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Abstract: In this study, a cantilever beam with a tip mass under base excitation was analyzed, with
system damping modeled using a fractional derivative approach. By applying the Rayleigh-Ritz
method, the governing equation was decomposed into spatial and temporal components. Analytical
solutions for the temporal equation were derived; however, their complexity posed challenges for
practical application. To address this, convergence acceleration techniques were employed to
efficiently evaluate slowly converging series representations. Additionally, two methods for
identifying the parameters of a classical model approximating the fractional system were
investigated: a geometric approach based on waveform shape analysis and an optimization
procedure utilizing a genetic algorithm.
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1. Introduction

A cantilever beam with piezoelectric layers and a tip mass under base excitation is a widely
studied model in piezoelectric energy harvesting [1]. Damping in such beams has traditionally been
modeled using classical derivative-based approaches [2]. Alternatively, fractional-order models have
been employed to describe damping effects more accurately, capturing memory-dependent and
nonlocal characteristics of viscoelastic materials [3-5].

The Galerkin and Rayleigh-Ritz methods are commonly employed to solve problems involving
vibrating beams and other mechanical structures such as rods and plates [3,6]. These methods enable
the decomposition of the solution of the governing equation into two components: spatial and
temporal. Typically, the temporal solution is predetermined, as it often corresponds to the natural
vibration modes of the mechanical structure under consideration or is represented by appropriately
chosen, well-established functions.

In this study, the vibration of a beam with a tip mass under base excitation is analyzed. The
damping in the system is modeled using a fractional Kelvin-Voigt constitutive equation for a
viscoelastic material [7]. The application of the Rayleigh-Ritz method reduces the problem to a set of
independent fractional differential equations, each corresponding to a distinct natural vibration
mode of the beam. These equations take the following form:

i(t) + p - D*u(t) + w?u(t) = f(t), )

where u(t) represents the temporal component of the solution associated with a specific natural
vibration mode, p > 0 and w > 0 are fixed real parameters, 0 < a < 1 is the order of the fractional
derivative D%, and f(t) represents the excitation term corresponding to the given vibration mode.
In the literature, the model described by equation (1) is referred to as the fractional Kelvin-Voigt
(FKV) oscillator [8]. It attracted the attention of many researchers [9-13]. Some studies employ the
Riemann-Liouville definition of the fractional derivative [9], while others use the Caputo definition
[12]. Although analytical solutions to Eq. (1) have been derived [11,14,15], numerical methods are

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202504.0597.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 April 2025

often preferred for solving this equation due to the complexity of the analytical solutions and the
computational challenges associated with their practical application. In contrast, classical models
with integer-order derivatives do not exhibit such difficulties.

This naturally raises the question: under what conditions can fractional models be replaced by
classical models, and how should the parameters of classical models be selected to best approximate
the behavior of fractional models? A similar problem has been investigated in [16-19] using different
approaches. The Fourier transform and the response of oscillators to a unit impulse were analyzed in
[16]. In [17] the total mechanical energy of fractional operators was used to determine the damping
coefficient of a classical model corresponding to a fractional model. The relationship between
fractional and classical models was established in [18] by matching their dispersion relations. Finally,
in [19] a measure of the incompatibility between fractional and classical models, referred to as the
divergence coefficient, was introduced, and optimization methods were employed to refine the
parameter selection.

This article presents a method for determining the solution of Eq. (1) using closed-form
analytical formulas, complemented by a numerical approach to accelerate the convergence of slowly
converging series, specifically the Wynn-epsilon method [20]. Typically, equations of this type are
solved using purely numerical techniques [21,22] due to the complexity of their analytical solutions.
However, obtaining solutions in a closed form is of significant importance, as they provide a
benchmark for validating numerical methods and assessing their accuracy.

To determine the classical model—a damped harmonic oscillator, corresponding to a given FKV
oscillator—two approaches are employed. In the first approach, the parameters of the classical
model —namely, the undamped angular frequency and the damping ratio—are identified by
analyzing the shape of the response graph. This includes examining the distribution of zeros and the
positions of local maxima, with the logarithmic decrement method applied to the latter [23]. The
second approach utilizes the divergence coefficient introduced in [19]. The parameters of the classical
model are estimated by minimizing the divergence coefficient using a genetic algorithm. The results
obtained from both approaches are compared and discussed.

