
Article Not peer-reviewed version

Synthesis of Adaptive Algorithms with

Given Quality

Nikolay Karabutov *

Posted Date: 7 May 2025

doi: 10.20944/preprints202504.2300.v3

Keywords: adaptive algorithm; functional constraint; adaptive system; exponential stability; Lyapunov

function

Preprints.org is a free multidisciplinary platform providing preprint service

that is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0

license, which permit the free download, distribution, and reuse, provided that the author

and preprint are cited in any reuse.

https://sciprofiles.com/profile/606334


Article 

Synthesis of Adaptive Algorithms with 
Given Quality 
Nikolay Karabutov 

MIREA—Russian technological university; nik.karabutov@gmail.com 

Abstract: Integrated adaptive algorithms (IAA) are widely used in control systems. Some authors use 
integrally proportional algorithms, which are obtained in heuristically considered features of the 
system under consideration. Most IA was got based on of the second Lyapunov method. 
Modifications of numerical procedures are used as algorithms for tuning parameters of the control 
law. In this paper, we substantiate some well-known algorithms and procedures, considering the 
requirements for an adaptive identification system. Requirements are formed as functional 
constraints and are considering during synthesis. A representation of the adaptive algorithm is 
obtained as a system in the state space. Classes of potential algorithms (PA) are considered. PA has a 
general form and is required adaptation at the implementation stage. PA variants are presented. The 
limitation of trajectories in an adaptive system and their exponential stability are studied. Simulation 
results are got. 

Keywords: adaptive algorithm; functional constraint; adaptive system; exponential stability; 
Lyapunov function 

1. Introduction

The integrated adaptive algorithm (IAA) is widely used in control systems:

ˆ TA E RX= −Γ , (1)

where ˆ nA∈  is vector of tuning parameters; qE∈  is an error in estimating system output;
nX ∈  is vector of observed variables (input, control); n n×Γ ∈  is positive definite gain matrix; 

0TR R= >  is the matrix of the loss function (optimisation criteria). 
Equation (1) describes the IAA class, which determined by minimising the quadratic loss 

function, consider heuristic assumptions, or ensuring the stability of the identification system (see, 
for example, [1-10]). 

In [6], the system is considered 

( ) ( ) ( ) ( )( ) ( 1) ( 1) ( 1) ( 1)n n n T n nX F X F X H X A L X U− − − −= + Δ + + , (2)

where ,m mX U∈ ∈   are vectors of state and control; ( )( 1)n rF X − ∈  is a continuous vector
function; ( )( 1)n m rH X − ×∈  and ( )( 1)n r rL X − ×∈  are continuous matrix functions, ( )( 1)n rF X −Δ ∈
is an undefined function; ( ) mA t ∈  is an unknown parameter vector. A preliminary estimate 

0 0 ( ) mA A t= ∈  is known for A . 
A robust adaptive algorithm (AA) [6] is proposed: 

( )( ) 00
ˆ ˆ( ) ,1

ˆ,

T
L

T
a

A HP A X AA A

U H XA

μ= − ++ −

=

 
(3)
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where Â  is estimation of the A  vector, aU  is control, 0μ > , ( )T
LP A  is a matrix that determines 

the quality of control. 
The algorithm (3) implementation under uncertainty is difficult, since the current evaluation of 

the adaptation quality is not considered. Modification (3) and its simplifications are proposed in [6]. 
In [10], IAA (1) and its proportional σ -modification were considered [11] 

 (4) 

where 0σ >  guarantees damping of the tuning process.  
A generalization of the σ -modification, if the condition of constant excitation is not fulfilled, is 

given in [12]. In [12], the design of AA is based on the requirements for the derivative of Lyapunov 
function (LF).  

An adaptive law for the first-order system is proposed in the form 

 (5) 

where 1 1 1 1
T

me k e A X= − + Δ , 1e ∈  is error in predicting system output, 1
mX ∈  is generalised 

system input, 0mk > . AA is introduced intuitively without synthesis formalization method.  
Projection variants of IAA are proposed in [13]. Modifications of IAA are considered in [15-18]. 

A normalized version of the algorithm (1) (projection algorithm) is proposed in [16] 

2
ˆ

1

TE RXA
X

Γ= −
+

 , (6) 

where 2 TX X X= . Various projection AA is considered in [19]. 
Regardless of [12], in [20], an analytical method is proposed for the synthesis of adaptive 

algorithms, considering functional limitations.  
Remark 1. Sometimes, signalling adaptation (SA) [21] algorithms are used. As shown in [20], the 

SA use in adaptive identification systems is not always effective. 
The analysis shows that the IAA is obtained based on the least squares method and its 

modifications, and the LF, are mainly used. Gradient algorithms based on numerical optimisation 
methods are often implemented. The AA parameters are selected to ensure the stability of the 
adaptive process. 

In this paper, we generalise the approach proposed in [20] for the formalised synthesis of AA. 
The properties of the adaptive identification system (AIS) are investigated using the example of a 
decentralised system.  

2. Problem Statement 

Consider AIS 

:X T

X AX Bu
S

y C X

 = +


=


, 

where nX ∈  is the state vector, n nA ×∈  is a matrix with constant elements, nB∈ , nC∈ , 
y∈  is system output. 

