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Abstract: The paper investigates the randomly stopped sums. Primary random variables are supposed
to be nonnegative, independent, and identically distributed, whereas the stopping moment is supposed
to be a nonnegative, integer-valued, and nondegenerate at zero random variable, independent of
primary random variables. We find the conditions under which dominated variation or extended
regularity of randomly stopped sum determines the stopping moment to belong to the class of
dominatedly varying distributions. In the case of extended regularity, we derive the asymptotic
inequalities for the ratio of tails of the distributions of randomly stopped sums and a stopping
moment. The obtained results generalize analogous statements recently obtained for regularly varying
distributions. Compared with the previous studies, we apply new methods to the proofs of the main
statements. At the end, we provide one example that illustrates the theoretical results.

Keywords: randomly stopped sum; primary random variables; stopping moment; dominatedly
varying distribution; regular variation
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1. Introduction

This paper is devoted to randomly stopped sums in which the primary random variables (r.v.s)
are nonnegative, independent, and identically distributed (i.i.d.). The stopping moment is supposed
to be nonnegative, integer-valued, and independent of the primary r.v.s. Such objects appear when
the number of random variables under consideration is unknown and is described by some random
integer. In particular, randomly stopped sums appear in insurance and financial mathematics, survival
analysis, risk theory, computer and communication networks, etc. The area of randomly stopped sums
for various subclasses of heavy-tailed r.v.s has been well developed for more than 50 years and covers
mainly the case of i.i.d. r.v.s. In this paper, we continue to consider this standard model.

Specifically, suppose that {g1, &, . . . } is a sequence of r.v.s defined on a probability space (Q2, F, P).
Define the sequence of partial sums {S,,n > 0} by

So:=0, Sy =8 +---+Cu, n>1 (1)
The main subject of the paper is the study of randomly stopped sums
Svyi=¢C1+ - +Gu

where 7 in (1) is replaced by a random variable (r.v.) v taking values in Ny := {0,1,2,... }. Throughout
the paper, we assume that {3,&»,...} is a sequence of independent copies of r.v. {. In addition,
we suppose that the generating r.v. ¢ is nonnegative, i.e., P({; > 0) = 1, and the counting r.v. v is
nondegenerate at zero, i.e., P(v > 1) > 0. We call such v a counting random variable or a stopping moment

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and suppose throughout the paper that it is independent of the sequence {{1, {2, ...}. According to
our assumptions, r.v.s ¢1, G, . . . are i.i.d. with common distribution function

and the tail function (t.f.) of the randomly stopped sum for positive x has the form

o)

Fs,(x) = Y_P(S, > x)P(v =n).

n=1

The usual problem considered in many papers is to give conditions that guarantee that Fs, belongs
to some regularity class, provided that d.f. Fz or F, belongs to the regularity class under consideration.
A detailed overview of regularity classes can be found in the books [1-6] and references therein, where
all the main properties of those regularity classes are described and analyzed. In this paper, both
in the main results and in the discussion of similar results, we essentially limit ourselves to four
regularity classes: the class of long-tailed distributions .&, the class of distributions with dominantly
varying tails &, the class of distributions with consistently varying tails ¢, and the class of regularly
varying distributions %. Here we only note that all the mentioned regularity classes of distributions
are subclasses of the heavy-tailed distributions #.

2. Brief Discussion on the Regularity Classes under Consideration

In this section, we present definitions of the regularity classes under consideration and discuss
known results related to the closure of these classes under random stopped sums. As mentioned earlier,
in this paper, we only study the properties of nonnegative random variable distributions. The results
presented below are undoubtedly correct for nonnegative random variable distributions, whereas the
results presented for distributions of r.v.s that can take negative values can be incorrect. However, all
the definitions below can be applied to the distributions of r.v.s with both positive and negative values.
We begin with the narrowest class of distributions Z.

e Ad.f. Fwithtf F=1— F issaid to be reqularly varying with index « > 0, denoted F € %y, if for all
y >0,

m M =y "
x—oo F(x)

The class of all regularly varying distributions is

% - U %ﬂ(
a=0
It is evident that d.f.s
1 log?(1+ x

F(x) = mﬂ[o,oo)(x)r R(x) = % I1,00) (%),

B#) = T (%), Fa(¥) ()“jl)lz !

3(X) = —————= lIn ) (x), Fa(x) = — —

log(1+x) [2.09) n=1 n? 1<n<x 2

are regularly varying.


https://doi.org/10.20944/preprints202502.1319.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 February 2025 d0i:10.20944/preprints202502.1319.v1

30f22

Problems related to the randomly stopped sums of regularly varying d.f.s are considered in
[7-10,21], among others. For instance, Proposition 4.1 in [10] states that

Fr € %y witha > 0,Ev < oo, F,(x) = 0(Fs(x)) = Fs,(x) o EvFg(x).

