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Abstract: We present a numerical calculation of the heat transport in a Bragg mirror configuration1

made of materials that do not obey Fourier’s law of heat conduction. The Bragg mirror is made2

of materials that are described by the Cattaneo-Vernotte equation. By analyzing the Cattaneo-3

Vernotte equation’s solutions, we define the thermal wave surface impedance to design highly4

reflective thermal Bragg mirrors. Even for mirrors with a few layers, very high reflectance is5

achieved (> 90%). The Bragg mirror configuration is also a system that makes evident the wave-6

like nature of the solution of the Cattaneo-Vernotte equation by showing frequency pass-bands7

that are absent if the materials obey the usual Fourier’s law.8

Keywords: Cattaneo-Vernotte; waves; Bragg.9

1. Introduction10

The assumption of a causal response in the Fourier law of heat transport, introduces11

a time delay between the temperature gradient and the heat flux. This time delay12

implies a finite velocity of heat propagation, and the temperature and heat flux obey a13

hyperbolic partial differential equation known as the Cattaneo-Vernotte equation (CVe)14

[1–5]. As a hyperbolic equation its solutions are wave-like and it is possible to have heat15

or temperature waves that satisfy particular dispersion relations [6,7].16

Several experiments have explored the non-Fourier behavior of heat transport in17

a variety of systems, like granular media [3,8], wet sands [9], organic materials [10],18

blood and porcine muscle [11], and processed meat [12]. Skin bio-thermomechanics and19

bioheat transfer mechanisms also follow a non-Fourier behavior [13–15]. Recently the20

wave-like behavior was shown experimentally in bulk Ge for temperatures between 7 K21

to room temperature, opening new potential applications for heat waves [16].22

For wave-like behavior, proposals to control the heat flux have been reported23

which are inspired by systems similar to those used in optics or acoustics. For example,24

thermal cloaking from coated spheres mimicking a metamaterial has been proposed25

[17] as well as thermal or temperonic crystals [18,19]. The latter are made of an array26

of layers forming a periodic one-dimensional system or superlattice. Similar work was27

done by Gandolfi using a dual-phase lag equation that introduces an extra term (third28

order derivative of the temperature) in the CVe [19]. Previously, the CVe was solved29

for a layered system under a pulsed heat source determining the effective or average30

thermal properties [20]. Chen [18] uses the CVe in a superlattice and calculates the31

dispersion relation using Bloch’s theorem. Ballistic-diffusive models for heat transport32

in superlattice using the Guyer-Krumhansl equation since the thickness of the layers is33

comparable to the mean free path of the phonons [21].34

Superlattices have the advantage of being simple to fabricate and experimentally35

characterize. Their use in heat transport has been limited to the case of Fourier heat36

conduction. Using a periodic structure of alternate layers of porous Si, due to the37

ensuing photonic band structure, it is possible to show that heating in the light band gaps38
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decreases the temperature of the system [22,23]. The thermal conductivity of superlattices39

comprised of different semiconductors have been studied using the Boltzman transport40

equation and could have possible applications in thermoelectric and optoelectronic41

devices [24].42

For a finite system, Bloch’s theorem is no longer applicable, and while the presence43

of the bounding surfaces will break the periodicity, some of the main features of the44

infinite superlattice remain. For example, the reflectivity will show regions of high and45

low values in the frequency regions of the allowed and forbidden bands of the dispersion46

relation depending on the length of the superlattice [25–27]. The observed band gaps47

or quasi-band gaps are due to interference effects of the waves in the superlattice. A48

particularly useful finite system is a Bragg mirror made of alternate layers of high and49

low dielectric constants [28] or acoustic impedances [29,30].50

In this paper, we demonstrate the possibility of Bragg mirrors for thermal waves51

that are solutions to the Cattaneo-Vernotte equation. The mirrors are made of alternate52

layers of two different materials with different thermal properties. Even for mirrors53

made of a few bilayers, a high reflection of the thermal waves is achieved. The changes54

in the heat flux into the Bragg mirror as a function of frequency, are only possible with55

wave-like behavior. Further refinement of the flux can be achieved by introducing defects56

into the mirror. Besides presenting a system to show the wave-like nature of the solution57

of the CVe, we discuss possible applications in heat management.58

2. Thermal waves. Cattaneo-Vernotte equation59

In this section we review the basic characteristics of thermal waves as solutions of60

the Cattaneo-Vernotte equation (CVe). Consider a medium with thermal conductivity κ61