The paper is structured as follows. The introduction outlines the current state of research and
presents the scope of the study in relation to previous work. In the next section, the fractional Kelvin—
Voigt (FKV) oscillator equation is obtained as the temporal part of the motion of a cantilever beam
with a tip mass subjected to base excitation. The following section presents analytical solutions to
both the homogeneous and nonhomogeneous forms of the FKV equation for Riemann-Liouville and
Caputo derivatives, and discusses two methods for identifying the parameters of an equivalent
harmonic oscillator. The results section includes validation of the numerical method based on
analytical formulas, evaluation of the identified harmonic models, and their performance in the
nonhomogeneous case. The final section presents the conclusions of the study.

2. Formulation, Solution, and Computational Methods
2.1. Governing Equation and Solution Using the Rayleigh-Ritz Method

Consider a cantilever beam, clamped at x = 0, with a tip mass My, at its free end x =L,
subjected to base excitation, as shown in Figure 1. Assume that the relationship between stress and
strain in the beam’s material is governed by a constitutive equation known as the fractional Kelvin-
Voigt model [7]:

o(x,z,t) = Ey-e(x,z,t) + Egt* - D%(x, z,t), (2)

where E, isamaterial constant, T isretardation time, and « is the order of the fractional derivative
D% with 0 < a <1, which is taken with respect to t only.
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Figure 1. Model of a cantilever beam with a tip mass subjected to base excitation.

According to Euler-Bernoulli’s beam bending theory, the relationship between strain &(x, z, t)
and the transverse displacement w(x,t) of the beam is given by:

2
e(x,z,t) = —2z- 2 W(x't), 3)

0x?
The bnding moment M(x,t) in the beam cross section C is determined as:
M(x,t) = ffc z-0(x,z,t)dydz, 4)
By substituting Eqgs. (2)-(4) into the equilibrium equation:

?w(xt) _ 92M(x,t)

PA -5 ax? 7 ©)
one obtains the governing equation for the transverse displacement w(x, t):
2
ph- 8y E016 O+ Ey rappe VG0 e} 6)

where | is the moment of inertia of the cross-section with respect to the bending axis y, A =
W -H is the cross-sectional area, p is a density of beam’s material. The absolute transverse
displacement w(x,t) can be expressed as:

w(x, t) = wro(x, ) + wy(x, t), @)
where w,(x,t) is the displacement relative to a moving coordinate system with its origin at the
clamped end of the beam, and wj(x,t) is the base displacement. It is assumed that:

wy (x, t) = Apsin(Qe), (8)
where A4, and Q are amplitude and angular frequency of the base excitation respectivelly.
Substituting Egs. (7) and (8) into Eq. (6) yields:

azWrel (x, t) a4wrel(x: t) a a a4Wrel (X, t)
. 32 + Eyl EPT + Eqt%ID T = (9)

pAAQ2sin (Qt),

The boundary conditions for displacement and angle at clamped end x = 0 are:

w0, = 0,27 0,0) = 0. (10)

The boundary condition for the bending moment at the free end x = L is:

0*Wrel 0*Wrer 0*Wrer
Eol — ;e (L,t) + Ey;T*D* ——= 2 Wre (6, L) + Ly P ;e (L,t) =0, (11)
The boundary condition for the transverse force at the free end x = L is the following;:
0w, Wrel a°w. Wrel 0°w. Wrel
Eol ——3% (L) + Egt*D" ——=% (1, 1) + Myp — 5 (L,1) = 0, (12)

where My, is the mass of the body attached to the free end of the beam and I;, is its moment of
inertia about x = 0 (for point mass M,;, it would be equal to I, = L? - My;).
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To obtain an approximate solution to Eq. (9), the Rayleigh-Ritz method is employed. In this
approach, the transverse displacement w,.;(x,t) is assumed to be a series expansion in terms of trial
functions that satisfy the boundary conditions:

Wra(6,0) = ) 9 14 (0) (13)
i=1
where ¢;(x) are the trial functions representing the mode shapes of the beam, and u;(t) are the

generalized coordinates that describe the time-dependent motion of the system. The mode shapes of
a cantilever beam are given by [1,24]:

o;(x) = \/% cos (% x) — cosh (% x) +0; <sin (%x) — sinh (%x)) (14)

where:

_ sin4; —sinh /; 15
%= cos A; —cosh 4; (15)

and dimensionless eigenvalues A; are determined from the characteristic equation:
1+ cosAlcoshl=0 (16)

Eigenfunctions defined in Eq. (14) are orthogonal, which means that for i # j, the following
conditions hold:

[ [0 o,ax =0, f 0i)- LD o 17)
0

for i = j, these integrals are nonzero.

