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Abstract: This study presents an innovative solution method for ultra-fine group slowing-down equations tai-
lored to stochastic media with double heterogeneity (DH), focusing on advanced nuclear fuels such as Fully 
Ceramic Microencapsulated (FCM) fuel and Mixed Oxide (MOX) fuel. Addressing the limitations of conven-
tional resonance calculation methods in handling DH effects, the proposed UFGSP method integrates the 
Sanchez-Pomraning technique with ultra-fine group transport theory to resolve spatially dependent resonance 
cross-sections in both matrix and particle phases. The method employs high-fidelity geometric modeling, iter-
ative cross-section homogenization, and flux reconstruction to capture neutron self-shielding effects in ran-
domly distributed media. Validation across seven FCM fuel cases, four poison particle configurations 
(BISO/QUADRISO), and four plutonium spot problems demonstrates exceptional accuracy, with maximum 
deviations in effective multiplication factor keff and resonance cross-sections remaining within ±138 pcm and 
±2.4%, respectively. Key innovations include the ability to resolve radial flux distributions within TRISO par-
ticles and address resonance interference in MOX fuel matrices. The results confirm that UFGSP significantly 
enhances computational precision for DH problems, offering a robust tool for next-generation reactor design 
and safety analysis. 

Keywords: Ultra-fine group slowing-down equation; reactor physics numerical computation; stochastic media; 
double heterogeneity. 
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1. Introduction 
As a low-carbon, clean, and high-energy-density baseload energy source, nuclear power is play-

ing an irreplaceable strategic role in addressing global climate change and achieving carbon neutral-
ity goals. According to the 2024 Energy Outlook Report [1] by the International Atomic Energy 
Agency (IAEA), nuclear power generation accounts for 10.2% of global electricity supply, with this 
proportion reaching 20-50% in advanced nuclear energy countries. As the mainstream reactor type 
in current nuclear power plants, the Pressurized Water Reactor (PWR) employs light water as both 
moderator and coolant. The accuracy of its core physics modeling directly impacts critical aspects 
such as core design optimization, operational strategy formulation, and safety margin evaluation [2]. 

In the field of reactor physics analysis, traditional deterministic methods, which are based on 
diffusion theory or transport theory for mathematical modeling, face significant challenges when 
dealing with strongly doubly heterogeneous media [3]. Particularly with the advancement of Gener-
ation IV nuclear energy system development, the engineering application of advanced fuel forms 
such as Fully Ceramic Micro-encapsulated fuel (FCM) and Mixed Oxide fuel (MOX) has introduced 
pronounced double heterogeneity (DH) effects that pose severe challenges to conventional analysis 
methods. This DH effect arises from the heterogeneous distribution characteristics at different spatial 
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scales within the fuel elements: in FCM fuel, Tri-structural Isotropic (TRISO) fuel particles with di-
ameters of approximately 0.8-1.0 mm are randomly dispersed in a graphite matrix; whereas in MOX 
fuel, plutonium-rich spots formed during the manufacturing process exhibit random spherical dis-
tributions at sub-millimeter scales [4]. 

From the perspective of neutron physics, this doubly heterogeneous structure affects core per-
formance in three key aspects: First, in the resonance absorption region (0.1 eV–10 keV), the spatial 
self-shielding effect of fuel particles causes traditional homogenization methods to overestimate the 
effective resonance integral. Second, during neutron transport, the interface effects between ran-
domly distributed fuel phases and matrix phases induce localized perturbations in neutron flux. Fi-
nally, at the core power distribution level, microscopic heterogeneity may lead to power peaking 
factors (PPF) exceeding safety limits due to neutron spectrum hardening effects [5].  

The U.S. Nuclear Regulatory Commission (NRC) explicitly states in the NUREG-0800 Standard 
Review Plan that for DH fuel assemblies, validated high-fidelity modeling methods must be em-
ployed for safety analysis [6]. Among these challenges, effectively treating resonance cross-sections 
has become a key research difficulty. To overcome the limitations of traditional methods, the inter-
national academic community is currently advancing research along two main technical pathways:  

(1) Developing multi-scale coupling algorithms based on the Monte Carlo method, which in-
volve constructing high-resolution geometric models at the fuel particle scale while incorporating 
variance reduction techniques to improve computational efficiency [7]. 

(2) Enhancing deterministic methods by refining ultra-fine group slowing-down equation solu-
tions and developing equivalent homogenization methods suitable for stochastic media [8]. 

For example, the APOLLO3 code developed by the French Alternative Energies and Atomic En-
ergy Commission (CEA) employs a self-shielding correction model based on the subgroup method, 
converting the random distribution of TRISO particles into a probability density function for statisti-
cal treatment [9]. Meanwhile, the MC2-3 code developed by Argonne National Laboratory (ANL) in 
the U.S. achieves efficient coupling between Monte Carlo methods and multi-group transport equa-
tions [10]. 

Currently, deterministic neutron transport equation solvers remain the mainstream approach 
for reactor physics numerical simulations. Therefore, it is essential to develop neutron transport equa-
tion-solving methods suitable for randomly distributed media under doubly heterogeneous condi-
tions. 

