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Abstract:

In the promptness of the COVID-19 outbreak, it would be very important to observe
and estimate the pattern of diseases to reduce the contagious infection. To study this
effect, we developed a COVID-19 epidemic model that incorporates five various groups of
individuals. Then we analyze the model by evaluating the equilibrium points and analyzing
their stability as well as determining the basic reproduction number. Also, numerical
simulations show the dynamics of a different group of the population over time. Thus, our
findings based on the sensitivity analysis and the reproduction number highlight the role
of outbreak of the virus that can be useful to avoid a massive collapse in Bangladesh and
rest of the world. The outcome of this study concludes that outbreak will be in control
which ensure the social and economic stability.

Keywords: Coronavirus; epidemic model; global pandemic; COVID-19; SEII;R model; sensitivity
analysis.

1 Introduction

Coronavirus disease 2019, which is also known as COVID-19, is an infectious disease which
causes respiratory syndrome. It was first originated on 31st December 2019, in Wuhan
city, Hubei Province of China. Later on 7th January 2020, it was confirmed that the
disease is caused by a new kind of coronavirus. Outside of China the same kind of disease
were reported in Thailand, Japan and South Korea in the same month. As the number of
cases were increasing at a high rate throughout the world, the World Health Organization
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(WHO) declared the disease as a pandemic on March 11, 2020 [1]. This new kind of
coronavirus disease is more transmissible from human-to-human. The virus was named
SARS-CoV-2 by WHO [2]. Since then, 209 countries and territories have reported to have
coronavirus patients [3].

Background

The coronavirus is a zoonotic disease that come from animals to humans [2]. Tt is a droplet
infection which means it transmits from an infected persons droplet of cough or sneeze.
The infected person may suffer from symptoms like fever, cough, flu, tiredness, soar throat,
shortness of breath, body aches and other symptoms. In severe cases it causes pneumonia.
In most of the cases, the symptoms are reported mild among the patients and these mild
cases may not even require any serious level of treatment. But the patients with other
diseases like diabetes, heart disease, asthma etc. faces more critical illness [1].

According to WHO more than 1.6 million people has been infected by the virus and
almost 0.1 million people has been reported dead till 10 April 2020 due to the infection
[1, 4]. Nearly 82 thousands people are affected in China and the outbreak has made the
Wuhan city stay locked down for more than two months. Outside of China, USA, Italy,
Iran, Spain, France and UK have seen most cases and USA is currently the most affected
country with more than 0.5 million patients and more than 17 thousands deaths which is
still increasing rapidly. Meanwhile Italy has already 18 thousands death reports [41]. The
number of cases is still growing exponentially. This dynamics of growth in population can
be described by Malthusian and logistic growth curve and these models are very useful to
predict the situation of such an outbreak [3].

Due to the severity, as a protection most of the government of the countries has locked
everything down and they are encouraging people to stay at home and avoid public gath-
ering. Experts are suggesting the social distancing to flatten the curve of new cases. As a
result, right now more than 1/3 global population is lockdown. The WHO is also spreading
awareness and advising people to stay at their own habitat without emergency. Meanwhile
providing instructions on how to protect oneself from the virus and any kinds of information
regarding the pandemic.

Case: Bangladesh

The global pandemic has also made an impact on the overpopulated developing country
Bangladesh. In Bangladesh, the Institute of Epidemiology, Disease Control and Research
(IEDCR) has reported the first 3 cases of coronavirus on 8 March 2020. Currently the
country has total 424 coronavirus cases with 27 deaths (April 10, 2020). We have used
these results to analyze the situation of Bangladesh through the formulated model. Un-
fortunately in 33 days after having the first case of the pandemic, only 7359 tests samples
were collected in total [5]. Initially the country had only one coronavirus testing center
for the whole country until March 30 and increased to 6 Labs on March 31 and recently
the government increased 13 more centers and planning to have more facilities within 20
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April. After the increament of testing facilities the country’s number of new cases has also
started to grow up. Due to the lacking of the real data related to the situation, it is a
challenging task to estimate the parameters accurately.

