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Article

Synthesis of Adaptive Algorithms with
Given Quality

Nikolay Karabutov

MIREA —Russian technological university; nik.karabutov@gmail.com

Abstract: Integrated adaptive algorithms (IAA) are widely used in control systems. Some authors use
integrally proportional algorithms, which are obtained in heuristically considered features of the
system under consideration. Most IA was got based on of the second Lyapunov method.
Modifications of numerical procedures are used as algorithms for tuning parameters of the control
law. In this paper, we substantiate some well-known algorithms and procedures, considering the
requirements for an adaptive identification system. Requirements are formed as functional
constraints and are considering during synthesis. A representation of the adaptive algorithm is
obtained as a system in the state space. Classes of potential algorithms (PA) are considered. PA has a
general form and is required adaptation at the implementation stage. PA variants are presented. The
limitation of trajectories in an adaptive system and their exponential stability are studied. Simulation
results are got.

Keywords: adaptive algorithm; functional constraint; adaptive system; exponential stability;
Lyapunov function

1. Introduction

The integrated adaptive algorithm (IAA) is widely used in control systems:

A=-TE'RX, (1)

where Ae R" is vector of tuning parameters; Ee€ R? is an error in estimating system output;
X eR" is vector of observed variables (input, control); I'e R™ is positive definite gain matrix;
R=R">0 isthe matrix of the loss function (optimisation criteria).

Equation (1) describes the IAA class, which determined by minimising the quadratic loss
function, consider heuristic assumptions, or ensuring the stability of the identification system (see,
for example, [1-10]).

In [6], the system is considered

X =F(Xx"")+AF (X )+ HT (X" D) A+ L(X")U, )

where XeR",UeR" are vectors of state and control; F(X“")e R’ is a continuous vector

function; H(X"")e R™ and L(X"")e R™ are continuous matrix functions, AF(X"™")e R’

is an undefined function; A(f)e R" is an unknown parameter vector. A preliminary estimate
A,=4,(t)e R" isknown for 4.
A robust adaptive algorithm (AA) [6] is proposed:

A= HP ()X =(u+1)(A-4,)+ 4,

K (©)
U, =H"X4,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where A is estimation of the 4 vector, U, is control, x>0, P! (A) is a matrix that determines

the quality of control.
The algorithm (3) implementation under uncertainty is difficult, since the current evaluation of
the adaptation quality is not considered. Modification (3) and its simplifications are proposed in [6].
In [10], IAA (1) and its proportional o -modification were considered [11]

A

4, =F(EiTRiXi _O—‘ai) “4)

where 0 >0 guarantees damping of the tuning process.

A generalization of the ¢ -modification, if the condition of constant excitation is not fulfilled, is
given in [12]. In [12], the design of AA is based on the requirements for the derivative of Lyapunov
function (LF).

An adaptive law for the first-order system is proposed in the form

4, :_61X1_7|el|1:11s 7>0 (5)

where ¢ =—k,e +A4'X,, ¢ eR is error in predicting system output, X,eR" is generalised
system input, &, >0. AA is introduced intuitively without synthesis formalization method.

Projection variants of IAA are proposed in [13]. Modifications of IAA are considered in [15-18].
A normalized version of the algorithm (1) (projection algorithm) is proposed in [16]

TE"RX

A=-"=
1+]1x1l

(6)

where |XI* =X"X . Various projection AA is considered in [19].

Regardless of [12], in [20], an analytical method is proposed for the synthesis of adaptive
algorithms, considering functional limitations.

Remark 1. Sometimes, signalling adaptation (SA) [21] algorithms are used. As shown in [20], the
SA use in adaptive identification systems is not always effective.

The analysis shows that the IAA is obtained based on the least squares method and its
modifications, and the LF, are mainly used. Gradient algorithms based on numerical optimisation
methods are often implemented. The AA parameters are selected to ensure the stability of the
adaptive process.

In this paper, we generalise the approach proposed in [20] for the formalised synthesis of AA.
The properties of the adaptive identification system (AIS) are investigated using the example of a
decentralised system.

2. Problem Statement

Consider AIS
X = AX + Bu
Sy
y=C"X

where X e R” is the state vector, 4e R™ is a matrix with constant elements, Be R", Ce R",
ye R is system output.