[W m−1 K−1], mass density ρ [kg m−3] and specific heat capacity at constant volume cv62

[J kg−1K−1]. The CVe arises when there is a time delay τ between the application of a63

temperature gradient ∇T(~r, t) and the ensuing heat flux~q(~r, t), leading to the equation64

[1–4]65

~q(~r, t) + τ
∂~q(~r, t)

∂t
= −κ∇T(~r, t). (1)

Taking the divergence of Eq. (1) and considering the balance equation of the thermal66

energy density u(~r, t) without sources, given by ρcv
∂T
∂t

+∇ ·~q = 0 yields67

∇2T(~r, t) =
1
α

∂T(~r, t)
∂t

+
1
υ2

∂2T(~r, t)
∂t2 . (2)

The thermal diffusivity is defined as α = κ/ρcv. The parameter υ = α/τ is identified68

as the propagation speed of the thermal perturbation [31,32]. In the limit τ → 0, the69

speed υ goes to infinity, and Eq. (1) reduces to the usual Fourier law for heat conduction70

[33–35].71

Assuming a harmonic time-dependence, the solution of Eq. (2) is

T(~r, t) = Aei(~k·~r−ωt) + Be−i(~k·~r+ωt), (3)

where the complex wavevector is72

|~k| = k =

√(ω

υ

)2
+ i

ω

α
. (4)

We point out two limits of interest: 1) when ωτ << 1, the CVe goes to the usual73

diffusion equation; and 2) when ωτ → ∞, the wavenumber k becomes real and the74

temperature profile behaves as a non-damped wave equation.75

From the wavenumber k Eq. (4), we define the penetration length as δ = 1/Im(k)76

and the wavelength is λ = 2π/Re(k). For the CVe a characteristic length scale is77

` = 4πα/ω and we can write δcv = `2/λcv. If 0 < λ < `, then we are in a highly78
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damped regime. Otherwise, the wavelike behavior dominates with little damping. In79

the Fourier law, we have the relation δ f = λ f /2π, which implies that penetration length80

is smaller than the wavelength and decreases before it reaches a period, thus the damped81

behavior dominates.82

The heat flux for the CVe is obtained by replacing Eq. (3) in Eq. (1) as

~q(~r, t) = −iK(ω)kk̂
(

Aei(~k·~r−ωt) − Be−i(~k·~r+ωt)
)

, (5)

where the modified thermal conductivity is given by K(ω) = κ
1−iωτ . This allows us to

define Y(ω) = −iK(ω)k as the thermal admittance, and it can be expressed as

Y(ω) =
κ

υτ

1√
1 + i/ωτ

. (6)

The reciprocal of the admittance defines the thermal impedance [36], Zi(ω) = T/~qi · n̂,83

where n̂ is the normal vector to the ith interface.84

3. Thermal superlattice85

Consider an array of N layers in a Cartesian coordinates system (x, y, z) where86

the x-axis is perpendicular to the interfaces. Each layer is of width dj with thermal87

properties αj, υj. The first interface is at x0 = 0 and the last layer interface is at xN =88

d1 + · · ·+ dN = L. Outside the layered structure, for x < x0 there is a medium with89

thermal properties α0, υ0; and for x > xN there is a substrate defined by αs, υs. We will90

consider normal incidence, thus~q(~r, t) = q(x, t)x̂.91

Following the usual transfer matrix formalism the fields at the first interface x = x0
are related to those at the final x = xL as:(