Epidemic Models

In epidemiology to analyze this kind of infectious virus compartmental modelling is widely
used and it is also very effective to predict the results of an epidemic successfully. A com-
partmental model is consists of different groups of individuals whose characters due to a
disease is described by a differential equation. Some commonly used epidemic models are
SIS, SID, SIR and SEIR models. The Kermack-Mckendric model is the simplest compart-
mental model which is also known as the SIR model [6]. But for many of the infectious
disease where infected individuals can carry the infection without showing symptoms for
a while (such as, chicken pox, malaria, tuberculosis etc.) an SEIR model is mostly used
[7]. This epidemic models can easily analyze the dynamics of the infectious diseases and
with more compartments the real life situation can be implemented even more successfully.
Therefore, the compartmental modelling can be very useful tool to predict the nature of
todays most dangerous disease.

In this study, we have formulated a five compartmental model considering the situations
of the disease. The framework of our study are outlined in the following lists:

1. We analyze the stability of the equilibrium points of the model and calculate the
basic reproduction number to understand the severity.

2. The study consists of the sensitivity analysis of the reproduction number with respect
to the parameters that we have used.

3. The sensitivity analysis gives us the idea about the relative importance of the pa-
rameters in the process of transmission of the virus.

4. By using the model, we have studied the coronavirus situation of the world as well
as for Bangladesh.

5. Numerically implemented results ensure the dramatic scenarios to control the spread
of COVID-19.

In the following section, we will discuss our mathematical model and formulation of the
model elaborately.

2 Mathematical Model and Formulation

The most common compartmental model is the SIR model which has three individuals,
susceptible (S), infected (I) and recovered (R). If the infected individuals grow more than
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compared to recovered individuals then it is most likely to have an outbreak of the dis-
ease. We are already coping with such an outbreak COVID-19. To model the COVID-19
pandemic, we consider such compartmental modelling with more compartments. Already
many models have been formulated related to the disease transmission since the outbreak
in China. A SVEIJR model with 6 compartments consisting of susceptible (S), vaccinated
(V), exposed (E), infected(I), isolated or quarantined (J) and recovered (R) population
have been discussed in [8]. Also a SEIQR model with quarantined population have been
analyzed in [9].

In this paper, we have formulated a modified SEIR model with 5 different groups of
population considering the isolation process. The five individuals are the susceptible (S),
the exposed (E), the infected (I), the isolated (I;) and the recovered (R). The group of
people who have not been infected yet but are at the risk of getting infected are the
susceptible individuals (S). Those who have already been infected but in incubation period
are the exposed individuals (E). These individuals are asymptomatic and they can carry
the coronavirus without showing any symptoms from 2-14 (or 2-27) days [1]. Those who
are infected and symptomatic are the infected individuals (I). From these infected people
those who tested positive with the virus get separated from rest of the population, so
that the transmission of the virus can be restricted and these individuals are the isolated
population ([;). Lastly when the infected and the isolated patients get cured they are
recovered individuals (R) and they will not get infected again by the virus. So the model
follow the diagram below:

v

LH

Figure 1: Diagram of the SEII;R model.

The susceptible population is getting exposed in « rate and ¢, is the natural death
rate of the entire population. If we assume that none of the exposed population during the
incubation period is dying then they are getting infected at 3 rate. The infected individuals
may die by the disease or naturally. Otherwise v/ individuals get isolated and p/ portion
of them recover from the disease and get immunity. Similarly, the isolated patients may
die because of the disease or get recovered in a ¢ rate. Hence the model has the following
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mathematical form:

(dS
E: H—QS%—&S

%: aS%—ﬁE

(L= BE—(y+p+06+40)] (2.1)