Multiplying Eq. (9) by ¢,(x) and integrating over the range [0,L], we obtain, based on the
orthogonality conditions of the natural vibration modes (17), an equation of the form (1), as
previously introduced, where the function f(t) is defined as:

f(®) = Fysin(Qt), (18)

For some F, associated with the k-th vibration mode of the beam.

2.2. Solution of the Temporal Equation and Numerical Methods

In this section, we present closed-form solutions for Eq. (1) and discuss numerical methods for
their efficient computation.
We begin with the homogeneous equation for f(t) = 0:

() + - D*u(t) + w?u(t) =0, (19)

We consider the above equation with initial conditions: x(0) = x,, %(0) = v,.

Based on Theorem 5.2 and Proposition 5.2 from [14], and after applying the necessary
transformations, the solution of Eq. (19) for the Riemann-Liouville fractional derivative takes the
form::

X (£) = x0xT(6) + xS (8), (20)
where:

© o 1)n+k (n + k) 2n,,k
2BV (p) = Z Z 2(n+i)-ak (21)
. rCn+k)—ak+1)

n=0 k=0
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RL) n 2(n+k)-a 22
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Similarly, applying Theorem 5.13 and Proposition 5.8 from [14], the solution for

Eqg. (19) in the case of the Caputo fractional derivative takes the form:
xe(t) = %00, (©) + v, (0), (23)

where:
+k
o (- 1)n+k (n )wZnHk
C) _ (RL) 2—a n 2(n+k)—-ak 24
(©) =277 () + ut ZZF(Z(n+k)—a(k+1)+3)t o @

For the nonhomogeneous Eq. (1), solutions can be obtained for both Riemann-Liouville and

Caputo fractional derivatives using Proposition 5.5 and Proposition 5.11, respectively, in the form:
t
x(t) = Xpom () + f (t—1)-G(t—1)- f(r)dr, (25)
0

where the function G(t) is defined as:
© o (_1)ntk (n + k) w2k
G(t) = Z Z f2(n+h)-ak (26)
4 £ FrRn+k)—ak+2)

The function xp,,(t) represents the solution of the homogeneous Eq. (19) for either the

Riemann-Liouville or Caputo derivative, as given in Egs. (20) and (23), respectively.

Direct computation of x§RL)(t),x§RL)(t), xic)(t) and G(t) by truncating the series in Egs. (21),
(22), (24), and (26) is only effective for small values of t. For larger t, naive truncation leads to
significant numerical errors due to cancellation and round-off in the summation of highly oscillatory
terms. To overcome this limitation and extend the computation to a broader range of t, we employed
the Wynn-¢ algorithm [20], as implemented in Mathematica’s built-in function SequenceLimit [].
The integral in Eq. (25) was evaluated using the trapezoidal rule. Our calculations were performed
using Mathematica v. 12.1.

Applying the Wynn- ¢ method requires transforming the double series into a single series. Since
the original series are absolutely convergent, their terms can be grouped and summed in an arbitrary
order. Here, summation was performed over N =n+k, varying from zero to infinity. The
computations required high floating-point precision, and all model parameters were converted into
symbolic fractions to facilitate exact symbolic calculations. While this approach eliminated rounding
errors, it significantly increased computation time.

The computational domain 0 <t <T was chosen to approximately span ten fundamental
periods of the homogeneous solution xy,,,(t). To determine T, the fundamental frequency w, of
the corresponding harmonic oscillator was estimated using the relation derived in [19]:

, 2
Wy = | w? + uz-q, (27)

The final time was then setas T = 10 - T, with T, = :ﬂ
0

The time step for evaluating the integral in Eq. (25) using the trapezoidal rule was chosen as
At = min{0.01 - T,,0.01 - 273,
2.3. Identification of Equivalent Harmonic Oscillator Parameters: Geometric and Optimization Approaches
The classical damped harmonic oscillator is well known to be governed by equation:

#(t) + 28wq - %(t) + wix(t) =0 (28)
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subject to the initial conditions x(0) = x,, %(0) = v,. Here, w, denotes the undamped natural
angular frequency of the system, and ¢ is the damping ratio. The solution to Eq. (28) can be written
in the form:

x(t) = x0 - xHO) + v - x1O(0), (29)

where the functions leo) (t) and xéHo) (t) are expressed in terms of exponential and trigonometric
functions.