Set of experimental data 

( )ˆ ˆT
i i i i iA E R X Aσ= Γ −

1 1 1 1 1
ˆ ˆ , 0A e X e Aγ γ= − − >
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[ ]{ }0( ), ( ), ,o t ky y u t t t t= ∈ =  . 

The model for evaluating elements ( , )A B   

, 
(7) 

where n nK ×∈  is the Hurwitz matrix, ˆ nX ∈  is the model state vector, ˆ n nA ×∈  and ˆ nB∈ are 
tuning matrices.  

Problem: find the tuning laws of the matrices G1 and K2 such that: 

ˆlim ( ) lim ( ) ( ) , 0e et t
e t y t y t δ δ

→∞ →∞
= − ≤ ≥ . 

3. The Constant Excitation Condition 

Consider the requirements for ( ),X u . The estimation of system parameters (1) depends on the 

XS -system identifiability. This property is guaranteed if the condition of constant excitation (CE) is 
satisfied for o . 

Let ( )u t  satisfy the condition CE 

[ ]2
, 0 0: ( ) ,
uu u uu t t t t Tα α α α≤ ≤ ∀ ∈ +XV  or ,( )

uu
u t α α∈XV , (8) 

where 0, 0u uα α> > , 0T > . If ( )u t  does not have the CE property, then we will write ,( )
uu

u t α α∉XV  

or ( )iu t ∉XV . 
Remark 2. If a nonlinear System is considered, then condition (8) is transformed [22]. 

4. AA Synthesis Based on LF 

The error equation for the system (1), (7): 

E KE AX Bu= − + Δ + Δ , (9) 

where ˆE X X= − ; ˆ ˆ,A A A B B BΔ = − Δ = −  are parametric residuals. 
Let a functional constraint ( ), , 0E A Bχ Δ Δ ≥  be imposed on the system (9), where ( )χ ⋅  is a 

continuously differentiable function reflecting the tuning process quality. The task is reduced to 
meeting the target condition ˆlim ( ) lim ( ) ( ) , 0e et t

e t y t y t δ δ
→∞ →∞

= − ≤ ≥ . 

Introduce LF  

( )1 1( , , , ) 0.5 ( ) ( ) 0.5tr 0.5T T T
A BV E A B t E t PE t A A B B− −Δ Δ = + Δ Γ Δ + Δ Γ Δ ,  (10) 

where TP P=  is symmetric positive definite matrix, tr  is the trace of the matrix, 
0, 0T T

A A B BΓ = Γ > Γ = Γ >  are diagonal matrices.  
The V  derivative:  

( ) ˆˆ ˆ ˆ ˆ
:

ˆˆ
A T

X K X X AX BuS
y C X

 = − − + +


=


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( ) ( )1 1trT T T T T
A BV E QE PEX A A E Pu B B− − = − + + Δ Γ Δ + + Δ Γ Δ 

  , (11) 

where TK P PK Q+ = − , TQ Q=  is symmetric positive definite matrix. From 0V ≤  we obtain AA 

T
A

B

A XPE
B PEu

Δ = −Γ

Δ = −Γ


 , (12) 

So, the IAA synthesized from the stability condition of the system (9). AIS is stable in the space 
( ),t E . This is a classic AA synthesis scheme. 

Remark 3. In [18], a quadratic condition is imposed on V  to develop a control algorithm. 
Functional restrictions (FR) for obtaining AA are not considered. 

5. FR and AA Structure 
Consider LF ( , , , )V E A B tΔ Δ  and apply the approach [20]. Let FR imposes on the AIS 

, (13) 

where ( ), ,E A Bχ Δ Δ  is a quality function of processes in the adaptive system.  
Describe the approach to AA synthesis using the example of the matrix A  identification for the 

XS -system. Let ( , , )V V E A tΔ Δ . Consider examples of functions ( ),E Aχ Δ . 

1. ( )Sp TA Aχ χ αΔ Δ= Δ Δ , where 0αΔ > . Let Vη χΔ Δ Δ= + . Then:  

( ) ( ) ( )tr tr trT T T T TE QE E R AX A A A A A Aη αΔ Δ= − + Δ + Δ Δ + Δ Δ + Δ Δ   . (14) 

From condition 0ηΔ ≤ , we obtain  

T
AA A A REXαΔΔ = −Δ − Δ − Γ  . (15) 

Let 1A ZΔ = . We get the representation for equation (15) in the state space 

1 2

2 1 2

,
:

.AA T
A

Z Z
S

Z Z Z REXαΔ

 =


= − − − Γ


  (16) 

So, if FR is imposed on AIS, then AA is described by the system AAS . In this form, to apply of 
the system (16) is difficult. Therefore, the system structural modification is necessary (16). 

Remark 4. There are various modifications to the AAS -system that depend on FR. 

2. ( ), , min tr T
e e t

E A Aχ αΔ Δ= Δ Δ   и , ,e eVη χΔ Δ Δ= + . Then we get the χT -algorithm: 

,
T

A e AA REX Aα ΔΔ = −Γ − Γ Δ  , (17) 

( ), ,V E A Bχ≤ − Δ Δ
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where , , mine e t
Eα αΔ Δ= , TE E E=  is the Euclidean norm of the vector E . 

