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Article

“Quantum Jumps” as Bifurcations in Non-Linear
Soliton-Type Models
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Departamento de Física, Universidad Autónoma Metropolitana Iztapalapa, Apartado Postal 55-534, C.P. 09340,
México-City, México; ekke@xanum.uam.mx

Abstract: Non-linear superposition of solitons provide almost linear branches as well as “quantum
jumps” to stable particle-like cores. Can the quest for possible non–linearity of quantum mechanics
and the “collapse paradox” of the wave function in (non-)linear quantum mechanics be resolved by
transitions between different quasi-linear branches of the corresponding Whitney surface?
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1. Introduction

In classical mechanics, Hook‘s law for the spring is linear only for small elongations. Unharmonic
oscillations or even a branching into “catastrophic” deformations [1] may occur. On the other hand,
quantum mechanics (QM) is built upon the canonical Schrödinger or Dirac equation and the strict
postulate of linear superposition principle. Nevertheless, Yang-Mills theory or Einstein’s gravity are
based on nonlinear classical equations. Even in Maxwell’s theory of electromagnetism, effectively
non-linear theories a la Born-Infeld or Heisenberg-Euler are induced by field quantization. Lateron,
Heisenberg proposed a fundamental nonlinear spinor equation, cf. [23], as an alternative to QCD with
its nonlinearly coupled gauge fields.

De Broglie, the founder of matter waves, regarded the ψ of QM as “pilot waves” for the
universal wave function u govern by a possible nonlinear dynamics [9]. Already in 1919, Einstein has
contemplated in a letter to Lorentz the need for nonlinear differential equations, cf. Colins et al. [8], p.
21. In continuing our previous outline [22] of nonlinear QM, one would regard point-like particles as
represented by “quantum solitons” [15] whose regular density centers are guided by an almost linear
tail in a quasi monistic concept of matter waves (coined ϕ in the scalar case).

According to Penrose [33], the Schrödinger equation determines an unitary evolution of the wave
function, but NOT the reduction to one state during measurements.

Similarly, Bjorken [3], hold the view that a “small amount of . . . nonlinearity” in the foundamental
equations . . . “ may effectively eliminate paradoxes such as the “collapse of the wave packet” during
measurements, cf. Mielnik [28,29]. Soliton-like localized quasi-stable solutions would be ideal
candidates for realizing De Broglies program of Nonlinear Wave Mechanics (NLWM), cf. Colins
et al. [8] for a recent assessment. Spreading due to dispersion needs to be compensated by non-linear
effects ensuring stability of solitons representing particles. Thus spontaneous transitions between
different quasi linear branches of the Whitney surface would provide an “inner fusion of the statistical
and causal laws” [5]. Such nonlinear corrections avoiding the “spooky action at a distance” according
to the critizism of Einstein on standard QM, were tested, to some extent, by Weinberg [37].

In our relativistic example below, solitons are rather stable entities, to some extent, behaving
effectively like colliding particles, i.e. after leaving the interaction region, where they may deform due
to a temporally inelastic relativistic interference. Due to an inherent self-focusing mechanism, here
regarded as entanglement, they eventually return to their original shapes and velocities [23].

“Quantum jumps” [5] or the “spontaneous” collapse of the wave function ψ should arise from
a irreversable transition between different almost linear branches in the projection of a continous
Whitney surface (modelling the nonlinear Lagranging) [1]. For example, a “swallow tail” catastrophe,
cf. Mielke [26], Figure 3, exhibits both an almost linear branch and a region of nonlinear dynamics.
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This rather “holistic” wave approach a la Penrose [34], p. 187, would be induced via a (physically
hidden?) control parameter of the corresponding Whitney surface.

