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Featured Application 

The results of this work enable the formation of spherical (synclastic) surfaces in the automotive, 

boatbuilding, and aviation industries using cell cores without the need for additional external forces. 

Abstract 

The cores of honeycomb panels are usually made of hexagonal cells. Due to their structure, they 

create anticlastic surfaces that are difficult to use in furniture design. Forming such cores and gluing 

sandwich panels forces the introduction of prestresses that overload the structure. Structures with 

negative Poisson's ratios are characterized by free, stress-less formation of curvilinear surfaces. A cell 

shape modification was proposed to obtain auxetic cell cores that ensure the creation of synclastic 

surfaces. New core structures for synclastic furniture sandwich honeycomb panels were modeled 

numerically and experimentally. It has been shown that new shapes of core cells created by 

transforming hexagonal cells enable the formation of synclastic surfaces. 

Keywords: paper; honeycomb; auxetic; synclastic; FEM 

 

1. Introduction 

Sandwich panels with honeycomb cores are commonly used in the automotive and aerospace 

industries [1–6]. Sandwich composites with honeycomb structures made from paper are often used 

as a replacement for metal sheets due to their excellent corrosion resistance [7]. Panels with hexagonal 

cells are recommended for forming flat structural elements. When forming spherical surfaces, they 

adopt an anticlastic shape. However, solutions are sought in which the cellular cores are capable of 

freely forming synclastic surfaces without the need for additional external forces or energy-intensive 

technological processes. The behavior of an auxetic honeycomb with a negative Poisson's ratio [8] has 

also been studied, demonstrating its ability to form synclastic surfaces. Studies have repeatedly 

shown that materials with auxetic properties are impact resistant and absorb energy well [9,10]. The 

relevant work for dome-shaped auxetic structures is the paper by Easey et al [11]. The authors 

successfully validated the FE models of auxetic cellular domes using them. Very good agreement was 

achieved between DIC and FE for the onset of buckling and post-buckling response, including strain, 

displacement, and loads. However, none of the mentioned works describe sandwich synclastic 

structures prepared from wood-based composites, dedicated especially to the furniture industry. 

Some work has shown the bending mechanical performance of a new class of zero Poisson’s 

ratio lattices designed for large out-of-plane morphing and deformations. The very large bending 

compliance of these lattices makes them particularly interesting for cellular skin morphing 

applications involving the use of composite materials [12,13]. It was also noted that angle gradient 

configurations with a constant cell-wall aspect ratio provide the highest specific critical load, shear 

modulus, and bending stiffness for composite sandwich panels with a gradient filler. The authors 

succeeded in minimizing the differences between experimental testing of prototypes and computer 
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modelling of structural deformation under load. Structures with zero Poisson's ratio can be used to 

create synclastic sandwich shells [14,15].  

Paper structures, commonly used in the furniture industry, have not been extensively studied 

for the formation of spherical surfaces [16]. There is a technological need in the furniture industry to 

shape synclastic structures made of bio-materials. Therefore, a research hypothesis was made that 

the developed nonauxetic core structures and facings made of wood materials can provide the 

required rigidity and strength of synclastic coatings with a honeycomb structure. 

Because the honeycomb panels commonly used in furniture are not suitable for forming 

synclastic surfaces, it was decided to conduct a more in-depth analysis and modify these structures 

to enable them to form spherical surfaces freely. The aim of this study was to transform the hexagonal 

cells core into cells with a negative or positive Poisson's ratio, enabling these cores to form synclastic 

surfaces. 

2. Materials and Methods 

2.1. Materials and Cell Properties 

Two materials were used to construct the cells. One was a WoodEpox® composite made from a 

mixture of epoxy resin and lignin-cellulose pulp as a filler (Abatron, Kenosha, USA). This material is 

characterized by zero emission of volatile organic compounds (VOCs) and is certified by 

Greenguard®. The second type of material used was Testliner-2 paper with a thickness of 0.1 mm 

and a basis weight of 123 g/m2. The paper was produced by HM Technology (HM Technology, 

Brzozowo, Poland).  The material properties were collected in our laboratory and are presented in 

Table 1, [16–18]. It was also planned to obtain cells with the shapes shown in Figure 1 and dimensions 

listed in Table 2. Due to the shape of the hexagonal cell and its subsequent modifications, they were 

designated as re-entrant R, hexagonal H, and modified M, respectively. 

Table 1. Mechanical properties of the materials used for the cores. 