Set of experimental data
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I, ={y(») u(®), te J, =[t,.1, ]} .
The model for evaluating elements (4, B)

.. X=-Kk(X-X)+AX +Bu
A N AT (7)
y=C"X

where K e R™ is the Hurwitz matrix, X € R” is the model state vector, A€ R™ and Be R’are
tuning matrices.
Problem: find the tuning laws of the matrices G1 and K2 such that:

lime(¢)] = lim|3(1) - y(1)| < 8, &, 20.

3. The Constant Excitation Condition

Consider the requirements for (X,u). The estimation of system parameters (1) depends on the
S, -system identifiability. This property is guaranteed if the condition of constant excitation (CE) is
satisfied for I, .

Let u(r) satisfy the condition CE

@G 50, <UL, Vet ,+T] or ut)e e, 5, ®)

2
2,.9,

where ¢,>0,0,>0, T>0.1f u(t) doesnothave the CE property, then we will write u(t)¢ 7, ,
or u(t)ye e .

Remark 2. If a nonlinear System is considered, then condition (8) is transformed [22].

4. AA Synthesis Based on LF

The error equation for the system (1), (7):
E =—KE+AAX +ABu,, 9)

where E=X-X ; AA= A- A, AB = B-B are parametric residuals.
Let a functional constraint y(E,A4,AB)>0 be imposed on the system (9), where (") is a

continuously differentiable function reflecting the tuning process quality. The task is reduced to
P)-y(1)|<6,, 6,20.

meeting the target condition lim|e(#)| = lim
t—00 10

Introduce LF
V(E,A4,AB,t)=0.5E" (f)PE(t) +0.5tr (A4" T} A4) +0.5AB'T,'AB, (10)

where P=P' is symmetric positive definite matrix, tr is the trace of the matrix,
r,=T",>0,T,=T}, >0 arediagonal matrices.

The V derivative:
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V=—E"QE +tu[(PEX" + AI'T ) A |+(E"Pu+AB'T,')AB, (11)

where K'P+PK=-0Q, 0=0" is symmetric positive definite matrix. From ¥ <0 we obtain AA

AAd=-T ,XPE"
. (12)

AB=-T,PEu

So, the IAA synthesized from the stability condition of the system (9). AIS is stable in the space

(¢,E). This is a classic AA synthesis scheme.
Remark 3. In [18], a quadratic condition is imposed on ¥ to develop a control algorithm.

Functional restrictions (FR) for obtaining AA are not considered.

5. FR and AA Structure
Consider LF V(E,A4,AB,t) and apply the approach [20]. Let FR imposes on the AIS

V<—y(E,A4,AB), (13)

where y(E,A4,AB) is a quality function of processes in the adaptive system.
Describe the approach to AA synthesis using the example of the matrix 4 identification for the
S, -system. Let V, £V (E,A4,t). Consider examples of functions y(E,A4).

1. y=1, :aASp(AATAA), where % ~ 0. Let s = Vs +Zs Then:

N, =—E"QE + E"RAAX +tr (AA"A4) +tr A)+a,tr .
"OE + E"RAA (AA"A4) +tr(A4” A4) (A4”AA) 14

From condition 7, <0, we obtain
Ad=-Ad—a,AA~T REX" . (15)

Let A4d=Z . We get the representation for equation (15) in the state space

S, 2=2,, (16)
Z,=-a,Z,—-Z,-T ,REX".

So, if FR is imposed on AIS, then AA is described by the system S,,. In this form, to apply of

the system (16) is difficult. Therefore, the system structural modification is necessary (16).
Remark 4. There are various modifications to the S,, -system that depend on FR.

2. Ya=0, mtln||E|| tr(A4"A4) u 1,, =V, +7,, . Then we get the .7, -algorithm:

Ad=-T ,REX" -@,,T Ad, (17)
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7

where &, , =a,,, min ||E E || =+ E'E is the Euclidean norm of the vector E .

Modifications of the -7, -algorithm:

(a) integral .7, -algorithm
AA=-M"'T ,REX", (18)

— ~ _1Tr
where M =L+0.T; T,=T}>0,

(b) -7, -algorithm as a delayed system (modification (17)):
AA(t)=-T , REM)X" (1) -, , (AA(t) - AA(t - 1)), (19)

where @,,=a,,7, 7>0 istime lag;

(©

Ad=-T ,REX" -a,,D(|e|)T ,A4. (20)

Remark 5. The AA (17) implementation and its modifications is depended on the identified
system and the properties of the set {X(¢),u(t)}. At the beginning of the adaptation, apply variant
(17). If the initial conditions can be chosen successfully, then apply algorithms (18)-(20).