Modifications of the χT -algorithm: 

(a) integral I
χT -algorithm 

1 T
AA M REX−Δ = − Γ , (18) 

where ,n e AM I α Δ= + Γ 
, 0T

A AΓ = Γ >  ;  
(b) χT -algorithm as a delayed system (modification (17)): 

( )( ) ( ) ( ) ( ) ( )T
A e AA t RE t X t A t A tω τΔ = −Γ − Γ Δ − Δ −

 ,  (19) 

where 1
, ,e eω α τ −
Δ Δ=  , 0τ >  is time lag; 

(c)  

( ),
T

A e i AA REX D e Aα ΔΔ = −Γ − Γ Δ  . (20) 

Remark 5. The AA (17) implementation and its modifications is depended on the identified 
system and the properties of the set { }( ), ( )X t u t . At the beginning of the adaptation, apply variant 
(17). If the initial conditions can be chosen successfully, then apply algorithms (18)–(20). 

3. ( )( ), , Sp T
E E iA D e Aχ αΔ Δ= Δ Δ , where , 0Eα Δ > , ( )iD e  is the diagonal matrix of the vector E  

elements. ,Eχ Δ  corresponds to the ET -algorithm 

( ),
T

A E iA REX D e Aα ΔΔ = −Γ − Δ . (21) 

Remark 5 is valid for (21). Modifications and simplifications of the G2 algorithm are possible. As 
a special case, algorithm (5) follows from (20). 

Remark 6. FR can have a different form. Above, we have considered only some examples of 
restrictions ( ),E Aχ Δ  for adaptive identification of matrix A . The described approach is valid for 

the vector B  identification. If in variant (2b) ( )( ), , Sp T
X X iA D x Aχ αΔ Δ= Δ Δ , then we get of the 

algorithm (18) analog from (20), a special case of which is equation (6). 

6. AIS Properties 

We will evaluate the limitations of AIS trajectories using algorithms (19) and 

( )
1

( ) ( ) ( ) ( ) ( )B e BB t RE t u t B t B tω τΔ = −Γ − Γ Δ − Δ − .  (22) 

Theorem 1. Let: 1) A∈[  is the Hurwitz matrix; 2) Lyapunov functions 
( )1 1( )=0.5tr ( ) 0.5 ( )T T

A BV t A A t B B t− −
Δ Δ Γ Δ + Δ Γ Δ  and 0.5 T

EV E RE=  assume an infinitesimal upper limit, 

where ,A BΓ Γ  are diagonal matrices with positive diagonal elements; 3) ,( )
XX

X t α α∈XV , 

,( )
uu

u t α α∈XV ; 4) 4) exists 0υ >  such that the condition 
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( ) ( )( )21 1 2tr trT T T T
A AA AA ERX A A E R E Xυ− − Δ Γ Γ = Δ Γ Γ Δ +

    (23) 

is performed at sufficiently large t  in some neighbourhood of (0)  zero. Then the trajectories of 
the system (9), (19), (22) are bounded on some set of initial conditions if 

2 2( )
3

e
EA t V V

στ η υ
σΔ

Δ

Δ − ≤ − , (24) 

where 31
4A

η λ υσΓ Δ
 = + 
 

, 2e X Rσ α λ=
AA

σ λ λΔ Γ Γ=


, 
A

λΓ 
 is the minimum eigenvalue of the matrix. 

The proof of Theorem 1 is presented in Appendix A. 
Theorem 1 confirms the limited trajectories in the system (9), (19), (22) and the possibility of local 

identifiability of model parameters. These statements are valid for some set of initial conditions, since 
AIS is a system with the delay. 

Consider the system (9), (15). To simplify the results, we assume that the vector B̂  of the model 
(7) is precisely tuned (i.e., 0BΔ = ), and: 

E KE AX= − + Δ . (25) 

Present the algorithm (15) in the form (see Appendix B) 

1 ( )T
AA A d ERX A tυ κ τ−Δ = − Δ − Γ − Δ − , (26) 

In (26), the argument t  is omitted, and t τ−  is used to emphasise the delay.  
Consider FL ( )0.5 T

EV E RE=  and the Lyapunov  

( ) ( )
0

, , , , 0.5tr tr ( ) ( )T TV V V A A c A t s A t s dsυ τ υ τ
τ

Δ Δ Δ
−

= + = Δ Δ + Δ + Δ +  (27) 

depending on initial conditions for ( )A t τ− .  
Theorem 2. Let the theorem 1 conditions be fulfilled, where the functional (26) is used instead 

of VΔ , and 1) exists 0ω >  such that the condition 

( )( ) ( ) ( )( )( )tr tr trT T TA A t A A A t Aτ ω τΔ Δ − = Δ Δ + Δ − Δ  

is performed at sufficiently large t  in some neighbourhood of (0)  zero; 2) the system of 
inequalities 

2

, ,, , 2 2
8
A

E X
E E

X R

WW

V V
VV

d
υ τυ τ

μ α ρ
λ α λ

ω
υ

Γ
ΔΔ Δ

−     =    −       






 (28) 

is fair, where  0,ρ >  0ωΔ >  are numbers depending on the parameters of the adaptive system; 3) 

the upper solution for the Lyapunov vector function , ,
T

EW V V υ τΔ=     satisfies the comparison system 

W W WS A S=  if ( ) ( ), 0 , 0W k W ks t w t≥ , where ( ) ( ), 0 , 0,W k W ks t w t  are initial conditions for elements of 
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corresponding vectors, ( ), , ,k E υ τ= Δ . Then the adaptive system (25), (19), (26) is exponentially 
stable with the estimate 