%: 7]-(@54—614‘52)]5

\ dt

with the initial conditions S(0) > 0, E(0) > 0, I(0) > 0, I5(0) > 0, R(0) > 0, where,
e N is the total population of the region and N =S+ E+ 1+ I, + R,
e II is recruitment rate of susceptible population,

« is the exposure rate of the susceptible population,

01 denotes the natural death rate of the population,

[ is the transmission rate of exposed population to infected population,

e 7 represents the rate at which the infected population that clearly shows the symp-
toms of the disease are getting isolated,

1 is the rate at which infected people that are not isolated get recovered,

09 denotes the death rate due to the virus,

e ¢ is the rate at which isolated population are getting recovered.

Let us now divide all the equations of (2.1) by N and set, s = %, e = %, i = %, is = 5,
r = £ and also let the parameter ¥ = 7 then (2.1) becomes

(%: T — st — 018
%: asi — fe
G = Be—(v+pu+o+d)i (2.2)

Lo = yi— (¢ + 61+ 82)is
\%: Gis + i — 011

where, s + e + i + i +r = 1 and the initial conditions become
s(0) >0, e(0) >0, #(0) > 0, i5(0) >0, 7(0) > 0.

In the next section, we will establish some basic results that will used throughout the
paper.
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3 Auxiliary Results

3.1 Disease Free Equilibrium (DFE)

The disease free equilibrium of (2.2) can be obtained easily by setting e =i =i, =r = 0.
So from (2.2) we get, 4 = 0 which gives us that, s = 5.~ Therefore the DFE of (2.2) is

) dt
Ey = (1,0,0,0,0).
01

3.2 Endemic Equilibrium Point (EEP)

To derive the endemic equilibrium point of (2.2) we set

ds de di diy dr

dt  dt  dt dt  dt
Then we get a system of equations as follows:
T—asi+0s=0
asit — fe =10
ﬁe—(’y+u+51—l—(52)i20
Yi— (¢4 61 + 82)is = 0
Qs+ pi —or =0

Solving these equations simultaneously, we get

™

ot — 01
ami
Blai — 6y)
i = v01 + poy + 612+ 6102 + am
a(y+ p+ 61+ 67)
. vi
T S o+ 0

r—l{L+ z]
T lotoito, M

e =

Then setting ¢ = D, we obtain the endemic equilibrium point (EEP)

s anD ~vD 1 ¢yD })
By = D - p|).
! (aD—él’ﬂ(aD—dl)’ ’¢+51+52’51{¢+51+52+“

It’s now time to analyze the stability of the equilibrium points and to show the effects of
basic reproduction number.
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4 Stability Analysis of Equilibrium
4.1 Analysis of DFE
To analyze the stability of the disease free equilibrium, let DFE is

™

EOZ ('r7y7z)uav> = (5 )
1

0,0,0, 0)

and then we write the Jacobian matrix of the system in (2.2)

—(az+461) 0 —ax 0 0
oz -0 ax 0 0
0 0 Y —((b + 51 + (52) 0
0 0 1 ¢ —0

Now calculating the Jacobian matrix J at Ey and then solving det(J — AI), we get

afm

(G14+ X2 (048 + 04+ X) |[(B+AN)(v+p+6 +6+A) — =0

1

which gives us the eigenvalues, \y = —d1, Ay = —f3, \g = —BHV 40 VQBQJ‘C and \, = =B=vB24C VQBQJ‘C,
where B =0+~ 4+ pu+ 01+ 02 and C = B(y + p+ 01 + 02 — am/d7). Since A\; and Ay are
less than zero, so the DFE is stable when both A3 < 0 and A4y < 0; which satisfied when
C > 0. Therefore, all together we can say that the DFE is stable when C' > 0 and the
DFE is unstable when C' < 0.