To address this issue, Bende et al. [11] proposed the Dancoff method in 1999. This method first 
derives the neutron first-flight collision probability and transmission probability to calculate the 
probability of a neutron escaping from one fuel particle to another. Based on this escape probability, 
the average Dancoff factor is computed, which is then used to correct the cross-sections. However, 
the derivation of the Dancoff method was based on a non-coated fuel particle model for High-Tem-
perature Gas-cooled Reactors (HTGRs), making it unsuitable for the multi-layered spherical structure 
of Fully Ceramic Micro-encapsulated (FCM) fuel. Ji et al. [12] improved the Dancoff method by pro-
posing an average Dancoff factor calculation method based on a double-sphere model. By incorpo-
rating the chord length method to account for the multi-layered spherical structure, they extended 
the Dancoff method to TRISO particle calculations. Kim et al. [13] introduced a method using the 
average Dancoff factor to correct the background cross-section under double heterogeneity (DH) con-
ditions and then inversely derived the effective resonance cross-section using resonance integral ta-
bles. However, due to the complexity of Dancoff factor calculations and the numerous approxima-
tions involved, this approach introduces additional biases. William [14,15] and She et al. [16] pro-
posed the disadvantage factor method, initially applied to HTGRs. The core idea of this method is to 
simplify the doubly heterogeneous system into a conventional singly heterogeneous rod lattice prob-
lem, allowing the direct use of traditional resonance calculation methods to determine effective cross-
sections. He [17] and Yin et al. [18] combined the disadvantage factor method with subgroup methods 
and ultra-fine group methods, applying it to FCM fuel resonance cross-section calculations. By ho-
mogenizing TRISO particles and matrix materials into a 1D model to compute the defect factor, this 
approach can be effectively integrated with traditional resonance calculation methods. However, it 
struggles to accurately resolve the fine spatial distribution of resonance cross-sections and neutron 
flux inside fuel particles. 

Sanchez and Pomraning [19] proposed the Sanchez-Pomraning method to handle doubly heter-
ogeneous geometries, which can be coupled with conventional transport methods such as the Method 
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of Characteristics (MOC) [20]. This method iteratively computes the equivalent total cross-sections 
and source terms for each layer of the particle and the matrix material, then defines an update equa-
tion to correct the angular flux exiting the particle. After obtaining the matrix flux, the flux recon-
struction method is used to recover the flux distribution inside each layer of the particle. The Sanchez-
Pomraning method laid the foundation for solving subgroup fixed-source equations under double 
heterogeneity. Pogosbekyan et al. [21] applied this method to subgroup resonance calculations. How-
ever, resonance interference effects under double heterogeneity are more complex, and the back-
ground iteration method suffers from low accuracy. Since calculating interference factors under dou-
ble heterogeneity is extremely challenging, traditional subgroup resonance interference methods fail 
to accurately account for these effects. 

Currently, the most precise method for handling resonance interference is the ultra-fine group 
method [22]. Its fundamental approach involves extremely fine energy group division in the reso-
nance energy range to avoid intra-group resonance peak treatment. Within each fine energy group, 
a simplified neutron transport equation (also called the neutron slowing-down equation) is estab-
lished. The neutron flux distribution is then computed top-down for each energy group and flat 
source region, yielding a problem-dependent ultra-fine group neutron spectrum to achieve accurate 
resonance self-shielding treatment. The ultra-fine group method originated from Kier’s [23] approach 
of calculating two-region cell resonance integrals in fine energy groups. Building on this, the first 
practical ultra-fine group code, RABBLE [11], was developed. Since then, the ultra-fine group method 
has been widely applied in neutronics codes [24–26]. However, due to the need to solve the slowing-
down equation in ultra-fine (or continuous-energy) groups, the computational cost is high. Codes 
like PEACO [13] significantly improve computational efficiency by precomputing collision probabil-
ity interpolation tables, but their geometric modeling capability is limited. Alternatively, MOC-based 
fixed-source calculations can enhance geometric flexibility [27,28], though at the cost of reduced com-
putational efficiency compared to PEACO-like methods 

Therefore, it is necessary to investigate slowing-down equation solvers for stochastic media 
based on ultra-fine group methods. Theoretical innovations in neutron transport for randomly dis-
tributed media and the development of corresponding computational tools have become one of the 
most pressing challenges in reactor physics. The scientific value of this research lies not only in ad-
vancing fundamental neutron transport theory but also in its significant engineering implications for 
next-generation nuclear fuel development, reactor safety analysis, and improving the economic com-
petitiveness of nuclear energy systems. 