( ) ( ) ( )0
0 0

DA t t
D DW t e S t−≤  

If ( ), 0Eμ ωΔ > , 2 22 8
AE X X R dμ ω α ρλ α λ υΔ Γ>  , λ  are the maximum eigenvalue of the matrix, 

0ρ > . 
The proof of Theorem 1 is presented in Appendix C. 
Theorem 2 proofs the exponential stability of the adaptive system (AS) with algorithm (26). We 

apply the Lyapunov functional (27) to prove this property. 
Remark 7. Consider the tuning algorithm B̂  (26) does not change the statement of Theorem 2. 

In this case, the system of inequalities is valid (28). 
So, we have proved the applications of AA as a dynamic system. These algorithms improve the 

quality of tuning process for model parameters. 
Consider AIS (9), (21) with the algorithm 

BB REuΔ = −Γ , (29) 

where 0B BΓ = Γ >  is the diagonal matrix.  
Theorem 3. Let conditions 1-3 of Theorems 1 be fulfilled and 1) exists 0uυ >  such that the 

condition ( )0.5 2T T
uB REu B B REuυΔ = Δ Δ +  is performed at sufficiently large t  in some 

neighbourhood of (0)  zero; 2) the system of inequalities 

  
 

E EE

u

A

V V
VV

μ ρ
η κ

Ξ

ΔΔ
ΞΞ

  −   
≤    −      







 (30) 

is fair, where Eμ , ρ , κ  are positive numbers depending on the parameters of the adaptive system; 

3) the upper solution for the Lyapunov vector function [ ]TEW V VΞ Δ=  , ,
T

EW V V υ τΔ=     satisfies the 

comparison system S A SΞ Ξ Ξ=  if ( ) ( ), 0 , 0k ks t w tΞ Ξ≥ , where ( ) ( ), 0 , 0,W k W ks t w t
Ξ Ξ

 are initial conditions 

for elements of correspond vectors, ,k E= Δ . Then the adaptive system (9), (21), (29) is exponentially 
stable with the estimate: 

( ) ( ) ( )0
0 0

A t tW t e S tΞ −
Ξ Ξ≤  

if 0, 0Eμ κ> > , 
8
X R

u u u R
α λη υ α λ

α
= −


 and E uμ κ ρη≥ . 

Remark 8. Properties of IAA obtained without restrictions depend on the CE condition 
fulfilment.  

7. Simulation Results 

Consider the system 
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( )

( )

11 11
2 1 1 11

21 22 1 1 11 12 12

1 11

2 2 2 2 11 2 2 2 1 11
2

2 2

0 1 0 0 0
,

:
,

,
:

,

x x
x u f x

a a a b cS x x
y x

x a x a x b u c f x
S

y x

           
= + + +           − −           

 =
= − + + +


=





 (31) 

where [ ]1 11 12
TX x x= , 1y  are state vector and output of the subsystem 1S ; 1u  is input (control); 

( ) ( )1 11 11satf x x=  is saturation function; ( ) ( )2 2 2=signf x x  is the sign function; 2y  is output of the 
subsystem 2S , 1 1b = , 21 222, 3a a= = , 1 1.5a = , 1 1b = , 1 1c = , 2 1.25,a =  2 0.2a = , 2 1b = , 2 0.25c =
. ( )iu t  inputs were sinusoidal.  

The subsystem 1S  equation is represented [17] as: 

1 2 1 11 1 1 2 12 1 1y x u fy y p p b p c pα α β= − + + + + , (32) 

where 1α , 2α , 12β , 1 1,b c  are estimated coefficients; 0μ > , 

1 1 2 2

1 1 1 1

1 2

1 1

, ,
, .

y y x x

u u f f

p p y p p x

p p u p p f

μ μ
μ μ

= − + = − +

= − + = − +

 

 
  

Models for the system (31) 

, (33) 

, (34) 

where 1 2, 0k k > , 1 1 1ˆe y y= − , 2 2 2ˆe y y= − ,  are tuning parameters. 

Adaptive algorithms 

  
(35) 

2 2 2 22 2 2 2 2 1 2 2 1 2 2 2
ˆˆˆ ˆ, , , ,a a b ca e y a e y b e u c e fγ γ γ γ= − = − = − = −   (36) 

where 11 12 1 1 11
0.026, 0.025, 0.002, 0.05, 0.03, 0.5

ia b c c aβγ γ γ γ γ γ= = = = = =
.  

Results are shown in Figures 1-3. s 1 reflects the adequacy of the models (33), (34).  