3. Xea= aE’ASp(AATD(|e[|)AA) , where o, >0, D(|e,.|) is the diagonal matrix of the vector E

elements. y,, corresponds tothe .7, -algorithm
Ad=-T ,REX" —a, ,D(le])Ad. (21)

Remark 5 is valid for (21). Modifications and simplifications of the G2 algorithm are possible. As
a special case, algorithm (5) follows from (20).

Remark 6. FR can have a different form. Above, we have considered only some examples of
restrictions y(E,A4) for adaptive identification of matrix 4 . The described approach is valid for

the vector B identification. If in variant (2b) x, . =0(X,ASp(AAT D(|x[|)AA) , then we get of the

algorithm (18) analog from (20), a special case of which is equation (6).

6. AIS Properties

We will evaluate the limitations of AIS trajectories using algorithms (19) and

AB(1) =T ,RE(u(1)-o,T, (AB(1)~AB(1~7)). (22)

Theorem 1. Let: 1) Ae.#  is the Hurwitz matrix; 2) Lyapunov functions
A (t)zO.Str(AAT l"jAA(t))+0.5ABT I, AB(t) and V, =0.5E"RE assume an infinitesimal upper limit,
where I',,I'; are diagonal matrices with positive diagonal elements; 3) X(Ne#7, , ,

a

u(t)e 7, 5 ;4)4)exists v>0 such that the condition
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tr(A4'T, T ERX" ) = u[(tr(AATr;jrAAA) +E"RE|| x| )] (23)

is performed at sufficiently large ¢ in some neighbourhood of O(0) zero. Then the trajectories of

the system (9), (19), (22) are bounded on some set of initial conditions if

2
st o <y, -v32=v,, (24)
A

where 7=4. (1 +%UO’AJ , O, =024, 0, =Ar Ar,, Ap, is the minimum eigenvalue of the matrix.

e

The proof of Theorem 1 is presented in Appendix A.

Theorem 1 confirms the limited trajectories in the system (9), (19), (22) and the possibility of local
identifiability of model parameters. These statements are valid for some set of initial conditions, since
AIS is a system with the delay.

Consider the system (9), (15). To simplify the results, we assume that the vector B of the model
(7) is precisely tuned (i.e., AB=0), and:

E=—KE+AAX . (25)

Present the algorithm (15) in the form (see Appendix B)
Ad=-VAA—d T [ERX" - \A(t—1), (26)

In (26), the argument ¢ is omitted, and /-7 isused to emphasise the delay.
Consider FL 7, = O.S(ET RE ) and the Lyapunov

y

A0, T

0
=V, +V,, = 0.5t (A4"Ad) +c [ tr(AL" (¢ + 5)Ad(t +5)) ds 27)

depending on initial conditions for A(t-7).
Theorem 2. Let the theorem 1 conditions be fulfilled, where the functional (26) is used instead
of V,,and 1) exists @>0 such that the condition

tr(A4"AA(t - 7)) = o(tr (A4"A4) + tr (A4” (1 —7) AA))

is performed at sufficiently large ¢ in some neighbourhood of O(0) zero; 2) the system of

inequalities

VE B _:uE_ ayp VE
= @A, (28)
AT 4 2_ _2‘% A, T

, 8vd ——

W w

is fair, where p >0, @, >0 are numbers depending on the parameters of the adaptive system; 3)

the upper solution for the Lyapunov vector function W = [VE v, ]T satisfies the comparison system

SU,T

S, =4,8, if s,,(t)=w,,(t), where s, (t), wy,(t) are initial conditions for elements of
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corresponding vectors, k=E,(A,0,7). Then the adaptive system (25), (19), (26) is exponentially

stable with the estimate
W, (1,) < e s, (1)

If (t,0,)>0, 2u,0, >0 pA 04, / 8vd*>, A are the maximum eigenvalue of the matrix,
p>0.

The proof of Theorem 1 is presented in Appendix C.

Theorem 2 proofs the exponential stability of the adaptive system (AS) with algorithm (26). We
apply the Lyapunov functional (27) to prove this property.

Remark 7. Consider the tuning algorithm B (26) does not change the statement of Theorem 2.
In this case, the system of inequalities is valid (28).

