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Abstract

We consider two steady state heat conduction systems called, S and S, in a multidimensional bounded
domain D for the Poisson equation with source energy g. In one system we impose mixed boundary
conditions (temperature b on the boundary I';, heat flux g on I'; and an adiabatic condition on I's). In
the other system, the condition on I'; is replaced by a convective heat flux condition with coefficient «.
For each of these systems, we consider three associated optimization problems (P;) and (P;,),i =1,2,3
where the variable will be the source energy g, the heat flux g and the environmental temperature b,
respectively. In the particular case that D is a rectangle, the explicit continuous optimization variables
and the corresponding state of the systems are known. In the present work, by using a finite difference
scheme, we obtain the discrete systems (Sj) and (S,,) and discrete optimization problems (P;;,) and
(Pina), i =1,2,3, where h is the space step in the discretization. Explicit discrete solutions are found,
and convergence and estimation errors results are proved when h goes to zero and when « goes to
infinite. Moreover, some numerical simulations are provided in order to test theoretical results. Finally,
we note that the use of a three—point finite-difference approximation for the Neumann or Robin
boundary condition at the boundary improves the global order of convergence from O(h) to O(h?).

Keywords: optimal control; finite difference method; explicit discrete solutions; estimation error

1. Introduction

We consider a multidimensional bounded domain (O C R” whose regular boundary I' consists
of three disjoint portions I'; with meas(I';) > 0, for i = 1,2,3. We define two stationary heat
conduction problems (S) and (S.) with mixed boundary conditions which are given by (1)-(2) and
(1)-(3) respectively:

—Au=g in Q, 1
:b/ _al =4, _al :O/ 2
u r on I, q on I, ( )
) _ ) _ ) _
— % n = a(u—"0), - . q —5 L 0, 3)

where g is the internal energy of the system in (), b > 0 the environmental temperature on I'y, g is the
heat flux on T’y and a > 0 is the convective heat coefficient on I';. We assume that: ¢ € H = L?(Q), g €
Q = L*(T,) and b € B = HY?(I';). These problems can be considered as Stefan’s stationary problems
[8,19-22]. Notice that mixed boundary conditions play an important role in several applications, e.g.
heat conduction and electric potential problems [12].

The variational formulation of the elliptic problems (1)-(2) and (1)-(3) can be found in [8-10,19]. It
can be seen that they have unique solution [20]. In general, the solutions of mixed elliptic boundary
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problems is not so regular [11] but there are cases in which they are regular [4,15,18]. Other theoretical
optimization problems in the subject have been done in [13,25].

We define the optimization problems (P;) and (P;,) i = 1,2,3, associated to the systems (S) and
(S), respectively (see [5,9,16,17,24]).

The distributed optimization problems (P;) and (Pj,) on the constant internal energy g are
formulated as:

find gop € R suchthat [i(gop) = mm J1(8) 4)
gER
flnd glxop 6 R SuCh that ]16! (glxap) = lglelﬂlg ]lDC (g) (5)

where |1 : R—)RS‘ and [y, : R—)RS‘ are given by

1 M 1 M
J1(g) = EH“g_ZdH?{‘*‘TngH%{/ J1a(8) = EHuag_ZdH%iJFTl“gH%i (6)

with My € R" and z; € R. For each g € R, the functions ug and 1,¢ denote the unique solutions to
the systems (S) and (S.) respectively, for datag € R, b € R.
The boundary optimization problems (P;) and (P,,) on the constant heat flux g on I'; are defined

as:
find gop € R suchthat J>(qop) = miERl J2(q) (7)
q€
find g, € R suchthat Jou(qa,,) = I,;gﬂrxl J20(q) (8)

where | : R—)RS‘ and Jp, : ]R—)RS‘ are given by

M 1 M
R0) = 3lug — zally+ 2Nl () = 5 g — el + S ©)

with M, € RT and z; € R. For each g € R, we denote with u; and u,, the unique solutions to the
systems (S) and (S, ) respectively, for data g € Rand b € R.

The boundary optimization problems (P3) and (Ps,) on the constant temperature b in an external
neighborhood of I'; are set as

find by, € R suchthat J3(bop) = rbmn J5(b) (10)
find by, € R suchthat J3,(by,,) = min J3,(q) (11)
beR

where J3 : R—R] and J3, : R—R], given by

1 M 1 M
Ja(b) = Slluy = zallt + 57015 Ja(b) = 5 lluay = 2allfy + =57 101 (12)

with M3 € Rt and z; € R. For every b € R, the functions u;, and 1, are the unique solutions of the
systems (S) and (S, ) respectively, for datag € Rand g € R, .