1 2 1 11 1 1 11 1 12 12 1 1
ˆˆˆ ˆ ˆ ˆy x u fy k e a y a p p b p c pβ= − + + + + +

2 2 2 2 2 2 1 2 2 1 2
ˆˆˆ ˆ ˆy k e a y a y b u c f= − + + + +

ˆˆˆ ˆ, , ,i i i ia a b c

11 11 12 12 21

1 1 1 1 1

11 1 1 11 12 1 12 1

1 1 1 1 1

ˆˆ ˆ ˆ( ), , ,

ˆ ˆ ˆ, ( ),

a a a y x

b u c f c

a e y a t a e p e p

b e p c e p c t

βγ γ τ γ β γ

γ γ γ τ

= − + − = − = −

= − = − + −

 

 
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1ŷ

1y

-2,0 -1,5 -1,0 -0,5 0,0 0,5 1,0 1,5 2,0 2,5

-4

-2

0

2

2ŷ
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Figure 1. Adequacy of models (33) and (34): 1 is model (33), 2 is model (34). 

Results of tuning parameters for models (33) and (34) are shown in Figures 2 and 3. 
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11â

t

11â

-8

-6
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-2

 

Figure 2. Tuning parameters of model (33). 
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-1,5

-1,0

-0,5
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2â
2â
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Figure 3. Tuning parameters of model (34). 

Simulation results confirm the proposed AA performance. (35) and (36). Tuning process can be 
linear or nonlinear. Efficiency is determined by properties of the adaptive system and the parameters 
of signals. 
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In Figures 4-6, we present identification results of the system (31) with algorithms (35), (36), 
where algorithms for tuning 11â  and 1̂c  in (35) have the form  

( )11 11

11

1 1

1 1 1 1 1
11

11 1 1 1 1

1 1

1 , if 0.1,
ˆ

ˆ , if 0.1,

ˆ .

a a

a

c f

e e y e y
a

a e y e y

c e p

γ γ

γ

γ

 − − >= 
− ≤

= −




 

To ensure the system (31) S-synchroniability, we changed parameters 1 2.9b =  and 2 1.4b = . 
Tuning parameters for models (33) and (34) are shown in Figures 4 and 5. The adequacy of the models 
is reflected in Figure 6. 

0 100 200 300 400 500
-3,75

-2,50

-1,25

0,00

1,25

2,50

t

11â

12â

1

2

12β̂

3

1̂b

4

1̂c

5

 

Figure 4. Tuning parameters of model (33): 1– 11â , 2 – 12â , 3 – 12β̂ , 4 – 1̂b , 5 – 1̂c . 
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1â

2â
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Figure 5. Tuning parameters of model (34): 1 is 2b̂ , 2 is 1â , 3 is 2ĉ , 4 is 2â . 
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Figure 6. Adequacy of models (33) and (34). 

We see that the outputs of subsystems affect adaptation processes.  
Figure 7 shows phase portraits in AIS in spaces ( )1 11ˆ,e a  и ( )2 1̂,e с , ( )2 2

ˆ,e a . We see that 
adaptation processes for 2S  are nonlinear, and they are almost linear for the 1S  system. 

-1,5 -1,2 -0,9 -0,6 -0,3 0,0 0,3 0,6 0,9

0,0

0,1

0,2

0,3

0,4

0,5

0,6

2â
1̂c

2e

1̂c

2â

0,0 0,2 0,4 0,6 0,8 1,0

-3

-2

-1

11â

1e

11â

 

Figure 7. Phase portraits of AIS in spaces ( )1 11ˆ,e a , ( )2 1̂,e с  and ( )2 2
ˆ,e a . 

So, the simulation results confirm the proposed algorithms. 

8. Conclusion 

The approach to the synthesis of adaptive algorithms based on requirements for the adaptation 
process is proposed. These requirements are presented as functional constraints (FR). It is shown that, 
for the considered class of FR, the adaptive algorithm is described by the system in the state space. 
Special cases of FR are considered and the corresponding AA are obtained. For one class of adaptive 
algorithms, a representation is presented as the dynamic system with an aftereffect. Properties of 
adaptive systems of identification are studied, and the limited of trajectories and exponential stability 
are proved. Simulation results confirm the efficiency of adaptive algorithms. 

Appendix A 

Proof of Theorem 1. Consider FL  

( )1 10.5tr 0.5T T
A BV A A B B− −

Δ = Δ Γ Δ + Δ Γ Δ , ( )0.5 T
EV E RE= . 
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For EV , we get  

( ) ,T T T T
E i i iV E QE E R AX Bu E Q E E R AX Bu= − + Δ + Δ ≤ − + Δ + Δ  

or 

( ) ( )2 20.5 ,T T T
E i i iV E QE E R AX Bu E Q E RE AX Bu= − + Δ + Δ ≤ − + + Δ + Δ  (A1) 

where 2 2T
R ERE R E RE Vλ= ≤ , TA R RA Q+ = − , 0TQ Q= >  is a symmetric positive matrix.  

Let 
T TE QE E REμ≥ , 0μ ≥ . As  

( )

2 2 2

tr 2 ,
A B

X u

T T
X A u B

AX Bu A B

A A B B V

α α

α λ α λ ρΓ Γ Δ

Δ + Δ ≤ Δ + Δ ≤

≤ Δ Γ Δ + Δ Γ Δ ≤
 (A2) 

where ( )max ,
A BX uρ α λ α λΓ Γ= , ,

A B
λ λΓ Γ  are maximum eigenvalues of matrices AΓ , BΓ , then 

2 ,E E EV V Vμ ρ Δ≤ − +  (A3) 

where 2 0E Rμ μ λ= − > . 
VΔ


 is 

( )
( )

( )( )1

1 1

1

1

tr

( )

( ) .

