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1. Introduction

Let p be a fixed prime number. Throughout this paper, N, Z,, Q,, and
C, will denote the set of natural numbers, the ring of p-adic integers, the field
of p-adic rational numbers, and the completion of the algebraic closure of Q,

1

respectively. The p-adic norm | - |, is normalized as |p|, = > Assume that ¢ is

an indeterminate in C, such that |1 —¢|, < p‘ﬁ_
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It is known that the g-number is defined by
_1-¢

[]g =

Note that lim1 [z]; = . Let UD(Z,) be the space of uniformly differentiable
q—r

1—¢q°

function on Z,. For f € UD(Z,), the p-adic g-integral on Z,, is defined by Kim

to be
N
1) = [ S@dng@) = Jim e 37 f@t (see 0. 20). (1)
P 9 z=0

As ¢ — 1 in (1), we have the p-adic integral on Z, which is give by

pN -1

h(f) =l 1,0 = [ k) = Jim 5 S Gsee (12 (2
From (2), we note that
L(f1) = L(f) = £(0), (see [9]), ®3)
where fi(z) = f(z+1) and f (0) = dfd(;) |z=0-
Thus, by (3), we get
L) = et = S Bt o0, @
where B,,(z) are ordinary Bernoulli polynomials.
From (4), we note that
[ @) = Bafo), (02 0), (see 712, 15]), (5)
Z

¥

When x =0, B,, = B,,(0), (n > 0), are called the ordinary Bernoulli numbers.
The equation (3) implies the following recurrence relation for Bernoulli num-

bers:

1 ifn=1,

Bo=1, (B+1) ’&:{o ool (6)

with the usual convention about replacing B™ by B,,.

In [3, 4, 5], L. Carlitz introduced the g-Bernoulli numbers which are given by
the recurrence relation to be

. 1 ifn=1,
fog =1, a(as 41" =g ={ o 0] )

with the usual convention about replacing 8 by Sy 4-
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He also defined g-Bernoulli polynomials as

Bua(e) = @5y + )" =3 () ) bly B, (0 B 45D, (8)

1=0
In 1999, Kim proved the following formula.
[ slgdna) = Bugl@). (020 (sce [10). )

In the viewpoint of (5), we define the ¢g-Bernoulli polynomials which are different
from Carlitz’s g-Bernoulli polynomials to be

Brafa) = [l ljdia(w). (n=0), (see . 9). (10

Zp

When z =0, B, q = By 4(0) are called the ¢-Bernoulli numbers.
From (3) and (10), we have

984 ifp =1
Boo=1,(qB,+1)" =B, , = { a1 ’ 11
0., (qBq +1) a { 0 ifn>1, (11)
with the usual convention about replacing By by By, 4.
By (10), we easily get
"~ (n
Bl = @By 4 1) = Y (3l Buge see ). (12)

=0

As is known, the p-adic ¢-Bernstein operator is given by

B y(fl2) = Z() (£) st -1y Zf( ) Beatelo)

where n,k € NU{0}, © € Z,, and f is continuous function on Z,(see [7]). Here

Bun(ele) = () i~ el (k> 0)

are called the p-adic ¢-Bernstein polynomials of degree n(see [7]). Note that
lim1 By n(x|q) = Bg.n(x), where By, ,, is Bernstein polynomials(see [1, 2, 13-16]).
q—

In this paper, we study the p-adic integral representation on Z,, of g-Bernoulli
numbers arising from two variable ¢g-Bernstein polynomials and investigate some
properties for the g-Bernoulli numbers. In addition, we give some new identities
of ¢g-Bernoulli numbers.
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2. Some integral representations of g-Bernoulli numbers and
polynomials

First, we consider two variable g-Bernstein operator of order n which is given
by

st = 3 (1) (&) it eyt = 321 (5) Beton mlo,

k=0
where n,k € NU{0} and z1, 22 € Z,,.
Here,

Bun(or.azle) = ()l - syt Gsee 6,7, 13

are called two variable g-Bernstein polynomials of degree n.
In (13), if 1 = xg = z, then By ,(z,2|q) = Bin(x|q) are the ¢-Bernstein

polynomials.
It is not difficult to show that the generating function of By ,(x1,x2|q) is
given by
tlz1]g)* an- — tn
FiP) (a1, mat) = %e(t[l 2le1) = Z Bk,n(%@ﬂ‘])ga (14)
! — !
where k € NU {0}(see [6, 7]).
Thus, by (14), we get
-]t f, itn>k
B n _ (k)[ ] [ 2 1 = hy 15
en (@1, 2219) { 0, i n < k, (15)

