Pre prints.org

Article Not peer-reviewed version

Approximate of Homomorphisms and
Derivations Structures in Normed Triple
Lie Spaces

Javad Shokri *
Posted Date: 25 February 2026

doi: 10.20944/preprints202602.1416.v1

Keywords: fixed point theorem; homomorphism; derivation; Ulam-stability of functional equations; normed
Lie systems

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/1927781
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 February 2026 d0i:10.20944/preprints202602.1416.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Approximate of Homomorphisms and Derivations
Structures in Normed Triple Lie Spaces

Javad Shokri

Department of Mathematics, Urmia University, P.O.Box 165, Urmia, Iran

Abstract

In this paper, we investigate the algebraic structures of homomorphisms and derivations, which play a
significant role in the fields of physics and engineering sciences. The main focus of this study is on
the perturbation of homomorphism and derivation structures associated with certain bidimensional
Additive-Quadratic functional equation in normed triple Lie (3-Lie) systems, within the concept of
Ulam-stability. By employing the fixed point theorem, we establish several required theorems, followed
by specific and relevant corollaries that highlight the theoretical significance of our findings.
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1. Introduction

The study of ternary algebraic operations dates back to the 19th century, When Cayley [2] and
other mathematicians introduced the idea of the cubic matrix. This idea was subsequently generalized
by Kapranov et al. [13] in 1994. Although the applications of ternary structures remain largely
theoretical, they have been linked to several areas of physics, including the quantum Hall effect, and
also in supersymmetric theories, the Yang—Baxter equation and statistics. Detailed discussions of these
applications in the context of physical problems are presented in Refs. [1,11,12,21,26]. A normed 3-Lie
system is a normed space (X, || - ||) equipped with a following mapping

[ ] A — A,

that hold under the following axioms for all elements r,y, u,v,w € X
(i) [uow] = —[ouw],
(i) [uvw] + [owu] + [wuv] =0,
(iii) [rs[uvw]] = [[rsulow] + [u[rsv]w] + [uv[rsw]],
(iii) |[[uvw] | < [lul[l[o]|w]]
The notion of a Lie triple system was originally introduced by Lister [14], with further discussions
provided in [8].
Consider normed 3-Lie systems X and ). A C-bilinear map H : & 2 5 Y is referred to as a
homomorphism whenever it satisfies

([uvw], x [H(

H ) =[H(u,x
H(u, [vwx]) = [H(u,v)H(u, w)H(u, x)]
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Let u,v,w,x € X. A C-bilinear mapping D : X? — ) is said to be a derivation whenever it satisfies

D([uvw], x) = [D(u, x)vw] + [u D (v, x) w] + [uv D(w, x)],
D(u, [vwx]) = [D(u,v)wx] + [v D(u, w) x] 4+ [vw D(u, x)]

forallu,v,w,x € X.
Subsequently, we provide the definition of an additive-quadratic mapping.

Definition 1. Consider the vector spaces X and Y. A mapping F : X? — Y is said to be additive-quadratic
when it is additive with respect to its first arqument and quadratic with respect to its second argument, indicating
that F fulfills the system of equations presented below.

F(u,w)+ F(v,w) = F(u+v,w)

and
F(u,v+w) + F(u,0—w) =2F(u,0) + 2F (u, w)

forallu,v,w € X.

In this paper, the concept of stability is considered according to the generalized Hyers-Ulam—Rassias
approach. In the present work, the stability of homomorphisms and derivations corresponding to the
following quadratic functional equation is examined.

2F(u+v,w+x)+F(u+o,w—x)=3[F(uw)+ F(ux)+ F(v,w)+ F(v,x)] 1)

3-Lie systems, viewed as ternary structures, have been studied in various contexts; see [6,17,18] for
related results. Equation (1) and its stability have been examined by S. Donganont et al. [5], whereas
more detailed analyses of the stability of quadratic functional equationsare discussed in [9].

Here, we recall an essential result from fixed point theory.

Theorem 1. (Ref. [15]) Let (X, d) be a Banach space, and let T : X — Y be a mapping with Lipschitz constant
0 < L < 1. Then, for every x € X, one of the following holds:

d(T"x, T" 1x) =

or there exists a nonnegative integer ny such that

(i) d(T"x, T"lx) < o0, n > ny;

(ii) T"x — z* as n — oo, where z* is a fixed point.

(iii) z* denotes the unique fixed pointin Y = {z € X : d(T"0x,z) < oo}.
(iv) d(z,z%) < {11,d(z,Tz) forallz€ Y.