2. Materials and Methods 

2.1 Ultra-fine group slowing-down equation 
The energy range of the resolved resonance region typically spans 1 eV to 10 keV. Since fission 

neutrons have energies significantly higher than 10 keV, it can be assumed that no fission neutrons 
are generated within this energy range. Additionally, neutrons below 10 keV hardly undergo inelas-
tic scattering, meaning the scattering source term can be simplified to account only for isotropic elas-
tic scattering, while up-scattering can be neglected. Under these conditions, the neutron slowing-
down equation can be expressed in the following form[29,30]: 

( ) ( ) ( ) ( ) ( )
( )ln 1/
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, , , , d
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u s u u
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r u r u
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Where α=[(A-1)/(A+1)]2，A represents the atomic mass, u is lethargy calculated as u = ln(E0/E)，E0=10MeV. 
If there are more than one nuclides in region k, Eq. (1) could be re-written as: 
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Where ,
k
i xΣ  represents the macroscopic cross-section for the i-th nuclide and reaction type x; Δ denotes the 

maximum logarithmic energy decrement that nuclide i can attain, and 1−α is the maximum energy fraction 
that nuclide i may lose in a single collision. By solving the slowing-down equations sequentially from the high-
est energy downward based on continuous-energy point cross-sections, the continuous neutron scalar flux can 
be obtained. Subsequently, using Equation (4), the within-group effective self-shielded cross-sections in mul-
tigroup format can be derived. 
 

( ) ( )
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φ
Δ
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Where G is the group index. 
When applying the above conclusions to practical resonance calculations, for a system contain-

ing multiple resonant and non-resonant materials, we first spatially discretize the system into multi-
ple mesh regions. Within each mesh region, the source term is assumed to be uniform. Subsequently, 
the resonance energy range is subdivided into extremely fine energy groups, termed ultra-fine 
groups. To ensure that neutrons undergo only one collision within the energy range covered by a 
single ultra-fine group, the energy width of each ultra-fine group is set much smaller than the maxi-
mum logarithmic energy decrement (Δ) attainable by neutrons after a single collision with the heav-
iest nuclide in the system. Under these conditions, the scattering source in ultra-fine group g within 
a mesh region can be formulated as: 

,
1 1

jLJ
j

g nj s g n g n f
j n

Q P uφ− −
= =

= Σ Δ  (5)

Where Pnj represents the probability that a neutron, after undergoing a single collision with material jj, 
traverses nn energy groups and enters group g. Lj denotes the maximum number of energy groups that a neutron 
may traverse after a single collision with material j. 

Since the number of reachable energy groups after neutron scattering is extremely large, directly solving 
Equation (5) would be computationally prohibitive. Therefore, a reformulation is necessary. First, consider Pnj 
the probability that a neutron’s energy decreases from u′to u after scattering can be expressed as:. 

( ) ( )1
1

u uP u u e
α
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−
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Where u− ∆≤ u’ ≤ u. 
The probability that neutrons pass through n ultra-fine groups after scattering is： 
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Substituting equation (6) into equation (7), we can obtain: 

( ) ( )2 11 1
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From equation (8), the following rule can be derived: 
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Substituting equations (9) and (10) into equation (5), we get: 

1 1 1 2 2 2 3 3 3 1 1

1 1 1 1 1 1

[ ...
]

g g g g g g g L g L g L

L g L g L L g L g L L g L g L

Q P P P P
P P P

φ φ φ φ
φ φ φ
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 (11)
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According to equation (9), it can be seen that the term in parentheses in equation (11) is 

1
fu

gQ e−Δ
− ，where 1gQ − epresents the scattering source term of the (g-1)th ultra-fine group. Thus, the 

recursive relationship for the ultra-fine group scattering source term can be obtained:  

1 1 1 1 1 11
f f

g g g L g L g
u u

g LQ P PQ e eφ φ− − + − − −
−Δ −

− −
Δ= + Σ − Σ  (12)

For the recursive relationship in Equation (11), the first step is to calculate the scattering source 
of the leading ultra-fine group. The moderation neutrons in the leading ultra-fine group originate 
from the energy range above the resonance calculation region. In this higher energy range, the cross-
sections vary relatively smoothly with energy. Therefore, the cross-sections of nuclides in this energy 
range can be approximated as constants, and the flux distribution within this region is assumed to 
follow the 1/E law. Based on Equation (5), the scattering source of the leading ultra-fine group can 
then be computed. Once the scattering source of the leading ultra-fine group is obtained, the neutron 
flux in this group can be determined through a single-group fixed-source calculation. The resulting 
neutron flux is then used to compute the scattering source for the next energy group. By iterating this 
process sequentially, a fine-resolution energy spectrum across the entire ultra-fine group range can 
be derived, ultimately enabling the computation of the resonance self-shielded cross-sections for a 
specific resonance group. 

The accuracy of the fixed-source calculations directly affects the precision of the resonance self-
shielded cross-sections. In this work, the method of characteristic is coupled to perform the intra-
group fixed-source calculations for ultra-fine groups. The Method of Characteristics (MOC) trans-
forms the neutron transport equation into equations along characteristic lines at specific angular di-
rections using mathematical techniques. This approach simultaneously handles spatial and angular 
variables, enabling treatment of arbitrary geometries. The modular MOC approach primarily refers 
to the characteristic line generation methodology. This method generates characteristic lines on a 
modular basis, ensuring that lines in adjacent modules are seamlessly connected end-to-end. 

