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Abstract: In this paper, we consider the Cauchy problem of a time fractional nonlinear diffusion equation.
According to the Kaplan’s first eigenvalue method, we first prove the blow-up of the solutions in finite time for
some sufficient conditions. We next give sufficient conditions for the existence of global solutions by using the
result of Zhang and Sun. In conclusions, we find the second critical exponent for the existence of global and
non-global solutions via the decay rates of the initial data at spatial infinity.
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1. Introduction

We study the Cauchy problem for a time fractional reaction-diffusion equation

{ %u = Au+|ulPlu, xR, t>0, 1)

u(x,0) =up(x) >0, xeR”"

wheren > 1,0 <a <1,p>1uy € C(R") := {f € C(R");lim|,_, f(x) = 0}, and 0} denotes the
Caputo time fractional derivative of order « defined by

1 g 3
“u(t) = m/g (F=5) " (x,5)ds, O<a<l, @)

Here, I'(+) is the Gamma function. Moreover, the Caputo time fractional derivative (2) is related to the
Riemann-Liouville derivative by

ult) = g = D) = 5 ol ()~ (), ®)

where I} * denotes left Riemann-Liouville fractional integrals of order 1 — & and is defined by

o[} U = 1"(11—1x) /Ot(t —s) " *u(s)ds.

For a given initial data ug, let T* = T* (1) be the maximal existence time of the solution of (1). If
T* = oo, the solution is global in time. However, if T* < oo, then the solution is not global in time in
the sense that it blows up at t = T* such as

limsup [[u(-, 1) || oo gy = 0.
t—T*
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A lot of significant results on the critical exponents for nonlinear parabolic equations have been
obtained during the past decades. Fujita [1] considered the following Cauchy problem:
Uy = Au + ub, xeR", t>0, @
u(x,0) =up(x) >0, xe€R"

In [1], it is shown that (4) possesses the critical Fujita exponent p* = 1 + 2/ such that

e If1 < p < p*, then the solution blows up in finite time for any nontrivial initial data.
¢ If p > p*, then there are both global solutions and nonglobal solutions corresponding to small
and large initial data, respectively.

According to Hayakawa [2], Kobayashi et al. [3], and Weissler [4], it has been known that p = p* =
14 2/n belongs to the blow-up case. In some situations, the size of the initial data required by the
global and nonglobal solutions can be determined through the so-called second critical exponent with
respect to the decay rates of the initial data as |x| — co. When p > p* = 1+ 2/n, Lee and Ni [5]
established the second critical exponent a* = 2/(p — 1) for (4) with initial data uo(x) = Ayp(x), where
A > 0 and ¥(x) is a bounded continuous function in R", such that the following conditions hold:

o If llmln inf [x|"(x) > 0 for some a € (0,4*) and any A > 0, then the solution blows up in finite

X|—00
time.

e Iflimsup |x|"(x) < co for some a € (a*,n), then there is Ay > 0 such that the solution is global
[x]—o00
in time whenever A € (0, Ag).

Lee and Ni [5] proved that a* = 2/(p — 1) belongs to the global case.
The weighted source case

up = Au+K(x)u?, xe€R", t>0,
u(x,0) =up(x) >0, xe€R"

with K(x) > 0 of the order |x|? forc > —1if n = 1 or for ¢ > —2if n > 2 was considered with the
critical Fujita exponent p* = 1+ (2 + ¢)/n by Pinsky [6].
The degenerate case

u(x,0) = up(x) >0, x€R", (5)

{ut—Au”‘—l-u’”, xeR", >0,
with m > 1 and max(0,1 —2/n) < m < 1 was thoroughly studied with the critical Fujita exponent
p* = m+2/nby Galaktionov et al. [7], Qi [8], and Mochizuki and Mukai [9]. Furthermore, Galaktionov
[10], Mochizuki and Mukai [9], Kawanago [11], and Mochizuki and Suzuki [12] have shown that
p = p* = m + 2/n belongs to the blow-up case. When p > p* = m +2/n, Mukai et al. [13], and Guo
and Guo [14] obtained the second critical exponent a* = 2/(p — m) for (5).

