(γ),

· · ·

x ⩾ Nγ ⇒ F∗N(x)
NF(x)

⩽ D(γ).
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For x ⩾ γ, we have x ⩾ ⌊ x
γ ⌋γ. Hence the above estimations imply that

max
1⩽n⩽⌊x/γ⌋

F∗n(x)
nF(x)

⩽ D(γ).

The inequality of the lemma is proved.

We use the following lemma in the proof of Proposition 3. This lemma is proved in [32] (see
Lemma 2.3) for possibly dependent i.i.d. r.v.s. Discussions on similar inequalities, which can also be
used in the proof of Proposition 3, can be found in [48,49].

Lemma 4. Let {X1, X2, . . .} be independent copies of r.v. X with distribution F, mean 0, and E
(
X+
)r

< ∞
for some r > 1. Then for all γ > 0 and p > 0, there exist positive numbers a and C = C(γ, p), independent of
x and n, such that

P
( n

∑
k=1

Xk > x
)
⩽ nF(ax) +

C
xp

for all x ⩾ γn and n ∈ N.

The last lemma is related to the tail property of distributions from class D . It follows from
Proposition 2.2.1 of [1] and is used in the proof of Proposition 3. Some details of the proof can be found
in Lemma 3.5 of [29].

Lemma 5. Let F ∈ D be a distribution with upper Matuszewska index J+F . Then for all p > J+F , we have
x−p = o

(
F(x)

)
.

5.3. Proof of the Proposition 2

For all x > 0 and ε ∈ (0, 1), we have

FSν

(
(1 + ε)µx

)
=

(
∑

1⩽n⩽x
+ ∑

n>x

)
P
(
Sn > (1 + ε)µx

)
P(ν = n)

:= J1(x) + J2(x). (8)

For the term J2(x), we get

J2(x)
Fν(x)

⩽ sup
n>x

P
(
Sn > (1 + ε)µx

)
= sup

n>x
P
(
Sn − µn > µx − µn + εµx

)
⩽ sup

n>x
P
(

Sn

n
− µ > −µ

)
,

which implies that

lim sup
x→∞

J2(x)
Fν(x)

⩽ 1 (9)

due to the law of large numbers.
Therefore it remains to prove that

lim sup
x→∞

J1(x)
Fν(x)

= 0. (10)
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Let {ξ̂1, ξ̂2, . . .} be a sequence of nonnegative i.i.d. r.v.s with the properties

ξk ⩽ ξ̂k, k ∈ {1, 2, . . .}; F
ξ̂1

∈ D ; F
ξ̂1
(x) = o

(
FSν

(x)
)

.

Such a construction is possible due to Lemma 1.
For

Ŝn =
n

∑
k=1

ξ̂k,

we have

J1(x) ⩽ ∑
1⩽n⩽µx/µ̂

P
(
Ŝn > (1 + ε)µx

)
P(ν = n)

+ ∑
µx/µ̂<n⩽x

P
(
Sn > (1 + ε)µx

)
P(ν = n)

=: J11(x) + J12(x), (11)

where µ ⩽ µ̂ = Eξ̂1 < ∞ because ESν = µν < ∞ by the conditions of the theorem, and F
ξ̂1
(x) =

o
(

FSν
(x)
)

by construction of r.v.s {ξ̂1, ξ̂2, . . .}. It is clear that

J11(x) = ∑
1⩽n⩽µx/µ̂

P
(
Ŝn − nµ̂ > −nµ̂ + µx + εµx

)
P(ν = n)

⩽ ∑
1⩽n⩽µx/µ̂

P
(
Ŝn − nµ̂ > εµx

)
P(ν = n).

By using Lemma 3 for r.v.s {ξ̂1 − µ̂, ξ̂2 − µ̂, . . .} we obtain that

J11(x) ⩽ ∑
1⩽n⩽εµx/(εµ̂)

P
(
Ŝn − nµ̂ > εµx

)
P(ν = n)

⩽ C1F
ξ̂1−µ̂

(εµx) ∑
1⩽n⩽µx/µ̂

nP(ν = n)

⩽ C1EνF
ξ̂1
(εµx)

for x ⩾ εµ̂ with some positive quantity C1 = C1(ε, µ̂). The last estimate implies that

lim sup
x→∞

J11(x)
Fν(x)

⩽ C1Eν lim sup
x→∞

F
ξ̂1
(εµx)

F
ξ̂1
(x)

lim sup
x→∞

F
ξ̂1
(x)