So, we have proved the applications of AA as a dynamic system. These algorithms improve the

quality of tuning process for model parameters.
Consider AIS (9), (21) with the algorithm

AB=-T,REu, (29)

where I'y =T, >0 is the diagonal matrix.

Theorem 3. Let conditions 1-3 of Theorems 1 be fulfilled and 1) exists v, >0 such that the
condition AB"REu=0.50, (AB"AB+2|REul) is performed at sufficiently large ¢ in some
neighbourhood of O(0) zero; 2) the system of inequalities

l:VE:l < |:_/u£ pv:||:VE:| (30)
v, n, -K||V,

= A= =

is fair, where u,, p, K arepositive numbers depending on the parameters of the adaptive system;

3) the upper solution for the Lyapunov vector function W, =[V, V| W = [VE A ]T satisfies the

comparison system S. = A.S. if s-, (4,) 2w, (), where s, (4,), w,_, (¢,) are initial conditions
for elements of correspond vectors, k = E,A . Then the adaptive system (9), (21), (29) is exponentially
stable with the estimate:

if #e>0.K>0 0 _Oxhy o gang HeKZ PN,

- u—u=—

4 u

Remark 8. Properties of IAA obtained without restrictions depend on the CE condition
fulfilment.

7. Simulation Results

Consider the system
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A Rl
S, 9| X, —a, —a, || X, a, b, G
N =X, (31)
S, :{)'62 =—a,X, +@,x, +bhu, +c, i (x, ),
Yy =Xy,

where X, =[x, xlz]T , y, are state vector and output of the subsystem S,; u, is input (control);
/i (x,)=sat(x,) is saturation function; f,(x,)=sign(x,) is the sign function; y, is output of the
subsystem S,, b =1, a,,=2,a,=3, @ =15, b=1, ¢,=1, a, =125 @, =02, b, =1, ¢,=025
. u,(t) inputs were sinusoidal.

The subsystem S, equation is represented [17] as:
h==oy+aop, +Bop, +hp, e, (32)

. . . >0
where 0(1’ az,ﬂlz, b, ¢ are estimated coefficients; H ,

D, =—Hp, + W, D, =MD, +X,,
pul :_ﬂpul +u1’ pfl =_l[lljf1 +fi'

Models for the system (31)

Vi =—ke +a,y +‘312py, +ﬁlszz "'blpu1 +61pf; , (33)
);’2 =—k,e, +a,y, +‘Alzyl +52u2 +6./; (34)

> =y - =y,— A LD A .
where ki &, O, a=n yl, © =0 yz, a,,a,,b,,¢, aretuning parameters.

(Rt R

Adaptive algorithms

a, ==Y, ey +7, a,t—-1), a, =-7, ép, B, ==73,6Px,>
1 1 12 f

: : _ (35)
b = Vel G ="vY.epP;, V.G (t-1),

a, = _711262.)/2952 =758V b, = —V, 6U;s ¢ = -7, /3 (36)

%, =0.026, y, =0.025,7, =0.002,7, =0.057, =0.03,7%, =05

A

where .
Results are shown in Figures 1-3. s 1 reflects the adequacy of the models (33), (34).
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20 415 10 05 00 05 10 15 20 25
12
44
24 lo .
a V2
Y1 o]
{2
24
4 ‘ 4
4 2 0 2 4 6

Figure 1. Adequacy of models (33) and (34): 1 is model (33), 2 is model (34).

Results of tuning parameters for models (33) and (34) are shown in Figures 2 and 3.

2,0
{-2
A 1,54 Py Ay
| a r
a, I ) 11 1
. 1,049 14
elz 0,5 a, a,
b
' 0,01 1-6
0,5
{-8
-1,0
0 100 200 300 400 500
t
Figure 2. Tuning parameters of model (33).
1,0
b
A 2
~ 0,59 G
a, e
2 \ —
. a,
b, 05/
2 .
-1,01 a,
-1,5 T \ T T
0 100 200 t 300 400 500

Figure 3. Tuning parameters of model (34).

Simulation results confirm the proposed AA performance. (35) and (36). Tuning process can be
linear or nonlinear. Efficiency is determined by properties of the adaptive system and the parameters

of signals.
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In Figures 4-6, we present identification results of the system (31) with algorithms (35), (36),
where algorithms for tuning 4,, and ¢, in (35) have the form

Zi _ (1_7_/a” el|)_}/a“ely17if |el|/|y1|>01>
1 a, -7, ey, if |e]/|n]<0.1,

a==-r.apby-

To ensure the system (31) S-synchroniability, we changed parameters b =2.9 and b, =1.4.