Material Unit WoodEpox® Paper 

Parameter*   Direction MD Direction CD 

𝜌𝑠 kg/m3 630 686 686 

𝐸𝑠 

MPa 

1045 5707 2188 

𝐺𝑠 - 2022 954 

𝜎𝑠 4.21 46 16 

𝜈𝑠 0.31 0.411 0.147 

*where: 𝜌𝑠 (kg/m3)  the density of the core paper direction, respectively, 𝐸𝑠, 𝐺𝑠 (MPa)  linear elastic modulus 

and shear modulus, respectively, 𝜎𝑠  (MPa) tensile strength, 𝜈𝑠 Poisson's ratio. 

 

Figure 1. Type of hexagonal cells: a) re-entrant, b) regular, c) modified. 
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Table 2. Geometrical characteristics of the cells used for the study. 

Symbol* Unit 
Cell type 

R re-entrant H hexagonal M modified 

𝜚 - 0.0973 0.0109 0.0161 

𝐿 

mm 

39.8 23.3 34.9 

𝑊  18.9 18.5 37.0 

𝐻 10.0 17.4 17.4 

𝑙 19.9 12 12 

𝑙𝑜 3.6 - - 

ℎ 18.9 3.3 3.3 

𝑡 1.5 0.2 0.2 

𝜀𝐴 
(°) 

37 - - 

𝜑  16 42 42 

*where: 𝜚 cell relative density, 𝐿, 𝑊, 𝐻 cell length, width, and height respectively, 𝑙, ℎ free and common cell 

wall length respectively, 𝑙𝑜 internal dastans, 𝑡 cell wall thickness, 𝜑, 𝜀𝐴 cell wall angle. 

2.2. Poisson’s Ratios 

Previous research indicates that cell structures with negative Poisson's ratios (so-called auxetics) 

have a natural ability to form synclastic surfaces [16,19–21]. Some studies also indicate that panels 

with positive but close-to-zero Poisson's ratios also have the ability to form synclastic surfaces 

[14,15,22]. With this in mind, we decided to determine the Poisson ratios of selected cells. This will 

indicate which of the proposed models demonstrate the ability to form spherical surfaces. 

For the R and H structures, the Poisson’s ratios are calculated from equations (1,2):  

𝜈𝑥𝑦  =  
𝑠𝑖𝑛𝜑(

ℎ

𝑙
+𝑠𝑖𝑛(𝜑))

𝑐𝑜𝑠2(𝜑)
       (1) 

𝜈𝑦𝑥  =  
𝑐𝑜𝑠2(𝜑)

(
ℎ

𝑙
+𝑠𝑖𝑛(𝜑))𝑠𝑖𝑛(𝜑)

        (2) 

In the case of M-type cells, Poisson’s ratios could be calculated based on equations 3 and 4 

[14,15,22] :  

𝜈𝑥𝑦  =  
√3 cos(60𝑜−𝜑)+3 sin(60𝑜−𝜑)−3

3 (2 sin(60𝑜−𝜑)−1)
      (3) 

𝜈𝑦𝑥  =  
3 (2 sin(60𝑜−𝜑)−1)

√3 cos(60𝑜−𝜑)+3 sin(60𝑜−𝜑)−3
      (4) 

Due to the complexity of the problem, the mechanical properties of all cells were determined 

numerically using the finite element method. Poisson's ratios were calculated using equations (5) and 

(6), respectively: 

𝜈𝑦𝑥 =
𝑑𝑋∙𝑌

𝑋∙𝑑𝑌
 for loading direction Y     (5) 

𝜈𝑥𝑦 =
𝑑𝐿∙𝑊

𝐿∙𝑑𝑊
 for loading direction X          (6) 

where dX (mm) and dY (mm) are displacements in directions X and Y, X (mm) is the width of the 

core, and Y (mm) is the length of the core, as in Figure 2. 
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Figure 2. Example of the core for Poisson’s ratios calculation. 

2.3. Core Samples 

Re-entrant cell cores (Figure 3a) were fabricated by milling a 10 mm thick flat panel made of 

cured WoodEpox® composite. Milling was performed on a Kongsberg-X milling machine 

(Kongsberg Gruppen, Kongsberg, Norway) using a HM milling cutter with a 3 mm diameter straight 

shank (CMT, Poznań, Poland). Paper cores (Figure 3b) were manufactured by HM Technology (HM 

Technology, Brzozowo, Poland). The cores were seasoned in the production hall at a temperature of 

25⁰C and a relative humidity of 45% until the sample mass stabilized. First, cores composed of 

hexagonal cells H were formed (Fig. 1). To obtain the modified cell M, three internal cell walls were 

removed from the cell type H, as illustrated in Figure 4. The cores were then seasoned in the 

laboratory at 25⁰C and 45% relative humidity until the core shape stabilized (Figure 5). The formed 

cores were used solely to determine the synclastic properties of the model and were not utilized for 

any other experimental studies. 