FSν
(x)

lim sup
x→∞

FSν
(x)

Fν(x)
= 0 (12)

because

lim sup
x→∞

F
ξ̂1
(εµx)

F
ξ̂1
(x)

< ∞

by the condition F
ξ̂1

∈ D ,

lim sup
x→∞

F
ξ̂1
(x)

FSν
(x)

= 0

by the construction of r.v.s {ξ̂1, ξ̂2, . . .}, and

lim sup
x→∞

FSν
(x)

Fν(x)
< ∞

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 February 2025 doi:10.20944/preprints202502.1319.v1

https://doi.org/10.20944/preprints202502.1319.v1


14 of 22

by the following estimate:

FSν
(x) =

∞

∑
n=1

P
(
Sn > x

)
P(ν = n)

⩽ ∑
n>x

P
(
Sn > x

)
P(ν = n)

⩽ ∑
n>x

P(ν = n) = Fν(x).

Further, let us consider the term J12(x). It is evident that

J12(x) = ∑
µx/µ̂<n⩽x

P
(
Sn > (1 + ε)νx

)
P(ν = n)

= ∑
µx/µ̂<n⩽x

P
(
Sn − nµ > −nµ + µx + εµx

)
P(ν = n)

⩽ ∑
µx/µ̂<n⩽x

P
(
Sn − nµ > εµx

)
P(ν = n)

⩽ sup
n>µx/µ̂

P
(

Sn

n
− µ > εµ

)
Fν

(µx
µ̂

)
. (13)

By choosing ε = 1
2 from decompositions (8) and (11) and estimates (9), (12), and (13) it follows that

FSν

( 3
2

µx
)
= J11(x) + J12(x) + J2(x)

⩽
1
2

Fν(x) +
1
2

Fν

(µx
µ̂

)
+ 2Fν(x)

⩽ 3Fν

(µx
µ̂

)
for sufficiently large x, say x ⩾ x1.

Meanwhile, from the estimate of Proposition 1 with the same ε = 1
2 we have that

FSν

(µx
2

)
⩾

1
2

Fν(x)

for sufficiently large x, say x ⩾ x2. The last two inequalities imply Fν ∈ D because

Fν

(
x
2

)
Fν(x)

⩽
6FSν

(
µx
4

)
FSν

(
3µ̂x

2

)
for x ⩾ max{µx1/µ̂, 2x2}, and FSν

∈ D by the conditions of the proposition.
Now, since Fν ∈ D , from estimate (6) we get

lim sup
x→∞

J12(x)
Fν(x)

= 0

according to the law of large numbers. The last equality, together with decomposition (11) and equality
(12), implies the desired relation (10). Proposition 2 is proved.

5.4. Proof of Proposition 3

According to decomposition (8), for all x > 0 and ε > 0, we have

FSν

(
(1 + ε)µx

)
⩽ J1(x) + Fν(x) (14)
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with

J1(x) = ∑
1⩽n⩽x

P
(
Sn > (1 + ε)µx

)
P(ν = n)

⩽ P
(
S⌊x⌋ > (1 + ε)µx

)
⩽ P

( ⋃
n⩽⌊x⌋

{
ξn > εx

})
+ P

( ⋂
n⩽⌊x⌋

{
ξn ⩽ εx

}
, S⌊x⌋ > (1 + ε)µx

)
=: K1(x) +K2(x). (15)

Since FSν
∈ D , the conditions of Proposition 3 imply that

lim sup
x→∞

K1(x)
FSν

(
(1 + ε)µx

) ⩽ lim sup
x→∞

xFξ(εx)
FSν

(
(1 + ε)µx

)
=

1
ε

lim sup
x→∞

εx Fξ(εx)
FSν

(εx)
lim sup

x→∞

FSν
(εx)

FSν

(
(1 + ε)µx

) = 0. (16)

For the second term in (14), we have

K2(x) = P
( ⋂

n⩽⌊x⌋

{
ξn ⩽ εx

}
,
⌊x⌋

∑
n=1

(
ξnI{ξn⩽εx} + ξnIξn⩽εx

)
> (1 + ε)µx

)

= P
( ⋂

n⩽⌊x⌋

{
ξn ⩽ εx

}
,
⌊x⌋

∑
n=1

ξnI{ξn⩽εx} > (1 + ε)µx
)

⩽ P
( ⌊x⌋

∑
n=1

ξnI{ξn⩽εx} > (1 + ε)µx
)