T T
A B

T T
e A eA A A

T
B B e B

V A A B B

A A ERX A t

B REu B B t

ω ω τ

ω τ

− −
Δ

−

−

= Δ Γ Δ + Δ Γ Δ =

= Δ Γ − Γ Δ − Γ + Γ Δ − +

+Δ Γ −Γ − Γ Δ − Δ −

  

 

(A4) 

The component VΔ
  depending on AΔ : 

( )
( ) ( ) ( )

1
,1

1 1

tr ( )

tr tr tr ( ) .

T T
e A eA A A

T T T T
e A eA A A

V A A ERX A t

A A A ERX A A t

ω ω τ

ω ω τ

−
Δ

− −

 = Δ Γ − Γ Δ − Γ + Γ Δ − = 

= − Δ Γ Γ Δ − Δ Γ Γ + Δ Δ −

  

  


 (A5) 

Then 

( ) ( )( )
( ) ( ) ( )( )

( )
2

2

1

( )

21

tr ( ) 0.5 tr ( )

0.5tr 0.5 tr

0.5 tr 0.5 ( )

T T

T T
A A

A t

T
A A

A A t A A A t

A A A t A t

A A A t

τ

τ τ

τ τ

λ τ

−

Δ −

−

Δ Δ − ≤ Δ Δ + Δ −

≤ Δ Γ Γ Δ + Δ − Δ − ≤

≤ Δ Γ Δ + Δ −

  

and 

( ) ( ) 21 1
,1 tr tr 0.5 ( )T T T

A A AAV A A A ERX A tω τ− −
Δ ≤ − Δ Γ Δ − Δ Γ Γ + Δ −
 , 
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where 0.5A e Aω ω λ= − . Condition (23) is valid for ( )1tr T T
AAA ERX−Δ Γ Γ . Therefore, 

( ) ( )( )2 21 1 2
,1 tr tr 0.5 ( )T T T

A A AAV A A A A E R E X A tω υ τ− −
Δ

 ≤ − Δ Γ Δ − Δ Γ Γ Δ + + Δ −
 

 . (A6) 

As 

( ) ( )21 1tr tr
AA

T T
A AAA A A Aλ λ− −

Γ ΓΔ Γ Γ Δ ≥ Δ Γ Δ
  and 22 2T

R X EE R E X Vλ α≥ , 

then (A6) 

( ) 21
,1 tr 2 0.5 ( )T

A R X EV A A V A tω υ λ α τ−
Δ ≤ − Δ Γ Δ − + Δ −  , 

where 2+
AAAω ω λ λΓ Γ=


 . After simple transformations, we get 

( ) ( )

( ) ( )

( )

21 1
,1

1 1

0

21

,

3tr 2 0.5 ( ) tr
4

21 2tr 2 tr
4 2 2

0.5 tr 0.5 ( )

T T
A R X E A

R XT T
A R X E E A

R X

T
R X E A

V A A V A t A A

A A V V A A

V A A A t

V

ω υλ α τ ω

ωυλ α
ω υλ α

ωυλ α

ωωυλ α τ

− −
Δ

− −

>

−

Δ

≤ − Δ Γ Δ − + Δ − ≤ − Δ Γ Δ −

 
 − Δ Γ Δ + + Δ Γ Δ +
 
 
 

+ Δ Γ Δ + Δ −

  







 

 ( ) ( ) 21 1
1

3 tr 0.5 tr 0.5 ( ) .
4

T T
A R X E AA A V A A A tω ωυλ α τ− −≤ − Δ Γ Δ + Δ Γ Δ + Δ − 

 

Apply the inequality 

2 2
2 , 0, 0, 0

2 2
az baz bz a b z

a
−− + ≤ − + > ≥ ≥  

and get 

( ) 21
,1

3 1tr 0.5 ( ) ,
8 3

T
A E EV A A V A tω κ τ−

Δ ≤ − Δ Γ Δ + + Δ −   (A7) 

where E R X EVκ υλ α=
. 

The component VΔ
  depending on BΔ : 

 
1 1

1 1
,2 ( ) ( ).T T T

e B B e B BV B RE t u B B B B tω ω τ− −
Δ = −Δ − Δ Γ Γ Δ + Δ Γ Γ Δ −  (A8) 

Get 
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1

1

1

11

1

1

1
,2

21

0

1

3
4

21 1( ) ( )
4 162 2

1 ( ).
8

B

B

B

BB

B

T
e B

eT T
e B

ee

T
u R E e B B

e

V B B

B B B RE t u RE t u

V B B t

ω λ

ω λ
ω λ

ω λω λ

α λ ω τ
ω λ

−
Δ Γ

Γ−
Γ

ΓΓ

>

−

Γ

≤ − Δ Γ Δ −

 
 − Δ Γ Δ + Δ + +
 ⋅
 
 

+ + Δ Γ Γ Δ −





 

As 

( )1 1

1

1 2 2

21 1 2

( ) 0.5 ( ) ( )