In [6] the explicit solutions to the continuous systems (S) and (S, ) were obtained, as well as the
associated optimization problems (P;) and (P;,) for i = 1,2, 3, in the particular case when the domain
is a rectangle. These explicit solutions provide a benchmark for testing the accuracy of numerical
methods.

The goal of this paper is to find the discrete explicit solutions to the systems (S) and (S, ), through
the finite difference method, in a rectangular domain. In addition, we aim to obtain the discrete explicit
solutions to the optimization problems (P;) and (P;,) for i = 1,2,3. Taking advantage of the exact
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explicit solutions, we will estimate the order of convergence of the approximate solutions as a function
of the step discretization.

It is worth to mention that there are several articles available in the literature that obtain explicit
discrete solutions of some optimization problems [1-3]. For example, in [14], exact formulas are
derived for the solution of an optimal boundary control problem governed by the one dimensional
heat equation where the control function measures the distance of the final state from the target. In [26]
a finite element approximation is applied for some kind of parabolic optimal control problems with
Neumann boundary conditions. Some numerical experiments are carried out setting a rectangular
domain.

This paper is organized as follows: in Section 2 we obtain the discrete explicit solution to the
systems (S) and (S, ) by the finite difference method. In Section 3, we obtain explicit discrete solutions
to the discrete distributed optimization problems associated to (P;) and (P, ), respectively where the
variable is the internal energy g. In Section 4, we define discrete boundary optimization problems
where the variable is the heat flux g, associated to (P,) and (P, ), respectively obtaining the discrete
explicit solutions. In the same manner, in Section 5, we derive explicit discrete solutions to the discrete
boundary optimal control problems associated to (P3) and (P, ), respectively where the optimization
variable is b. In all cases, when the step discretization goes to zero, convergence results are obtained
estimating also the order of convergence of the approximate solutions. In Section 6, we carry out some
numerical simulations in order to illustrate the convergence theoretical results obtained in the previous
sections. Finally, in Section 7, we analyze the order of convergence of the discrete systems associated
with (S) and (S,) by considering a modified approximation of the Neumann boundary condition on
I';, which leads to an improved convergence order.

2. Discrete Systems for (S) and (S,)

In this section we obtain the discrete explicit solutions to the systems (S) and (S, ) in a particular
domain.

Let us consider a rectangular domain in the plane Q = (0,x¢) % (0, o) with xo > 0 and yo > 0.
Its boundaries I'; for i = 1,2, 3 are defined by:

[ ={0y):ye Oy}, T2={(x0y):y€Ouyol}

and
I3 = {(X,O) X e [OIXO]}U{(xryO) xe [O/xO]}'

According to [6] the continuous solutions, in (), for the systems (S) and (S,) defined by (1)-(2)
and (1)-(3) are given by:

u(x,y) :—%gx2+(gxo—q)x+b, vV o(x,y) € Q
(13)
ug(%,y) = 38X + (gxo—q)x + 1(gx0—q) +b, VYV (x,y) €Q.

As consequence of the symmetry of the domain (), the solution u and u, of the systems (S) and (S,)
are independent of the variable y, and therefore we will work with one-dimensional problems.
Given n € N, we define:

h=22 xj=(i—1)h fori=1,...,.n4+1, w~u(x,y)fori=2,...,n+1, (14)

where, 71 is the number of subintervals to consider in [0, xo], & is the constant size of these subintervals,
u; = b and u; is the approximate value of the function u in (x;,y) € Qfori =2,...,n+1.

We apply the classical finite-difference method to the system (S) described by equations (1)—(2).
Since the boundary condition on I'y prescribes (0, y) = b, we immediately obtain u; = b.
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For the interior nodes, we use the classical centered second-order finite difference approximation:

2 . — . .
g%(xi,y)%u(x’“'y) 2u(;21,y)+u(x1_1,y)l i=23,...n, (15)

and from (1) it follows that
—gh? =ujq —2ui+ui_q, i=23...,1n (16)