2.2 Stochastic Medium Ultra-fine Group Equations Based on the Sanchez-Pomraning Method 
In traditional pressurized water reactor (PWR) problems, only the heterogeneity arising from 

rod-and-lattice structures exists. However, for accident-tolerant fuels (ATFs) such as fully ceramic 
microencapsulated (FCM) fuel, the fuel particles are dispersedly distributed within a silicon carbide 
(SiC) matrix inside the fuel rod. As shown in Figure 1, the random distribution of fuel particles intro-
duces a second layer of heterogeneity into core neutronics calculations. Additionally, for MOX fuel, 
due to manufacturing limitations, plutonium isotopes in the fuel rod form spherical agglomerations, 
where PuO₂ particles are dispersed within a UO₂matrix, also creating a dual heterogeneity phenom-
enon. Since the precise coordinates of the particles are difficult to determine, resonance calculations 
under double heterogeneity conditions cannot be performed directly. To address this, international 
approaches such as the volume-weighting method, Dancoff factor method, and disadvantage factor 
method have been proposed. These methods fundamentally aim to compute equivalent models by 
homogenizing fuel particles and the matrix, thereby converting the dual heterogeneity problem into 
a conventional single-heterogeneity problem, which is then solved using standard resonance and 
transport methods. A common limitation of these methods is their inability to resolve the fine spatial 
distributions of cross-sections and flux within individual particles, as they only provide homoge-
nized resonance cross-sections for the mixed material. In recent years, the Sanchez-Pomraning 
method has been increasingly applied to MOC transport calculations for dual heterogeneity. This 
method iteratively updates effective cross-sections and computes the matrix flux using governing 
equations, then reconstructs the detailed flux distribution inside particles based on the matrix flux. 
The subgroup method exhibits intrinsic compatibility with transport solvers, making the Sanchez-
Pomraning method equally applicable to subgroup resonance calculations. This section proposes a 
Sanchez-Pomraning-based ultrafine group equation solution framework. First, the traditional MOC 
method is enhanced using the Sanchez-Pomraning approach to enable transport calculations in dual-
heterogeneity geometries. Subsequently, this improved method is applied to both ultrafine group 
equations and multigroup transport equations, achieving refined calculations for dual-heterogeneity 
problems. 
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Figure 1. Geometry structure of FCM fuel pin. 

Due to the difficulty in determining the coordinates of randomly distributed fuel particles, the 
conventional Method of Characteristics (MOC) cannot perform characteristic line scanning for fuel 
particles within the flat source region. Therefore, it is necessary to first homogenize the total cross-
sections of each layer of the particles and the matrix. Unlike the conventional volume-weighted 
method, the Sanchez-Pomraning method iteratively calculates the equivalent total cross-section of 
the flat source region based on the probability of neutrons escaping from each layer of the fuel parti-
cles, and calculates the equivalent source term through the equivalent total cross-section and the dou-
ble heterogeneity asymptotic flux. During the characteristic line scanning process, the renormaliza-
tion factor is calculated through the update equation, and then the outgoing flux of the flat source 
region is corrected. The flux in the flat source region that converges iteratively through this process 
is the flux of the FCM fuel rod matrix, and the flux of each layer of the fuel particles can be calculated 
according to the reconstruction formula [31–33]. 

The trajectory of neutrons within the fuel particle is illustrated in Figure 2. Here, Pi→j represents 
the probability that a neutron located in the i-th spherical shell moves to the j-th shell and undergoes 
its first collision, while Ei denotes the probability that a neutron in the i-th spherical shell escapes the 
fuel particle without any collision. R is the radius of the spherical layer, and the length of each seg-
ment t can be directly determined based on geometric relationships. For an infinitely thin spherical 
layer dr at a distance r from the center of the sphere, Pdr→jcan be calculated using Equation (13): 

( )( )1, 1 , 1
22 1i j i j it t t

dr j
i i

rdrP e e e
V

π + +
− − −− − −

→ = + −
Σ

 (13)

Where Σi and Vi  are macro total cross section and the volume of region i respectively. 
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Figure 2. The optical path for neutrons inside particle. 
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In Equation (13), integrating over dr from 0 to Ri yields the value of Pi→j. Since different spherical 
shells of the fuel particle have distinct material cross-sections, the integration must be performed 
segment-wise across the respective shells. The final expression for Pi→j is given by Equation (13), and 
the numerical integration can be solved using the Gauss-Seidel method. 

( )( )1, 1 , 1

1

2

1

2 1k i j i j i

k

i R t t t
i j R

ki i

P rdr e e e
V
π + +

− − −

−

− − −
→

=

= + −
Σ   (14)

Similar to Pi→j, the probability Pi→i that a neutron undergoes a collision within its current fuel 
layer can be calculated using Equation (15): 
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1

2

1

2 1 2 1k i i i i
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i R t t t
i i iR
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P rdr e e e
V
π τ

+
− −

−

− − −
→

=

 = − + + −  Σ 
 

(15)

Based on the reciprocity relation (14), the reverse collision probability Pj→i can be derived in-
versely using Equation (13). 

i i i j j j j iV P V P→ →Σ = Σ
 (16)

The escape probability of neutrons from the i-th layer can be calculated using Equation (17) after 
obtaining the inter-layer collision probabilities. 

1
1

N

i i j
j

E P→
=

= −
 

(17)

Where N is the layer number of the fuel particle. 
The transport calculation requires iterative solution of the equivalent total cross-section for the 

flat-source region, as given by Equation (18): 

( ) ( )1
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1 ˆ
H I
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hm i
p E

p
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(18)

Where the subscript h represents particles; m represents the matrix; pm and phi denote the volume 
fractions of the matrix and the i-th fuel layer of the h-th fuel particle, respectively; and Ê  is the 
reduced escape probability. 