Tuning parameters for models (33) and (34) are shown in Figures 4 and 5. The adequacy of the models
is reflected in Figure 6.

2,50

a
11
1,25- /”th\—’xz’W
~ |
ap, %—%r
~ 0,00 5
o

l; -1,25-
) 1
@l -2,50 1
'3,75 T T T T
0 100 200 ¢ 300 400 500

Figure 4. Tuning parameters of model (33): 1—- gl ,2 - %o ,3 - ﬂlz ,4 - b ,5- .

1,51 1 )
A /_/_/
104
a, 2
A 051/
5 fﬂ
2 0,047 3
b. 05
2
< 1,04 4
c2_1,5_
-2,0
‘2,5 T T T T T
0 50 100 150 200 250 300

Figure 5. Tuning parameters of model (34): 1is b,,2isd,,3is ¢,,4is a,.
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12 6
91 14
A 64
Vi 125
3 V2
10
OA
-3 1-2
-6 +— T T T T T T T T -4
6 -4 -2 0 2 4 6 8 10 12

Figure 6. Adequacy of models (33) and (34).

We see that the outputs of subsystems affect adaptation processes.
Figure 7 shows phase portraits in AIS in spaces (¢,d,) u (e,,é), (e,.a,). We see that

adaptation processes for S, are nonlinear, and they are almost linear for the §, system.

0.0 02 04 € op 08 10
06 . .

0,51
a, 04-
. 031

0,2

0,14

0,0+

-1% 12 09 06 -03 00 03 06 09
62

Figure 7. Phase portraits of AIS in spaces (¢,4,,), (e,,¢,) and (62 , 32) .
So, the simulation results confirm the proposed algorithms.

8. Conclusion

The approach to the synthesis of adaptive algorithms based on requirements for the adaptation
process is proposed. These requirements are presented as functional constraints (FR). It is shown that,
for the considered class of FR, the adaptive algorithm is described by the system in the state space.
Special cases of FR are considered and the corresponding AA are obtained. For one class of adaptive
algorithms, a representation is presented as the dynamic system with an aftereffect. Properties of
adaptive systems of identification are studied, and the limited of trajectories and exponential stability
are proved. Simulation results confirm the efficiency of adaptive algorithms.

Appendix A
Proof of Theorem 1. Consider FL

V,=0.5tr(A4'T,Ad)+0.5AB'T,'AB, V, =0.5(E"RE).
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For 7=, we get
V, =—E"QE+E"R(AAX +ABu) < ~E QE, +|E" R |A4X + ABul),
or
V, =—E"QE + E"R(AAX +ABu) < —E' Q.E, +0.5(|RE[] +|A4X +ABu[’), (A1)

where ||RE||2 =|RIE"RE<24V,, A'R+RA=-0Q, 0=0" >0 isa symmetric positive matrix.
T T
Lot FTOE=uERE 420
|adx +ABu| <@, a4l + &, A8l < A2)
< A tr(A'T,Ad)+a, A AB'T,AB<2pV,,

where p =max (07X /TTA ,Q, 2_1.8 ) , ﬂ_TA J_.].B are maximum eigenvalues of matrices I',, T',, then
Ve StV +2pV,, (A3)

Hg =lu—2/TR >0

where
v

A s
V,=tr(A'T/A4)+AB'T, AB =
= AT (~oT ,AM-T ,ERX" + 0, ,A(t 7))+ (A4)
+AB'T; (-T,REu - @,T, (AB—AB(1—17))).

The component 7, depending on A4 :

A

=t AT (- AM-T ,ERX" + @ ,Ad(t-7)) | = .
=-@,tr(A'T T ,Ad)—tr(A'TIT ERX" )+ @,tr (A" A(1-7)).