To incorporate the Neumann boundary condition on I';, we use a backward finite difference for

the first derivative:

du u(Xy41,Y) — ulXn,
a(xnﬂll/) ~ ( n+1 ]/)h ( n .‘/)/ (17)

which, using the boundary condition 2 (x,,11,y) = ¢, leads to
—qh =u,41 —uy. (18)
As a consequence, we obtain the discrete linear system (Sj,)
AV =T, (19)

where V = (u;)i—2, n+1 € R" is the vector of unknowns, A is the associated tridiagonal coefficient

matrix:
-2 1 0 0
1 -2 1 0 0
1 -2 1 0o ... 0
A= : (20)
o ... 0 1 -2 1
o ... ... 0 1 -2 1
o ... ... ... 0 -11

and T € R" is the vector of independent terms:

t

T = (—ghz—b,—ghz,...,—ghz,—qh> (21)

The square matrix A is invertible and its inverse matrix is given by

-1 -1 -1 -1 1

-1 -2 =2 -2

-1 -2 =3 -3 3
ATl =

-1 -2 -3 —(n—1) n-1

-1 -2 -3 —(n—1) n

Then the system (S,) has a unique solution:

u=>b u= b—i—hzg((i—l) n— ia;”) —(i—1hg, i=2,...,n+1
Asn = 32, it follows that:

ui=b+(i—1)h(gx0—q)—h2g@, i=1,...,.n+1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Then, the continuous solution u(x, y) of system (S) can be approximated by the piecewise linear
interpolant u,(x, y) obtained from the nodal values computed by the finite difference scheme. More
precisely, we define

u(x,y) = (gxo —q —hgi)r + g (152 ) +b, x € [xy, xial, v € [O,y0], (22)

withi=1,...,n

In the following lemma, we give some bounds for the approximate function uy, :

Lemma 1.

a)  Forevery (x;,y)withi=1,...,n+1,y € [0,yo], we have that:
i) ifg > 0then uy(x;,y) < u(x;,y).
ii) ifg <O, then uy(x;,y) > u(x;,y).

b)  The following bounds hold:

lu—wpllg < Cih,  and |3 - 52|y < Cih,
where C1 = xq |g| \/%xoyo and Cq = |g|\/%x0y0.

Proof.

a) From functions u and uj, we have that

2 (i— .
u(x;,y) —up(x,y) =u(x,y) —uw = gh g’ 1), i=1,...,n+1.

b) From the definition of norm in space H and the formulas (13) and (22) for the functions u and uy,
respectively, it follows that:

x1+l
I = |y :yoz/ u(x,y) = w,(x,y)) dx

= movo g% n® (& + 2 +10)

IN

Fyoh® g*nd = & h2g? x3yo = C2h2.

The norm || 3% — auh 1|7 can be computed analogously.
O

We apply the classical finite-difference method to the system (S, ) defined by equations (1)—(3)
where u, ; = uy(x;,y) fori=1,--- ,n+1.
The Robin boundary condition on I'y is approximated by a forward finite—difference scheme,

namely,
Ug,2 — Uyl

h

Moreover, at the interior nodes we use the approximation given in (16), while the Neumann boundary

= oc(u,xll - b) (23)

condition at x,,1 is discretized according to (17).
Then we obtain a linear system (S, ):

Auc Vo = sz

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where the vector of unknowns v, € R"*! is given by v, = (ugi)i=1, n+1, the tridiagonal coefficient
matrix A, of order n + 1, is defined as:

—(A+ah) 1 0 ... ... 0
1 2 1
: 1 -2 1
0 0 0 ... 0 -11
and ;
To= (—abh —gh*,...,—gh*,~qh) €R"", (25)

It can be seen that the square matrix A, is invertible and its inverse matrix is given by

1 1 -1 -1 1
-1 —(1+ah) —QQ+4+ah) ... ... —(1+4ah) 1+ah
L1 -1 —(1+ah) —(1+2ah) ... ... —(1+ 2ah) —(1+4 2ah)
el : : :
-1 —(1+ah) —(1+2ah) ... -1+ (n—1)ah) 1+ @m—1)ah
-1 —(1+ah) —(1+2ah) ... —(1+ (n—1)ah) 1+ nah

Then the linear system (S, ) has a unique solution:

U= (b+ 800 4 (i—1) (gxo—q) h—Sh—g w2, =1, ,n+1

As a consequence, the continuous solution 1, (x, y) of the system (S, ), can be approximated by
the discrete function uy, (x,y) in Q given by

. _ noo2
e (%,y) = (%0 —q — hgi)x +b+ 8201 — &2 4 Trlgp?, (26)
forx € [x;, xix1],y € [0,y0],i=1,...,n
Notice that u, ; — u;, when a — oo foreachi =1,2,--- ,n + 1. In addition, uy ,(x,y) — u;(x,y)
when a — oo for every (x,y) € Q.