The calculation process of Ê  is similarly based on Equations (15)-(17), where the total cross-
section value is taken as Σt,hi minus Σ(n)

 
t. Starting from Equation (18), Σ(n)

 
t is first initialized to 0, fol-

lowed by iterative computation of Σ(n+1)
 
t until convergence is achieved. Using the converged equiva-

lent total cross-section Σt, the equivalent source term can then be calculated via Equation (19): 

t asq φ= Σ  (19)

Where ϕas denotes the asymptotic flux. Under doubly heterogeneous conditions, its calculation for-
mula is given by Equation (20): 

1 1

1 /
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as m hi hi hi t
h im

q p q E
p

φ
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 
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 
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Where tΣ  is obtained by Equation (21): 

, ,
1 1

1
m

H I

t t m hi t hi hi
h i

p E
p = =

Σ = Σ + Σ  (21)

Define qmand qhi  as the actual source terms for the matrix and each layer of the fuel particle, 
respectively. For energy group g, their calculation methods are given by Equation (22): 
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where: ϕm and ϕhi denote the actual fluxes in the matrix and each layer of the fuel particle, respectively. 
The update equation is calculated based on collision probabilities and escape probabilities as 

shown in Equation (23): 
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Where Q represents the cumulative chord length distribution function, f denotes the probability cu-
mulative function, S is the source term, l stands for the chord length. 

The Sanchez-Pomraning method simplifies Equation (23) through a boundary layer assumption, 
introducing a renormalized factor rcto correct the outgoing neutron angular flux ϕout in the Method 
of Characteristics (MOC) flat-source regions, which is shown in Equation (24): 

( )( )1 t L
out in c as inr eφ φ φ φ−Σ= + − −

 
(24)

For flat-source regions containing fuel particles, rc can be calculated using Equation (24). For 
regions without fuel particles (such as the moderator or cladding), rc takes a value of 1, in which case 
Equation (24) becomes identical to the conventional MOC outgoing angular flux calculation formula. 
Under doubly heterogeneous conditions, the flux obtained through Equation (24) correction repre-
sents the actual matrix flux ϕm. 

1 1

ˆ
h

H I

c m hi
h i

ir p p E
= =

= +
 

(25)

After obtaining the matrix flux, the flux for each layer of the fuel particles can then be calculated 
using Equation (26): 

( ) ,
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Σ 
 

(26)

This study presents an enhanced ultra-fine group (UFG) approach incorporating modifications 
derived from the Sanchez-Pomraning (SP) technique, hereafter referred to as the UFGSP method. The 
removal cross-section formulation employed in the ultra-fine group slowing-down equations main-
tains consistency with Equation (18). By integrating Equations (12) and (22), we derive the compre-
hensive source terms for both particulate and matrix components within the ultra-fine group frame-
work, as presented in Equation (27).  
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(27)
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The computational procedure initiates with fast group flux determination using asymptotic flux 
values, followed by sequential resonance group flux calculations. The condensed effective resonance 
parameters for the predefined group structure is shown in Equation (28).  

 

,
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r r
r

r

r
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x G
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σ φ
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φ

=

=

=

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(28)

Where x represents the reaction channel type, Gr denotes the number of ultra-fine groups correspond-
ing to the current resonance energy interval in the multi-group structure. 

The overall calculating process UFGSP is shown in Figure 3. Notably, the method requires just 
two applications of the Sanchez-Pomraning technique: first for doubly heterogeneous slowing-down 
equations and subsequently for multi-group transport solutions [34–36]. 

Start

The End

Subgroup Parameters and multi-group library generation

Geometry and material Information input

Slowing down equation XS for group g in particle, matrix, and other 
FSR. 

Equivalent average XS iteration

DH slowing down calculation

Local slowing down flux and condense resonance XS inside particle

Multigroup macro XS in particle, matrix, and other FSR. 

Equivalent average XS iteration

DH multi-group transport calculation

Local scalar flux and final multiplication factor

Sanche-Pomraning method for 
ultra-fine slowing-down equation

Sanche-Pomraning method for 
multi-group transport equation

g<G Y

N

 
Figure 3. The calculating scheme of ultra-fine group slowing equation coupled with Sanchez-Pomraning 
method. 

3. Results 
In this section, various fully ceramic micro-encapsulated (FCM) fuel problems with different 

packing fractions and geometric configurations are selected for validation. Additionally, calculations 
and analyses are performed on issues involving poison particles and plutonium spots in traditional 
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MOX fuels to verify the capability of the resonance module in the UFGSP code for handling doubly 
heterogeneous problems. 