 

Figure 3. Type of hexagonal cores: a) R re-entrant, b) H regular. 
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Figure 4. Transformation H type cells into M type. 

 

Figure 5. Cores prepared for seasoning: a) H hexagonal, b) M modified. 

2.4. Numerical Calculations 

2.4.1. Compression Tests 

Numerical calculations were performed using the finite element method (FEM) using Abaqus 

v.6.13 (Dassault Systemes Simulia Corp., Waltham, MA, USA) and the resources of the EAGLE 

computing cluster at the Poznań Supercomputing and Networking Center. The computational model 

is presented in Figure 6. A nonlinear model was selected for the calculations, taking into account the 

geometric and material nonlinearity of the individual structures. The elastic properties of the 

materials are presented in Table 1. Additionally, the constitutive relations for all materials used in 

the finite element models are presented in Figure 7. C3D8R (an 8-node linear brick, reduced 

integration, hourglass control) finite elements were used for the modeling, with an approximate 

global element size of 0.25 mm. Calculations were performed for loads in the Y-axis direction and 

then in the X-axis direction, recording the corresponding deformations in both directions. A load 

imposing a displacement of 10 mm in the direction of the force was assumed. 

 

Figure 6. Numerical model of compression core samples. 
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Figure 7. Constitutive relation of materials in the finite element model. 

2.4.2. Bending Test 

A detailed description of the numerical modeling of cores with re-entrant cells is presented in 

[16]. Therefore, it was decided to present only the method of modeling cores with H and M types of 

cells, because the calculations of these structures were performed using SolidWorks software 

(Dassault Systèmes SolidWorks Corporation, Waltham, MA, USA). The model dimensions were set 

to 1140 mm × 635 mm for the M-type core and 1180 mm × 585 mm for the H-type core. Numerical 

calculations exploited the geometric symmetry of the model, enabling a reduction of the analyzed 

geometry and a significant decrease in simulation time. The model reproduced the actual contact 

conditions of the core with a spherical support, represented by a hemisphere with a radius of 66 mm. 

Surface-to-surface contact was defined between the core and the dome, with a friction coefficient of 

0.2. A high-quality mixed mesh was generated, with local refinement in the contact area. The 

maximum and minimum element sizes were set to 10 mm and 2 mm, respectively, resulting in 385,509 

nodes and 195,432 elements. The applied load was gravitational, corresponding to the core’s self-

weight under an acceleration of −9.81 m/s² (Figure 8). The mechanical properties of the paper are 

summarized in Table 1. 

 

Figure 8. Numerical model of bending core samples. 

Synclasticity assessment was based on the analysis of core surface point displacements in two 

orthogonal planes, for both experimental and numerical tests. Actual deformation was documented 

photographically, using measurement points to enable correlation of the image with the simulation 

data (Figure 9). A positive core surface deflection value in both orthogonal planes was a sufficient 

criterion for assessing core synclasticity. To quantitatively assess the agreement between the actual 

and calculated results, the following were used: 

• RMSE (Root Mean Square Error) – a measure of the mean absolute error expressed in mm: 
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𝑅𝑀𝑆𝐸 = √
1

𝑛
∑ (𝑥𝑖 − 𝑥⏞𝑖)

2𝑛
𝑖=1        (7) 

where, 𝑛 number of observations, 𝑥𝑖 actual value, 𝑥⏞𝑖 estimated value. 

• MAX error – indicating the largest observed difference between the displacement values of the 

FE model and the actual measurement: 

𝑀𝐴𝑋 𝑒𝑟𝑟𝑜𝑟 = max|𝑥𝑖 − 𝑥⏞𝑖|       (8) 

• AUC (area between curves) – defining the total geometric discrepancy between deformation 

curves (approximate numerical integration): 

𝐴𝑈𝐶 =  ∑ (
|𝑥𝑖−𝑥⏞𝑖|+|𝑥𝑖+1−𝑥⏞𝑖+1|

2
) (𝑡𝑖+1 − 𝑡𝑖)

𝑛−1
𝑖=1     (9) 

where, 𝑡𝑖+1 − 𝑡𝑖 step, distance on the x axis.  