The extended case

{ uy = Au™ + K(x,t)u?, x €R", t>0, ©)

u(x,0) =up(x) >0, x€R™

with K(x, t) = t*|x|” fors > 0, m > max(0,1—2/n), p > max(1,m),c > —1ifn =1, oroc > —2if
n > 2 was obtained with the critical Fujita exponent p* = m +s(m —1) + (2+2s+0)/n by Qi [15]. In
the case with K(x, ) = K(x) of the order |x|” as |x| — oo with ¢ € R in some cone D and K(x,t) =0
if otherwise, Suzuki [16] considered (6) for 1 < m < p and obtained the critical Fujita exponent
p* = m+ {2+ max(c, —n)}/n and the second critical exponent a* = {2 + max(c, —n)}/(p — m).

d0i:10.20944/preprints202407.2242.v1
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Winkler [17] considered the nonlinear diffusion equation not in divergence form
uy = uPAu +uf, xeR", t>0,
_ n )
u(x,0) =up(x) >0, x€R",

and obtained the critical Fujita exponent ¢* = p + 1 for p > 1 such that

e Suppose that1 < g < ¢* (1 < g < 3/2if p = 1). If uy decreases sufficiently fast in space, all
positive solutions of (7) are global and unbounded.

* Suppose that g = g*. Then, all positive solutions of (7) blow-up in finite time.

* Suppose that g > g*. If ug is sufficiently large, then any positive solution of (7) blows up in
finite time. If ug(x) < f(|x|) in R”, then the solutions of (7) are global, where f satisfies for
u(x,t) = (145 f(1+ 1) Flx))

{ £ (BB ) f P =0, e (0,09),
O = o £10) <0,

witha =1/(q—1),B=(q—-pr—-1)/(29-2), fo>0,r = (1+1t)7P|x|.

Furthermore, Li and Mu [18] also considered (7) and obtained the second critical exponent a* =
2/(g—p—1)forp>1landg > p+ 1+ 2/n with initial data ug(x) = A¢(x), where A > 0 and ¥(x) is
a bounded continuous function in R”, such that

e Letn > 2. Assume that liminf |x|*p(x) > 0. If 0 < a < a*, or a = a* and A is large enough, then

|x|—o00
the solution u(x, t) of (7) blows up in finite time.

e Assume that limsup |x|"i(x) < oo. If a > a*, then there exists Ag > 0 such that the solution
[x]—00

u(x, t) of (7) is global in time whenever A € (0, Ap).

Yang et al. [19] and the author [20] studied the extended case

(8)

ur = uPAu+K(x)ul, x€R", t>0,
u(x,0) =up(x) >0, x€R”,

with the positive weight function K € C°(R") satisfying
c1lx|” < K(x) < ealx]|?,  |x] > Rg, 0> =2

for some Ry, c1,c2 > 0. Then, Yang et al. [19] obtained the critical Fujita exponent g* = p+1forp > 1
such that

e Suppose that1 < q < ¢* (1 < g < 3/21if p = 1). If uy decreases sufficiently fast in space, all
positive solutions of (8) are global and unbounded.

® Suppose that g = g*. Then, all positive solutions of (8) blow-up in finite time.

* Suppose that g > g*. If ug is sufficiently large, then any positive solution of (8) blows up in
finite time. If ug(x) < f(|x|) in R", then the solutions of (8) are global, where f satisfies for
u(x,t) < L+ )" f((1+6)Plx)

{ 14 (B4 Brf ) [ af i+ G P =0, 1 € (0,09),
f0)=fo, f'(0)=0,

d0i:10.20944/preprints202407.2242.v1
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with =2 < 0 < 0, C; = supg.(K(x)|x|77),a = (0 4+2)/(2g—2+p0), p=(q—p—1)/(29 —
2+po), fo>0,r=(1+t)"P|x|,and

{ ' (B2 4 Brf ) f 4 a4 Comax(r7,1)f1 P =0, 1€ (0,00),
f(0)=fo, f(0)=0,

with o > 0, C; = supg, (K(x) min(|x|~7,1)).