where n,k € NU {0}
By (15), we easily get

Br_ k(1 — 22,1 —21]¢" ") = Bin(21,22|q), (n,k € NU{0}).
For 1 < k < n, we have the following properties(see [6, 7]):
[1 — z2]g-1 By n—1(x1, 22|q) + [21]¢Br—1,n—1(%1, %2|q) = Brn(®1,22|q), (16)

lo
gy Ben(ew2la) = Z20n (0 = Dy B noa(@a,2200) + Bioyor (o1, 200))
a7
0 log g

Bk,n($1a$2|Q) =

T q“((q = D[2]gBr,n—1(21,22|q) + Brn-1(21, 2[q)).

(18)

Oy

From (13) and g-Bernstein operator, we note that

Br,q (L1, 22) = (1 + [21]q — [22]¢)"


http://dx.doi.org/10.20944/preprints201807.0566.v1
http://dx.doi.org/10.3390/sym10100451

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 July 2018 d0i:10.20944/preprints201807.0566.v1

On p-adic integral representation of g-Bernoulli numbers 5
n—1 n—1
By q(t|z1,22) = [71]4 Z ( k >[ ] [1- x?]n - n
k=0

Bn,q(t2|x1,x2) =— ! [96‘1]3(1 + [xl]q - [$2]q)n_2 + nT(l + [xl]q - [x2]q)n_1a

and

st -5 (et S (o () () o

where n € NU {0} and f is continuous on Z,.
It is easy to show that

n k
(1+ [3;1] Y kz_]é n(1,22|q) = [21]7, (20)

where j € NU {0} and 1,22 € Zj.
From (2), we have

/ 1 — 2+ )" dn(y) = (~1)"g" / @yt (y), (n>0).  (21)
7. YA

By (10) and (21), we get

By g1 (1 =) = (=1)"¢"Bn4(z), (n>0). (22)

n,q-

Again, from (11) and (12), we can derive the following equation.

I I
By q(2) =nqq"# ng—24

B,+1)" =

g (m>1). (23)

Thus, by (23), we obtain the following lemma.

Lemma 2.1. Forn € N with n > 1, we have

B, 4(2) =ng
4(2) .

By (2), (10), and (22), we get

| 0=l = e [ o= 1)

P = (1" Bag(-1) e

= qu—l (2)
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For n € N with n > 1, by (21), Lemma 2.1, and (24), we have

[ 0 elidn@ = [ 2 dia
=(=D"g" [ [r = 1gdua(x)
e, »
—n 9y / ey (2)

-1 Jz,

1
:nogq+B

q—1

Let us take the double p-adic integral on Z, for the two variable g-Bernstein
polynomials. Then we have

//Bkn$17x2|Q)dﬂl($1)dﬂl($2)

<>// w1lg 1 = ]y S dp (1) dpaa (2)
B <k)B’“’q/Z [1 = way =y (2)

P

() Bra(Ba g + %8 — k), ifn>k+1, (26)
(k+ 1)Byy By (2), =k,
. Bi.q, if n =k,
1, ifn=%k=0.

Therefore, we obtain the following theorem.

Theorem 2.2. For n,k € NU{0}, we have

//Bk,n(mlax2|Q)d/~01($1)d/~L1($2)

ZP ZP

(1) Bra(Bupg—1 + 24 (n = k), ifn>k+1,
(k +1)Bk,gB1,4-1(2), ifn=Fk+1,

Bk7q zfn =k

1, ifn=%k=0.

d0i:10.20944/preprints201807.0566.v1
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For n,k € NU {0}, we have

/Bk,n(xh$2|Q)dul($1)dﬂl($2)
Z

P P

= [ ()t et

AR
_ (Z) /Z 1 — 2a]"Fdpun (22)

P =0

k—2
1
X {1—k/ [].—Cfl —1d,U,1 .’El + ( ) ((k‘—l)qogql +Bk—l,q_1)}'
7 —

Thus, by (27), we get
pr fZ Bin (21, 22|q)dp (21)dpn (22)

fZ ].—.’EQ] dﬂl(xQ)
A T T k _1\k—! _ log q o
1) + 3 () 0 (=075 + By ))