3.1. Typical FCM fuel problem 
The basic structure of the FCM fuel is illustrated in Figure 1. The fuel kernel of the TRISO parti-

cles consists of UC fuel with an enrichment of 17.8 wt%, and the matrix material is SiC. The geometric 
configurations are listed in Table 1, and the material nuclide density information is provided in ref-
erence [37]. This section selects seven typical FCM fuel test cases. The first five cases have particle 
packing fractions of 1%, 10%, 20%, 30%, and 40%, respectively, with TRISO particles of Geometry A. 
The sixth and seventh cases correspond to Geometry B and Geometry C, both with a packing fraction 
of 30%. The computational parameters of MOC are set as follows: 16 azimuthal angles and 3 polar 
angles per octant, a ray-spacing of 0.01 cm, and a system temperature of 300 K. The reference solu-
tions are provided by the Monte Carlo code OpenMC [38], where the calculations employ randomly 
packed particles and an explicit modeling approach. 

Table 1. Geometry information of FCM cell and fuel particle 

Cell information TRISO particle information 

Region Material 

Radius or 

half 

length/cm 

Region Material 

Radius 

A 

/cm 

Radius  

B 

/cm 

Raidus 

C 

/cm 

Matrix SiC \ 
Fuel 

kernel  
UC 0.0250   0.0440 0.0824 

Fuel pin FCM 0.6252 Buffer 12C 0.0340   0.0598 0.1120 

Gap 4He 0.6337 IPyC 12C 0.0380   0.0668 0.1255 

Clad SS304 0.6907 SiC SiC 0.0415  0.0730 0.1368 

Moderator Water 0.8250 OPyC 12C 0.0455 0.0800 0.1500 

 
Table 2 presents the basic information and effective multiplication factor keff results for different 

test cases. The computational accuracy is high across all packing fractions, with a maximum absolute 
deviation of 64 pcm. Taking Cases 2, 5, 6, and 7 as examples, Figure 4 shows the computational devi-
ations of the absorption cross-sections for 235U and 238U in this series of problems. Test cases with 
lower packing fractions exhibit higher dilution levels and larger background cross-sections, resulting 
in relatively larger resonance cross-sections, whereas cases with higher packing fractions show 
smaller resonance cross-sections. UFGSP can accurately compute this phenomenon. For the 40% 
packing fraction case, the computational deviations for both 235U and 238U cross-sections remain 
within ±1%, demonstrating high accuracy. For the 10% packing fraction case, the deviation in the 

238U cross-section increases, reaching relative deviations of 1.35% and 1.49% in the energy ranges of 
13.71–29.02 eV and 78.89–130.07 eV, respectively. Since the resonance cross-sections in these energy 
ranges are relatively small, their impact on reaction rates is minor. Cases 6 and 7, which feature dif-
ferent geometric dimensions, also achieve high accuracy in resonance cross-section calculations, with 
most deviations staying within ±1% and the maximum deviation remaining around 1%. Table 3 
summarizes the maximum (MAX), average (AVG), and root-mean-square (RMS )deviations in reso-
nance cross-section calculations for different test cases, all of which exhibit high computational pre-
cision. 
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Figure 4. Relative deviation of absorption cross section for FCM problems: (a) 235U; (b) 238U 

Taking Case 6 as an example, Figure 5 presents the radial distribution of the 238U absorption 
cross-section within the fuel kernel of TRISO particles. Similar to the spatial self-shielding effect ob-
served in fuel rods, the fuel kernel also exhibits neutron shielding. Neutron reactions primarily con-
centrate near the surface of the fuel kernel, while the resonance cross-section in the inner region 
shows an increasing trend along the radial direction. The calculation of radial distribution is crucial 
for subsequent burnup analysis. However, traditional doubly heterogeneous resonance methods, 
such as the defect factor method or the Dancoff method, cannot resolve the internal resonance cross-
section distribution within the fuel kernel. UFGSP based on the Sanchez-Pomraning method enables 
precise computation of the radial cross-section distribution in the fuel kernel. As shown in Figure 5, 
the computational deviations for the three resonant energy groups remain below ±1%, demonstrat-
ing high accuracy.. 

 

Figure 5. Radial distribution of relative deviation of absorption cross section for 238U in problem 6 

Table 2. Calculating results of keff for different FCM fuel problems 

Case 
Packing 

fraction 
Radius type 

keff Calculating 

error /pcm Reference UFGSP 

1 1% Type A 0.26361 0.26425 64  

2 10% Radius A 1.18118 1.18059 -59  

3 20% Radius A 1.44669 1.44689 20 
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4 30% Radius A 1.55356 1.55385 29 

5 40% Radius A 1.60640 1.60654 14 

6 30% Radius B 1.54837 1.54789 -48 

7 30% Radius C 1.54061 1.54049 -12 

Table 3. Calculating results of resonance cross section for different FCM fuel problems 

XS type Parameter Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 

238U ab 

MAX -0.82% 1.49% 1.13% 0.69% 1.05% 1.54% -1.04% 

AVG 0.68% 0.01% 0.28% 0.50% 0.12% 0.84% 0.78% 

RMS 0.35% 0.25% 0.61% 0.16% 0.17% 0.37% 
0.25% 

 