Moreover, Yang et al. [19] and the author [20] obtained the second critical exponent a* = (24 0) /(g —
p—1)forp > 1and g > p + 1 with initial data ug(x) = Ap(x), where A > 0 and ¢ (x) is a bounded
continuous function in R”, such that

¢ Assume that l|ir‘ninf|x|“1,b(x) >0.If0<a<a*withe > —2,0ora =a"withe > —2and A is
X|—r00

large enough, then the solution u(x, t) of (8) blows up in finite time.

e Assume that limsup |x|"P(x) < co. If a > a* with o > 0, ora > a* with —2 < ¢ < 0, then there
|x|—00

exists Ag > 0 such that the solution u(x, t) of (8) is global in time whenever A € (0, Ag).

By reading the literature of time fractional nonlinear diffusion equations, we found that there are
no studies on the second critical exponent to the Cauchy problem (1). In this paper, we give the second
critical exponent to the Cauchy problem (1) based on the above mentioned literature.

The rest of this paper is organized as follows. In section 2, we give some preliminaries for the
Cauchy problem (1). In section 3, two sufficient conditions for the blow-up of solutions in finite time
are given in Theorem 1. In section 4, we state the existence of global solutions according to some
conditions in Theorem 2. In Section 5, conclusions is presented.

2. Preliminaries

In this section, we give some preliminaries.
We need the following Wright type function

—_ c- (_Z)k
Pu(z) = kgo KT (—ak +1—a)’

O<a<l,zeC. 9)

The function ¢, is an entire function and satisfies the following properties:

(@) ¢a(8) > 0forf > 0and /Ooo $a(0)d0 = 1.
o r_ L(1+7)
(b) /O Pu0)0°d0 = T forr > 1.

The operator A = A generates a semigroup {T(t) };>0 on Cy(R") with domain
D(A) = {u € Cy(R") : Au € Co(R")}.

Then T(t) is an analytic and contractive semigroup on Cy(R"), and

T(ual(x) = [ Gl =y, uo(y)dy,

where

1

—|x\2/(4t) n
7(47(1‘)”/26 , x€eR", t>0.

G(x,t) =
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For t > 0, we define the operators P, (t) and S,(t) as
Pa(](3) = [ 6u(O)[T(0)uo] ()0
= / 9u(0) / (x — y, £"0)ug (y)dydo, (10)
[Sa(t)uo] (x) = 0‘/0 0¢a (0)[T (£0)uo] (x)d0
—a [ 09u(0) [ Glx— v, POyuo(y)dyde, a1

where ¢, (0) is the function defined by (9). Note that for given x € R"\{0} and t > 0, G(x, t*8) — 0 as
6 — 0. Hence, [; ¢(0)G(x,t*0)d0 is well defined. Since [~ ¢«(0)d0 = 1and [z, G(x,t)dx =1, we
know that

/ ¢a(6)/ G(x, t%0)dxd0 =1 for t > 0.
0 R"

Consider the linear equation

1 — n
{atu—ALH—f(x,t), xeR", t>0, (12)

u(x,0) =up(x) >0, x€R",

where ug € Co(R") and f € L'((0, T), Co(R")). If u is a solution of (12), then by [21], it satisfies

(1) = [P0l + [ (=) [5(t = )f (9] (x)ds

where P, (t) and S,(t) are given by (10) and (11), respectively.
Zhang and Sun [21] obtained the following lemmas related to the operators P, (t) and S, ().