The direct generalization of the class Z is the class &% introduced in [11] and further considered
in [1,12-19].

o A d.f. Fis said to be extended regularly varying with indices 0 < & < p < oo, denoted F € ERV (4 p),
ifforally > 1,

The class of all extended regularly varying distributions is

ERV = \J  ERV (py-

0<agp<oo

Since F(xy) < F(x) for any d.f. F and all x > 0 and y > 1, the distribution F belongs to the class

ERXY if B
liminf li(xy) >y P
X—r00 P(x)

for all y > 1 and some 8 < oo; see [20].

Another somewhat broader class of distributions is the class of distributions with consistently
varying tails ¢
o A d.f. Fis said to have a consistently varying tail, denoted F € €, if
F
(y) _

lim lim sup —
y11 JHOOP F(x)

The definitions presented imply that #Z C &% C €. Therefore all d.f.s Fj, F>, F3, and F4, presented
above, have consistently varying tails. Due to the considerations in [22-24], d.f.

1— [log, x| x N
Fs(x) =(1-p) ( 1p— p + <2Uogz x| 1)ptlog2 J)H[lfw)(x)

belongs to the class ¢ for any parameter p € (0,1), where |a] is the integer part of 4 € R. Namely,
for x € [27,2""1) and 1/2 < y < 1, we have that |log,x| = n and |log,xy] € {n —1,n}. If
|log, x| = |log, xy| = n, then

E A =
. 20-p0y)
p
If |log, x| = nand |log, xy| = n — 1, then
By, (1-P(@-p0-5) +p0-vF)
EON p(2-p-1-p)3)

1-p(A-y)2+p)
p2
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It is clear that the derived inequalities imply that F5 € ©. We also note that both inclusions in the
relation # C %Y C € are proper. Due to the results of [20], the distribution with t.f.

Fo(x) = exp { — [log(1+ ) + (log(1 +x) — [log(1+x)])*}, x >0,
belongs to %27 \ #, and the distribution with t.f.

— 1/2

F7(x) = exp { — [log(1+ x) | + (log(1+x) — [log(1+x)])"*}, x>0,

belongs to ¢\ EZY .
Problems related to the randomly stopped sums of d.f.s from class ¢ are considered in [22,25-27],
among others. For instance, [26, Theorem 3.4] states the following;

F; € 6,0 < Evi*! < oo for some g > ];% = Fs, € ¢ and Fs (x) o EvFg(x),

where —
F

Ji = — lim ! log lim inf E(xy)

4 y—oo logy x—=eo Fe(x)

is the upper Matuszewska index of d.f. Fz; see [28,29].

Another, even broader class is the class of distributions with dominatedly varying tails &, de-
scribed more than half a century ago in [30].
o A d.f. F is said to have a dominatedly varying tail, denoted F € 9, if

lim sup li(xy)
X—00 F(X)

< ©

for all (equivalently, for some) y € (0,1).

It is obvious that Z# C £ZY C ¢ C P and that F € ¥ & ];’ < oo. Hence all the above-
mentioned d.f.s Fj, F, F3, Fy, F5, Fs, and F; belong to the class . As noted in [31], the Peter and Paul
distribution is an example of a distribution belonging to the class & but not to the class €. We recall that
r.v. ¢ is said to be distributed according to the generalized Peter and Paul distribution with parameters
a > 0and b > 1ifits t.f. for x > 1 has the following expression:

Fs(x) =F:(x) = (b"—1) Y b %= (b))

k<1, bk>x

For this distribution, we derive (for details, see [23]) that

BOy) oy,

limlim su
v e Fy(x)
which implies Fz € 7\ €.
The asymptotic properties of randomly stopped sums with summands that vary dominatedly are
considered in [32-36]. For instance, [33, Theorem 5] states that

Frec 2,Ef <00, 0 <Ev<oo= {FSV € 9 <= min{F;, F,} € 9}.

Class ¢ can be extended in the other direction instead of distributions with dominatedly varying
tails & by choosing the class of long-tailed distributions .. The class of long-tailed distributions
was introduced by Chistyakov [37] in the context of branching processes and became one of the most
important subclasses of heavy-tailed distributions.
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o A distribution F is said to belong to a class of long-tailed distributions . if

Flx+y) ~ F(x)

o0
for all (equivalently, for some) y € R.

However, all the definitions below can be applied to distributions of random variables taking on
both positive and negative values.

According to the above considerations, # C %7 C ¢ C LN % C £ with all proper inclusions.
To see that Z N2\ ¢ # @, we can take d.f. Fy from [20] with t.f.

Fo(x) = exp { — [log x| — min { log x(log x — [log x]),1} }, x>1,
and a simple Weibull distribution with d.f.
Fio(x) = (1— e V¥)[[g,00) (%)

shows that inclusion .2 N % C £ is also proper.