0.5 0.5 ( )
B B

T T T
e B B e B B

T
e B e

B B t B B B t B t

B B B t

ω τ ω τ τ

ω λ ω λ τ

− −

− −
Γ Γ

Δ Γ Γ Δ − ≤ Δ Γ Δ + Δ − Γ Δ − ≤

≤ Δ Γ Δ + Δ −
 

then 

1

1

1

1
,2

21 1 2

3 1
4 8

0.5 0.5 ( ) ,

B

B

B B

T
e B u R E

e

T
e B e

V B B V

B B B t

ω λ α λ
ω λ

ω λ ω λ τ

−
Δ Γ

Γ

− −
Γ Γ

≤ − Δ Γ Δ + +

+ Δ Γ Δ + Δ −


 

or 

( )

1

1

1

1 1

1

1
,2

21 1 2

21 1 2
,2

3 1
4 8

0.5 0.5 ( ) ,

10.5 1.5 0.5 ( ) .
8

B

B

B B

B B B

B

T
e B u R E

e

T
e B e

T
e B u R E e

e

V B B V

B B B t

V B B V B t

ω λ α λ
ω λ

ω λ ω λ τ

ω λ λ α λ ω λ τ
ω λ

−
Δ Γ

Γ

− −
Γ Γ

− −
Δ Γ Γ Γ

Γ

≤ − Δ Γ Δ + +

+ Δ Γ Δ + Δ −

≤ − − Δ Γ Δ + + Δ −





 

So 

1

1

21 2
,2

1 0.5 ( )
8 B

B

T
B u R E e

e

V B B V B tχ α λ ω λ τ
ω λ

−
Δ Γ

Γ

≤ − Δ Γ Δ + + Δ − , (A9) 

where 
( )

1

10.5 1.5 0
B Beχ ω λ λ −

Γ Γ= − >
.  

Let ( )min 0.375 ,η ω χ=  , 
1

1 1
3 8

B

E u R
e

κ κ α λ
ω λΓ

= +  and ( )
1

2max 1,
Beϑ ω λΓ= . Then, considering (A7) 

and (A9), we get 

{ }2 20.5 ( ) ( )EV V V A t B tμ κ ϑ τ τΔ Δ≤ − + + Δ − + Δ −  .  (A10) 

From (A10) we obtain that trajectory of the system (9), (19), (22) are limited if the condition 

{ }2 20.5 ( ) ( ) EA t B t V Vϑ τ τ μ κΔΔ − + Δ − ≤ −  . 
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is satisfied on a certain set of initial conditions. □ 

Appendix B 

Obtain to algorithm (25). Present the algorithm (15) as: 

T
AA A A ERXαΔΔ = −Δ − Δ − Γ  . (B1) 

Let ( ) 1( ) ( ) ( ) ,A t A t A t tκ τ κ −Δ = Δ − Δ − = Δ   , where 0τ > , tΔ  is the discreteness step. Then (B1) 
present as: 

1 1 1( ) ( ) ( ) ( ) ( )T
AA t d A t d E t RX t d A tα κ τ− − −

ΔΔ = − Δ − Γ + Δ −  , (B2) 

where 1d κ= + . The algorithm (B2) is rewritten as: 

1 ( )
i

T
i A i i i iA A d E R X A tυ κ τ−Δ = − Δ − Γ − Δ − , (B3) 

where ( )1dυ α κ−
Δ= − , 1dκ κ −= . 

Appendix C 

Proof of Theorem 2. Following the proof of Theorem 1, we obtain for EV : 

( )2 20.5T T T
E i i iV E QE E R AX E Q E RE AX= − + Δ ≤ − + + Δ . (C1) 

Let T TE QE E REμ≥ , 0μ ≥ , 2 2 R ERE Vλ≤ , and ( )2 tr T
XAX A AαΔ ≤ Δ Δ , where 

2 0E Rμ μ λ= − > . As ( )
, ,tr TA A V υ τρ ΔΔ Δ ≤   then 

, , ,E E E XV V V υ τμ α ρ Δ≤ − +   (C2) 

where 2 0E Rμ μ λ= − > , 0ρ > . 

Consider , ,V υ τΔ . We get for ,V υΔ


: 

( ) ( ) ( )1
, tr tr tr ( )T T T T

A i i i i iV A A d A E R X A A tυ υ κ τ−
Δ = − Δ Δ − Δ Γ − Δ Δ −   (C3) 

Transform (C3) 

( ) ( )

( ) ( )

( ) ( )

2

, 2

21
2

0

2

2

3 1tr tr ( )
4 16

1 1 1tr 2 tr
4 164

3 1tr tr ( ) .
4 16

T T T
A i i

T T T T
A A

T T T
A i i

V A A ERX A A t
d

A A d A ERX ERX
d

A A ERX A A t
d

υ υ κ τ
υ

υ υ
υυ

υ κ τ
υ

Δ

−

>

= − Δ Δ + Γ − Δ Δ − −

 − Δ Δ + Δ Γ + Γ ≤ 
 

≤ − Δ Δ + Γ − Δ Δ −




 (C4) 
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Let 
2 2 22

A A

T T
A X R X R EERX E RE Vλ α λ λ α λΓ ΓΓ ≤ = . Then (C4): 

( ) ( )
2

, 2

3 tr tr ( ) .
4 8

A X RT T
E i iV A A V A A t

dυ

λ α λ
υ κ τ

υ
Γ

Δ ≤ − Δ Δ + − Δ Δ −  (C5) 

Let  

( )( ) ( ) ( )( )( )tr tr tr , 0T T TA A t A A A t Aτ ω τ ωΔ Δ − = Δ Δ + Δ − Δ ≥ . 