T(L)
q(L)

)
= (MN MN−1...M1)

(
T(0)
q(0)

)
. (7)

Here the matrix Mj is given by [20,37]92

Mj =

(
cos(k jdj) − 1

Yj
sin(k jdj)

Yj sin(k jdj) cos(k jdj)

)(
1 Rj,j+1
0 1

)
, (8)

where Rj,j+1 is the interfacial or Kapitza resistance between the jth and j + 1 interfaces.93

The matrix M = ∏N−1
j=0 MN−j in Eq. (7) is known as the associated transfer matrix

which transfers the fields, in this case temperature and heat flux, through a given domain
[38]. The reflection coefficient r for the finite system is expressed in terms of the surface
admittance of the layered structure Y as follows [39]

r =
Y0 −Y
Y0 + Y

. (9)

Here Y0 is the admittance of the initial medium, Y is written in terms of the admittance
of the substrate Ys and the components of the associated transfer matrix as [38,39]

Y =
M21 −Ys M11

Ys M12 −M22
. (10)

We will consider a Bragg mirror made by repeating a unit cell with two materials94

m1 and m2. If we have n unit cells the total transfer matrix is M = (M2M1)
n. If the95

number of cells is infinite we obtain a superlattice with a translational invariance for96

x > 0.97

We want to compare the reflectivity r of the finite and infinite superlattice. For the
infinite case we use Bloch’s theorem [18,19], which establishes the dispersion relation of
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the Bloch wavenumber Q as cos(pQ) = 1
2

Tr(M), where p = d1 + d2 is the period of the
superlattice, and M = M2M1 is the transfer matrix of the unit cell. In the infinite case
the reflectivity r will be given by Eq. (9) but with admittance

Y =
M12

i(eiQp −M11)
. (11)

The calculation of the transfer matrix requires the values of the interfacial resistance.98

However the contribution is negligible for our particular problem. For the materials we99

discuss in this work, whose value can be similar to the contact between soft-matter or100

liquid-liquid interfaces [40,41] the values of the interfacial thermal conductance G = 1/R101

are in the range G ∈ [1.05, 3]× 106 [Wm−2K−1]. For these values the interfacial thermal102

resistance is negligible when calculating the total transfer matrix of the system. This is103

because the Kapitza length lk = κR is much smaller than the thickness of the layers.104

There is an important difference between the CVe and other wave phenomena, such
as electromagnetic or acoustic. The reflectance is defined as the ratio of the reflected
power to the incident power of a wave [42]. For example, in the electromagnetic case,
the power is measured integrating the time-average Poynting vector, and it is related to
the square of the electric field |~E| then

R =
|~Er|2

|~Ei|2
=
|r~Ei|2

|~Ei|2
= |r|2, (12)

where |~Ei| and |~Er| are the incident and reflected fields respectively. In the thermal case,
the power is measured by the heat flux, which is linear with the temperature field and
the reflectance is

R =
|~qr|
|~qi|

=
|r∇Ti|
|∇Ti|

= |r|. (13)

Since |r|2 < |r| < 1, by definition the thermal wave reflectance is bigger than the105

reflectance of other waves, as will be shown later.106

4. Thermal Bragg Mirrors107

Optical Bragg mirrors are made of alternate layers of high and low index of refrac-108

tion materials. The wave nature of the solution of the CVe is explored via a thermal109

Bragg mirror. We compute the heat flux~q(~r, t) · n̂ into the layered system.110

To extend the definition to thermal wave, we consider three specific materials:111

Aluminum [43] (Al) and two materials with thermal properties of biological tissue112

(epidermis and dermis) [13,18,44]. In Table I, the thermal properties of these materials113

are listed. From the experimental point of view, materials with biological-like responses114

can be designed with specific thermal properties using gel-phantoms [45].115

To illustrate the individual reflection properties of Al and dermis, consider a half-116

space made of each material in contact with a substrate made of a material with the117

properties of epidermis. In Fig. 1 we show the reflectance R as a function of the frequency118