4.2 Analysis of EEP
Again to analyze the endemic equilibrium point [10], let EEP is

T arD D ~D 1 oyD N D])
aD =08, BlaD—=381)" o+ 0146 b Lo+t T])

Ey = (z,y,2z,u,v) = (

b U= 5(555)51) and z = D in the Jacobian J in (4.1) and then

calculating the characteristic equation det(J — \I) we get

Then using z =

afm

2
(¢401+02+A)(01+A) {_(QD+61+/\) (B+A) (Y p+014-02+2) + o } -

ozD—51

Solving this we obtain the first two eigenvalues, A\; = —(¢ + 01 + d2) and Ay = —d; and for
the rest of the eigenvalues we have the equation

N+ AN+ BA+C =0
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where,

A=y+pu+20+d+p+aD
B =By +ayD + 61y + Bp+ auD + 0y p + 2601 + aDd,
482+ 36y + aDBs + 8105 + afD — —PT_
aD — 4
C =afyD + By6, + oD + Budy + afdy D + 56,
a?BrD aBrd, o?BrD
aD — 4 - aD — 6, _OéD—(Sl
Since the first two eigenvalues are negative then by applying the Ruth-Harwitz stability
criterion [11], we can say that EEP is stable if A >0, C'> 0 and AB — C > 0.

+ aﬁng + 5(5152 —

4.3 Basic Reproduction Number

The basic reproduction number R, is the parameter that estimates if a disease spread in
the population or it does not. If the parameter Ry < 1 then we can predict that the disease
will die out and if Ry = 1 then the disease will stay in the system and it will be stable.
But if Ry > 1 then the disease will spread and will cause an outbreak. The larger the
value of Ry, the harder it gets to control it. Now to estimate if COVID-19 will die out or
keep spreading in the population, we calculate the basic reproduction number. Ry can be
calculated by the equation, Ry = p(F'V '), that is the spectral radius of FV~! [12]. Hence

we have
0 «o
=[]

V= b 0
=B v+t + 0y
1 0
= Vil = |: /15 1 :|
Y+p+o1+02  yH+pu+61+62
Then calculating the characteristic polynomial of FV !, we get

-1 _ — 7+uf(51+52 —w 7+u+a<51+52 —
| FV wl | 5 0 0
Therefore, the spectral radius of FV ! is
Q@
Ry =p(FV 1) = 4.2

At this point, the stability of the system can be derived by the following theorem.

Theorem 1. [10, 13, 1/]
(a) If Ry < 1 then the system has positive disease-free equilibria and no endemic equilibria,
(b) If Ry > 1 then the system has positive disease-free equilibria and endemic equilibria.

In the following section, we will estimate the parametric values to illustrate the numer-
ical results for further applications.
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5 Numerical Solutions and Applications

The nonlinear system in (2.2) can be solved using the numerical methods and we can
observe the dynamics of the model. To numerically solve the data we estimated the pa-
rameters first [4, 14]. The parameters are calculated per 1000/day. The parameters «,
and p have been assumed. The total population of the world has been taken, N = 7.57
billion. The rest of the values are listed below :

Parameter Value References
T 5.812 x 1074 [15]

a 3.11 x 1071 estimated
01 .001 [15]

I5; 1735 [4]

v .08 estimated
P 9.7 x 1073 [4]

I .009 estimated
) 4.87 x 1074 [4]

S(0) 1 estimated
E(0) .05 eatimated
1(0) .002 [4]

1,(0) .0002 estimates

R(0) .0003 [4]

Table 1: Parameters and initial conditions for the World.

Using these parameter values and initial conditions we can solve the system by Runge-
Kutta 4th order method. Here we have used MATLAB to solve the system in (2.2) and then
we generated a graph to analyze the dynamics of susceptible, exposed, infected, isolated
and recovered population.

population
o
@

0 50 100 150
time (days)

Figure 2: Dynamics of susceptible, exposed, infected, isolated and recovered population
over time.

From the Figure 2, we observe that the susceptible population is decreasing with time,
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which means more and more people are getting exposed. Since infected population is
increasing, therefore they are getting large number of infected individuals over time which
can lead to an outbreak in a very short time. If we analyze the rest of the population
dynamics, we see that the infected population grows at a very high rate initially meanwhile
the recovered population is not growing as much as infected population which results an
outbreak.