The asymptotic properties of randomly stopped sums with summands with long-tailed distri-
butions are considered in [33,36,38—43]. Asymptotic properties in the above papers are found either
exclusively for summands with long tails or for summands satisfying additional conditions. For
instance, [40, Theorem 8] states that

Fee 09,88 >0,F €% = Fs,(x) ~ EvF(x) +R(E%),

It was mentioned earlier that all discussed regularity classes consist of heavy-tailed distributions.
o Adf. Fissaid to be heavy-tailed, denoted by F € 52, if

/ S*dF(x) = oo

forall 6 > 0. Otherwise, F is said to be light-tailed.
Due to the inclusions Z C %V C ¢ C LN Y C £, all the participating classes are heavy-tailed
because ¥ C . This fact can be easily observed because of the property

Fe¥ = e™F(x) — ooforallA >0
X—r00
(see, e.g., comments in [44]) and the criteria

Fe# < limsupeF(x) =coforall A >0

X—r00

(see, e.g., [45, Lemma 1]).

The randomly stopped sum with heavy-tailed nonnegative i.i.d. summands {1, y, ...} satisfies
the following simple estimate:
Fs,(x) = Y P(S, > x)P(v = n) > Fg (x)P(v > 1).

n=1

Hence we have the following statement for any counting r.v. v:

FgE%iFSVE%.
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In addition, for any positive A and i.i.d. summands {1, >, ...}, we have
AS o AS - Aé )" v(logEeM1)
Ee'> > ) Ee ”P(v:n):Z(Ee 1) P(v=n) =Ee"'%® .
n=1 n=1

This leads to the following statement for any nondegenerate at zero distribution Fz of {¢1, &5, .. .}:
F, et = Fs, € 2.

3. Inverse-Type Statements in Class #

In Section 2, we described the results of direct type on the regularity of the randomly stopped
sums. In all the mentioned results, we specified the conditions on random summands and counting r.v.
ensuring that randomly stopped sums fall into the desired regularity class. However, the paper [10]
also presents results of the inverse type. Namely, Proposition 4.9 of [10] consists of the following two
statements.

Theorem 1. Let {1, 8o, ...} be a sequence of i.i.d. copies of a nonnegative r.v. &, and let v be a counting r.v.
independent of {&1,Ca, .. .}. If d.f. of the randomly stopped sum Fs, € %, with x > 0, E¢ < co, Ev < oo, and

Fe(x) = o(fsv(x)), then d.f. F, € %y, and

Fs,(x) ~ (EZ)"F(x).

X—00

Theorem 2. Let the sequence of r.v.s {G1,8a,...} and r.v v satisfy the basic conditions of Theorem 1. If
Fs, € %1, B < 0o, Ev = o0, and xF(x) = o(fsv(x)), then E, € %y, and

Fs, (x) o E& Fy(x).

In this paper, we prove analogous statements in the broader classes of distributions &% % and 2.
We present exact formulations of the statements in Section 4.

4. Main Results

As mentioned above, in this section, we formulate the main results of the work on how the
membership of the random stopped sum distribution in classes £%7% and 2 affects the membership
of the counting r.v. distribution in the class 2. If the randomly stopped sum distribution belongs to
the class &%, then we also obtain asymptotic formulas similar to those in Theorems 1 and 2. Our
first statement is an analog of Theorem 1 for the wider regularity class &% .

Theorem 3. Let {1,Co, ...} be a sequence of i.i.d. copies of a nonnegative r.v. &, and let v be a counting r.v.
independent of {1, 82, .. .}. If d.f. of the randomly stopped sum Fs, € EZYV 1,5y (0 < < p < 00), EG < oo,

Ev < oo, and Fg(x) = O(Fsv (x)), then d.f. F, € 9, and

(]Ez;")“f,,(x) S Fs,(x) S (Eﬁ)ﬁfv(x) if B¢ > 1, )
(B&)PFy(x) < Fs,(x) < (E&)“F,(x)if BE <1, @3)
Fs,(x) ~ Fu(x)if B¢ =1, @)

where the symbol < between two positive functions a(x) and b(x) means that
X—00

. a(x
limsup —= < 1.
xﬁoop b(x

~— | —
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It is evident that Theorem 3 implies the statement of Theorem 1 because & = f§ in the case where
d.f. Fz of r.v. { belongs to the class %y.

Remark 1. The conditions of Theorem 3 imply that the expectation of the primary r.v. ¢ is positive, i.e., EG > 0.

Proof of Remark. Suppose on the contrary that E§ = 0, that is, P({ = 0) = 1. In such a case,
P(S, = 0) = 1 for all n. Hence

Fs, (x i P(Sy > x)P(v=mn)=0

for x > 0. This contradicts to the condition Fg, € 2. Therefore P(¢ > 0) > 0, implying E¢ > 0. The
remark is proved. O

Remark 2. The conditions of Theorem 3 imply that the support of the counting r.v. v is infinite, i.e., F,(x) > 0
forallx € R.