Lemma 2. If u, is the solution of (Su) and uy,, is the function given in (26) for each h, it follows that:

ltta — o |l ir < Ciah, and || %a M| < Cph,

with Cy, = |g|x0\/xoy0(12—5 +im 0;70> and Cy = |g|\/3x0yo.

Proof. From the definition of u, and uy,,, we have

||”a_uhac||H_yOZ/ ulX xy _uht’é(x y))
A

In addition, the derivatives of the functions u, and uy, are given by:

B Ju

oy) = 55(xy) =—gx+gxo—9q,  V(xy) €Q

and

Fe(x,y) = FE(xy) =gx0—q—hgi, x€[x,x41), y€ [0yl

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Then, the bound for || 5 Q. _ a”’“" ||z coincides with the bound for || g — aﬂ ||, obtained in Lemma
21. O

Remark 1. Notice that C1, — C; when & — oo, where Cy is given in Lemma 21.

3. Distributed Optimization Problem with Variable g

In this section we are going to obtain discrete optimal solutions to the continuous optimization
problem (P;) and (Py,) in the rectangular domain Q) for the case when the optimization variable is g.

3.1. Discrete Problem (Pyy,) Associated to (Py)

Taking into account that b, g, 4 and the desired state z; are constants in the expression (6),
according to [6], the continuous quadratic functional cost for the problem (P;) is explicitly given by:

]1(8):% ovoq {8 (125+1\f*31)+g%0(_%+%(quo)>+%_%+(bq jcd) } 27)

Since the function J;(g) is a polynomial function of the variable g, the analytic expresssion for
J1(g) is given by

2x% X -
Ji(g) = %x%yoqz{;?g(é + M) +u (-3l } 28)

Then, the continuous solution to the distributed optimization problem (P;) is g, defined by:

q (% B (bq;zod))
Sop = EW (29)
X,

4
0

and the continuous optimization state is
ug,, (x,y) = _%gori X%+ (8op X0 — q)x +b. (30)
We define the discrete distributed optimization problem (Py;) on the constant internal energy g as
find gy, € R suchthat Jy, (ghop) =min J1;(g)
geR
where the discrete cost function ]y, is given by:
Jin(8) = Sllun — zallf + 3 Mgl

with /i defined in (14) and u, given in (22).
Taking into account that the variable g is constant it results that:

JC1+1 2
Jin(8) = zyo{Mlg X0+ Z/ (un (%, y) — 24) dx} (31)
and from algebraic work it follows that
2 M 4 3 2
uis) =i B[+ 4 lh + A5+ 4 - 5]
5 4 2(b= h(l1, 1h h (b= 1, 1h
te B B (5 ) - & (i) (32)
1 (b—z) | (b—zy)?
T3 T T }

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Lemma 3. The following estimate holds

1J1(8) = Tin(g)| = Coh (33)

where Cy = %xS Yogq|— 251@ + % - %(bq;zd) ‘ does not depend on h.

Proof. From (27) and (32) we get

~ 1 2 5 g%x 1 1(b=

~ 32X Y04 [“ﬂ%"‘ (g—i(qxzd))}h
1.3 5 8X 1 1 (b—
—ixoyOSQ[—ﬂé%Jré—i(qx?)]h

Therefore, we obtain (33).
O

Since the function J1;(g) is a polynomial function of the variable g, it is easy to obtain the following
analytic expression for the function Jj,:

2
— 1,3, 2 o244 M 1 pt 1K 1K 5 h
Jin(8) = 2%3y04 {28q—3 [ﬁ td Tmogtagtses ﬂx_g}
(34)
5 4 2(b— (1, 1h b (b= 1, 1h
+2 - f+3 b (g - & o) (z#ﬁ%)}}
From the optimality condition we obtain the following result:
Lemma 4.
a)  The explicit expression for the optimal variable gy, is given by:
h "2
A1+x— Ar+—5 Az
_ 1 0" x
Shop = vy AT As(h) (35)
where )
—Z
M= m=hed
— 3(b—2 1 —_h (1 K? h 5
— b=z 1
Az = 4qxg T8
b)  Inaddition, the following error estimates hold:
18op — ghop| ~ Csh, (37)
11 (80p) = Jin(8h,y)| ~ Cah, (38)

where C3 and Cy do not depend on h.