Using the parameters that are estimated in Table 1, we can determine the value of the
basic reproduction number from (4.2) which is Ry = 3 > 1, means that if the estimated
data stays this way it will create an outbreak. But for calculation we have assumed the
value of v and g and these may not focus the exact (real) scenario. If we analyze the
sensitivity of the model, only then we can conclude how these parameters is going to vary
in case of stability of the model.

5.1 Sensitivity Analysis

The sensitivity analysis is a very important part in modelling of a infectious disease. It
helps us to understand how much a parameter value vary in the disease dynamics. It helps
to give us some ideas about what can be done or avoided to prevent the disease. Now we
examine the sensitivity analysis of Ry with respect to the model parameters [16]. Here we
are using the parameter values from Table 1.

We have from equation (4.2), Ry = «/(y + pt + 61 + 92). Then the sensitivity index of
Ry with respect to a can be calculated as

@ « RO
- 1 Xa(7+,u~|—51+52)
Y+ 461+ 5 o}
=1
Similarly, we calculate all the sensitivity index:
" =0,
-0
Bo - = —0.01.
o v+ p A+ 01+ 0o
75”0 =0.
Ro _ it — 08
T v+ + 01 + o
Bo — - — —0.1.
T Y+ p+ 01+ Oy
—0.
o — 2 = —0.09.
7, Y+ A+ 01+ 02
”yfo = 0.

After analyzing the indices we observe the following results:
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Mo =1, we can say that, if the exposure rate o increases 10%, the value of R,

increases 10% , which can lead to an outbreak and if o decreases 10% so does Rj.
So to keep the disease in control, we need to keep the exposure rate low. Which is
why the steps like social distancing, home quarantine are being promoted by WHO
and governments to control the pandemic.

1. From v

2. 750 is negative and from the value we can say increasing the value of v by 10% we

can get 8% reduction in Ry. So, we need to isolate the infected person more to stop
the disease spread.

3. Similarly from 75”0 and vgo we can say increasing the parameters have also a negative
effect in Ry which means the recovery rate of the non-isolated people and death rate
due to the disease need to be increased to avoid outbreak.

4. The value of 'ygo is very small. Therefore changes in this parameter does not change

Ry that much.

5.2 Case Study: COVID-19 and Bangladesh

Bangladesh is a south Asian densely populated country where the first cases of coronavirus
was reported on 8 March 2020. Since then the country reached to 424 total cases (April 10,
2020). The death rate from infected individuals in Bangladesh is too high, 6.7% compare
to other territories in the Globe on April 10, 2020. With a limited amount of testing kits
and treatment facilities this could be a challenge for the country to cope with a pandemic.
According the current situation of the country the parameters are estimated in Table 2 and
then we have studied the situation according to the model described in (2.2). Although due
to the lack of testing centers throughout the country and since the event is going on, the
real data may not be available in some cases and so few parametric values are estimated
for calculation [5, 17].

11
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Parameter Value References
T 3.2 x 10710 [5]

o 2 estimated
01 0.0148 [5]

I} 1.02 [17]

¥ .084 estimated
09 1x1074 [17]

1 0.027 estimated
10) 6.6 x 1076 [17]

S(0) 1 [5]

E(0) 1.54 x 107° estimated
1(0) 7.68 x 1077 [17]

I,(0) 4.8 x 1077 estimated
R(0) 2x 1077 [17]

Table 2: Parameters and initial conditions for Bangladesh.

All the parameters are calculated per 1000/day. Using the numerical values of param-
eters form Table 2, we calculate, Ry = m = 15.88 > 1, which means the disease
will vastly spread under the current situation and there will be an outbreak. At the next
stage, we can observe the dynamics of different population for next few days.