Lemma 1 ([21]). Ifug(x) >0, ug(x) # 0, then [Py (t)up](x) > 0, [Sa(t)up](x) > 0and

1
1P (t)uio ]l 1 gy = ol gy, 1Sa ()0l 1 rny = m””OHLl(R”)‘

Proof. See Lemmas 2.1 (a) and 2.2 (a) in [21]. O
Lemma 2 ([21]). Let1 <p <g<4o0andl/r=1/p—1/4.
(@) If1/r < 2/n, then

— ra-
|| Poc(t)tao | o (rry < (472t%) 2 WHMOHLP (R")

(b) If1/r < 4/n, then

re-—4.)

[Sa(t)uoll Larry < a(4rTtt) m” uo | L (rr)-

Proof. See Lemmas 2.1 (b) and 2.2 (b) in [21]. O

Next, we give the definition of a mild solution of the Cauchy problem (1).
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Definition 1. Let ug € Co(R") and T > 0. We call that u € C([0, T], Co(R™)) is a mild solution of the
problem (1) if u satisfies the integral equation

(1) = [Ba(0)uol () + [ (=9 Salt =) lule )P (- 9)| (), t € [0,T]

For the Cauchy problem (1), Zhang and Sun [21] has established the following local existence
result.

Proposition 1 (Theorem 3.2 in [21]). Let 0 < a < 1. For given ug € Co(R"), there exists a maximal
existence time T* > 0 such that the problem (1) has a unique mild solution u € C([0, T*], Co(R")) and
either T* = o0 or T* < o0 and ||| ((04),co(rn)) — - In addition, if ug(x) > 0 and up(x) # 0O,
then u(x,t) > [Py(t)ugl(x) > 0 for t € (0,T*). Moreover, if uy € L"(R") for some r € [1,00), then
u e C([0,T*), L"(R")).

Furthermore, Zhang and Sun [21] also obtained the following blow-up and global existence
results.

Proposition 2 (Theorem 4.3 in [21]). Let 0 < o < 1, ug € Co(R") and up(x) > 0. If
-1
/ uo(x)x(x)dx > 1, where x(x) = (/ eV ”2+x|2dx) e VIt
R” R"

then the mild solutions of (1) blow up in a finite time.

Proposition 3 (Theorem 4.4 in [21]). Let 0 < o < 1, ug € Co(R"), up(x) > 0and up(x) # 0.

(@ If1 < p <142/n, then the mild solution of (1) blows up in a finite time.
(b) Ifp > 1+2/nand |ug| ac rny is sufficiently small, where qc = n(p — 1) /2, then the mild solution of
(1) exists globally.

3. Blow-Up of Solution

In this section, we shall prove the following blow-up result.

Theorem 1. Let n > 1and 0 < o < 1. Assume that the initial data ug(x) = Ap(x) > 0, where A > 0 and
P € Co(R™). Suppose that one of the following two conditions holds:

(@) A > 0is large enough;
(b) 0<a<2/(p—1)and

liminf |x|*(x) > 0. (13)

|x|—00
Then, the solution of (1) blows up in finite time.

Proof. We take the similar strategy as Theorem 1 in [20] and Theorem 3.7 in [22], using the Kaplan’s
first eigenvalue method [23].
Let

1
m—{xER”; |x — X <2m} (14)
for a sequence {x,, }y_; satisfying |x,;| = m for any m € N.

Remark 1. The method using the sequence of balls B,y in (14) was used in [20,24-28].
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Let A, > 0 denote the principal eigenvalue of —A with Dirichlet problem in B, and let ¢y, (x)
denote the corresponding eigenfunction, normalized by

¢Pm(x)dx = 1. (15)
B
Let T € (0, T*) be arbitrarily fixed. We define

Falt) = [ u(x,t)gu(x)dx. (16)
It follows from (1) that

of /Bm u(x, t)pp (x)dx = /Bm Au(x, t)pm(x)dx + 1 (x, £)P o (x)dx

B
fort € (0,T),

supplemented with the initial condition
Fu(0) = [ uo(x)m(x)dx. (17)