Proof of Remark. We will prove the statement by contradiction. Let the opposite statement be true,
ie., suppv C {0,1,...,K} for some finite K > 1. In such a case, for x > 0, we have

K

Fs,(x) = ) P(Sq > x)P f P&+ + -+ >x)P(v=n).

n=1

For each 1 < n < K, we have

P(&1+&+- - +& >x) < (Lnj §k> )

Therefore, for all x > 0,

implying that

and

_ Fa(x) < 2 g Fs, (xK)
x—00 fsv(x) - K(K+1) xX—00 FS,,(X)

Fs(2))
“ KK (112“30‘31’%([3) >0

by the condition F;, € 2. This resulting estimate contradicts the condition Fz(x) = o(Fg, (x)). Hence
the counting r.v. v must have an infinite support. The statement of the remark is proved. O

Just as Theorem 3 generalizes Theorem 1, the following theorem generalizes Theorem 2 in a
similar way.
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Theorem 4. Suppose a sequence of r.v.s {1, o, - . .} and counting r.v. v satisfy the basic conditions of Theorem
3. IfFs, € EZY 15, (1 < B < 00) and xFg(x) = o(fsv(x)), then d.f. F, € 9, and the asymptotic
inequalities (2)—(4) are satisfied with & = 1.

Remark 3. The conditions Fs, € %Y1, and xFg(x) = o (fsv (x)) of the theorem imply that E¢ is finite
and, moreover, that E(&)" is also finite for some r > 1.

Both theorems can be proved based on the propositions below. Note that these two propositions
are interesting in themselves and that we prove them in a completely different way compared to the
proofs of Theorems 1 and 2 given in [10]. In addition, we observe that Propositions 2 and 3 present
statements analogous to Theorems 1 and 2 but for class Z instead of Z. Section 5 presents detailed
proofs of the theorems and propositions below.

Proposition 1. Let {&1,8, ...} be a sequence of i.i.d. copies of a nonnegative r.v. ¢ with positive mean y = Eg,
and let v be a counting r.v. with infinite support and independent of the sequence {1, (o, . ..}. Then

Fs, (1 —¢)ux) = Fy(x)

X—00

foralle € (0,1).

Proposition 2. Let {1,&a, ...} be a sequence of i.i.d. copies of a nonnegative r.v. { with positive mean y = E¢
and d.f. Fg, and let v be a counting r.v. with Ev < co and independent of the sequence {1,¢2,...}. If Fs, € 9
and Fg(x) = o(Fs,(x)), then F, € 2, and

Fs, (1 +e)ux) 5 Fu(x) )

X—r00

foralle > 0.

Proposition 3. Let {&1,&, ...} bea sequence of i.i.d. copies of a nonnegative r.v.  with positive mean y = E,
finite moment E " of order r > 1, and d.f. Fz. Let v be a counting r.v. independent of the sequence {1,C2, ...}
such that Ev = co. If Fs, € 9 and xFg(x) = 0(Fs,(x)), then F, € 9, and the asymptotic relation (5) holds.

5. Proofs

In this section, we present proofs of the propositions and theorems stated in Section 4.

5.1. Proof of Proposition 1
Forallx > 0ande € (0,1), we have

agh

Fs, (1 —e)px) =
> Y P(Sp>(1—¢)ux)P(v =n)

> Y P(S|y > (1 —e)plx])P(v=n)

n>x

= P(W > —sy)l—",,(x).

P(Sy > (1 —¢)ux)P(v = n)

)
Il
—_

S5
Vv
=

Since F, (x) > 0 for all x € R, we derive that

Fs, ((1— Six| —
liminfM > liminf]P’(Lle/leJ > —sy) =1
xse Fy(x) x—eo L]
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due to the law of large numbers. Proposition 1 is proved.

5.2. Auxiliary Lemmas for the Proofs of Propositions 2 and 3

In this section, we state three lemmas we use in the proof of Proposition 2. The first lemma contains
a construction of a special sequence of random variables with dominatedly varying distributions.

Lemma 1. Let {Xy, Xy, ...} be a sequence of nonnegative i.i.d. r.v.s with common d.f. F such that F(x) =
o(H(x)) for some d.f. H € 9. Then there exists a sequence of i.i.d. r.v.s {Zy1,Z,,...} with common d.f. G € 2
such that X, < Zy fork € {1,2,...} and G(x) = o(H(x)).

Proof. Here we present a detailed proof of the lemma, which is based on the ideas of Lemma 4.4 from

[10] and considerations in [46].
Let

L(x)=1ifx € :O,xo = max{l,sup {z : Il—:I(Z) > 1}}},

L(x) =2ifx € |x0,x1 _maX{Zxo,sup{ZiH( ) - 212}}]
i V4
FG) 1

L(x) =3ifx € |x1,x2 = max {3x1'suP {Z : Hz) 32}}]’

L(x)=kifx € _xkfz, Xg—1 = max {kkarSup {Z : IZ((Z)) > klz}}]’

L(x) =k+1ifx € [xkl,xk = max{(k—l—l)xlcl,sup {Z : IZ((ZZ)) > (k-&l)2}H'

L(x) =k+2ifx € |:xk/xk+1 —max{(k—i—Z)xk,sup {Z : E(é)) > (k—:2)2}}]

According to the presented construction,

L(x) — co, and L(x)fl(")

because the sequence {x} is unboundedly increasing, and

E(x) k1

L(x) x € (Xp—1, X,

fork € {1,2,...}.
In addition, the function L slowly varies because for each fixed y > 1 and large x, either both
points x and yx belong to the same interval (x;_1, x¢], or x € (x;_1, x¢] and yx € (xg, X1 1]. In the first

case,
Llyx) _
L(x) 7
and in the second case,
L(yx) k+2
L(x)  k+1
In both cases,
fim L) _ g
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implying that the function L slowly varies by the classical definition; see Section 1 in [1] for details.
Let {Wy, W, ...} be a sequence of i.i.d. positive r.v.s independent of the sequence {X1, X5, ...}

with tail function -
H(x) .
D(x) = {L(x) x>
1

if x <1.