0 10 20 0 40 50

3
time (days)

Figure 3: Dynamics of susceptible, exposed, infected, isolated and recovered population
over time.

From Figure 3, we can say the virus will transmit rapidly over time resulting a vastly
infected population and the situation may even get out of control if no necessary steps are
taken. Therefore, it is high time to take precautions to minimize the damage.

From the sensitivity analysis with the global data, we observe that decreasing the
virus transmission rate helps to control the system as well as increasing isolation rate
and recovery rate of the non-isolated people also some of the important cases to consider.
To control the public mobility, the government has already imposed lockdown from 24
March till 25 April (2020) all over the country to maintain the social distance whereas
the pharmacies will remain open including necessary food stores. People are asked to stay

12
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at home, all social and religious events are said to be celebrated in niche to avoid public
gathering. The Figure 4 illustrates the effectiveness of lockdown for 20 or more days using
some roughly assumed calculations and possibilities [9].

infected population

0.2

time (days)

Figure 4: Dynamics of infected population with and without lockdown.

We assume that, with no lockdown 75% and with lockdown 45% of the population is
socially active and getting exposed. Then the exposure rate, a = 2 x 0.75 = 1.5, with no
lockdown and a = 2 x 0.45 = 0.9 with lockdown. From the Figure 4, the result is seen
clearly. It reduces the infected population drastically which means social distancing is a
major key to face this epidemic in this scenario. Only 20 days lockdown is not sufficient to
control the epidemic and huge number of population will be infected while if we consider
50-60 days lockdown it shows that the pandemic can be under control with lowest number
of infections and death toll, see Figure 4 for details. The visible curves on the diagram 4
shows the approximate results; although we assume that there are many unreported data
due to the lack of healthcare system of Bangladesh.

Again, we consider the step where infected patients get more isolated. First we assume
that if 70% more infected population is getting isolated, we study the effect from the graph
for v = 0.084, v = .084 + 0.7 x 0.084 = 0.1428 and sequentially some other values of ~.

infected population

02

0 10 20 30 40 50
time (days)

Figure 5: Dynamics of infected population with and without more isolation.

We observe that the infected population is slowing down with more isolation rate,
see Figure 5. Increasing value of 7 ensures the long run social isolation and physical
distance which imply to reduce infection and death toll as seen in Figure 5. Therefore,
we can conclude that decreasing the exposure rate by socially distancing the population
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and increasing the isolation rate of the infected population both can be necessary steps to
control the epidemic.

6 Summary and Conclusion

To estimate the situation of global pandemic COVID-19, epidemic modelling is a very
effective way if the parameters can be estimated properly. We have modified the SEIR
model into a SEII;R model where we have considered the isolation process of the infected
patients. The parameters of the model are estimated by collecting the most recent data
the COVID-19 pandemic of the world and some parameters were assumed since the real
data are not available. Then we calculate the basic reproduction number to examine the
stability of the system and we had Ry = 3 from Table 1, which means the system is not
stable. Meanwhile we have also estimated the values for Bangladesh in Table 2 and from
these values we observed Ry > 1 and there will be an outbreak under current situation.
But while we are studying this cases the data is changing every hour. Since it is an ongoing
process with fluctuations the real parameter and real value of Ry may be different from
what we have calculated which is a limitations in this study.

The sensitivity of Ry with respect to all the parameters have been analyzed and we
have drawn some results regarding the calculations. Since the infected individuals cannot
easily be identified because the virus is reported to stay in incubation period for a long
time which results an asymptomatic patient and the virus is known to be powerful enough
to transmit even in the incubation period. Therefore the best solution of the situation can
only be a lockdown situation where everyone can be kept distant from infected individuals.
We have also seen that the increment of rate of isolation and the rate of recovery for non-
isolated patients can also help to keep the situation in control. Finally, we have discussed
graphically how lockdown in Bangladesh for next 20 days or more and isolating the patients
are significantly important to control the COVID-19 situation.
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