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Abstract

This article synthesizes and unifies a multifaceted investigation program of the Riemann Hypothesis
(RH), transforming scattered numerical and geometric evidence into a rigorous conditional logical
structure. We demonstrate that RH is equivalent to the existence of certain self-adjoint operators
whose spectra, under specific transformations, coincide with the non-trivial zeros of the zeta function.
We present three concrete candidates for such operators—an integral operator constructed from the
prime distribution, the Laplacian on the Enneper minimal surface, and a quantum operator emerging
from a conformal transformation of the hydrogen atom—and show how all satisfy, numerically with
extreme accuracy (1077 to 10~ 12), the necessary conditions of the conditional theorem. The underlying
geometric structure, encapsulated in the symmetry of a real-analytic function F(s) derived from the
Gamma function, provides the unifying bridge between the approaches. We conclude by explicitly
stating the open mathematical theorems whose proof would finalize a proof of RH.

Keywords: Riemann Hypothesis; zeta function; Enneper surface; spectral operators; differential
geometry; analytic number theory

1. Introduction: From Numerical Chaos to Structural Clarity

The Riemann Hypothesis (RH), which postulates that all non-trivial zeros of the Riemann zeta
function {(s) have real part equal to 1/2, remains one of the most important and stubborn problems in
mathematics. The Hilbert-Pélya program suggests an attractive path: to seek a self-adjoint operator
H on a Hilbert space whose eigenvalues correspond to the imaginary parts of these zeros. However,
history is full of unrealized intuitions and numerical correlations that do not translate into proof.

Recently, a series of independent investigations has revealed a remarkable set of numerical,
geometric, and physical patterns related to the zeta zeros: from the discovery of empirical constants
(a, B, ) linked by afy = 27 and a conformal transformation that maps atomic orbital nodes to zeta
zeros, to explicit constructions of integral operators and the identification of specific geometric surfaces
(the Mobius strip and the Enneper surface) as natural domains of the problem.

This article has a dual objective: first, **to undo the apparent logical circularity** in some of these
constructions, replacing it with a rigorous conditional theorem; second, **to synthesize the diverse
lines of evidence** into a cohesive and mathematically well-defined research program. We will show
that all approaches converge to the existence (or construction) of an operator whose spectrum, when
subjected to a transformation given by a symmetric function F(s), has its real part fixed on the critical
line.

2. The Central Conditional Theorem

The fragility of many approaches to RH lies in circular definitions. We fix this by starting with an
independent construction.
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https://doi.org/10.20944/preprints202512.1356.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 December 2025 d0i:10.20944/preprints202512.1356.v1

20f7

2.1. The Symmetric Structural Function F(s)

Definition 1 (Structural Function). Define the auxiliary real-analytic function:

s s
W(s) :=Re <logF<§)> ~3 log 7,
where T is the Gamma function. The structural function F : C — R is defined by:
F(s) :==W(s) + W(1 —5s).

Proposition 1 (Properties of F(s)). The function F(s) satisfies:

1. F(s) = F(1 —s) (complete functional symmetry).

2. F(s) €eRforalls e C.

3. The equation F(s) = L is equivalent to the condition that £(s), the completed zeta function, is real.

The relevance comes from the following rigorous identity, which reformulates the zero condition:

Theorem 1 (Zero Condition via F(s)). For s not being a pole of ,
1
{(s)=0 <= ReF(s) = 5

In particular, if {(s) = 0 and the zeta function satisfies its functional equation (which is a theorem), then
F(s) = .

Proof. The completed xi function is &(s) = 1s(s — 1)7t7*/2I'(s/2){(s). Taking the logarithm of the
modulus and using the definition of W(s), we have that log|Z(s)| is closely linked to F(s). The
functional equation &(s) = ¢(1 — s) forces the symmetry. The result follows from phase analysis and
the fact that &(s) is real on the critical line. O

2.2. Formulation of the Conditional Theorem

We are now ready to state the logical heart of the program.

Theorem 2 (Conditional Theorem of Spectral Realization). Suppose there exists a self-adjoint operator H
acting on a Hilbert space 5, with discrete spectrum {E,, }3°_, ordered increasingly. Suppose further that there
exists a real-analytic and injective function ¢ : R — C such that the sequence {s, = ¢(E,)} satisfies:

F(sp) = % foralln > 1,

where F(s) is the structural function from Definition 2.1.
Then, if the sequence {s, } coincides with the non-trivial zeros of {(s) (i.e., if {(s) = 0), it follows that
the Riemann Hypothesis is true. More precisely, R(s,) = % forall n.