235U ab 

MAX 1.98% 0.96% 1.55% 1.96% 0.77% 1.21% 0.39% 

AVG 0.67% 0.02% 0.16% 0.58% 0.65% 0.97% 0.71% 

RMS 0.29% 0.35% 0.68% 0.45% 0.36% 0.71% 1.08% 

235U nf 

MAX 0.52% 
1.05% 

 
1.14% 1.36% 0.97% 1.63% 1.41% 

AVG 0.62% 
0.81% 

 
0.10% 0.53% 0.62% 0.85% 0.40% 

RMS 0.22% 0.36% 0.64% 0.42% 0.60% 0.41% 0.37% 

3.2. Burable poison and Pu spot problem 
This section validates two special doubly heterogeneous problems: FCM fuel containing poison 

particles and the plutonium spot issue in conventional PWRs, as shown in Figure 6. For the poison 
particle problem, QUADRISO particles are conventional TRISO particles with an additional layer of 
burnable poison coated outside the fuel kernel, while BISO particles replace the TRISO fuel kernel 
entirely with a burnable poison kernel. The plutonium spot problem refers to the phenomenon where 
PuO₂ particles are randomly dispersed as spherical inclusions within UO₂ fuel rods in MOX fuel, 
where traditional methods typically homogenize the plutonium spots with the fuel matrix, whereas 
UFGSP can directly perform doubly heterogeneous calculations for plutonium spots. The MOC 
computational parameters for this series of problems are set with 16 azimuthal angles and 3 polar 
angles per octant, a ray spacing of 0.01 cm, and a system temperature of 300 K, with reference 
solutions provided by the Monte Carlo code OpenMC.。 
3.2.1. Poison problems 

The dimensions and material types of the QUADRISO and BISO particles selected in this section 
are shown in Table 4, with the poison materials including both B4C and Gd2O3. The specific nuclide 
number densities are provided in references [37] and [39]. Four test cases were designed for this study: 
the first two cases involve fuel rods containing QUADRISO particles with a packing fraction of 30%, 
using B4C and Gd2O3 as the poison materials respectively. The latter two cases feature BISO particles, 
where the fuel rods contain 33.8% TRISO particles and 10.8% BISO particles. The TRISO particle types 
are identical to those listed in Table 1, with the burnable poisons being B4C and Gd2O3 respectively. 
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(a)                                          (b)                    

Figure 6. Structural configuration of poison and Pu spot problems: (a) poison particle; (b) Pu spot. 

Table 4. Geometry information of FCM cell and fuel particle 

QUADRISO BISO 

Region Material 

Radius of 

half 

length/cm 

Region Material Radius/cm 

Fuel kernel UC 0.0242 
Burnable 

poison 
B4C/Gd2O3 0.0090 

Burnable 

poison 
B4C/Gd2O3 0.0250 

Buffer 12C 0.0340 Buffer 12C 0.0340 

IPyC 12C 0.0380 IPyC 12C 0.0380 

SiC SiC 0.0415 SiC SiC 0.0415 

OPyC 12C 0.0455 OPyC 12C 0.0455 

Figure 7(a) presents the computational deviations of 238U absorption cross sections in the fuel 
kernels for all four test cases, with maximum deviations remaining within ±1%, demonstrating high 
computational accuracy. Figure 7(b) shows the absorption cross-section deviations for 155Gd and 157Gd 
in the two Gd2O3 test cases. Compared with 238U, the maximum deviations for Gd cross-sections are 
slightly larger due to more pronounced flux depression within Gd-containing particles. Table 5 sum-
marizes the cross-section calculation results for both B4C and Gd2O3 poison problems, showing over-
all high computational accuracy. Table 6 presents the keff for all four poison test cases. For B4C cases 
and the Gd2O3 BISO case, keff  deviations remain within ±100 pcm. The deviation increases to 138 
pcm for the Gd2O3 QUADRISO case, which features relatively small keff values and is rarely encoun-
tered in practical PWR applications.  
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(a)                                          (b)                    

Figure 7. Relative deviation of absorption cross section for poison problems: (a) 238U; (b) 155Gd and 157Gd. 

Table 5. Calculating results of resonance cross section of poison problems 

Poison type 
Absorption 

XS 

B4C problems Gd2O3 problems 
238U 235U 238U 235U 155Gd 157Gd 

QUADRISO 

MAX -1.40% 1.91% 1.81% 1.60% 1.13% 1.88% 

AVG -0.09% 0.40% 0.43% -0.85% 0.50% -0.40% 

RMS 0.52% 0.62% 0.24% 0.64% 0.52% 0.56% 

BISO 

MAX 1.37% 1.55% -1.12% 1.34% -0.96% 2.09% 

AVG 0.45% -0.28% -0.06% 0.49% 0.38% 0.34% 

RMS 0.65% 0.61% 0.94% 0.71% 0.56% 0.48% 

Table Error! No text of specified style in document.. Calculating results of keff for poison problems 

Case Poison type 
Poison particle  

type 

keff Calculating 

error /pcm Reference UFGSP 

1 B4C QUADRISO 0.66515 0.66610  95 

2 B4C BISO 1.37274 1.37258 -16 

3 Gd2O3 QUADRISO 0.25674 0.25812 138 

4 Gd2O3 BISO 1.20785 1.20812 27 

  

 3.2.2. Pu spots problem 
In the plutonium spot problem, the matrix material is UO2 while the fuel particles are uncoated 

PuO2. Compared with FCM fuel problems, the main challenge of plutonium spot problems lies in the 
fact that the fuel rod matrix itself exhibits strong resonance effects, which conventional doubly het-
erogeneous resonance calculation methods cannot simultaneously handle for both the matrix and 
fuel particles. For the test cases in this section, the matrix consists of UO2 with 0.16 wt% enrichment, 
while the particles are PuO2 with 1.5 wt% enrichment. The plutonium spots have a radius of 100 μm 
with packing fractions of 0.5%, 1%, 1.5% and 2% respectively. Detailed material nuclide compositions 
and geometric information are provided in references [40,41]. 