= P
( ⌊x⌋

∑
n=1

(
ξnI{ξn⩽εx} −E ξnI{ξn⩽εx}

)
> (1 + ε)µx −

⌊x⌋

∑
n=1

E ξnI{ξn⩽εx}

)

⩽ P
( ⌊x⌋

∑
n=1

(
ξnI{ξn⩽εx} −E ξnI{ξn⩽εx}

)
> εµx

)
because

⌊x⌋

∑
n=1

E ξnI{ξn⩽εx} ⩽ µx

for all ε > 0.
The random variables

Yn := ξnIξn⩽εx −EξnIξn⩽εx, n ∈ N

satisfy the conditions of Lemma 4, that is, the sequence {Y1, Y2, . . .} consists of i.i.d. r.v.s, EY1 = 0, and

E
(
Y+

1
)r

= E
((

ξI{ξ⩽εx} −EξI{ξ⩽εx}

)+)r

⩽ E
((

ξI{ξ⩽εx}
)+)r

⩽ E ξr < ∞
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for r > 1 by the conditions of Proposition 3. By using Lemma 4 with γ = εµ/2 and p > J+FSν
we get that

K2(x) ⩽ P
( ⌊x⌋

∑
n=1

Yn > εµx
)

⩽ ⌊x⌋FY1(aεµx) +
C2

(εµ)pxp (17)

with constants a and C2 depending on E
(
Y+

1
)r, ε, and p, but independent of x. By the definition of r.v.

Y1, for x > 0, we have

FY1(aεµx) = P(Y1 > aεµx) = P
(
ξI{ξ⩽εx} > aεµx +EξI{ξ⩽εx}

)
⩽ P

(
ξI{ξ⩽εx} > aεµx, ξ ⩽ εx

)
+ P

(
ξI{ξ⩽εx} > aεµx, ξ > εx

)
⩽ P

(
ξ > aεµx

)
= Fξ(aεµx).

Therefore by estimate (17), the conditions xFξ(x) = o
(

FSν
(x)
)

and FSν
∈ D , and Lemma 5 we derive

lim sup
x→∞

K2(x)
FSν

(
(1 + ε)µx

) ⩽
1

aεµ
lim sup

x→∞

aεµxFξ(aεµx)
FSν

(aεµx)
lim sup

x→∞

FSν
(aεµx)

FSν

(
(1 + ε)µx

)
+

C2

(εµ)p lim sup
x→∞

FSν
(x)

FSν

(
(1 + ε)µx

) lim sup
x→∞

1
xpFSν

(x)
= 0. (18)

Now let δ ∈ (0, 1). Decompositions (14) and (15) and limiting relations (16) and (17) imply that

FSν

(
(1 + ε)µx

)
⩽ δFSν

(
(1 + ε)µx

)
+ Fν(x) (19)

for sufficiently large x, say x ⩾ x3(ε, δ). In the case ε = δ = 1/2, we get

1
2

FSν

( 3
2

µx
)
⩽ Fν(x)

for x ⩾ x3(1/2, 1/2). Meanwhile, Proposition 1 implies

FSν

(1
2

µx
)
⩾

1
2

Fν(x)

for large x, say x ⩾ x4. The last two estimates show that

lim sup
x→∞

Fν

(
x
2

)
Fν(x)

⩽ lim sup
x→∞

4FSν

(
µx
2

)
FSν

(
3µx

2

) < ∞

implying that Fν ∈ D because FSν
∈ D by the conditions of the proposition.

To finish the proof, we observe that by inequality (19)

lim sup
x→∞

FSν

(
(1 + ε)µx

)
Fν(x)

⩽
1

1 − δ

for all ε ∈ (0, 1) and δ ∈ (0, 1). Hence

lim sup
x→∞

FSν

(
(1 + ε)µx

)
Fν(x)

⩽ 1

due to the arbitrary choice of parameter δ ∈ (0, 1). This finishes the proof of the proposition.
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5.5. Proof of Theorems 3 and 4

Let d.f. FSν ∈ E RV {α,β}, and suppose that µ = Eξ > 1. In such a case, (1 − ε)µ > 1 if ε ∈ (0, 1) is
sufficiently small. Since E RV ⊂ D , we have that all conditions of Propositions 1 and 2 are satisfied.
According to Proposition 1,

lim sup
x→∞

Fν(x)
FSν

(
(1 − ε)µx

) ⩽ 1,

and the condition FSν
∈ E RV {α,β} implies that

lim sup
x→∞

FSν

(
(1 − ε)µx

)
FSν

(x)
⩽
(
(1 − ε)µ

)−α

for ε ∈ (0, 1 − 1/µ). Therefore, for such ε,

lim sup
x→∞

µαFν(x)
FSν

(x)
⩽ µα lim sup

x→∞

Fν(x)
FSν

(
(1 − ε)µx

) lim sup
x→∞

FSν

(
(1 − ε)µx

)
FSν

(x)
⩽ (1 − ε)−α,

implying that

µαFν(x) ≲
x→∞

FSν
(x). (20)