Isac and Rassias [10] applied stability theory in 1996 to establish fixed point theorems, obtaining
several new results in mathematical analysis. In the last decades, Many researchers have extensively
studied various stability problems of functional equations; cf. [3,4,7,16,19,20,22-25] and references
therein.

Throughout the paper, we assume that X’ is a normed 3-Lie system with norm ||.|| v, and )V is a
Banach 3-Lie system with norm ||.||y. For a given mapping F : X2 :— ), we define PF : X* — Y by

PF(u,v,w,x) :=2F(u+v,w+x)+F(u+v,w—x)—=3[Fu,w)+Fux)+Fvw)+F(v,x). 2)

It should be noted that, to avoid repetition, in all theorems and their corollaries throughout the
remainder of this paper, the elements u, v, w, x are always assumed to be chosen from X, a normed
3-Lie system with norm ||| v.
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2. Approximate of Homomorphisms

This section focuses on the investigation of the approximation (or stability) of homomorphisms
related to the bilinear additive-quadratic functional equation (1). To prepare for the proof of the main
theorem, we first establish several auxiliary lemmas

Lemma 1. Consider X and ) as C-linear spaces, and define F : X 2 5.

(i)  Let F be a bi-additive mapping, such that F (au, pv) = afF (u,0) foralla,p € T' = {w e C: |w| =
1} and all u,v € X, then F is C-bilinear.

(ii) Let F satisfies the equation (1) then F is C-bilinear function.

(iii) Whenever F fulfills condition (1), it follows that F is an additive—quadratic mapping.

Proof. (i) Since F is a bi-additive, we get F(3u, v) = 1F(u,v). Obviously, F(0u,00) = 0F (u,0),
now let 81, B2 € C(B1 # 0, B2 # 0), and let M; and M, are two natural number, respectively, greater
than |B1| and |B|. Using a simple geometric argument, it can be concluded that there exist numbers
a11, 012, 01, &2 € T1 such that 2]@—11 = a1 +w1p and 21\% = ®y1 + &op. Therefore

_ (M, B M, B N MM B, P
f(ﬁm,[%ﬂ))]-"( > .2.Mlu, > .2.M20> =5 f(Z.Mlu,Z.sz

M M
_ M 72]-“((0411 + a2) 1, (21 + a22)0)

5
M M
= 71(0611 + 0112)-72(0421 +ax)F(u,v) = B1B2F (u,v).

Thus the mapping F : X2 — ) is a C-bilinear.
(i1) With v and x set to 0 in

2F (au + av, pw + Bx) + F (au + av, fw — px)
—3[aBF (u,w) + aBF (u,x) + aBF (v,w) + afF(v,x)] =0,
It follows that
F(au, pw) = aBF (1, w)

for every a, f € T! and all u, v, w, x € X. Therefore, using (i), the mapping F is C-bilinear.

(iii) Setting u = v = x = 0in (1) yields F(0,w) = 0, while v = w = x = 0 in (1) results in
H(u,0) = 0.

Substituting v = w = 0 into (1) gives F(u, —x) = F(u, x), which indicates that F is even in the
second component.

Let x = 0 in (1); this gives 2F(u + v, w) + F(u +v,w) = 3F(u,w) + 3F (v, w), leading to
F(u+v,w) =F(u,w)+ F(v,w). Hence, F is additive in the first argument. Substituting x for —x in
(1) yields

2F(u+v,w—x)+F(u+ov,w+x)=3F(u,w)~+3F(u,—x) +3F(v,w) +3F (v, —x).

From the fact that F is even in its second variable, we have

2F(u+v,w—x)+F(u+o,w+x) =3F(u,w)+3F(u,x)+3F(v,w) +3F (v, x). (3)
Combination of equations (1) and (3), presents

Fu+ov,w+x)+Fu+ov,w—x)=2Fwu,w)+2F(u,x)+2F(v,w) +2F (v, x) 4)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Let u,v,w,x € X. By substituting y = 0 into (4), we have
Fu,w+x)+ F(u,w—x) =2F(u,w) +2F (u,x).

Therefore, we conclude that F is quadratic with respect to its second variable, and therefore F is
an additive-quadratic mapping. O

The class of bilinear additive-quadratic mappings is denoted by LAQ(X,Y) throughout this
paper. It has proven in Lemma 1 that a mapping F satisfying (2) is an element of LAQ(X,Y). We
also introduce Go(X,Y) = {h: X% = Y : h(0,u) = h(u,0) =0, u € X}.

The stability of homomorphisms for functional equation (1), will now be proved in the following.