By the construction of functions D and L we have that
D € 2, D(x) =0(H(x)), F(x) = o(D(x)). (6)

Now let us suppose that
Zy=Xn+ Wy, neN.

For this sequence of r.v.s, we have the following properties:

(i) X,, < Z,,. This is obvious because W,, > 0 due to construction of r.v.s W,,, n € N.
(ii) The sequence {Z;,Z;, ...} consists of i.i.d. r.v.s because for any real numbers
{x1,x2,...,x4},n € N, we have

P(X1+ Wi <x1,..0, X+ Wi < xp)

:/_ / P(X1+y1 X1, ,Xn+yn\ )dP( ylr ., Wy gyn)

:/ / H]P’ (Xj+yj < xj)dFw, (v1) ... dFw, (yn)

ﬁP(X + W )
=
(i) D.f. G(x) = P(Z; < x) satisfies the condition G(x) = o(F(x)) because
G(x) =P(X; + W > x)
002 F(x—y)dD(y) + /x/m x —y)dD(y)
<F(z)P(o<mi<3)+D(3)
() *5(§>f @)

Il
\

[

"rJ [

/N
el

and therefore

. G(x) _ .. F(3) H(3) | .. D(3) D()
limsup ) SHmsup g2y e Hlimsup 5o

by (6) and the conditions of the lemma.
(iv) Finally, d.f. G belongs to the class 2 because

63 F(3) +D(3)
< S VAR Y
hr;lj::p G(x) hgljol:p P(X1 + Wy > x)

F(X)+D(%

< limsup F(4)1;1)9(4)

X—00 X

F(%) D(% D(%

< limsup () D(3) + lim sup 7(4) <

by relations (6) and (7). This finishes proof of the lemma. O
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The second lemma presents a special property of i.i.d. r.v.s distributed according to the dominat-
edly varying distribution. This exceptional property plays an essential role in the proof of Proposition
2. The proof of the lemma is presented in [47, Theorem 1] and is generalized for a dependence structure
in [32, Corollary 3.1].

Lemma 2. Let F € 9 be a d.f. on R with finite mean

m= /j:o ydF(y).
Then for all v > max{0,m}, there exists a constant D(vy) > 0, independent of x and n, such that
F(x) < D(7)nF(x)
forallx 2 ynandn € N.
Remark 4. Forad.f. F: R — [0,1], let us define the support of F as
suppF = {x: F(x+6) — F(x — ) > Oforall 6 > 0}.

Ifsupp F C [0, 00), then we say that the distribution (or d.f.) Fis on RT. If supp F ¢ [0, 00), then we say that
the distribution (or d.f.) F is on R.

Remark 5. If d.f. F belongs to the class 9, then F(x) < 1 or, equivalently, F(x) > 0 for all x € R. This
follows from the definition of class 9 because the condition
F(x/2) < oo

Iimsup —
x—)oop F(X)

cannot be satisfied in the case F(xg) = 0 for some xo € R.
The last lemma in this section is another version of Lemma 2.

Lemma 3. Let F be a d.f. on R with finite mean m. Then for all v > max{0, m}, there exists a positive constant
D(vy), independent of x and n, such that

*11
max Ff(x) < D(7) for x = 7.
1<n<i nF(x)

Proof. By Lemma 2 we have

x 2 Ny =
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For x > v, we have x > L%J . Hence the above estimations imply that
F*I’l
max 7(x) < D(v).
1<n< | x/y] nF(x)
The inequality of the lemma is proved. O

We use the following lemma in the proof of Proposition 3. This lemma is proved in [32] (see
Lemma 2.3) for possibly dependent i.i.d. r.v.s. Discussions on similar inequalities, which can also be
used in the proof of Proposition 3, can be found in [48,49].

Lemma 4. Let {Xq,Xo, ...} be independent copies of r.v. X with distribution F, mean 0, and E(X*)r < 00
for some r > 1. Then for all v > 0 and p > 0, there exist positive numbers a and C = C(vy, p), independent of
x and n, such that

n
— C
P(I;Xk > x) < nF(ax) + o
forallx > ynandn € N.

The last lemma is related to the tail property of distributions from class 2. It follows from
Proposition 2.2.1 of [1] and is used in the proof of Proposition 3. Some details of the proof can be found
in Lemma 3.5 of [29].

Lemma 5. Let F € 9 be a distribution with upper Matuszewska index Ji. Then for all p > J{, we have
x P =o(F(x)).