Then

tr(Ad” Ad(1 - 1)) < 0.5(tr (4" A4) +|[Ad(t - 7))
<0.5tr(A4'T T A4)+0.5tr(A4" (1 -7) A4 (1 ~7)) <

laace-o)f

<0.57,tr (AT A4)+0.5|Ad( o)

and

2
7

Vy, < —w,tr (AT A4) - tr (AT T ERX" ) +0.5|Ad(t - 7)
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where @, =@, —0.54,. Condition (23) is valid for tr(A4'T"; T ,ERX"). Therefore,
Vo S0, (AT /ad) = (i (84T T 8d)+ E"RE| X ) [+ 0.5|ad(e - (A6)
As
tr(A4'T, T, Ad)2 A, A7 tr(A4'T/A4) and E'R'E|X| 222,a,V,,
then (A6)
Vi S=0tr(A'T/Ad) - 022,00, V, +0.5]AA( -7,
where &=w,+4, Llé . After simple transformations, we get
Vi S=0tr (AT A) =204, 7, +0.5|Ad(t - 1) < —%d)tr(AA’r;‘AA) -
2004, 0
| Xt (aaT T A) 4 200,07, + 2VTEEZE e (AdTT M) |+
4 — 22 avi,a
ZRYX
>0
+0.5, @V A 0t |Vt (A4TTS M) +0.5|AA(e - )|
: 3 _ - .
Vy, < —Zanr(AATr;AA) +0.5 J@vAa, \V,tr (AT A4) +0.5[Ad(e- 7).
Apply the inequality
2 2
—a22+sz—_aZ +b—, a>0,b20,z20
2a
and get
Vy, < —%d)tr(AATFjAA) +§ KV, +0.5[Ad( -0, (A7)
where "E VAT .
The component ¥, depending on AB:
Vy, =—AB"RE(t)u—w,AB'T,'T, AB+@,AB'T,'T, AB(t 7). (A8)

Get
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; 3
VA,Z < _Zweirﬂl ABTF;AB -

2|e.4
- la)eirB‘ABTF;ABJr—FB‘ABTRE(t)qu L REG] |+

2.2\'(0041"5 1660@41—‘5,

>0

1
8a)e 41"31

+

a2V, +0,AB'T, T, AB(t—7).

@,AB'T,'T, AB(t—7) < 0.50, (AB'T/AB+AB (1— 1), AB(t 7)) <

<0502/ AB'T,/AB+0.50,%, [AB(t-7)|

then

1
8we irBl

14

A2

S—%we&rg AB'T,'AB + aiy,+

2
s

+0.50,4;'AB'T ) AB+0.5w,4’ |AB(t—7)

or

V,, < —%a)e Ar, AB'T,/AB+ aiy, +

8w A

e_l"B]

+0.50, 27 AB'T,/AB+0.50,27 |AB(t—7),

Vi $-0.50, (154, — A )AB'T,'AB +#&JRVE +0.50,4° [AB( -7)|".
e Ty

So

V,, <—yAB'T,'AB +#§M/TRVE +0.50,42 |AB(-7)|’, (A9)

B
a)e =Ty

X =0.50,(1.54, =%)>0

where
Let 7=min(0.375@,%), I?=%K'E t2 12 a,, and ﬂ:max(l,a)e/'l_é ) . Then, considering (A7)
we_r,,] 1
and (A9), we get
. ~ 2 2
V, <V, + &V, +0.50{|Ad( - )| +|AB )} (A10)

From (A10) we obtain that trajectory of the system (9), (19), (22) are limited if the condition

0.59{|Ad( - o) +|AB(t )|} < v, -V,
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is satisfied on a certain set of initial conditions. o
Appendix B
Obtain to algorithm (25). Present the algorithm (15) as:

Ad=-Ad—a,AA~T [ERX" . (B1)

Let AA(r)= K(M(t)—M(t—T)), k=At", where 7>0, At is the discreteness step. Then (B1)

present as:
M(t) = —aAd']AA(t) - d"FAE(t)RXT O+ Kd"AA(t -7), (B2)

where d =1+« . The algorithm (B2) is rewritten as:

A, =—VA-d"T ERX] ‘A (1-7), (B3)

I
where v=d(a, K), K=xd".