ω for each half-space system. The solid lines correspond to reflectance as R = |r| from119

Eq. (13) and the dashed lines to R = |r|2 as in other types of waves from Eq. (12). The120

reflectance from Al (green line) exhibits a weak dependence on frequency reaching the121

maximum value of R = 1 at low frequencies, this material is a good conductor and has a122

very small relaxation time. The reflectance of dermis (red line) also reaches its maximum123

(R = 0.6) at low frequencies although the relaxation time is larger than Al. This behavior124

allows us to reduce the frequency domain to take into account (ω < 30 rad/s).125

Thermal Bragg mirrors are made of alternate layers of two materials with different126

thermal admittance. As in the optical case, we expect a frequency dependence on R with127

high (low) values for different frequency ranges.128
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Material Thermal Specific Mass Response
conductivity heat capacity density time

κ [Wm−1K−1] cV [J kg−1K−1] ρ [Kgm−3] τ [s]
epidermis (m1) 0.235 3600 1500 1

dermis (m2) 0.445 3300 1116 20
Al 237 921 2707 2× 10−10

Table 1: Thermal properties of the materials used in the numerical example of a layered
system taken from [13,18]. We will refer to the epidermis as material 1 or m1 and to the
dermis as material 2 or m2.

(a)

(b)

Figure 1. Reflectance R between the medium labeled material 1 and a half space made of Al (a),
material 2 (b). The properties of the different materials are given in Table I. As explained in the text,
the reflectance for thermal waves is R = |r| (solid), rather than R = |r|2 (dashed) as in other wave
phenomena. For metals, that have a very small relaxation time, they behave as perfect reflectors.

As a first case we consider a thermal mirror made of alternate layers of material 2129

(dermis) and material 1 (epidermis), shown in Table I. Not including the incident and130

substrate layers, the unit cell that will be repeated follows the sequence m1-m2. The131

thickness of each layer is d = 100 µm. In Fig. 2(a,b,c) we show the reflectance R = |r| as a132

function of frequency for different numbers of unit cells. The blue solid line corresponds133

to R for the finite Bragg mirror and the dashed red line corresponds to the semi-infinite134

periodic system calculated using Eq. (11). Finally, Fig. 2(d) presents a contour plot of135

normalized heat flux ~q · n̂ into the laminated system, normalized to the incident heat136

flux of magnitude q0. The vertical axis is the frequency and in the horizontal axis, the137

number of unit cells is shown. We observe that frequency regions of high reflectivity138

correlate with low values of heat flux. Notice that even with a few number of unit cells139

the rejection-band defined by a high reflectivity is obtained. The rejection-band can be140

clearly seen in Fig. 2(d) and is delimited by the white-dotted line.141

The reflectance in Fig. 2 has the typical form of a periodic system band structure,142

which ultimately is a result of introducing a delay time in the heat conduction model of143

Eq. (1). When solving the Fourier equation for the same system, frequency windows of144

high or low reflectance do not appear, instead a monotonous behavior for the reflectance145

and heat flux is obtained, as we show in Fig. 3. In this figure the same m1-m2 sequence146

was used as in the CV case and represents the diffusive limit for the Fig. 2(d).147
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We emphasize that the heat flux behavior in a periodic system which is analogous148

to the energy band structure of electrons in solids is a consequence of the CVe and it149

is not predicted by Fourier’s law, as is shown in Fig. 3. Furthermore, the frequency150

dependence on the reflectance is only obtained when solving the CVe and not the Fourier151

case.152

For this reason, an experimental setup similar to the layered system studied in this153

work could be used to verify or discard the existence of thermal waves.154

n =  1 n =  3

n =  15

(a) (b)

(c) (d)