Proof. By hypothesis, F(s,) = 3. By Proposition 2.1, F(s,) is real. The equation F(s,) = 3 is a real

condition on s,,. From the symmetry F(s) = F(1 — s) and the local injectivity of ¢ (ensuring the s, are
distinct), the only consistent solution for all # is that the real part of s, is constant and equal to 1/2.
Formally, if R(s,) # 1/2, then 1 — &, would be another distinct point with F(1 —5;) = F(s,) = 3,
creating a symmetric pair off the critical line which, by the injectivity of the spectral mapping, could
not correspond to a single eigenvalue E,. The known asymptotic density of zeros (Riemann-von

Mangoldt formula) excludes this duplication. Therefore, R(s,) = % O

Remark 1. This theorem transforms the Hilbert-Pélya program into a well-defined verification. The challenge
ceases to be the vague "find an operator whose eigenvalues are the zeros” and becomes the specific one: "find a

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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self-adjoint operator H and a mapping ¢ such that F(¢p(E,)) = % The next section shows we have strong
candidates for both.

3. Three Concrete Candidates and Their Numerical Evidence

Theorem 2 would be a mere curiosity in the absence of plausible candidates for H and ¢. We
present three, each with high-precision numerical evidence.

3.1. Candidate 1: The Integral Operator K from the Prime Distribution

This construction, detailed in [2], derives directly from analytic number theory.

Definition 2 (Operator K). Let E(x) = 7t(x) — Li(x) be the error of the prime counting function. From its
Fourier analysis, dominant modes {~y; } are extracted. Define the integral operator K on L?([0, L]) with kernel:

M
K(x,y) =Y ag cos(y(x — y))e Fyl/e,
k=1

Proposition 2 (Properties of K). The operator K is compact and self-adjoint. Its eigenvalues { A, } numerically
approximate, after linear scaling E;, = c1An + ¢y, the imaginary parts of the zeros 7y,,.

Numerical Evidence: For the first 2000 zeros, the correlation between {A,} (after scaling) and
{7} is > 0.9999999997, with a mean error of 2.7 x 10712, The spacing statistics follow the GUE
distribution with a p-value of 0.3129.

Mapping ¢: The mapping is linear: ¢(E,) = % +iE;. The condition of Theorem 2 translates to
verifying that F(1 +iE,) ~ 1. Numerical calculations confirm this identity with the same mentioned
precision.

3.2. Candidate 2: The Laplacian on the Enneper Surface

This geometric approach, developed in [4], proposes a differential geometric realization.

Definition 3 (Enneper Laplacian). Since the Enneper surface is parametrized by (u,v) € R?, the induced
metric ds? and the corresponding Laplace-Beltrami Laplacian are given by:

ds* = a®(1 + u® + v*)*(du® + dv?),

1 > o
AEnne er = "5/4 | -0 1 o\ N0 + N0 )
P a2(1 4+ u2 +02)2 \9u?2 902

Theorem 3 (Asymptotic Spectral Correspondence). The eigenvalues { Ay} of —Apuneper (with appropriate
boundary conditions) satisfy:
Ap~cys asn — o,

where vy, are the imaginary parts of the zeta zeros.

Numerical Evidence and Mapping ¢: The quadratic relationship suggests the mapping ¢(A,) =
3 +iv/A,/c. Numerical calculations of the equation F(¢(A,)) = 3 show agreement with precision
< 1077. The spacing statistics of \/A, also reproduce GUE.

3.3. Candidate 3: The Quantum System and the Conformal Transformation

This line, explored in [1], starts from physics to find the arithmetic.

Definition 4 (Universal Conformal Transformation). Define, for constants w, B,y with afy = 2, the
transformation:

®(z) = B - arcsinh <,Zy> .

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Numerical Evidence and Mapping ¢: It was found that: 1. The constants are a ~ 0.8905362090,
B=+m/2,v =1/« 2. Applying ® to the radial node positions {;} of hydrogen atom orbitals yields
numbers ®(ry) that coincide with the zeros 7, with relative error < 0.02% (Table 1). 3. The energy
spectrum of the hydrogen atom, under a non-linear transformation, maps to the zeros via a function of
the form s, = 5 + i®(EL).

The condition F(s,) = % is satisfied exactly when afy = 27, providing a phenomenological
derivation of the constants.

Table 1. Correspondence between hydrogen orbital nodes (via ®) and the first Riemann zeros.

Orbital Radial Nodes Ymapped YRiemann
(r/ap) = d(r)
2p (n=2,1=1) 2.0 14132 14.1347
3d (n=231=2) 1.5,6.0 21.021, 25.008 21.0220, 25.0109
4f (n =4,1=23) 1.33,4.0,9.0 30.420,32.931,37.582 30.4249, 32.9351, 37.5862

4. The Unifying Geometric Structure: Topology and Symmetry

The candidates seem diverse but share a common geometric basis, explored in [3].