• DTW (Dynamic Time Warping) – a method of comparing curves while allowing for local X-axis 

shifts. The minimum sum of path-fit deviations (ω) between two sequences (X = x1, …, xn) and 

(Y = y1, …, ym): 

𝐷𝑇𝑊 = min⏟
𝑤

{∑ 𝑑(𝑥𝑖 , 𝑦𝑗)(𝑖,𝑗)∈𝑤 }      (10) 

where, 𝑑(𝑥𝑖 , 𝑦𝑗) local distance measure, 𝑤 warping path.  

 

Figure 9. Example of comparison of H-core images from actual measurements, a) and FEM analysis, b) at a 

comparable scale. ZY measurement plane. 

3. Results 

3.1. Poisson’s Ratios 

Figure 10 shows that the lowest (negative) value of Poisson's ratio is shown by cell R for the load 

direction along the Y axis (𝜈𝑦𝑥  = -5.2667). In the transverse direction, Poisson's ratio also has a 

negative value (𝜈𝑥𝑦  = -0.1774). The results of the experimental tests presented in the work [23], 

confirm the consistency of the obtained values with the results of numerical calculations for the same 

R-type cell. In the case of H-type cells, the corresponding Poisson's ratios are 𝜈𝑥𝑦 = 0.8596 and 𝜈𝑦𝑥 = 

0.5044 respectively. On the other hand, type M cells show similar values of Poisson's ratios for both 

load directions 𝜈𝑥𝑦= 0.5452 and 𝜈𝑦𝑥 = 0.5116. Taking the above into account, further research efforts 

were mainly focused on assessing the synclastic capacity of H and M type cores. It is obvious that 

cells with a negative Poisson's ratio will form synclastic surfaces. 
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Figure 10. Poisson’s ratios for different types of cores. 

3.2. Synclastic Behaviors 

The research published in the work [16] demonstrates that the analyzed cells of type R contribute 

to the synclasticity of the cell core in the sandwich panels (Figure 11). 

 

Figure 11. Synclastic shape of the core with R type cells. 

Below, we present the broader bending analysis results for the H- and M-type cellular structures, 

obtained both from the FEM model and the actual experiment. The experimental strain values were 

used as a reference point. The behavior of the H- and M-type cores was then analyzed based on these 

data. The evaluation was performed by comparing the displacement distributions in two orthogonal 

directions. 

Deformation analysis of the H core confirmed the typical anticlastic deformation of hexagonal 

cellular structures. Therefore, the experimental core deflection values in the ZY plane were in good 

agreement with the numerical simulation results (R² ≈ 0.99, RMSE = 3.4 mm, AUC = 5.58%, DTWavg 

= 0.45 mm, Table 3). Figure 12a also show that the deflection profiles of both models almost coincide. 

The apparent deviations are local and do not alter the global trend, as confirmed by the low average 

DTW of 0.45 mm and the relatively small area between the curves (AUC = 5.58%). This indicates that 

the numerical model correctly represents the global deflection along this axis. At the same time, in 

the ZX plane (Figs. 12b and Table 3), significant discrepancies between experimental and numerical 

deflections appeared (RMSE = 14.67 mm, NRMSE = 68.5, AUC = 307.67%, DTWavg = 4.81 mm). Figure 

13 shows that the differences are mainly due to local phase shifts and local imperfections (e.g., cell 

wall buckling), which strongly increase the RMSE/AUC value to 14.67 mm and 307.67%, respectively, 

while the DTW of 4.81 mm indicates that the overall shape of the anticlastic surface and the order of 

the measurement results remain consistent. Consequently, the discrepancies are local in nature. The 

AUC index, on the other hand, captures the overall geometric discrepancy between the runs and 

additionally confirms that in the ZX plane, the H structure deforms in a less predictable manner than 

in the ZY plane. Thus, the observation [24] that H structures with a positive Poisson's ratio deform 

anticlastically is confirmed. One curvature is positive and the other negative.  
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Figure 12. Comparison of H-core surface displacements in numerical simulation (FE) with experimental results 

(Real): a) ZY plane, b) ZX plane. 

Table 3. Correlation coefficients of H-core measurements in the ZY, ZX plane. 

Parameter Unit ZY ZX 

Range 

mm 

102.09 21.42 

RMSE  3.4 14.67 

MAX error 5.41 31.97 

NRMSE 

- 

3.33 68.48 

PEARSON 0.99 0.94 

R2 99.79 88.92 

MAPE % 12.83 359.43 

AUC-diff mm2 1039 2173 

AUC-diff % 5.58 307.67 

DTW 

mm 

28.16 192.56 

DTWAvg 0.45 4.81 

Range 102.09 21.42 
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Figure 13. Comparison of an experimental (a, c, e) and numerical (b, d, f) deformations of the H-type core in the 

(a, b, c, d) ZX plane, and (e, f) ZY plane. 