Taking the plutonium spot problems with 1% or 2% packing fractions as examples, Figure 8(a) 
presents the calculation deviations of 238U absorption cross-sections in the UO2 matrix for these two 
cases. Although the packing fraction of plutonium spots is extremely small, the strong resonance 
interference effects of Pu isotopes significantly influence the 238U resonance cross-sections. As the 
packing fraction increases, the dilution effect on 238U intensifies, leading to larger resonance cross-
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section values. The matrix resonance cross-section calculations for different cases demonstrate high 
accuracy, with deviations for most energy groups remaining within ±1%. Figure 8(b) shows the cal-
culation deviation distributions of 239Pu and 241Pu absorption cross-sections in the 1% packing fraction 
plutonium spots. Both Pu isotopes exhibit strong resonance peaks, with 241Pu showing particularly 
intense resonance peaks below 10 eV. UFGSP accurately describes the resonance peak distributions 
of 239Pu and 241Pu, with calculation deviations near resonance peaks all within ±1%. The maximum 
deviations across the entire energy range are -1.24% and -1.42% respectively. Table 7 summarizes the 
overall resonance cross-section calculation deviations for the plutonium spot problems, showing high 
accuracy for both UO2 matrix and PuO2 fuel particle resonance cross-section calculations. Table 8 
presents the effective multiplication factor calculation deviations for the plutonium spot problems, 
with absolute deviations for all cases remaining within ±100 pcm. 

 
(a)                                      (b)                   

  

Figure 8. Relative deviation of absorption cross section for Pu spot problems: (a) 238U; (b) 239Pu and 241Pu 

Table 7. Calculating results of resonance cross section of Pu spot problems 

Pu 

problems 

Absorption 

XS 

UO2 matrix Pu spot 

238U 235U 239Pu 240Pu 241Pu 242Pu 

Case 2 

MAX -2.18% 1.17% -1.24% 2.00% -1.42% -1.49% 

AVG -0.64% 0.07% -0.35% -0.19% -0.27% -0.30% 

RMS 0.91% 0.68% 0.58% 0.77% 0.59% 0.73% 

Case 4 

MAX -2.40% 1.18% -1.25% 2.27% -1.84% -1.47% 

AVG -0.69% 0.05% -0.38% -0.14% -0.33% -0.19% 

RMS 0.99% 0.69% 0.57% 0.89% 0.67% 0.93% 

Table 8. Calculating results of keff for Pu spots problems with different packing fraction 

Case 
Pu spot packing 

fraction 

keff Calculating error 

/pcm Reference UFGSP 

1 0.5% 0.96051 0.95994 -57 

2 1.0% 1.15557 1.15504 -53 

3 1.5% 1.24676 1.24668 -8 

4 2.0% 1.29703 1.29742 39 

4. Discussion 
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The UFGSP method advances deterministic neutron transport by addressing two critical chal-
lenges in DH systems: spatial self-shielding in stochastic media and resonance interference between 
matrix and particle phases. Traditional approaches, such as the Dancoff factor or defect factor meth-
ods, rely on homogenization techniques that fail to resolve intra-particle flux gradients or matrix-
particle resonance coupling. In contrast, UFGSP leverages the Sanchez-Pomraning iterative frame-
work to decouple particle and matrix transport, enabling precise calculation of equivalent cross-sec-
tions and angular flux corrections. However, computational costs remain a concern. While MOC-
based angular discretization improves geometric flexibility, iterative cross-section homogenization 
and flux reconstruction increase runtime compared to conventional MOC. Future work could explore 
acceleration techniques, such as machine learning-aided collision probability precomputation or 
adaptive energy group condensation. 

5. Conclusions 
This study successfully develops and validates the UFGSP method, a high-precision solver for 

ultra-fine group slowing-down equations in doubly heterogeneous media. By integrating the 
Sanchez-Pomraning technique with MOC-based ultra-fine group slowing-down equation, the 
method overcomes the limitations of traditional homogenization approaches, enabling detailed res-
olution of resonance cross-sections in both stochastic particle distributions and matrix materials. Key 
achievements include:  

(1) Accurate modeling of radial flux gradients within TRISO particles, critical for predicting 
power peaking and burnup effects. 

(2) High-fidelity treatment of complex geometries, including BISO/QUADRISO poison particles 
and PuO2 spots, with keff deviations consistently below 138 pcm. 

(3) Demonstrated applicability to advanced fuel types, supporting the design and safety analysis 
of Generation IV reactors. 

The method provides a practical tool for reactor physicists to address DH challenges in accident-
tolerant fuels, MOX assemblies, and other advanced nuclear systems. Future extensions to multi-
physics coupling and transient analysis could further solidify its role in next-generation reactor in-
novation. 
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