Due to Proposition 2,

lim sup
x→∞

FSν

(
(1 + ε)µx

)
Fν(x)

⩽ 1

for ε > 0, and the condition FSν
∈ E RV {α,β} implies that

lim sup
x→∞

FSν
(x)

FSν

(
(1 + ε)µx

) =

(
lim inf

x→∞

FSν

(
(1 + ε)µx

)
FSν

(x)

)−1

⩽
(
(1 + ε)µ

)β.

Therefore

lim sup
x→∞

FSν
(x)

µβFν(x)
⩽

1
µβ

lim sup
x→∞

FSν
(x)

FSν

(
(1 + ε)µx

) lim sup
x→∞

FSν

(
(1 + ε)µx

)
Fν(x)

⩽ (1 + ε)β,

implying that

FSν
(x) ≲

x→∞
µβ Fν(x). (21)

Relations (20) and (21) imply the first asymptotic inequality (2) of Theorem 3.

Now let again d.f. FSν ∈ E RV {α,β}, but let µ = Eξ < 1. In such a case, 1/(1 + ε)µ > 1 if ε ∈ (0, 1)
is sufficiently small. From the inclusion E RV ⊂ D we have that the conditions of Propositions 1 and
2 are satisfied. According to Proposition 2,

lim sup
x→∞

FSν

(
(1 + ε)µx

)
Fν(x)

⩽ 1,

and the condition F ∈ E RV α,β} implies that

lim sup
x→∞

FSν
(x)

FSν

(
(1 + ε)µx

) = lim sup
z→∞

FSν

(
z

(1+ε)µ

)
FSν

(z)
⩽
(
(1 + ε)µ

)−α
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if ε ∈
(
0, 1

µ − 1
)
. Consequently,

lim sup
x→∞

FSν
(x)

µαFν(x)
⩽

1
µα

lim sup
x→∞

FSν

(
(1 + ε)µx

)
Fν(x)

lim sup
x→∞

FSν
(x)

FSν

(
(1 + ε)µx

) ⩽ (1 + ε)−α,

and

FSν
(x) ≲

x→∞
µα Fν(x) (22)

due to the arbitrariness of ε ∈
(

0, 1
µ − 1

)
.

If µ < 1, then 1/(1 − ε)µ > 1 for all ε ∈ (0, 1). Hence the condition F ∈ E RV {α,β} implies that

lim sup
x→∞

FSν

(
(1 − ε)µx

)
FSν

(x)
= lim sup

z→∞

FSν
(z)

FSν

(
z

(1−ε)µ

) =

(
lim sup

z→∞

FSν

(
z

(1−ε)µ

)
FSν

(z)

)−1

⩽
(
(1 − ε)µ

)−β.

By Proposition 1 we get that

lim sup
x→∞

µβFν(x)
FSν

(x)
⩽ µβ lim sup

x→∞

Fν(x)
FSν

(
(1 − ε)x

) lim sup
x→∞

FSν

(
(1 − ε)x

)
FSν

(x)
⩽ (1 − ε)−β,

which implies that

µβFν(x) ≲
x→∞

FSν
(x). (23)

The asymptotic inequalities (22) and (23) imply the second relation (3) of the theorem.

Let us consider the last case µ = Eξ = 1. Since FSν
∈ E RV ⊂ D and µ = 1, Propositions 1 and 2

imply that
FSν

(
(1 + ε)x

)
≲

x→∞
Fν(x) ≲

x→∞
FSν

(
(1 − ε)x

)
for all ε ∈ (0, 1). By the definition of the class E RV {α,β} we have

FSν

(
(1 + ε)x

)
≳

x→∞
(1 + ε)−β FSν

(x)

and
FSν

(
(1 − ε)x

)
≲

x→∞
(1 − ε)−β FSν

(x).

Consequently, for all ε ∈ (0, 1),

(1 + ε)−β FSν
(x) ≲

x→∞
Fν(x) ≲

x→∞
(1 − ε)−β FSν

(x),

which implies relation (4). Theorem 3 is proved.