2. Soliton Collisions with Interference

As an instructive example, let us depart from the nonlinear Klein-Gordon (NLKG) equation

□ϕ =
∂U (ϕ)

∂ϕ
, (1)

where □ := ∇ •∇− ∂2/c2∂t2 is the hyperbolic Lorentz-invariant wave operator of d’Alembert.
In quantum chromodynamics (QCD), e.g. hypothetical axions with inertial mass m are self-interacting

via the effective [26] periodic potential

Ua(ϕ) =
m4

λ

[
1 − cos

(√
λ

m
ϕ

)]

≃ ULE(ϕ)−
λ

4!
ϕ4 − · · · (2)

which, at higher order of |ϕ|, deviates from the Lane-Emden (LE) potential ULE(ϕ) =

m2ϕ2 (1 − χϕ4) /2 and, effectively, alters the mass of a propagating particle.
In two dimensions (2D), the sine-Gordon equation results as a well known example. The first term

of the Taylor series of the potential (2) corresponds to the mass in the relativistic invariant Klein-Gordon
equation; the next one would give rise to the famous ϕ4-theory. Combining the first and third term, it
can be reckonized as the modified ϕ6-theory of LE [14].

For constructing multi-solitons, the well-established Bäcklund transformation (BT) [18,20], can be
employed, for which solitons in an optical lattice have been studied [19].

When employing dimensionless light-cone coordinates ξ := 1
2 (x̃ + ct̃) and η := 1

2 (x̃ − ct̃), thereby
absorbing the coupling constants, the sine-Gordon (sG) equation acquires the form

θξη = sin θ (3)

and is CPT invariant. In a moving frame, with γ := 1/
√

1 − v2/c2 as Lorentz factor, it has the exact
kink solution

θ = 4C arctan [exp γ (x̃ − vt̃)] . (4)

with charge operator C = 1, or C = −1 for an anti-kink. In order to avoid step functions, let us monitor
here its spatial derivative

θx̃ = 2γCsech [γ (x̃ − vt̃)] (5)

which turns out to be localized and square-integrable, as required for the statistical interpretation a
la Max Born. In contradistinction, we regard this as an example of “Anschaulichkeit, the possibility
of seeing the process in space”, cf. [5]. Thus its absolute value is a template which will facilitate a
subsequent comparison with the scattering behavior of solitons or lumps. In nonlinear time evolutions,
a topological space of square integrable functions can thus be maintained in NLQM, cf. Natterman [30].

More concretely, Bianchi’s permutability theorem of BTs provides a nonlinear superposition

tan [(θ3 − θ0)/4] = B tan [(θ1 − θ2)/4] , (6)

where B < 1 is a common or ‘average’ relativistic velocity. Still the superposed solitons appear to
remain, to some extent, “entangled” (in German verschränkt according to Schrödinger) at spatial
infinity, due to the long-range effect of non-linearity.
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The CPT invariance of our relativistic KG equation allows us to distinguish solitons from
anti-solitons: In the case of the collision of two kinks (instead of a collision of a kink and its CP
odd anti-kink, as in Ref. [6]) the trivial seed solution θ0 = 0 leads to the exact solution

θkk = 4 arctan [K(ζ1, ζ2)] . (7)

When C̃ = C exp(γ1δ1 + γ2δ2) and B = exp(γ1δ1), the kinetic factor

K(ζ1, ζ2) : = Bexp(ζ1) + C̃ exp(ζ2)

exp(ζ1 + ζ2)− C
(8)

=
exp(ζ1 + γ1δ1) + C exp(ζ2 + γ2δ2)

exp(ζ1 + ζ2)− C
≃ exp(ζ1 + γ1δ1) + C exp(ζ2 + γ2δ2)

depends on the initial velocities and the inverse Lorentz transformations ζi := γi(x̃+ vi t̃) characterized
by the opposite sign of the relative velocity occuring in the individual phases δi. Observe the occurence
of a non-linear “soliton resonance” or interference pattern (Figure 1) during collision, when monitored
via the derivative of the kinks.