Theorem 2. Consider a mapping F € Go(X, ), for which a function ¢ : X* — [0, 00) exists such that

|PF(u,0,w,x)|| < (u,0,w,x), o)
nh_r)r(}o inlp(Z”u,Z"v,Z"w,Z”x) =0, (6)

| F ([uow], x) — [F(u, x) F (v, x) F (w, x)] |y
+[|F (u, [owx]) — [F (u,0) F (u, w) F (u, )]y )

< Y(u,v,w,x).

Ifan L < 1exists such that Y(u,v,w, x) < 12L(5, 5,5, 5), then a unique homomorphism H € LAQ(X,))
can be found such that

1Fww) - B o)l < 7= 9(3 55 5) ®
Proof. Substituting u = v and w = x into (5), we obtain
I3F (2u,2w) — 12F (u, w)|| < ¢(u, u, w, w). )
Therefore 1 1 0w w
” ZL]-'(ZM,Zw) — F(u,w) H < Elp(u, u,w,w) < Ll[)(i, 55 E)' (10)

Define X := {g | g : X% — Y}, and equip X with a generalized metric given by
—i +) _ (b e w
d(g,h): mf{te]R -\ g(u, w) h(u,w)||\tlp(2,2,2,2), Vu,weX}.

It can be readily verified that (X, d) is a complete space.
Let T : X — X be the linear mapping defined as

Tg(u,w) := %g(Zu,Zw).
For g,h € X with d(g,h) = ¢, we have
1 Uuuw w
lg(w,w) —h(uw)lly < 36(5. 5,55 )-

Hence

1 1 uuw w
| Tg () = Thu,w) | = 7]1g(2u,20) = h(2u,20)|| < Tsep(u,u,w0,w) < Ley (5, 5,55 )-
Hence, d(g,h) = e implies d(Tg, Th) < Le, which indicates that

d(Tg, Th) < Ld(g,h).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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forall g, h € X. From (10), it follows that d(F, TF) < L.
Applying Theorem 1, we deduce that T possesses a unique fixed pointin X; = {h € X : d(F,h) <
co}. Let us denote this fixed point by H, that is

H(2u,2w) = 4H(u,w),

where there exists t € (0, ) satisfying

U u w w
— < 22 ).
|H@w,w) - Fu,o)ll <t9(5.5.5.5)
Meanwhile, we have
lim d(T"F,H) =0.
n—oo
As a result,
: 1 n n _
lim 4—n}'(2 u,2"w) = H(u,w) (11)

for each u, w € X. Consequently, from d(F, H) < 1;d(F, TF), Thus,

< —.
d(]:/H)\l_L

Then, we obtain inequality (8). Using (5), (6) and (11), it follows that
I2H(u+v,w+x)+ H(u+v,w—x) —3H(u,w) —3H(u,x) —3H(v,w) —3H(v,x)||y
= lim 4ln||zf<zn<u +0),2" (w + %)) + F(2* (4 +0), 2" (w — %))
—3F(2"u,2"x) —3F(2"u,2"x) — 3F (2"v,2"cw) — 3F (2"v,2"x) ||y

1
< lim —ntp(Z”u,Z”zz,Z”w,Z”x) =0.

n—oo

Therefore
2H(u+v,w+x)+ H(u+ov,w—x) =3[H(u,w)+ H(u,x) + H(v,w) + H(v, x)].

As H satisfies (1), we have, by Lemma 1, that H : X’ 2 5 Y is C-bilinear. Using (6) and (7), it follows
that

[1H ([wow], x) — [H(u, x)H (v, x)H(w, )] ||y + [ H (u, [owx]) — [H(u, 0) H (1, w) H(u, x)]|| y
= lim 4%(||]—'([2"u2"02"w],2”x) — [F(2"u,2"x) F(2"0,2"x) F (2"w, 2"dx)]||y

(@, 02 w2 x]) — [F(2,270) F (2", 2"0) F (2, 2"%)] )

1
< lim 4—1[J(2"u,2”v,2"w,2”x) =0

n—o0

for each u, v, w,x € X. Thus, we obtain
H([uvw],x) = [H(u,x)H (v, x)H(w, x)]

and
H(u, [vwx]) = [H(u,v)H(u, w)H(u, x)].

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Consider a bi-additive mapping T' : X2 — ) that satisfies (8).