Proof.

a) It follows immediately from the expression of J7, (g) given by (34).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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b)  Rewriting g, given by (29) as: g5y = 3 % A4 it follows that:
h h?
q _Al A5(h)+ %A2A4+? A3A4 q A2A4+254A1 2
Shop ~ 8or = 335 AT A A5 Nag— ot
and we obtain (37) with C3 = |C;| where
5
Ay Ay+57A

Cy = L2 At (39)

2,2 2
3x3 Aj

From the expression for [;(g) with ¢ = g, and Jy;,(g) with ¢ = 8h,, it results that:

T1(op) = J11(8hyy) = 3% Y0 4 [ 285, — gk, ) — 37 A1(80p — 8hyy)

2
~8h,, 2 A5 () + 38h, (Az + j—oAS)].
By using (37) we get (38) where

3
—2A4C§gop§% + iggpfg + 2A1C* IO + 3 AZgop 7

Cs = 3xfyoq?

A1(5AL+48A,A4)

_ 1.2 2
= 2XpYoq 216Ai

O

Lemma 5. Let us consider ug,, the solution of (1)-(2) for § = gop and Uiy, the discrete solution defined as in
(22) for h > O, where g = gy, is the optimal variable of (Pyy) given by (35). We have that:

a) ||ugop — Ung,, g =~ Csh, b) Haugop _ %p | ~ Coh
where Cs and Cgq are positive constants independent of the parameter h.
Proof:
a) From definition of norm in H, we obtain
n

Xjt+1 2
gy = gy B =90 Y- [ (1, (5,9) = g (x,3))
i=1 i

1 Xit1 . i 2
=1 21/ [ - %gopx2 + x0x(8op — ghnp) + hghop(zx - h@)] dx
1
5% Yo gop [10 25 xo—i + 16( ) }hz +o(h3).
where C; is given by (39). Therefore it follows that

||ugop - uhghap ||H ~Cs h,

with

Cs = |gop|\/120x0yo [10 25 "0—14—16( 2 )2}

b) We have that

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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dugy, Mgy, H2
ox dx H

n Xi+1 H ’
Yo Z/ ( — 8opX + hg,, i + X0(gop — g”w)) o
i=1"7%

= % [Zggpx% + 8op &hp (h? 4 3hxo — 4x3) + gﬁop (h? — 3hxg + Zx%)}

= 290 (23 (Gop — 8hop)® + 3H X0 Shy (S0p = Shp) + KRy (Sop + 8y |
Taking into account Lemma 4, we get

ilg, auhgo 2 X, 2 x0Cx xCL ) 2 2 3
‘ T T HH: OTyOgOp [2+3 é?a; +2( 800:) } h= +o(h).
Then 5 5
ugo ”hggp ~
‘ Tp_ThHH ~ Ceh,
with

Ccx Cx 2
Co = |gop|\/x06yo [2 _3 xggg; +2<xg00p3> ],
where Cj is given by (39).

3.2. Discrete Problem (Pyy,, ) Associated to (Pyy)

From [6], we know that the continuous quadratic functional cost in (6) for the optimization
problem (Py,) is explicitly given by:

J1a(8) = 11(8)

2

+%{@<%+L>+w(—§—i+w)+1+L—M)},

q axg q axg qxo axQ qxo

(40)

where ] is defined by (27). Moreover, the continuous optimal distributed variable denoted by g4, is

5_(b=zg) | 5 3 _ 3(b_zd))
(8 gx0 + 2axo + a2x3 agx3

-1 41
8o = 3 ( 24 1;4_31 T azlxg) (41)
The continuous associated state is established by:
Uaguy, (X4,Y) = = 38wy X + (80p %0 — 4)% + % (8 X0 — 4) + . (42)
Defining the discrete cost function as:
Tina(8) = 3 llupa — zallfs + 3MulIglIEy (43)

where the function uy, is given in (26) we set the following discrete optimization problem (P, ) on
the constant internal energy g as

find  gny,, € R suchthat [ipa(Qne,,) = glei]IR} J1an(8)-
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https://doi.org/10.20944/preprints202512.2020.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 December 2025