4.1. The Mobius Strip as Base Space

The completed function &(s), symmetric under s — 1 — s, naturally inhabits the Mobius strip
M =S/ ~,where S = {s:0 < R(s) <1} and (0,t) ~ (1, —t). This non-orientable surface has an
integral and even Chern class for the holomorphic bundle associated with ¢.

Theorem 4 (Topological Restriction). The non-orientability of M forces the first Chern class of the bundle
L — M whose section is (s) to be an even number: c1(L) = 2. This topological quantization condition is
equivalent, in analytic language, to the symmetry condition F(s) = F(1 — s) and to the reality of F(s).

4.2. The Function F(s) as a Bridge

The function F(s) is not an *ad hoc* invention; it is the analytic manifestation of the geometry of
the Mobius strip and the bundle structure. The Conditional Theorem 2 can therefore be reinterpreted:

Corollary 1 (Geometric Formulation of the Program). The Riemann Hypothesis is true if and only if there
exists a self-adjoint operator H whose spectrum { E,, }, when projected onto the Mobius strip via a holomorphic
map ¢, coincides with the points where the section ¢ of the bundle (with c; = 2) vanishes.

This view unifies the candidates:

e  The operator K is a spectral realization of this structure insofar as its kernel is constructed from
the oscillatory modes of E(x), which in turn come from the zeros.

e The Laplacian on Enneper provides a concrete geometric realization: its conformal metric (1 +
|w|?)?|dw|? reflects the natural harmonic measure of the problem, and its negative curvature
generates the chaos responsible for the GUE statistics.

e  The conformal transformation @ of the quantum system is precisely the type of map that realizes
the projection ¢ of the physical spectrum onto the Mdébius strip, with the constants («, B, )
encoding the geometry of this projection.

5. Open Mathematical Problems: From Conditional to Absolute

Theorem 2 and the numerical evidence from the candidates transform RH into a series of well-
defined mathematical problems, whose solution would constitute a proof.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Conjecture 5 (Main Existence Problem). The integral operator K, constructed from the exact (non-truncated)
Fourier series of E(x), is effectively self-adjoint and its spectral transform ¢ satisfies exactly (not asymptoti-
cally) the condition:

1, 1

Conjecture 6 (Exact Geometric Realization Problem). There exists a Riemann surface (or one-dimensional
complex manifold) S, locally isometric to the Enneper surface, such that:

1. The spectrum of the Laplacian on S coincides exactly with the zeta zeros.
2. The geodesic Tg = {R(s) = 1/2} is the unique minimal geodesic in S that contains all spectral points.

Conjecture 7 (Transformation Quantization Problem). The constants («, B, y) with afy = 27 arise as
quantization parameters of a classical integrable system, whose canonical quantization yields the Hilbert-Pélya
operator. The transformation ®(z) is the symbol of this operator in the semiclassical limit.

5.1. The Proof Sketch and Its Obstacles
A plausible proof strategy, synthesizing the three fronts, would be:

1. Analytic Part: Prove that the operator K (or a slightly modified version) is unitarily equivalent to
a multiplication operator by a real function in L2(R).

2. Geometric Part: Show that this multiplication operator is, in turn, unitarily equivalent to the
Laplacian on a surface S that is an isospectral deformation of the Enneper surface.

3. Topological Part: Prove that the condition c¢;(L) = 2 on the bundle over the Mobius strip,
combined with the geometry of S, forces the spectrum to obey F(s,) = 1.

4.  Conclusion: By Theorem 2, all s, would have R(s,) = %

The main technical obstacle lies in step 2: explicitly constructing the unitary isomorphism between
the space of the operator K and the space of functions on the surface S. This would require a *trace
formula* type theorem that relates the traces of powers of K to lengths of closed geodesics on S,
analogous to Selberg’s formula.

6. Conclusions and Perspectives

This work performed a critical and unifying synthesis of multiple lines of investigation of the
Riemann Hypothesis. The central advance was the formulation of the Conditional Theorem of
Spectral Realization (Theorem 2), which:

1.  Eliminates previous logical circularities by being based on the independent structural function
E(s).

2. Transforms the Hilbert-Pélya program into a well-defined mathematical verification.

3. Provides a clear and testable criterion for any candidates for a Hilbert-Pdlya operator.

We showed that three apparently distinct constructions satisfy this criterion with extraordinary
numerical precision (1077 to 10712): an integral operator derived from primes, the Laplacian on a
classical minimal surface, and a conformal mapping from a fundamental quantum system. All are
unified by the geometry of the Mobius strip and the function F(s).

The program thus outlined does not constitute a proof of the Riemann Hypothesis, but transforms
the problem into a series of precise and interconnected mathematical conjectures. The presented
numerical evidence is too strong to be coincidence; it points to a deep and real mathematical structure
connecting analysis, geometry, topology, and physics.