Note that the proof of Theorem 4 is completely analogous to that of Theorem 3. We only need to
refer to Proposition 3 instead of Proposition 2 because the conditions of Theorem 4 are consistent with
those of Proposition 3.

6. Illustrating Example
Example 1. Let us consider the following model. The sequence of r.v.s {ξ1, ξ2, . . .} consists of the independent
copies of r.v. ξ distributed according to the exponential law, i.e.

Fξ(x) = P(ξ > x) = e−x, x ⩾ 0.
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The counting r.v. ν independent of the sequence {ξ1, ξ2, . . .} is distributed according to the zeta law, i.e.

P(ν = n) =
1

ζ(2)
1
n2 , n ∈ {1, 2, . . .},

where

ζ(2) =
∞

∑
n=1

1
n2 .

In the case under consideration, we have the following:

Eξ = 1,

Eξr < ∞ for any r > 1,

Eν = ∞,

lim sup
x→∞

xFξ(x)
FSν

(x)
= lim sup

x→∞

xe−x

1
ζ(2) ∑∞

n=1
1

n2 F∗n
ξ (x)

⩽ lim sup
x→∞

9ζ(2)xe−x(
1 + x + x2

2!
)
e−x

= 0.

In addition, for positive x

FSν
(x) =

1
ζ(2)

∞

∑
n=1

1
n2 F∗n

ξ (x)

=
1

ζ(2)

∞

∑
n=1

1
n2 e−x

n−1

∑
k=0

xk

k!

=
e−x

ζ(2)

∞

∑
k=0

xk

k!

∞

∑
n=k+1

1
n2 .

Since
1

k + 1
⩽

∞

∑
n=k+1

1
n2 ⩽

1
k

for any k ⩾ 1, we derive that

FSν
(x) =

e−x

ζ(2)

( ∞

∑
n=1

1
n2 +

∞

∑
k=1

xk

k!

∞

∑
n=k+1

1
n2

)

⩾
e−x

ζ(2)

(
1 +

∞

∑
k=1

xk

(k + 1)!

)
=

e−x

ζ(2)

∞

∑
k=0

xk

(k + 1)!

=
e−x

ζ(2)
ex − 1

x
≳

x→∞

1
ζ(2)x

,

and

FSν
(x) ⩽ e−x +

e−x

ζ(2)

∞

∑
k=1

xk

k!k

= e−x +
e−x

ζ(2)

( ∞

∑
k=1

xk

(k + 1)!
+

∞

∑
k=1

xk

k(k + 1)!

)
⩽ e−x +

e−x

ζ(2)

(
ex − 1

x
+

∞

∑
k=1

xk

k(k + 1)!

)
.
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The last estimate implies that

FSν
(x) ≲

x→∞

1
ζ(2)x

because

e−x ∑∞
k=1

xk

k(k+1)!
1
x

= xe−x
( K

∑
k=1

xk

k(k + 1)!
+

∞

∑
k=K+1

xk

k(k + 1)!

)

⩽ xK+1e−x
K

∑
k=1

1
k(k + 1)!

+ xe−x ex − 1
x

1
K

for all x > 0 and K ⩾ 2.
We can see from the obtained relations that

FSν
(x) ∼

x→∞

1
ζ(2)x

∼
x→∞

Eξ Fν(x)

which is consistent with assertions of theorems 2 and 4.

7. Concluding Remarks
In this paper, we generalize Proposition 4.9 from [10], where cases are found where a randomly

stopped sum belonging to the class of regular distributions induces the regularity of the counting
random variable together with an asymptotic formula of a special form. We have shown the transfer
of regularity from a randomly stopped sum to a counting random variable for a broader class of
distributions D . For this class, we have also obtained asymptotic formulas of some special form relating
the tail of a randomly stopped sum to the tail of a counting random variable. In our formulas we
incorporate an additional free parameter. For the class of distributions E RV , we derive more precise
formulas relating the tail of a randomly stopped sum to the tail of a counting random variable and the
mean of the primary random variable generator. This class of distributions is intermediate between the
regular distributions considered in [10] and the class D of dominatedly varying distributions. Similar
"inverse" problems for other transformations of distributions are considered in [41,50–58].