Appendix C

Proof of Theorem 2. Following the proof of Theorem 1, we obtain for V,:
V, =—E"QE+E"RAMX < ~ETQ.E, +0.5(|RE[ +|a4x]) . (C1)

Let E'QE>2uE'RE , u>0 , |RE[ <23V, , and |AdX| <@, tr(A4"A4) , where
Uy =p—22,>0.As tr(A4"A4)< pV, . then

A0, T
VE < _ﬂEVE +0_(X15VA,U,1’ (CZ)

where 'uE:ﬂ_zZR>O, p>0

Consider Vave We get for Vaw,
V,,=-vtr(A4"A4) —d ' tr (AT ER X] )~ Ktr (A4] A4 (t - 1)) (C3)

Transform (C3)

1

Vo= —%Utr (A4"A4) + [T ERXT|| — Rtr (AdT A (1 - 7))~

16vd*
1 1 ] 1
—(thr(AATAA) +m2\/5d 'tr(A4'T ,ERX" )+ — ||FAERXT||2j < (C4)

>0

3 1 2z
s-zmr(AATAAHW"rAERXT" —&tr (A" A4 (1~ 7).
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Let |0, ERX"|" < 2% @, A4 E" RE = 22} @, AV, . Then (C4):
; 3 (AA”A4) _ZA&X/TR — r
Vy, S —>vtr(Ad"A4) + 2V, —ktr (A4 A4 (t - 7). (C5)
4 8ud
Let
tr(AA"AA(t - 7)) = o(tr (A4"A4) + tr(A4” (1—7) AA)), @ = 0.
Then
. A2 A,
V.. <20V, , +%VE —ctr(Ad" (1 = 1)AA(t - 7). (C6)
” ’ 1Y

where @, =0.750+wk, ¢, =Kk —c>0.As m<tr(A4"(1—7)AA(t—7)) <im, then we get by the mean

integral theorem (or the Newton-Leibniz formula)

tr(Ad" (t—1)Ad(t—1)) 2 77! } tr(Ad” (1 +5)AA(t +5)) ds .

-7

B =min(2a,,c,7")

Let . Then

. Al 0 Ay
V. <28V, 44 XR
IB A0,T 81.)d2

Ao =

V.. (C7)

So, the system of inequalities is valid for the system (25), (26)

V —Hg ‘7)(15 Vv
E Ty — A E
S| R ad, [V } (C8)
A, T —2 —2ﬂ A, T
/4 e

Ay

The upper solution of the system (C8) satisfies the vector system S, = 4, S, if s,(¢)=w, (%),

where s,(t,), w,(f,) are initial conditions for elements of vectors S,,, W . The adaptive system is

i

exponentially stable with the estimate:

w(t,)<e™ s, (1,)

if (ﬂanA)>0, 20,0, >&Xﬁzr2A0_(XIR/80d2 .0

Appendix D

Proof of Theorem 3. Consider AS (9), (21), (29). Apply FL from theorem 1., We obtain (see (A3)) for
V,:

VE S—uVy +2pVy, (D1)
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where pzmax(&X/TTA,&u/TTE) , A ,A, are maximum eigenvalues of matrices T , B
E'QE>uE"RE . =pu—22,>0
.

Present for
V, =—tr(A4"REX") - e, ,tr(AA'T D(|e,|) Ad)— AB" REu . (D2)
Let
tr(A4"D(Je,|) Ad) = atr(A4"A4),
where min le|=6,, @=a,,6, . Then (D2)

V, =—tr(A4"REX") - étr (AA"A4) - AB" REu =

tr(AATREXT ) + % ’i ||RE||2j+
o

4a

>0

:—%dtr(AATAA) Gatr(AA AA +2J—

+ 2 | REIP - AB” REu
o

Oty AR REW
o

V, < —%dtr(AATAA)Jr

T _ T
Let AB'REu=0.5v,(AB AB+2|REu|), 0,20 4o

Ody

. <—%(xtr(AA M)+ 8%y 050 (ABTAB+2|REu|) <
o

S—%dtr(AATAA) 0.50,AB" AB + gﬂ“'* V,—v,a, AV, (D3)

V, < —%dtr(AATAA) —-0.50,AB"AB+n,V,,

where 8 . As
—Edtr(AATAA)—O.SUuABTAB = —é&trilr (AA'T'A4)-0.50, A, AB'T;'AB
4 4 A B
then

Vi S—&V,+0Vy, (D4)

K =min (E A\, Ar, j
where 2 .
So, for VA , we obtain
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} . (D5)

Wy () < e=ls, (%), (D6)

where S_(¢#) is a comparison system S.=4,S. for (D5), if s.,(t)=w.,(t,) , where

sz, (t,), w=, (1,) are the initial conditions for elements of corresponding vectors.

The estimate (D6) is valid if u, >0, x>0 and u,k=pn,.o
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