5.3. Proof of the Proposition 2
Forallx >0ande € (0,1), we have

Fs, (1 +¢e)ux) = ( Y +)Y )P(Sn > (1+e)ux)P(v =n)

I<ngxy  n>x

= J1(x) + Ja(x). (8)

For the term J,(x), we get

Ja(x)
= <supP(S,; > (14+¢)ux
Fy(x) n>I; ( n> ),11 )
= supP(S, — pn > px — yn + epx)
n>x
(> n)
<supP|l ——u>—u,
n>x n
which implies that
lim sup JZ(X) <1 9)

X—00 Fv(x)

due to the law of large numbers.
Therefore it remains to prove that
Ji(x)

lim sup = =0. 10
x%oop Fv(x) ( )
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Let {¢1,2, ...} be a sequence of nonnegative i.i.d. r.v.s with the properties

G <8 ke {12} F € 7 Tz (x) = o(Fs, ().

Such a construction is possible due to Lemma 1.

For .
§n - Z é\k/
k=1
we have
J1(x) < P(Sy > (1+e)ux)P(v = n)
1<n<ux/ji
+ )Y P(Su>(Q+e)ux)P(v=n)

ux/jp<n<x
=: Ju(x) + Ja(x), (11)

where y < i = E& < oo because ES, = uv < oo by the conditions of the theorem, and fgl (x)

o(Fs, (x)) by construction of r.v.s {1, &, ... }. Itis clear that

Ju(x)= Y P(Sy—nfi > —nji+ px + epx)P(v = n)
1<n<ux/ji
< Y P(Sy—nfi > eux)P(v = n).

1<n<pux/ji

By using Lemma 3 for r.v.s {& — 7i,& — 7i, ...} we obtain that

Ji(x) < Yo P(Sy —nfi > eux)P(v =n)
1<n<eux/ (efi)
< le@—ﬁ(wx) Y, nP(v=n)

1<n<pux/ji

< Cl]Eva1 (epx)

for x > eji with some positive quantity C; = Cy (¢, ji). The last estimate implies that

Fx (eux F- (x F
J11 (%) < G Evlim sup gl((y)) lim sup Fgli )) u l;sv((x)) =0 (12)
X X—00 s, (X X—00 viX

limsup =
x%oop Fv(x) x—00 3

because F (o)
Fz (eux

lim sup 517]/[
z (%)

X—00 Cl

by the condition Fg €9,
1 Fs (x)
F: (x
lim sup =21~ =
x—oo Fg, ()

by the construction of r.v.s {61, 52, ...},and

lim sup liSV(x) < o0
x—00 v(x)
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by the following estimate:
Fs,(x) =) P(S, > x)P(v =n)
n=1
< Y P(Sy > x)P(v =n)
n>x
< Y P(v=n)=F,(x)
n>x
Further, let us consider the term 715 (x). It is evident that
J(x)= Y P(Sy>1+evx)P(v=n)
ux/p<n<x
= Y P(Su—np>—np+pux+eux)P(v =n)
ux/p<n<x
< )Y P(Sy—nu>eux)P(v=n)
ux/p<n<x
< sup ]P’(S" —u> sy)l—"y(;ix). (13)
n>ux/ji n H

By choosing € = 1 from decompositions (8) and (11) and estimates (9), (12), and (13) it follows that

Fs, ( gyx) = Ju1(x) + Jia2(x) + 2 (x)

1- 1= /ux _
giawy+?yQﬁ)+yu@

< (1)

for sufficiently large x, say x > x;.
Meanwhile, from the estimate of Proposition 1 with the same ¢ = % we have that

Fs, () > 2Ru(v)

for sufficiently large x, say x > x,. The last two inequalities imply F, € 2 because

(t) _ora(t)

F(x) 7, (%)

for x > max{ux1/ji,2x,}, and Fs, € 2 by the conditions of the proposition.
Now, since F, € &, from estimate (6) we get
Ju(x) _

limsup =
x—)oop V(x)

according to the law of large numbers. The last equality, together with decomposition (11) and equality
(12), implies the desired relation (10). Proposition 2 is proved.

5.4. Proof of Proposition 3

According to decomposition (8), for all x > 0 and € > 0, we have

Fs, (1 +e)px) < Ji(x) + Fy(x) (14)
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with
Ji(x) = 1<Z:< P(Sp > (1 +¢e)ux)P(v = n)

< P(SLxJ > (1 —I—e)yx)

@( U {Cn>sx}>+]P’( N {en<ex}, S, >(1+S)yx>

n< x|

=: K1(x) + Ka(x). (15)

Since Fs, € 7, the conditions of Proposition 3 imply that

F
X—y00 PSV((1+e)yx) xX—00 PSV((1+€)]’”€)

=0. (16)

For the second term in (14), we have

x]
Ka(x) = P( (N {&n<ex}, ) (C"H{§n<€JC} +§"H§n<ex) > (1 +€)Vx)
n=1

n<| x|

x|
ﬂ {‘:n < €x}/ Z gnﬂ{gngex} > (1 +S)Vx)
n=1
gnﬂ{gngex} > (1 + 8)]136)
x]
(60 <t ~ Bl ce) > (1) — ) Eé‘nﬂ{cn<ex}>
n=1