1H (u,0) = T'(u,0) ||y = %IIH(Z”%Z”D) = T'(2"u,2"0) |1y
< gl H@',2%0) — F(@'u,2%) |y + | F(@",2') — T'(2"0,20) |y
< %nzp(Z"u,Z”u,Z"w,Z”w) =0
asn — oo. Hence H = T'. Consequently, H : X2 — ) is a unique homomorphism fulfilling (8). O
Corollary 1. Let s € (0,2) and 9 € (0, 00). Consider F € Go(X,Y) which satisfies
IPF (1, 0,0, ) || < O([lul* + [[o]]* + [[w][* + [[x]]*)

and

I F ([wow], x) = [F (u, x) F (0, %) F(w, x)] |y + | F (, [owx]) = [F(u,0) F (u, w) F(u, x)] ||y
< O([[ull® + [lol* + [[wll® + [|x[]*)-

Then, there exists a unique homomorphism H € LAQ(X,Y) satisfying

29

- <
17 () — H(w,w)l| < 5o

(luel)® + [leol*)-
Proof. The proof can be derived from theorem 2 by taking

Y, 0,0, x) = O([Jul]” + [0l + [[wl]® + [|x[*),
and setting L = 2572 yields the desired result. [

Theorem 3. Assume that F € Go(X,Y) is a mapping for which there exists a function ¢ : X* — [0,0)
satisfying (5) and (7). Ifan L < 1 exists such that {(u, u, w, w) < %1,0(211,211, 2w,2w), and

1im4”¢(” v w x):o (12)

n—sco on’ gn’ gn’ on

for each u, v, w, x € X, then a unique homomorphism H € LAQ(X,Y) exists, such that

L
- <— .
| F(u,v) — H(u,w)|| < 12_12L1/J(u,u,w,w) (13)
Proof. From (9), it follows that
u w 1 /uuww L
- ~N’ A < ‘~ N’ AR’ A’ A < 4, W, . 14
|17 () 4]:(2’2)H 2¢<2 2’2 2) 1 ¥ (04,0, 0) (14)

Take the set X := {g| ¢ : X? — Y} and construct a generalized metric on X,
d(g,h) = inf{t eERT : |lg(u,w) — h(u,w)| < ty(u,u,w,w), Vu,we X}.

It is straightforward to verify that (X, d) is complete.
We now introduce the linear operator T : X — X defined by

Tg(u,w) := 4g(g, %)

Using (14), we obtain d(F, TF) < %

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Applying Theorem 1, we deduce that T possesses a unique fixed point in X; = {K € X :
d(F,K) < co}. Denote this fixed point by H, that is

H(2u,2w) = H(u, w)
for each u, w € X, there exists t € (0, %) such that
|H(u,w) — F(u,w)|| < tp(u,u,w,w)
or every u,w € X. On the other hand, we obtain

lim d(T"F,H) =0,

n—o0

which gives the following equality

lim 4*7( “ w) = H(u,w). (15)

n—00 on’ on

It follows from d(F, H) < 27d(F, TF) that

L
< — .
d(F, H) < 12 — 12L

This leads to inequality (13). The remainder of the proof is analogous to that of Theorem 2. [J
Corollary 2. Fors € (2,00) and ¢ € (0, c0), consider F € Go(X,)) which satisfies
[PF (u, 0,w, )| < O([|ul]® + [[o]|* + [lw]]® + [[x][*)
and
I F ([uvw], x) = [F(u, x) F (0, %) F (w, )] || + |7 (u, [vwx]) = [F(w,0) F (u,w) F(u, x)] ||y
< O([[ull® + ol + [[wl* +[lx*),
then, there exists a unique homomorphism H € LAQ(X,Y) satisfying

29

| F (u,w) — H(u,w)|| < m(

)

Proof. The proof follows directly from Theorem 2 by setting
P(u,0,w,x) = 8(|[ul® + [|o]° + [[w]* + [|x]|*)
For every u,v,w,x € X, setting L = 225 yields the desired result. [

3. Approximate of Derivations

This section is devoted to studying the approximate within the stability framework of derivations
in 3-Lie algebras for functional equation (1). We start with the following key theorem.

Theorem 4. Let F € Go(X, D) satisfying (5) and (6), and suppose there exists a function 1 : X* — [0, )
such that
| F ([uow], x) = [ (u, x)ow] — [uF (v, x)w] = [uoF (w, x)]|ly
H{|F (u, [owx]) = [F(u, 0)wx] = [0F (u, w)x|[owF (u, x)] ||y (16)
< ¢(u,0,w,x),

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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and assuming there exists L < 1 such that (u, u,w,w) < 12Llp(%, %.%, %) Then, a unique derivation
D € LAQ(X,Y) exists, such that

L
|7 () = D(w,w)| < 7=7¥(5. 5,575 )- (17)

Proof. Following the same argument as in the proof of Theorem 2, we obtain a unique C-bilinear
mapping D : XZ — Y satisfying (17). The mapping D is given as