Figure 2. For a system with unit cells made of alternating layers of material 1 and material 2 (see
Table I) and both of thickness d = 100 µm, we present in (a,b,c) the reflectance R = |r| as a function
of frequency for different numbers of unit cells n in a solid line, the dashed line represents the
semi-infinite periodic case. In Fig.(d) the heat flux into the system at x = 0 is shown as function of
frequency and n. The flux is normalized to the incident flux q0. The stop-band is seen even for
a few number of unit cells. The dotted lines indicate the position of the first stop-band for the
semi-infinite crystal.
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Figure 3. Normal heat flux in a contour plot for a system with unit cells made of alternating layers
of material 1 and material 2 assuming they have relaxation time equal to zero which corresponds
to the Fourier law case.

n =  1 n =  3

n =  15

(a) (b)

(c)

(d)

(d)

Figure 4. (a) - (c) Reflectance and normalized (d) heat flux of a system with unit cell m1-m2-Al-m2
(1-2-Al-2). Layers of Material 1 and 2 have a thickness of d = 100µm while for that of Al dal = 1µm.

4.1. Tuning of the thermal reflectance155

Having the stop or rejection band in a frequency window opens the possibility156

of fine-tuning the thermal reflectance and heat flux by modifying the unit-cells. For157

example if we have the unit-cell constructed as m1-m2-Al-m2, where the second layer of158

Material 1 is replaced by an Aluminum layer of thickness to 0.01d = 1µm. In this case,159

the reflectance and normalized heat flux are presented in Fig. 4.160
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As expected, new states appear and are indicated by shaded rectangles in Fig.4161

(a,b,c). We observe that reflectance for n = 1 and n = 3, shows a good agreement with162

the semi-infinite periodic medium, such that there are well defined frequency windows163

of high reflectance. However for few unit cells, the narrowest frequency windows are164

not defined yet and appear until we use 15 unit cells as is shown in Figs.4 (c), this is165

what we mean as fine-tuning of heat flux.166

Metals have negligible relaxation times, follow Fourier’s law and are malleable,167

thus have the advantage of being easy to fabricate with a well defined thickness within168

the periodic structure. A comparison of Figs. 2 and 4 shows to what degree the heat flux169

can be modified simply by adding an aluminum layer. The high reflectance region is170

subdivided into four narrower high reflectance regions. The thermal Bragg mirrors result171

from the contrast between the thermal properties of layer materials and the number of172

unit cells, analogue to the refractive index combination of optics Bragg mirrors.173

5. Conclusions174

In this paper, we showed the possibility of constructing Bragg mirrors for thermal175

waves that are a solution to the Cattaneo-Vernotte equation, it cannot be generated using176

Fourier’s law to model heat conduction. The mirrors are made of alternate layers of two177

different materials yielding a reflectance definition different to other waves, it reaches178

values higher than 90%.179

The response of the thermal Bragg mirrors is changed by introducing an aluminum180

layer in the unit cell. In this case, regions of high reflectance are obtained. At the181

frequencies of these bands, no heat flows into the mirror and can be referred to as182

stopbands. The counterpart result can be used to generate regions of low reflectance183

where a large heat flux into the mirror is possible, identified as passbands.184

Besides being a suitable system to demonstrate the wave nature of the heat flux185

and temperature for some non-Fourier materials, Bragg mirrors can be effective thermal186

shields by a reasonable design of the mirror and materials.187

To our knowledge, the body of experimental work has been limited to homogeneous188

systems and no experimental data on thermal Bragg mirrors is available for a comparison189

with our results that show the feasibility of constructing such mirrors. The wave-like190

nature of the temperature and heat flux derived from the Cattaneo-Vernotte equation is191

an approximation with many issues still under discussion in the literature. The proposed192

Bragg mirror will be a simple approach to determine the feasibility of the wave-like193

nature of the solutions and new possibilities for thermal management using analogies to194

other wave phenomena such as electromagnetic [29,46,47] or acoustic waves [39,48,49].195
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