By integrating by parts, and the fact that ¢,,(x) = 0 and d¢,, /9v < 0 on 9B, where v denotes the
outward unit normal vector to By, at x € 0B, and applying Green’s formula, we have

o [ uCegu(dx> [ u(r)dpm(x)dx+ [ ulxngn(x)dx.
Since the principal eigenvalue A, > 0 and the eigenfunction ¢, (x) satisfy

A(Pm (x) = _/\m(l)m(x),

we obtain

a /B (%, ) ()% > A /B w(x, ) (X)dx + /B U(x, )P s (x)dx, (18)

7

By (15), (16) and Holder’ s inequality, we have

Fult) = /Bm (%, ) () P e (x) P < </B u(x, t)P4>m(x)dx> "
So, we obtain
/B 1(x, )P s (X)dx > Fyy ()P (19)
Using (16) and (19) in (18), it yields
0fFy(t) > —AmFu(f) + Fy(£)P fort e (0,T).
Since By, is an n-dimensional ball of radius %m, it follows that A, satisfies

C1

Am < (20)

m2’
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where c¢; > 0 depends only on the dimension n. Thus, we have
a’XFm( ) —cm 2Fm< )"_Fm(t)p' (21)
Setting H () := —cym ™20 + gp then the function H({) is convex in { > 0 since H € C?(0, ) and
H"(Z) > 0. By (3), writing % 4 (k% [Fy — Fu(0)])(t) instead of 9%Fy,(t) with k(t) = Htl; in (21), we
obtain
d
ﬁ<k* [Fnn — Fn(0)])(t) > H(Ey(t)) forte (0,7). (22)
It is clear that H({) > 0 and H'() > 0 forall { > (clm_z)ﬁ.
Suppose now that
Fu(0) > (cym™2)71. (23)

We claim that (22) implies that Fy,(t) > (cym—?) 7T forall ¢ € (0, T). (The fact is stated in the proof of

Theorem 3.7 in [22].) Knowing that Fy,(t) > F,,(0) > (clm’z)ﬁ forallt € (0, T), it follows from (22)
that

BEn(t) = 2

T (k* [Em — FEn(0)])(t) > H(Fyu(t)) >0 forallt € (0,T). (24)

Therefore the function Fy, (t) satisfying (24) is an upper solution of the problem

80 =H(() = —am 2 +", 7(0) = Fx(0), (25)

we have by comparison principle Fy, (t) > {(t) (see Theorem 4.10 in [29]).

On the other hand, since H(0) = 0, H({) > 0 and H’(@) > 0forall { > F,(0) > (clm’2)ﬁ. It
then follows from Lemma 3.8 in [22] that v(t) =
satisfies

(a +1) is a lower solution for (25), where v(t)

%0 < H(v) = —cym 20+ P, 0(0) < Fy(0),
and w(t) solves the ordinary differential equation

dw

T H(w) = —cim™ 2w+ wP, w(0) = Fyu(0). (26)

By the comparison principle (see Theorem 4.10 in [29]), we obtain {(t) > v(t). Solving the initial value
problem (26), we have the solution

w(t) = [pmm)lp _1zee{( = plam ) } o exp(—cum 1),

Clm_2

By the comparison principle (see Theorem 4.10 in [29]), we conclude that

Fu(t) > o(t) = W(r(;H))

- [Fm(o)li’ 1o e’;fli((i - f))”ta}} T exp(—aat). (27)
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with ¢y = % Therefore, from (27), we obtain that v(t) — oo as

log (1 — eI (a + 1) F (0)17F)

t—
(1-pea

and that Fy, () — oo. This implies that the solution u(x, t) blows up in finite time when (23) holds.
As a result of these arguments, we have the following lemma.

Lemma 3. Let Fy,(t) be defined by (16). If F,,(0) as in (17) satisfies (23) for some m € N, i.e.,

2

Fn(0) > Am 71 forsomem € N,

1

where A = ¢}~ with ¢y as in (20), then u(x, t) blows up in finite time.