(o
k=2 (_1)16—1% +I§(—1)k_l (?)Bk—l,q1>

n logg—q+1 <k 1
= l—k——~— +Fk
(k>< (¢—1) Z —
k—
logg—gq+1 log q -tk
_ —1 B —1
()(l e PRmn AT ) P

k—2
n 2logqg—q—qlogg+1 w1 [k
= — -1 B 1.
(k> (1 ’ ( (q - 1)2 i l:O( ) ! Fbe

Therefore, by (28), we obtain the following theorem.
Theorem 2.3. For n,k € NU{0} with k> 1, we have
Iz, Sz, B (@1, wolq)dpn (z1)dp (x2)
( )fz — @3] —1 “Fdpn (w2)

_ (Z) (1_k<2logq—(qq—1q)lzogq+1) +]§(_1)k z(’;)Bk g )

k—2

P

R I

(28)

1=0
Therefore, by Theorem 2.2 and Theorem 2.3, we obtain the following corollary.
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Corollary 2.4. For k € N with k > 1, we have

k—2
2logg —qlogg —qg+1 [k
Bk,qzl—k< &4 (qq_f’i)qQ a )+§ (—1)* l<l)Bk_l,q1.
=0

For m,n € NU {0}, we have

//Bk,n(JUl,$2|Q)Bk,m($17$2|Q)dul(xl)dﬂl($2)
ZLD ZP

. <Z) <’Z> /Z p (1) 2 dpuy (1) /Z p [1— o]t 2R dpuy ().

Thus, by (29), we get

(29)

fzp fzp By n (71, 72|q) Bim (w1, w2|q)dpn (1) dpn (22)
Jo, 11— @]y 52 dpun ()

Q@

Hence, we have the following proposition.

Proposition 2.5. For m,n,k € NU{0}, we have

Jz, Jz, Brn(@1,22]@) Bim (21, 22|q)dpa (21)dp (w2)
Jo, 1= w2l 5 dpua (a2)

Q@

Let m,n,k € NU{0}. Then we get

//Bk,n(fm,£U2|q)Bk,m(fE1,$2|Q)du1(ff1)du1(fﬂ2)
Zp Zp

~S @) [ ] p-mistn- e i

(30)
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Thus, from (30), we have

Iz, Iz, B (@1, 22]q) Brm (21, 22|q)dpa (1) dpa (22)
Jo, L= wal g2 dpn (2)

OO =L oo E

=0 D

k—2
() (m logqqurl logq g 2k 2=
- () (%) <1 R 2 Patctas
2k—2
n\ [m 2logqg—qlogg—q+1 2k okl
= 1-2k -1 B -1
(k)(k)( () 2 <l>( ST Bkt

) (31)

[1 -z ]2 ldul($1)>

+

y (31), we have the following proposition.

Proposition 2.6. For m,n,k € NU{0}, we have

fzp pr Bin (21, 22|q) Br,m (@1, 22| q)dpr (21)dper (x2)

Jo, 1= w2l 5 dpua (a2)

() - ) - S (e men)

Therefore, by Proposition 2.5 and Proposition 2.6, we obtain the following
corollary.

Corollary 2.7. For k € N, we have
logg—q+1 2 fok log q
Bopyg =12k T — —1)%=t 2k — 1 Bog_1.4-1 ] -
For m € N, let ny,ng, -+ ,nm, k € NU{0}. Then we note that

/ / (ﬁ Br.n: <x1’$2IQ)> dpy (z1)dpr (22)
- Z (H ( )) <mlk> (=pm (32)

/ / [ = a5 L = e Ty (1) dpaa (2)
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Thus, by (32), we have

Iz, [z, A2 Beon, (21, 22]q)) dpa (1) dpin (2)

Joy 1= ol T = ()

g e ey

=1 =0 P
- (fll CZ)) <1 —mk /Z,, (1 —a1]g-rdpa(z1) + M:Z: <n;k> (—1)mh /Zp 1- ar1]Zlklld,u1(x1)>

() (- B (o (i)

Therefore we obtain the following theorem.
Theorem 2.8. For ny,na,- - ,nm, k € NU{0} and m € N, we have

Sz, Jo, A2 Ben, (21, 22]q)) dpsn (1) dpin (2)
Jo, = ol = Ry ()

(1) (- () B () (i)

On the other hand, we easily get

Iz, I, Hz 1 Bren, (21, 22]q)) dppa (21) dul T2) ﬁ (nz)
mk,q-

n1 +n2+ +nm—mk
fZ - q dﬂl i=1

(33)

Therefore, by Theorem 2.8 and (33), we obtain the following corollary.
Corollary 2.9. For m,k € N with k > 1, we have

mk—2
B -1 p(loga—a+1 mEY | \mk—i p_plosd | p
mk,g = L =M Tg-12 + Z I (1) (mk —1) ] + Bmk—t,g-1 | -

=0 q
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