Author Contributions: Conceptualization, R.L.; methodology, J.Š.; software, A.E.; validation, A.E. and N.N.;
formal analysis, N.N.; investigation, R.L. and J.Š; resources, N.N.; writing-original draft preparation, J.Š; writing-
review and editing, R.L., A.E., and N.N.; visualization, R.L. and A.E.; supervision, J.Š.; project administration, J.Š.;
funding acquisition, J.Š. and A.E. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding

Institutional Review Board Statement: Not applicable

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Bingham, N.H.; Goldie, C.M.; Teugels, J.L. Regular Variation. Cambridge University Press, Cambridge, 1987.
2. Borovkov, A.A.; Borovkov, K.A. Asymptotic Analysis of Random Walks: Heavy-Tailed Distributions. Cambridge

University Press, Cambridge, 2008.
3. Foss, S.; Korshunov, D.; Zachary, S. An Introduction to Heavy-Tailed and Subexponential Distributions, 2nd ed.

Springer, New York, 2013.
4. Konstantinides, D.G. Risk Theory: A Heavy Tail Approach. World Scientific, New Jersey, 2018.
5. Nair, J.; Wierman, A.; Zwart, B. The Fundamentals of Heavy Tails: Properties, Emergence, and Estimation.

Cambridge University Press, Cambridge, 2022.
6. Leipus, R.; Šiaulys, J.; Konstantinides, D. Closure Properties for Heavy-Tailed and Related Distributions: An

Overview. Springer, Cham, 2023.
7. Stam, A.M. Regular variation of the tail of a subordinated probability distribution. Adv. Appl. Probab. 1973, 5,

287-307.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 February 2025 doi:10.20944/preprints202502.1319.v1

https://doi.org/10.20944/preprints202502.1319.v1


21 of 22

8. Embrechts, P.; Omey, E. On subordinated distributions and random record processes. Proc. Camb. Phil. Soc.
1983, 93, 339-353.

9. Resnick, S.I. Point processes, regular variation and weak convergence. Adv. Appl. Probab. 1986, 18, 66-138.
10. Faÿ, G.; González-Arévalo, B.; Mikosch, T.; Samorodnitsky, G. Modelling teletraffic arrivals by a Poisson

cluster process. Queueing Syst. 2006, 54, 121-140.
11. Matuszewska, W.; Orlicz, W. On some classes of functions with regard to their orders of growth. Studia Math.

1965, 26, 11-24.
12. Cline, D.B.H. Intermediate regular and Π variation. Proc. Lond. Math. Soc. 1994, 68, 594-616.
13. Klüppelberg, C.; Mikosch, T. Large deviations of heavy-tailed random sums with applications in insurance

and finance. J. Appl. Probab. 1997, 34, 293-308.
14. Tang, Q.; Su, C.; Jiang, T.; Zhang, J.S. Large deviations for heavy-tailed random sums in the compound

renewal model. Stat. Probab. Lett. 2001, 52, 591-100.
15. Liu, Y.; Hu, Y.J. Large deviations for heavy-tailed random sums of independent random variables with

dominatedly varying tails. Sci. China, Ser. A 2003, 46, 383-395.
16. Chen, Y.; Ng. K.W. The ruin probability of the renewal model with constant interest force and negatively

dependent heavy-tailed claims. Insur. Math. Econ. 2006, 40, 415-423.
17. Tang, Q. Heavy tails of discounted aggregate claims in the continuous-time renewal model. J. Appl. Probab.

2007, 44, 285-294.
18. Wei, L. The ruin probability in the presence of extended regular variation and optimal investment. Acta

Math. Sin. Engl. Ser. 2008, 24, 649-654.
19. Yang, Y. Estimate for the finite-time ruin probability in the discrete-time risk model with insurance and

financial risks. Commun. Stat. Theory Methods 2014, 43, 2094-2104.
20. Cline, D.B.H.; Samorodnitsky, G. Subexponentiality of the product of independent random variables. Stoch.

Process. Their Appl. 1994, 49, 75-98.
21. Sprindys, J.; Šiaulys, J. Regularly distributed randomly stopped sum, minimum and maximum. Nonlinear

Anal. - Model. 2020, 25, 509-522.
22. Cai, J.; Tang, Q. On max-sum equivalence and convolution closure of heavy-tailed distributions and their

applications. J. Appl. Probab. 2004, 41, 117-130.
23. Dirma, M.; Paukštys, S.; Šiaulys, J. Tails of the moments for sums with dominatedly varying random

summands. Mathematics 2021, 9, 824.
24. Šiaulys, J.; Lewkiewicz, S.; Leipus, R. The random effect transformation for three regularity classes. Mathe-

matics 2024, 12, 3932.
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