Then 

( )
2

, , , 22 tr ( ) ( ) .
8
A X R T

EV V V c A t A t
dυ τ υ τ

λ α λ
ω τ τ

υ
Γ

Δ Δ Δ≤ − + − Δ − Δ −   (C6) 

where 0.75ω υ ωκΔ = + , 0c сτ ωκ= − > . As ( )tr ( ) ( )Tm A t A t mτ τ≤ Δ − Δ − ≤ , then we get by the mean 
integral theorem (or the Newton-Leibniz formula) 

( ) ( )
0

1tr ( ) ( ) tr ( ) ( )T TA t A t A t s A t s ds
τ

τ τ τ −

−

Δ − Δ − ≥ Δ + Δ + . 

Let ( )1min 2 ,cτβ ω τ −
Δ= . Then  

2

, , , , 22 .
8
A X R

EV V V
dυ τ υ τ

λ α λ
β

υ
Γ

Δ Δ≤ − +  (C7) 

So, the system of inequalities is valid for the system (25), (26) 

2

, ,, , 2 2
8
A

W

E X
E E

X R

WW
A

V V
VV

d
υ τυ τ

μ α ρ
λ α λ

β
υ

Γ
ΔΔ

−     ≤    −       





 

. (C8) 

The upper solution of the system (C8) satisfies the vector system W W WS A S=  if ( ) ( )0 0i is t w t≥ , 

where ( ) ( )0 0,i is t w t  are initial conditions for elements of vectors WS , W . The adaptive system is 

exponentially stable with the estimate: 

( ) ( ) ( )0
0 0

WA t t
WW t e S t−≤  

if ( ), 0Eμ ωΔ > , 2 22 8
AE X X R dμ ω α ρλ α λ υΔ Γ>  . □ 

Appendix D 

Proof of Theorem 3. Consider AS (9), (21), (29). Apply FL from theorem 1., We obtain (see (A3)) for 

EV : 

2E E EV V Vμ ρ Δ≤ − + , (D1) 
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where ( )max ,
A BX uρ α λ α λΓ Γ= , ,

A B
λ λΓ Γ  are maximum eigenvalues of matrices AΓ , ,BΓ  

T TE QE E REμ≥ , 2 0E Rμ μ λ= − > . 

Present for :VΔ


  

( ) ( )( )1
,tr trT T T T
E A iV A REX A D e A B REuα −

Δ Δ= − Δ − Δ Γ Δ − Δ .  (D2) 

Let 

( )( ) ( )
, tr trT T
e iA D e A A Aα αΔ Δ Δ ≥ Δ Δ , 

where min
ii ei

e δ= , , ie eα α δΔ= . Then (D2) 

( ) ( )

( ) ( ) ( )

( )

2

0

2

tr tr
3 1 1tr tr 2 tr
4 4 164

16
3 tr
4 8

T T T T

T T T T X

TX

T TX R
E

V A REX A A B REu

A A A A A REX RE

RE B REu

V A A V B REu

α
αα α α

αα

α
α

α λα
α

Δ

>

Δ

= − Δ − Δ Δ − Δ =

 = − Δ Δ − Δ Δ + Δ + + 
 

+ − Δ

≤ − Δ Δ + − Δ

 

  




 


 

Let ( )0.5 2T T
uB REu B B REuυΔ = Δ Δ + , 0uυ ≥  then  

( ) ( )

( )

( )

3 tr 0.5 2
4 8

3 tr 0.5
4 8

3 tr 0.5 ,
4

T TX R
E u

T T X R
u E u u R E

T T
u u E

V A A V B B REu

A A B B V V

V A A B B V

α λα υ
α

α λα υ υ α λ
α

α υ η

Δ

Δ

≤ − Δ Δ + − Δ Δ + ≤

≤ − Δ Δ − Δ Δ + −

≤ − Δ Δ − Δ Δ +

 





 

 (D3) 

where 8
X R

u u u R
α λη υ α λ

α
= −

 . As 

( ) ( )1 13 3tr 0.5 tr 0.5
4 4 A B

T T T T
u A u BA A B B A A B Bα υ α λ υ λ− −

Γ Γ− Δ Δ − Δ Δ = − Δ Γ Δ − Δ Γ Δ   

then 

u EV V Vκ ηΔ Δ≤ − +  , (D4) 

where 

3min ,
2 A Buκ αλ υ λΓ Γ

 =  
 

 
. 

So, for VΔ
 , we obtain 
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 

E EE

u

A

V V
VV

μ ρ
η κ

Ξ

ΔΔ
ΞΞ

  −   
≤    −      







. (D5) 

Estimation of exponential stability for the system 

( ) ( ) ( )0
0 0

A t tW t e S tΞ −
Σ Ξ≤ , (D6) 

where ( )S tΞ  is a comparison system S A SΞ Ω Ξ=  for (D5), if ( ) ( ), 0 , 0k ks t w tΞ Ξ≥ , where 

( ) ( ), 0 , 0,k ks t w tΞ Ξ  are the initial conditions for elements of corresponding vectors. 

The estimate (D6) is valid if 0, 0Eμ κ> >  and E uμ κ ρη≥ . □ 
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