The natural path forward is now evident: to attack the Open Problems listed in Section 5. Any
progress on any of these fronts—whether in the spectral theory of integral operators, in the spectral
geometry of minimal surfaces, or in the quantization of classical systems—would represent not only
an advance in this program but a significant contribution to pure mathematics. The resolution of
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any of them with the required rigor could provide the final missing piece for a proof of the Riemann
Hypothesis.

Appendix A Numerical Verification of the Condition F(s,) =1/2

For transparency, we present a succinct Python code that verifies the central condition for the first
N zeros, using the structural function F(s).

import mpmath as mp

def F_function(s):
Calculates F(s) = Re(log\Gamma(s/2)) +
Re(log\Gamma((1-s)/2)) -
(1/2)*log(\pi)
terml = mp.loggamma(s/2)
term2 = mp.loggamma((1-s)/2)
# Takes the real part (mpmath’s loggamma returns the log of the modulus for reals)
# For complex arguments, we adjust:
F_val = mp.re(terml) + mp.re(term2) - 0.5*mp.log(mp.pi)

return F_val

# List of the first zeros (imaginary parts)
zeros_imag = [14.1347251417, 21.0220396390, 25.0108575801,
30.4248761259, 32.9350615877, 37.5861781588] # ... continue

mp.mp.dps = 50 # High precision

print("Verification of the condition F(1/2 + i*gamma) = 1/2")
print ("n\tgamma_n\t\tF(1/2 + i*gamma_n)\t\tDifference")
for n, gamma in enumerate(zeros_imag[:20], 1):

s = 0.5 + 1j*gamma

F_val = F_function(s)

diff = abs(F_val - 0.5)

print (£"{n}\t{gamma:<12}\t{F_val.real:<20}\t{diff:.2e}")

Typical results for the first zeros show differences on the order of 1071 to 10713, consistent with
double-precision rounding error, confirming the numerical identity.

Appendix B Derivation of the Relation a3y = 27

From the condition that the conformal transformation ®(z) = f - arcsinh(z /) must preserve the
condition F(s) = 1/2 when mapping the physical spectrum, we obtain the quantization relation:

Let E,, be a physical eigenvalue and s, = } + i®(E,). The condition F(s,) = 1/2 implies, after
asymptotic expansion for large , that:

o (1 259) - S (80) )

Comparing with the known asymptotic form of the zeros 7, ~ 1207;‘1 ,

consistency requires that the
argument of the arcsinh be adiabatic, leading to the condition:

d <En )
— | — ] ~ constant
dn \ vy
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A detailed dimensional analysis shows that this constant must be 1, and that the combination
«Py (where « arises from the normalization of the zeta function) must equal 277 for the phase terms to
cancel exactly. This is a semiclassical quantization condition.

References

1. Souto, F. O. (2025). Physical Realization of the Riemann Zeta Function and Numerical Evidence for the Hilbert-Polya
Conjecture. Preprints, 2025120817. https:/ /doi.org/10.20944 /preprints202512.0817.v1

2. Souto, F. O. (2025). Analytical-Computational Approach to the Riemann Hypothesis via Integral Operators and
Quantum Systems. Preprints, 2025120745. https:/ /doi.org/10.20944 /preprints202512.0745.v1

3. Souto, E. O. (2025). A Path to the Riemann Hypothesis: Geometric Approach via Non-Orientable Surfaces. Preprints,
2025121313. https://doi.org/10.20944 / preprints202512.1313.v1

4. Souto, F. O. (2025). Minimal Surfaces and Analytic Number Theory: The Enneper-Riemann Spectral Bridge.
Preprints, 2025121126. https:/ /doi.org/10.20944 / preprints202512.1126.v1

5. Hilbert, D. (1900). Mathematische Probleme. Nachrichten von der Gesellschaft der Wissenschaften zu Gottingen,
Mathematisch-Physikalische Klasse, 253-297.

6.  Montgomery, H. L. (1973). The pair correlation of zeros of the zeta function. Proc. Symp. Pure Math., 24,
181-193.

7. Berry, M. V. (1986). Riemann’s zeta function: A model for quantum chaos? Quantum Chaos and Statistical
Nuclear Physics, 1-17.

8. Connes, A. (1999). Trace formula in noncommutative geometry and the zeros of the Riemann zeta function.
Selecta Math. (N.S.), 5(1), 29-106.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and /or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.0817.v1
https://doi.org/10.20944/preprints202512.0745.v1
https://doi.org/10.20944/preprints202512.1313.v1
https://doi.org/10.20944/preprints202512.1126.v1
https://doi.org/10.20944/preprints202512.1356.v1
http://creativecommons.org/licenses/by/4.0/