Sl g <o) — Ednl(g et ) > W)

because
[x)
Z Eénﬂ{éngsx} < px
n=1

foralle > 0.
The random variables

Yy = gnﬂcngsx - Egnﬂgngem neN
satisfy the conditions of Lemma 4, that is, the sequence {Y3, Y5, ...} consists of i.i.d. r.v.s, EY; = 0, and
r + !
E(Y") = E<(C]I{z:<sx} - Eﬁﬂ{ggsx}) )

.
<E((fTgeer) )
<Ef <o
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for r > 1 by the conditions of Proposition 3. By using Lemma 4 with v = eu/2and p > | I»Ts we get that

|x]
Ka(x) < IP’( Y Y, > syx)

< [x]Fy, (agpx) + (17)

2
(&) 7

with constants 2 and C, depending on E(Y;" )r, g, and p, but independent of x. By the definition of r.v.
Y3, for x > 0, we have

Fy, (agpx) = P(Y1 > aepx) = P(Glizcery > aepx + B¢l zceyy)
S P(Clipcexy > aepux, § < ex) +P(Clzceyy > aepux, § > ex)
< P(E > aepx)
= Fe(aeux).

Therefore by estimate (17), the conditions xFg(x) = 0(Fg,(x)) and Fs, € Z, and Lemma 5 we derive

Ko (x) 1 . aguxFg(agpx) Fs, (agux)
limsup =————~—— < — limsup ——>—— limsup =—%—"——
x—oo Fs, ((1+e)ux) ~aep e Fs (acux) — x—eo Fs, ((1+¢€)px)

C .. Fs, (x) . 1
+ ——limsup =——*—~——limsup —— = 0. 18
(ep)? v Fs, ((1+¢)ux) v xPFs, (x) (18)

Now let § € (0,1). Decompositions (14) and (15) and limiting relations (16) and (17) imply that
Fs, (14 ¢€)pux) < 6Fg, ((1+¢e)pux) + Fy(x) (19)

for sufficiently large x, say x > x3(¢,4). In the case e = 6 = 1/2, we get

1- 3
_ — <
s, (o) <Ful)
for x > x3(1/2,1/2). Meanwhile, Proposition 1 implies
— 1 1
it >
FSV<2]LX) = ZFV(X)

for large x, say x > x4. The last two estimates show that

Fu(3 4F;, (5
imsny )< “a“f::PF:((wg <

implying that F, € & because Fs, € 2 by the conditions of the proposition.
To finish the proof, we observe that by inequality (19)

) Fs, ((1+ €)px) 1
1 e <
P TR G -5

foralle € (0,1) and ¢ € (0,1). Hence

Fs, 1

X—00 v(X

due to the arbitrary choice of parameter ¢ € (0,1). This finishes the proof of the proposition.
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5.5. Proof of Theorems 3 and 4

Let d.f. Fs, € §%V (, py, and suppose that u = E¢ > 1. Insuch acase, (1 —¢)u > 1ife € (0,1) is
sufficiently small. Since %7 C 2, we have that all conditions of Propositions 1 and 2 are satisfied.
According to Proposition 1,

limsup — L)
x—e0 Fg, ((1—€)px) ’

and the condition Fs, € %7 (, gy implies that
Fs, (1 —e)ux)

lim sup —

X—00 fsv(x) s (<1 _£>‘u)7a

fore € (0,1 —1/p). Therefore, for such e,

T T F 1—
lim sup m < p* limsup 7FV—(x) lim sup M <(1-¢7%
x—eo Fs,(x) xeo Fs, (1= €)ux)  x—seo Fs, (x)
implying that
u*Fy(x) < Fg, (x). (20)
X—00
Due to Proposition 2,
Fs, ((1
lim sup M <1
xX—00 Fv(x)

for ¢ > 0, and the condition Fs, € £Z7(, g implies that

F Fs,((1 !
limsup% = (liminfM) < ((1+8)‘u)ﬁ.
x—eo Fs, ((1+2)px) x> Fg,(x)
Therefore
F F Fs, ((1
lim sup Fsl(x) < ilimsup Alimsup M < (1+e)f,
x—oo PWPFy(x) ~ PP xmee Fs, ((14€)ux)  xoeo Fy(x)
implying that
Fs,(x) 5 pPF.(x). 1)
X—r00

Relations (20) and (21) imply the first asymptotic inequality (2) of Theorem 3.