Figure 1. (Color online) Kink-kink collision monitored via the absolute value of its spatial derivative.
After passing the interference region, again a nonlinear self-focusing of the solitons occur. The
interference resulting from a kind of “pilote wave” part induces a phase shift and displacement
in the localization of the moving solitons.

Qualitatively, it resembles De Broglie’s hypothesis of the double solution, where the interference
would result from the pilot wave part of ψ. To some extent, such nonlinear QM realizes De Broglie’s
original ideas via “pilot waves without pilot waves”, to use a Wheeler type phrase.

At large separations from the interaction region, cf. Figure 1, the solution (7) clearly decouples
asymptotically into a (non-interacting) kink–kink or kink–antikink pair [7] distinguished by the sign
C = ±1 of the topological charge. The global stability of solitons has been established and analyzed by
Kusmartsev [16] again via Whitney’s theory of bifurcations.

A generalization to (2+1) D has been attempted in Ref. [6], following [10]. Although thereby exact
integrability has been lost, certain mappings from solitons to 3D lumps of the Lane-Emden type are
instrumental, cf. Figure 2.
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Figure 2. (Color online) In three dimensions, a regular Lane-Emden lump is viewed as a template for a
meta-stable soliton.

3. Interference Patter of Electrons

Claus Jönsson repeated in 1961 the double slit experiment of Thomas Young, however for electrons [13].
At that time it has been regarded as the most beautiful experiment of physics. More recently, for electrons
with higher kinetic energy, the gradual built-up of an interference patter has been demonstrated in an
double slit type experiment by Tonomura, cf. Figure 3 of Ref. [36]. It reveals both, the statistical behavior
of (soliton-like?) electrons, as well as the particle-wave duality, to some extent resembling a more recent
version of De Broglie’s “pilot wave” interpretation of quantum mechanics (QM).

Figure 3. (Color online) Interference patter of electrons in a double slit type experiment, cf.
Tonomura [36]. It is gradually built-up by 140 000 electrons, the corresponding matter waves
“collapsing” onto the (scintilator) screen.

However, in nonlinear models, soliton-like solutions exhibit a point particle behaviour
only for their respective centers of mass, as well as interference patterns during collisions. The
Heisenberg inequality or uncertainty relation in the Lieb form was analyzed in Ref. [38] but not
the corresponding interference patterns. Like in Everett’s relative state interpretation of QM, “the
world appears indeterministic . . . but largely objective through quantum correlations (entanglement) “,
cf. Lindgren [21].
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4. Cosmic Bell Test?

Colliding solitons of our template behave like “entangled particle pairs”. Due to the nonlinearity,
there occurs an overlap of their backward light cones. [4]). A cosmic Bell test [11] does “not rule
out models with hidden variables in the overlap of past light cones ... or their overlap”. For soliton
scattering, these are mimicized by the asymptotic tails of the exact solutions (7) for nonlinearly
superposed solitons.

Moreover, their tails may affect the out-come of the (non-linear) particle wave duality and
Wheeler’s delayed-choice Gedanken experiment, cf. Jacques et al. [12]. “Decoherence produces ... an
effect that looks like collapse” cf. [2].

There are even speculations [31] that entanglement could be effected via Einstein–Rosen bridges
or “wormholes” in space, cf. [25].

5. Discussion: “Collapse” of the Wave Function Triggered by Self-Gravity?

According to Penrose [33], a spontaneous collapse of the wave function could also be induced by
the gravitational self-energy of the De Broglie matter wave of a particle. In a self-consistent approach
this “departure from linearity” would resemble the (meta-stable) geons of Wheeler for electromagnetic
fields or even the (mini-) Boson Stars of T.D. Lee arising in the gravitationally coupled Klein-Gordon
equation, cf. [24]. The stability of these Boson Stars in a certain mass range is again assured for
the lower branches in the projected Whitney surface [17] moniturizing their nonlinear dynamics. A
coupling to higher order curvature invariants a la Kretschmer may even ensure a mass renormalization,
cf. [32].
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