Here, we shall state the rest of the proof for Theorem 1.
Supposing that u(x, t) is a nontrivial global solution, we prove by reductio ad absurdum.
By Lemma 3, then it follows that for any m € N

2

Fu(0) < Am 971,

Then, by (17) and ug(x) = Ag(x) > 0, we obtain

2

A . P(xX)pm(x)dx < Am -1, (28)
Here, if we choose A to be large enough for any m € N, then the left-hand side of (28) is larger
than the right-hand side of (28). Thus, we arrive at a contradiction. This completes the proof for the
condition (a).
Next, if p € Co(R") satisfies (13), then there is a positive constant L such that ¢(x) > L|x|~? for
sufficiently large |x|. Then, we have for sufficiently large m

2

/\L/ || P (x)dx < Am p-1.
B

By noting that |x| < 3m in By, by (14), we obtain

3\ _2_
AL<2m> /B Pm(x)dx < Am T

~

and then by (15), we have

3\ ", . 2
<2) ALm™" < Am 71T, (29)

By multiplying both sides of (29) by m”, we obtain

3\ 7 a— 2
<2) AL < Am" 71, (30)

Then, if 0 < a <

; E 1 and m is sufficiently large, then the left-hand side of (30) is larger than the
right-hand side of (30). Thus, we arrive at a contradiction. This completes the proof for the condition
(b). O
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4. Global Existence

In this section, we state the following global existence result.

Theorem 2. Let n > 1and 0 < o < 1. Assume that the initial data ug(x) = Ap(x) > 0, where A > 0 and
P € Co(R™). Suppose that p > 1+ 2/n, and thata > 2/(p — 1) and

lim sup |x|"1(x) < co. (31)

|x[ =00
Then, the mild solution of (1) exists globally whenever A > 0 is small enough.

Proof. In what follows, by the letter C we denote generic positive constants, and they may have
different values also within the same line.
Since ¢ € Cy(R") satisfies (31), there is a constant C > 0 such that

P(x) < C(1+|x|)~* forall x € R". (32)

Letg. =n(p—1)/2. First,if p > 1+2/nand a > 2/(p — 1), then we know ag, > n. Hence, it
follows from (32) that

qe — qe —aqe
19Uy = [, 19IFdx < C [ (1 [xl) " dx

< c/ (14 7) e =1dy < c/ (14 )14y < C. (33)
0 0

Next, if p=1+2/nanda >2/(p—1), thenwehave gc = land a > n =2/(p — 1). Hence, it follows
from (32) that

Wl = [ 190ldx <C [ 1+ ) ~"ax
< c/ (14 7)" " dr < c/ (14 r)"1dr < C. (34)
0 0
By (33) and (34), if p > 1+2/nand a > 2/(p — 1), then |||/ s (gn) < C. Since up(x) = Ay(x),
[[10 || Lo (rn) is sufficiently small whenever A > 0 is small enough. Therefore, the mild solution of (1)

exists globally by Proposition 3 (b).
This completes the proof. [

5. Conclusions

In the present paper, we analyze a reaction—diffusion equation with a Caputo fractional derivative
in time and with initial conditions. By comparing the conclusions of Zhang and Sun [21] (Proposition
3) and the author (Theorems 1 and 2), we see that the Cauchy problem (1) possesses the critical Fujita
exponent

2
*:1 -,
P T

and the second critical exponent

Then we may be summarized in Table 1.

d0i:10.20944/preprints202407.2242.v1
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Table 1. Critical Fujita exponent p* and second critical exponent a*

a>a* O<a<a*
1<p<p* BU! [Proposition 3 (a)] BU! [Theorem 1 (b)]
BU! for large A > 0

p>p* GE? forsmallA >0  BU! [Theorem 1 (b)]
[Theorems 1 (a) and 2]

1BU: Blow-up; 2GE: Global existence

In the case a = a*,if 1 < p < p* then BU! by Zhang and Sun [21] (Proposition 3 (a)), but if p > p*
then there are few studies. Therefore, we will consider to study in the case 4 = a* and p > p* in the
future.
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