Our aim is to determine an equivalent harmonic oscillator represented by Eq. (28) that
approximates the behavior of the FKV oscillator, defined by Eq. (19). Solutions of the Eq. (19) for the
case of the Riemann-Liouville and Caputo fractional derivatives, given by formulas (20) and (23)
respectively, share a common component corresponding to the initial condition x(0) = v,.
Consequently, if a harmonic oscillator can be identified for the case of the Caputo fractional
derivative, it remains the same for the case of Riemann-Liouville fractional derivative. In this work,
we choose to focus primarily on the Caputo fractional derivative. This is motivated by the fact that,
unlike the Riemann-Liouville derivative, the Caputo formulation allows for the use of physically
meaningful initial conditions expressed in terms of the function and its integer-order derivatives,
such as position and velocity.

2.3.1. Geometric Approach to Parameter Identification

As a result of the numerical method of solving equation (19), we have the values of the
components x; )(t) and x, (RL)(¢) defined in Egs. (24) and (22), respectively, at discrete moments of
time t; =i - At, for some At >0, i = 0,1, ..., N. Here we discuss how, based on these data, to obtain
approximations of the parameters w, and ¢ of a harmonic oscillator that approximates a given FKV
oscillator.

Let the sequences z]( J=12,..,M; and m,(cl),k =1,2,..,K; represent, respectively, the
approximate locations of the zeros and the arguments corresponding to local maxima of the function
x(c)(t). Similarly, the sequences 2(2) ,Jj=12,..,M, and m(z) k=12,..,K, are defined for the

function x2 *D(t). The approximate parameters of the harmonic oscillator corresponding to the given
FKYV oscillator are determined from the following formulas:

T

©o T ML W) T i o By
M1—1Zi=11 (GO Rl vy 123 (7)) (30)
Kqi— 1 (1 1 Kp— 1l mfz)
¢= E 1(’—1Z (1) tx Zl 1 NG (31)
l+1

In the denominator of equation (30), we approximate half the fundamental period for the
harmonic oscillator we are looking for, so dividing 7 by half the period give an approximation of
the circular frequency w,. In equation (31), we use the concept of logarithmic damping decrement to
determine ¢.

2.3.2. Genetic Algorithm Approach to Parameter Identification

To assess the quality of fit between a given FKV oscillator and a classical harmonic oscillator, we
adopted a measure of model similarity defined in [19] called the divergence coefficient:

_ [xF P 0-xFOw] o=
I(xFKV(t)' XHO (t)) — max{ ||x£FKV)(t)|| 1] ||x£FKV)(C)|| 7
oo} 0

(32)

where |||l is supremum norm on interval 0 < t < T for some T > 0 [25], xpgy(t) and xy(t) are
defined in (23) and (28) respectively. Divergence coefficient has an interpretation as the maximum
relative difference between components of the functions xpgy, (t) and xy(t). Function xpgy,(t) is
fixed and we look for the function xy,(t) that minimizes the divergence coefficient (32). In this case
we write I(xHO (t)).
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Let the FKV oscillator with parameters p, a, w be fixed. We use the genetic algorithm to find the
minimum value of the divergence coefficient and the parameters w, and ¢ of harmonic oscillator,
which correspond to the given FKV oscillator. The calculations were carried out using MATLAB's
‘Global Optimisation’ toolbox. The objective function, the divergence coefficient, was minimized
using MATLAB's built-in function ga. Although the ga function allows adjusting many parameters,
after experimenting with various settings, we decided to use its default options. Changes in the

parameters typically did not significantly improve the result's quality, but often substantially
increased computation time.

3. Results

3.1. Verification of the Wynn-Epsilon Method for Solving the FKV Oscillator Equation

To validate the numerical method used to evaluate the series solutions of Eq. (19), we consider
the special case a = 1. In this case, Eq. (19) reduces to the classical damped harmonic oscillator
equation (28), with parameters given by ¢ = u/2w and wy, = w. Accordingly, we substitute a = 1
into Egs. (21), (22), and (24), and compare the results obtained using the Wynn-epsilon method with
the known analytical functions xiHO) (t) and xéHO) (t) appearing in Eq. (29). This comparison allows
us to verify the correctness and numerical accuracy of the proposed approach.

Figures 2—4 present a comparison between the analytical solution components of the classical
harmonic oscillator, xiHo) () and xéHO) (t) (solid black lines), and the corresponding
approximations obtained using the Wynn-epsilon method for the fractional model with Riemann-
Liouville (red dashed lines) and Caputo (blue dashed lines) derivatives.

Subfigures labeled (a) show the components associated with the initial displacement condition
x(0) = x,, while subfigures labeled (b) correspond to the initial velocity condition *(0) = v,. It
should be noted that in the subfigures (b), only two curves are plotted, since the solution components
related to the initial velocity are identical for both the Riemann-Liouville and Caputo cases.