1
D(u,w) = lim 4—n]—"(2"u,2”w)

n—o0

for each u, w € X, consequently, it follows from (16) together with (6) that

ID([uow], x) = [D(u, x)vw] — [u D (v, x)w] — [uv D(w, x)]||y
+ 1D(w, [owx]) = [D(u, v)wx] = [o D (u, w)x|[ow D(u, x)}||y

= lim <H43 F (28" uvw], 2%"x) — [%}'(Z”u,Z”x)vw}

n—oo

]' n n 1 n n H
[u4n]-"(2 v,2 x)w] [uv4n]-"(2 w,2 x)] y
+ H@}' (2%"u, 25" [vwx]) — {4111.7-'(2”%2”0)@04
1 n n 1 n n H
[v4n]-'(2 u,?2 w)x} [vw4n]-'(2 u,2 x)] y)
, 1 s 1 s
= lim (HWF([znuznvznw],z "x) = g [F (2", 27"5)2" 02" w]
L 2" F (2", 23" %) 2" w] — L 22" F (2w, 23" x
+ Hﬁ}'(f”u, [2"v2"w2"x]) — ﬁ[]—'(Z%u,Z”v)Z”wZ”x]
— 2" u, x] — —[2"02"w u,2"x
4;1 2" F (2% u, 2" w)2" 4;1 202" wF (2% u, 2" )
1 s 1,
< nh_rgo (Elp(Z”u,Z”v,Z”w,Z "x) 4+ WI/J(Z "u,2”v,2"w,2”x)) =0.

Therefore

D([uvw], x) = [D(u, x)vw] + [u D(v, x)w] + [ow D(w, x)],
D(u, [vwx]) = [D(u,v)wx] + [v D(u, w)x] 4+ [vw D(u, x)].

Consequently, D is the only C-bilinear mapping that satisfies (17). [
Corollary 3. Lets € (0,2) and 9 € (0,00). Suppose F € Go(X,Y) satisfies
[PF (u, 0,0, )| < O([|ul]® + [[of|* + [lw]]” + [[x][*)

and

IF ([wow], x) = [F(u, x)ow] — [uF (0, x)w] — [uoF (w, x)][|y
+ [ F (u, [owx]) — [F(u, v)wx] — [vF (u, w)x] [owF (u, x)] ||y
OCllull® + loll* + [[wl* + [[x[°),

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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it follows that a unique derivation D € LAQ(X,Y) exists, such that

29
4—2s

[[F (u,w) = D(u,w)|| < (lll? + [l l}”)

Proof. Using theorem 4, the proof follows by taking
Y, 0,0, x) = B([Jul” + (ol + flw]” + [|x[*)-
Hence, by taking L = 2572, the desired inequality is established. [

Theorem 5. Let F € Go(X,Y), and suppose there exists a function  : X* — [0,00) satisfying (5), (12)
and (16). If an L < 1 exists such that {(u,u, w, w) < %1/)(214, 2u,2w,2w) for each x,z € X, then a unique
derivation D € LAQ(X, DY) exists, satisfying

L

| F (u,w) = D(u,w)| < m%”(

uw,u,w,w). (18)
Proof. The argument follows in the same manner as in the proofs of Theorems 3 and 4. O
Corollary 4. Lets € (2,00) and ¢ € (0,00). Suppose F € Go(X,Y) satisfies

IPF (u, 0,0, ) || < O([|ul* + [[o]]* + [[w][* + [[x]]*)
and

IF ([wow], x) = [F (u, x)ow] — [uF (v, x)w] — [uwoF (w,x)]|[y
+ 1 F(w, [owx]) = [F(u, v)wx] = [yF (u, w)x][beF (u, x)]||y
S O([[ull® +llol]* + l[wl* + [1x[°)

forall u,v,w,x € X, then there is a unique derivation D € LAQ(X,Y), such that

29

| F (u,w) = D(u,w)|| < 3 —4)

(luell” + Jleo]7)

Proof. The proof is a direct consequence of theorem 5 by setting
Y, 0,0, x) = O([Jul]” + (o] + [[wl]® + [|x[),
the desired inequality is obtained by taking L = 2275, [

4. Conclusion

In this paper, we explore the algebraic properties of homomorphisms and derivations. Our pri-
mary focus lies on examining the stability of homomorphism and derivation structures corresponding
to a specific bidimensional bilinear Additive-Quadratic functional equation in normed triple Lie
systems. Utilizing the fixed point theorem, we derive several essential theorems and present pertinent
corollaries that emphasize the theoretical contributions of this work. For future research, this procedure
can be applied to obtain analogous results for one-dimensional functional equations.
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