Now let again d.f. Fs, € &%V (, g1, butlet y = E¢ < 1. Insuchacase, 1/(1+¢)u > life € (0,1)
is sufficiently small. From the inclusion &% C & we have that the conditions of Propositions 1 and
2 are satisfied. According to Proposition 2,

s ((1
lim sup SETANSILI il (( + 8)]43()

— <1,
X—>00 FV(X)

and the condition F € &2V, g, implies that

1i fsv (x) T
imsup =——————— = limsup —=
X—r00 FSI/ ((1 + S)VX) Z—00 Fsv (Z)
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ife € (O,% —1). Consequently,
_ . (1 _
lim sup Fsli(x) < L lim sup M lim sup A < (147",
r—oo WYL (X) T MY oo Fy(x) x—eo Fg, ((1+€)px)
and
Fs,(x) S n'Fu(x) (22)
X—r00

due to the arbitrariness of ¢ € (0, % — 1).
Ifp <1,thenl/(1—¢)u > 1foralle € (0,1). Hence the condition F € §%7 , g, implies that

Fs, (1 - F Fs, (= )\ .
hmsupM :hmsupFS”i(z) = <limsup<(1)”)> < ((1—e)u) P,
xX—00 FSV (x) Z—00 FSV (155);,:) Z—00 FS,, (Z)

By Proposition 1 we get that

#PEy (x) Fy(x) Fs, (1 —¢)x)

limsup =—~+~ < Plimsup =——2"2 _limsup —~— 2~/ <(1—¢ *ﬁ,
xﬁoop Fs, (x) : x%oop Fs,((1-¢)x) xaoop Fs,(x) ( )
which implies that
WPFy(x) < Fs,(2). (23)
X—00

The asymptotic inequalities (22) and (23) imply the second relation (3) of the theorem.
Let us consider the last case p = E¢ = 1. Since Fg, € §ZV C % and u = 1, Propositions 1 and 2
imply that
Fs,((14+¢€)x) < Fu(x) S Fs,((1—¢)x)

X—00 X—00

foralle € (0,1). By the definition of the class &%, 4, we have

Fs,((1+e)x) 2 (1+¢) FFs,(x)

X—00

and
Fs,(1—¢)x) S (1 —e)*ﬁfsv(x).

X—00

Consequently, forall ¢ € (0,1),

(1+e) PFs,(x) S Fu(x) S (1—¢) PFs,(x),

X—0Q X—r00
which implies relation (4). Theorem 3 is proved.

Note that the proof of Theorem 4 is completely analogous to that of Theorem 3. We only need to
refer to Proposition 3 instead of Proposition 2 because the conditions of Theorem 4 are consistent with
those of Proposition 3.

6. Illustrating Example

Example 1. Let us consider the following model. The sequence of r.v.s {G1,2, ...} consists of the independent
copies of r.v. ¢ distributed according to the exponential law, i.e.

Fe(x) =P(E>x)=e%, x>0.
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The counting r.v. v independent of the sequence {1, &, . ..} is distributed according to the zeta law, i.e.

1 1
——, 1,2,...},
", ne{ }

where

In the case under consideration, we have the following;:

E¢ =1,
E¢" < coforanyr >1,
Ev = oo,
xFz(x —x 2)ye—*
limsup = ™) = limsup — ooxe = < limsupM =0.
xvoe Fs, (X)) xoee g 2 F(X) T xoe (T4 x4 gp)e ™

In addition, for positive x

n=1
1 [e] 1 s n—1 xk
=) e x
72 ,mn S
e * i xk i 1
0Q) kT n?
Since
1 1 1
- g N g —
+1 n:Zk;rl n2 k
for any k > 1, we derive that
— e /&1 © koo
=i ( L+ Ly & )
2(2) n;l n2 k:zi ! n:Zk-:l—l n?
e ¥ ad xk )
= 1+
o L
e * i xk
- 0(2) & (k+1)!

e Yer—1 > 1
g(Z) X xS §(2)x ’

and

_ . e X xk
Pl <4 o L

—X e} [e)

=+ iy (S wro S ey
(

k=1 k=1
-1

=

e ¥ (e

agk

+
k=1
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The last estimate implies that

because

Xk

e~ Zoo: e aYd K k ) k
k 11 kD! _ xe‘x< y x Gy X '>
1 = k(k+1)t 0 S k(e +1)!

e’ —

K
1
< xK+1e—x + xe X -
k:Zl k(k+1)! K

forallx > 0and K > 2.

We can see from the obtained relations that

fs" (x) x:oo g(;)x x:oo Eg?v(x)

which is consistent with assertions of theorems 2 and 4.

7. Concluding Remarks

In this paper, we generalize Proposition 4.9 from [10], where cases are found where a randomly
stopped sum belonging to the class of regular distributions induces the regularity of the counting
random variable together with an asymptotic formula of a special form. We have shown the transfer
of regularity from a randomly stopped sum to a counting random variable for a broader class of
distributions 2. For this class, we have also obtained asymptotic formulas of some special form relating
the tail of a randomly stopped sum to the tail of a counting random variable. In our formulas we
incorporate an additional free parameter. For the class of distributions £% 7%, we derive more precise
formulas relating the tail of a randomly stopped sum to the tail of a counting random variable and the
mean of the primary random variable generator. This class of distributions is intermediate between the
regular distributions considered in [10] and the class & of dominatedly varying distributions. Similar
"inverse" problems for other transformations of distributions are considered in [41,50-58].
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