& g \ 0.4
S ) —  HO = /\ — HO
- 05 '.\ ---FKVRL) || 5 02 --- FKV(RL) ||

= . --- FKV(C) Eo \

EH 0 l‘l :If\\\/A ::“ 0 /\

Y s 1\

= —0.5 S —0.2

- )

g -1 ‘ —0.4 \

=t 0 4 8 12 16 4 12 16
t t
(a) (b)

Figure 2. Comparison between the analytical solution and the numerical approximation obtained using the
Wynn-epsilon method for FVK oscillator with parameters (u,a,w) = (1,1,2) : (a) Solution components

corresponding to the initial condition x(0) = x,; (b) Solution components corresponding to the initial condition
56(0) = Vp.-
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Figure 3. Comparison between the analytical solution and the numerical approximation obtained using the
Wynn-epsilon method for FVK oscillator with parameters (u,a,w) = (2,1,2) : (a) Solution components

corresponding to the initial condition x(0) = x,; (b) Solution components corresponding to the initial condition

x(O) = Vp.
= — HO
g, ! --- FKV(RL) . 0-1 — HO
8 N R
— --- FKV(C) S 00 FKV(RL)
= / =
=05 18 —005| | | .
= =g
S -0.1 |
S 0 05 1 15 2 25 3 0 05 1 15 2 25 3
t t
(a) (b)

Figure 4. Comparison between the analytical solution and the numerical approximation obtained using the
Wynn-epsilon method for FVK oscillator with parameters (u, a, ) = (1,1,10): (a) Solution components
corresponding to the initial condition x(0) = x,; (b) Solution components corresponding to the initial condition
x(0) = v,.

A very good agreement can be observed between the Wynn-& approximation of the xic) (t) and
the function xiHO)(t) in Figures 2—4(a), with the maximum relative absolute difference being on the
order of 107, A similar observation holds for the Wynn-¢ approximation xéRL) (t) and the function
xgHo) (t) shown in Figures 2—4(b).

In contrast, noticeable discrepancies occur between xiRL)(t) (red dashed lines in Figures 2—4(a))
and foO)(t), with maximum relative differences reaching approximately 0.36 in Figure 2(a), 0.55 in
Figure 3(a), and 0.09 in Figure 4(a). These deviations are related to the incompatibility of initial
conditions in the Riemann-Liouville formulation. However, it can be shown that the difference
xfc) ) - foL) (t) tends to zero as t — oo, indicating that the solutions converge asymptotically.

To validate the numerical solutions of the nonhomogeneous fractional Kelvin-Voigt oscillator
equation with zero initial conditions, we once again consider the limiting case a = 1. In this case, the
equation reduces to the classical nonhomogeneous damped harmonic oscillator:

#(t) + 28w - %() + wix(t) = f(t) (33)

where wy = w, ¢ = u/2w, and the forcing function f(t) is defined in Eq.(18). We denote the
solution of Eq.(33) under zero initial conditions by xy,(t). This solution serves as a reference for
assessing the accuracy of the numerical results obtained for the fractional model with a = 1.
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Let xpky(t) denote the solution of Eq. (1) with zero initial conditions for a = 1. In this case, the
homogeneous component vanishes, and the solution is given by the convolution integral appearing
in Eq. (25).

To illustrate the accuracy of the proposed numerical approach, Figure 5 presents a comparison
between the exact solution xy,(t) of the classical oscillator equation (33) and the approximation
xpgy(t) obtained using the Wynn-epsilon method. The comparison is carried out for two selected
fractional Kelvin—Voigt oscillators subjected to the external excitation defined in Eq. (18), with
parameters fixed as F, =1 and Q = 5.

N
s SN S E T IR
=S BIVAR £ P VVVVVVYV VY
2::—0.018 \/ ‘\/ g—O.l ‘ ‘

o o o)

Figure 5. Comparison between the exact solution xy,(t) and the Wynn-epsilon approximation of the fractional
oscillator response xpgy(t) for a=1:(a): p=2, a=1, w=2; (b): p=1, a =1, w =10. In both cases, the
external forcing is defined by Eq. (18) with Fp =1 and Q = 5.

The agreement between the exact solution and the Wynn-epsilon approximation is very good.
The maximum relative difference between the two curves is on the order of 107°.