In summary, the above analysis confirms the well-known pattern that cores with hexagonal cells, 

characterized by a positive Poisson's ratio, form anticlastic surfaces. Therefore, further modification 

of the cell shape to the M-type model should improve synclastic properties. 

Similarly to the case of core H, the displacement values obtained for the modified core type M 

are summarized below. In the ZY plane (Figure 14a; Table 4), high convergence of the experimental 

results and the numerical model was obtained (R² ≈ 0.999, RMSE = 2.40 mm, AUC = 1.73%, DTWavg 

= 0.61 mm). The experimental and numerical profiles in Figures 15a-d are practically identical, and 

the differences are local, not affecting the quality of the synclastic form. This is confirmed by the low 

AUC and DTW values of 1.73% and 0.61 mm, respectively. In the ZX plane (Figure 14b; Table 5), the 

fitting accuracy between numerical and experimental results also remains high (R² ≈ 1.000, RMSE = 

2.81 mm, AUC = 4.78%, DTWavg = 0.86 mm). Figures 15e-h illustrate a high degree of agreement 

between the FEM and experimental values. The low AUC value of 4.78% indicates a very good match 

between the numerical calculations and experimental measurements. The DTW coefficient of 0.86 

mm confirms the absence of significant phase shifts. 

Table 4. Correlation coefficients of M-core measurements in the ZY, ZX plane. 

Parameter Unit ZY ZX 

Range 

mm 

102.6 96.75 

RMSE  2.4 2.81 

MAX error 4.07 5 

NRMSE 

- 

2.34 2.9 

PEARSON 0.999 1 

R2 99.78 99.97 

MAPE % 7.81 11.38 

AUC-diff mm2 478 470 

AUC-diff % 1.73 4.78 

DTW mm 34.71 27.48 
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DTWAvg 0.61 0.86 

Range 102.6 96.75 

 

Figure 14. Comparison of M-core surface displacements in numerical simulation (FE) with experimental results 

(Real): a) ZY plane, b) ZX plane. 
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Figure 15. Comparison of an experimental (a, c, e, g) and numerical (b, d, f, h) deformations of the M-type core 

in the (a, b, c, d) ZY plane, and (e, f, g, h) ZX plane. 

The presented results indicate that even with positive Poisson's ratio values for M-type cells, 

excellent synclastic properties can be achieved in both orthotropic directions. This is consistent with 

the conclusions [25] regarding the possibility of the synclastic effect for cell structures with a strongly 

positive Poisson's ratio. This represents an alternative and more practical way to achieve the effect 

compared to "negative" materials. From an engineering perspective, M-type cores allow for the 

achievement of a stable synclastic surface by modifying the topology (removing common faces) of 

the hexagonal core. This facilitates the formation of spherical surfaces without the use of additional 

forces and expensive technological processes (Figure 16). 

 

Figure 16. Simply formed anticlastic (a) and synclastic (b) shapes of the core. 

4. Discussion 

A comparison of H and M cores reveals fundamental differences in their mechanical responses. 

The classic H cell deforms the core in an anticlastic manner. Modifying this cell to the M model allows 

for the preservation of the high isotropy of the structure, large positive Poisson's ratio values (0.51-
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0.54), and simultaneously enables the formation of synclastic surfaces. This means that Poisson's ratio 

alone is not a sufficient indicator of the global form of deformation. The cell topology and its 

periodicity are crucial. These results expand upon and complement the authors' previous research, 

confirming that synclasticity can be achieved in non-auxetic structures through relatively simple 

geometry modifications. This has significant implications for the design of lightweight sandwich 

panels, particularly in the furniture and acoustics industries, where the ability to form surfaces with 

positive curvature in at least two planes is required. 

5. Conclusions 

1. The classic hexagonal core (H) confirmed the typical anticlastic behavior described in the 

literature – positive curvature in one direction is associated with negative curvature in the other. 

2. The modified core (M), despite positive Poisson's ratio values in both orthotropy directions, 

clearly showed synclastic surface deformation. 

3. The most important factor determining the type of deformation turned out to be not the Poisson's 

ratio µ  itself, but the local cell topology. 

4. The results confirm the possibility of designing panels with synclastic properties without the 

need to introduce auxeticity, which opens up new perspectives for engineering applications. 
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