3.2. Identification of Equivalent Harmonic Oscillator Parameters: Geometric and Optimization Approaches

In this section, we compare two methods for identifying the parameters of a classical harmonic
oscillator that best approximates the response of a given fractional Kelvin—-Voigt (FKV) oscillator. For
each method, denoted by the superscript (m), we define the identified optimal parameters of the
equivalent harmonic oscillator as wém) and £™), corresponding to the undamped natural frequency
and the damping ratio, respectively.

The resulting optimal approximation is denoted by xgg) (t), and its accuracy is evaluated using
formula €, =1 (xgg) (t)), where I(-) denotes the divergence coefficient defined in Eq. (32), which
quantifies the discrepancy between the fractional and harmonic oscillator responses.

Table 1 presents a comparison of parameter identification results for several fractional Kelvin—
Voigt (FKV) with parameters (u, a,w) shown in the first column. For each case, the identified
parameters of the equivalent harmonic oscillator obtained using the geometric method (second
column) and the genetic algorithm (third column) are listed, along with the corresponding values of
the divergence coefficient &,,, which quantifies the discrepancy between the fractional and classical
models.

Table 1. Comparison of harmonic oscillator parameters identified for various FKV oscillators using the geometric

method and the genetic algorithm, along with the corresponding values of the divergence coefficient &,,.

FKV oscillator parameters Geometric Approach Genetic algorithm
(ma w) (@3 €m), Em (08" ¢m), Em
(1,0.1,5) (5.115,0.0043),0.077 (5.115,0.0036), 0.079
(1,0.5,5) (5.158,0.0032),0.068 (5.153,0.0032),0.067
(1,0.9,5) (5.052,0.086),0.019 (5.056,0.085),0.015
(1,0.1,10) (10.062,0.0018),0.023 (10.062,0.0011),0.021

(1,0.5,10) (10.111,0.0126),0.037 (10.11,0.0112),0.026
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(1,0.9,10) (10.055,0.0041),0.019 (10.057,0.0394),0.009
(6,0.1,10) (10.307,0.0055),0.102 (10.057,0.0048),0.104
(5,0.9,10) (10.267,0.1895),0.048 (10.235,0.1989),0.032
(10,09,10) (10.581,0.34),0.124 (10.35,0.393),0.065

(12,0.7,10) (11.512,0.2),0.279 (11.08,0.2785),0.147

Analysis of the results reveals that the genetic algorithm generally yields lower values of the
divergence coefficient ¢,,, indicating better agreement between the models. However, this is not
always the case, as illustrated by rows1 and 7 of Table 1, where the geometric method performs
slightly better. In certain cases (rows?7 and 10), the divergence coefficient reaches relatively high
values, suggesting that the classical harmonic model may not always provide a satisfactory
approximation of the fractional dynamics.

Figures 6-9 present a comparison between the solution components of selected FKV oscillators
and those of classical harmonic oscillators identified using two different methods: a geometric
approach and a genetic algorithm. Each figure is composed of two parts (a) and (b). Figures (a) show
comparison of the displacement-related components xfc) (t) and foO)(t) , while figures (b)
comparison of the velocity-related components xéRL)(t) and xéHO)(t). Here, xl(Ho) (t) and xéHo) ®
correspond to components of the harmonic oscillator solution x,(,rg) (t) computed using the optimal
parameters obtained via the respective identification method.

— FKV --- HO (geometric) - - - HO (genetic algorithm) ‘

3
t t

(a) (b)

5

(=2}

= VAN I
WYYV YU

Figure 6. Comparison between the components of the fractional and classical oscillator responses for the FKV
oscillator with parameters (u, @, w) = (1,0.1,5): (a) displacement-related components; (b) velocity-related

components.

’ —FKV - - - HO (geometric) - - - HO (genetic algorithm) ‘

1 T

il VAN A L =V A A

0,

23O(t), 25 (t)

v f

3

af'O(t), 27 (1)

—0.05

_1 | | | | _01 |
. 0 .

Figure 7. Comparison between the components of the fractional and classical oscillator responses for the FKV
oscillator with parameters (4, a,w) = (1,0.5,10): (a) displacement-related components; (b) velocity-related

components.
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Figure 8. Comparison between the components of the fractional and classical oscillator responses for the FKV
oscillator with parameters (u, a, w) = (10,0.5,10): (a) displacement-related components; (b) velocity-related

components.

‘ —FKV - -- HO (geometric) - - - HO (genetic algorithm) |

1 0.07
= 05 =0.035
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8 > 8
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1 ~0.07
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t t
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24 2.8

Figure 9. Comparison between the components of the fractional and classical oscillator responses for the FKV
oscillator with parameters (u, a, ) = (12,0.7,10): (a) displacement-related components; (b) velocity-related

components.

The results illustrated in Figures 6-9 provide additional insight into the effectiveness of both
identification methods in approximating the behavior of various FKV oscillators. The observations
are consistent with the divergence values ¢,, reported in Table 1.

In Figure 6, corresponding to parameters (u,a, ) = (1,0.1,5), both methods yield harmonic
oscillators with relatively high divergence values (around 0.08), despite the overall good visual
agreement of the solution components. Deviations are mainly noticeable near the extrema of the
curves, as seen in part (a) of the figure.

Figure 7 shows results for (u, @, w) = (1,0.5,10), where the divergence coefficients are somewhat
different—0.037 for the geometric method and 0.026 for the genetic algorithm —yet in both cases the
visual agreement between the fractional and classical components is excellent.

In Figure8, with parameters (u, @, w) = (10,0.5,10) , a more pronounced discrepancy is
observed: the geometric approach produces a relatively large value of the ¢, while the genetic
algorithm yields a smaller value. This case corresponds to a system with strong damping, which may
contribute to the increased difficulty in achieving an accurate harmonic approximation.

Finally, Figure9, representing (u, &, w) = (12,0.7,10), shows that neither method succeeds in
producing a good match. The divergence coefficient exceeds 0.1 in both cases, reaching as high as
0.25 for the geometric approach. This poor agreement, clearly visible in both components, suggests
that for this configuration, a classical harmonic oscillator may not adequately capture the dynamics
of the fractional system.

3.3. Testing Harmonic Models in the Nonhomogeneous Case

In this subsection, we investigate the performance of the identified harmonic oscillator models
in the context of the nonhomogeneous fractional Kelvin-Voigt equation (Eq. (1)) with zero initial
conditions. The solution of this equation, given by Eq. (25), reduces to a convolution integral, as the
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homogeneous part vanishes. For comparison, we consider the classical damped harmonic oscillator
(Eq. (33)) with zero initial conditions and identical sinusoidal forcing, whose solution can be
expressed in closed form using elementary functions such as sine, cosine, and exponential terms.

The harmonic oscillator parameters used in this comparison were obtained using the
identification methods described in the previous subsection, for fixed values of the FKV model
parameters (u, @, w). Two representative FKV oscillators were selected for this analysis: (1,0.1,5)
and (1,0.5,10). The corresponding harmonic oscillator parameters are listed in Table 1 (rows 1 and 5,
respectively).

To quantitatively assess the agreement between the solutions of the fractional model xggy (t)
and the classical harmonic oscillator xy,(t), we use a modified version of the divergence coefficient
(32) introduced earlier:

1(xpgy (), X0 (1)) = ”xFK‘l’li?K;(:)Hlf (Ollo -

Specifically, when the indicator defined in Eq. (34) is evaluated using the solution xy,(t)
obtained with parameters identified in the previous subsection (using either the geometric method
or the genetic algorithm), we denote its value by &,,.

Figures 10 and 11 present a comparison between the time-domain responses of the fractional
oscillator xgky(t) and the corresponding harmonic oscillator approximations xy,(t), obtained using
the geometric method (red dashed lines) and the genetic algorithm (blue dashed lines). The fractional
response is plotted in black as a reference.

For each selected FKV oscillator, two scenarios are considered: one in which the forcing
frequency Q is far from the resonance frequency of the harmonic model, and another in which Q is
chosen to match the resonance frequency of the harmonic model (we set £ = w). This setup allows
us to examine how the accuracy of the harmonic approximation depends on the proximity to

resonance.

| —FKV --- HO (geometric) - - - HO (genetic algorithm) |

0.05
o5
‘é 0.5 0.025
=025
< 0 0
< 025
< 05 0.025
S 075
~0.05
0 1 2 3 4 5 6 0 1 2 3 4 5 6
t t

Figure 10. Results for the FKV oscillator with parameters (u, a,w) = (1,0.1,5): (a) forcing frequency Q =5

(resonance case); (b) forcing frequency Q = 10 (off-resonance case).
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Figure 11. Results for the FKV oscillator with parameters (y, a, w) = (1,0.5,10): (a) forcing frequency Q =5 (off-

resonance case); (b) forcing frequency Q = 10 (resonance case).
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The results shown in Figures 10 and 11 highlight the influence of the forcing frequency on the
accuracy of harmonic oscillator approximations in the nonhomogeneous case. Each figure compares
the solution of the FKV equation with those of two harmonic oscillators identified using the geometric
method and the genetic algorithm, respectively.

For the FKV oscillator with parameters (u, a,w) = (1,0.1,5), subfigure 10(a) illustrates the
resonance case with Q = 5, where substantial discrepancies are observed: the divergence coefficients
reach &, = 0.3875 for the geometric method and ¢, = 0.3408 for the genetic algorithm. In contrast,
subfigure 10(b), corresponding to the off-resonance case with Q = 10, shows very good agreement,
with g, dropping to 0.0168 and 0.0036, respectively.

A similar trend is visible for the oscillator defined by (u, @, w) = (1,0.5,10). In this case, the off-
resonance response (subfigure 11(a)), Q = 10 yields relatively low divergence values: ¢, = 0.0293
for the geometric method and &,, = 0.0284 for the genetic algorithm. However, the resonance case
shown in subfigure1l(b), with @ =10, leads to a complete breakdown of the harmonic
approximation, with divergence values near to 1 for both methods.

These results demonstrate that while harmonic oscillator models can accurately reproduce the
fractional response under off-resonance excitation, they may fail dramatically near resonance. This is
due to the high sensitivity of the system’s steady-state behavior in the resonant regime, where subtle
differences in the underlying dynamics—especially those introduced by the fractional-order
operator —are strongly amplified and no longer well captured by classical models.

To further investigate the sensitivity of the harmonic approximation with respect to the forcing
frequency, we compute the divergence coefficient ¢, for a range of excitation frequencies.
Specifically, we vary the ratio w/Q from 0.05 to 1.95 in steps of 0.05, while keeping the
parameters of the FKV oscillator fixed. This analysis is performed for both identification methods
and for the two representative FKV oscillators considered earlier.

The plots in Figure 12 reveal that the divergence coefficient &, reaches a sharp peak in the
vicinity of w/Q =1, confirming that the accuracy of the harmonic approximation deteriorates
significantly near resonance.

—— geometric — genetic algorithm
0.4 1
0.3 - 0.75 -
S0.2) 1505 .

0.1 ] ’ k 0.25 _~_// K

00 0.25 015 075 1 1.251.51.75 2 00 0.25 0‘.5 075 1 1.251.51.75 2
Q/w Q/w
(a) (b)

Figure 12. Divergence coefficient &, as a function of the frequency ratio Q/w for two FKV oscillators: (a)
(W a,w) = (1,0.1,5); (b) (4, @, w) = (1,0.5,10).

For the first FKV oscillator (Figure 12(a)), the peak is less pronounced and slightly shifted away
from w/Q = 1. This shift reflects the fact that the actual resonance frequency of the corresponding
harmonic oscillator does not exactly match the parameter w of the FKV model.

In contrast, for the second oscillator (Figure 12(b)), the resonance frequency of the harmonic
model is close to w = 10, resulting in a stronger and more centered peak. These observations
highlight the limitations of harmonic approximations in capturing resonant behavior in fractional-
order systems.
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4. Conclusions

This paper considered the dynamic response of a cantilever beam with a tip mass subjected to
base excitation. The beam material was assumed to obey a fractional Kelvin—Voigt constitutive law.
By applying modal decomposition, a time-domain equation governing the selected mode shape was
derived. It was shown that the resulting model corresponds to the FKV oscillator equation.

A method for computing accurate time-domain solutions based on analytical series expressions
was presented. The series, evaluated using the Wynn-epsilon algorithm, provide high accuracy at the
cost of significant computational effort. While purely numerical methods may be more efficient in
practical applications, the ability to compute highly accurate reference solutions based on analytical
formulas is of great importance, as it enables reliable validation and benchmarking of approximate
numerical schemes. The method was validated against exact solutions for the case a = 1. It was also
observed that, for the Riemann-Liouville derivative, the component associated with the initial
displacement condition deviates from the exact solution. This discrepancy is not due to numerical
inaccuracy but rather reflects the known issues related to initial conditions for this type of derivative.

For a given FKV oscillator, two methods were proposed for identifying the parameters of an
equivalent classical harmonic oscillator: a geometric approach and a genetic algorithm. Both methods
yielded comparable accuracy in most cases, although the genetic algorithm generally produced better
results.

Finally, the identified harmonic oscillators were applied to the nonhomogeneous version of the
problem with sinusoidal forcing. The harmonic approximation was shown to be accurate when the
forcing frequency was far from resonance, but its performance degraded significantly near the
resonance frequency of the harmonic model.
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The following abbreviations are used in this manuscript:

FKV Fractional Kelvin-Voigt
HO Harmonic oscillator
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