d0i:10.20944/preprints202512.2020.v1

11 0f 32
The discrete cost function [y, is explicitly given by
]1hvc(g) = ]1a(g)
1.3 x 5 1k 1K 11 1 7,1k 1K
+§x0y0gqh TO{_ﬂ'i_%x_O"—ﬂx_%"_mx_S"‘a_m(_g‘f'g%ﬁ-g%
1 h 1, 1h 1 (3, 1h 2 (44)
+azx3(—2+%ﬂ ERRERETICRE ) taz
(b=zg) (1 _1h _ 2
R (b k)
where [, is given by (40).
Lemma 6. For g € H, h > 0and « > 0 the following estimate holds
J1na(8) — J1a(8)| = Cou b
with
_ 1.3 gx 5 71 2 1,31 2 (b—zy) (_1 _ 2
Cow = 3% Y0 |8 TO(_ﬂ_Ea_m_aZ_J%)—'—g—}_za_m—'—m—'— o (—i—a—xo) :
a constant independent of h.
Proof. It follows immediately from expression (44). [J
Remark 2. Cy, — Cp when & — oo, where Cy is given in Lemma 3.
Lemma 7.
a)  The explicit expression for the optimal variable gy, is given by:
q Al:x"‘xﬁo AZDLJ'_Z_; Asg
Shaop = 3xg A4a¢+A51x(h()] ! (45)
where
_5_ bz 1 (5 3 3(b—2zy)
A =87 T +a—xo<z+m— o >
_ 3(b—zy) _ 1 1 9 3, 3(b-z)
An = oy _7—'_“_9«)(_‘1_“_9‘0—’_ R )
b—z 1 1
Az 4qxg T8 daxy’
(46)
_ 2, M 1 (2, 1
Agg —E'f'x—él'f'E(g‘f’m)r
— _h K h? h o _5
Asa(h) = 2x (15xg + 2:2 Ty~ 5)
h 7 h K2 1 h
+@< 6*%*@*%(—2+%)>'
b)  Inaddition, the following error estimates hold:
|8aop — &gy | = Canh, 47)
J1a (gtxgp) = Jiha (8ha0p) ~ Cao h, (48)

where Ca, and Cy, do not depend on h.
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Proof.
a) It follows immediately from the fact that
2 2
]1hzx(g) = %xgyoqz [Zg% (A4oc + AS/x (h)) - %% Altx + J?_OAZBC + %A&x)} .
b)  Notice that g, given by (41) can be rewriten as gs,, = % %. Then,
L3 w2
q —A1q Asa (h)"" X Ay Aget+ xé Ase Asg
Shaop ~ 8rop = 3xg Af+Ase Ase ()
5
g AnAntizin 2
~~ E{;g ______:ZZ;______Il _% 0(}1 )-
and we obtain (47) with C3, = |C}, | where
5
Ay Agat+ 24 + 6 Alvz
Ci =352 (Az aur) (49)

Following Lemma 4 it is obtained formula (48) with

2
C4tx = xoyoq ‘ - 2A4tx 3a(g“op_2_ + 24g”40p%

6g1x0p + ZAlaC3,x q + 5 Athgtxgp q
O

Remark 3. When &« — oo, we have that A;, — A;, where A; and A;, are given by (36) and (46), respectively
fori=1,2,---,5. As an immediate consequence it follows that, C3, — Cz and Cyy — C4 when a — oo,
where C3 and Cy are defined in Lemma 4.

Lemma 8. Let us consider uyg,,, the function given by (14) for g = gu,, where gu,, is the optimal variable of
problem (Py,) given by (41) and g, the function defined by (26) for h > 0 where § = gy, is the optimal
variable of (Pyy,) given by (35). We have that:

au,xgaop auh"‘ghagp
dx R

1) ltagay, — Hhagyyy, I % Csch,  b) \ ‘H ~ Ceu
where Cs, and Ce, are positive constants independent of the parameter h.

Proof. Working algebraically we can obtain that

c cx\2
Csy = |gaap|{ﬁx8 Yo {10 - 25&;@3«. + 16( xogopsa)

Mgp &gp

1/2
+ ks (60 + 122 240,73 11205850 — 14050 4 80(33“"0)} } ,

and

%\ 2
XoYo xOC JCQC
= a3 25 4235,

where C;, is given by (49). [

Remark 4. Cs, — Cs and Cgy — Cg when & — oo where Cs and Cg are given in Lemma 5.
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Remark 5. In [23] the double convergence when (h, o) — (0, +00) of the optimal control problem (Pyy,) has
been studied, obtaining a commutative diagram that relates the continuous and discrete optimal control problems
(P1), (P1y), (P1y) and (Pypy) as in the following scheme:

Problem (Pyy,) Problem (Py)

-
ghgprhh(ghgp)ruhghop h—0 Sopr J1 (gup)r“gop
. A1
- - -
-

Problem (Py,) Problem (Pr)
-
glzagp/]lha (ghngp)r uhghﬂ(up h—0 gagp/ha (gngp)/ Uagnop

4. Boundary Optimization Problem with Variable g
4.1. Discrete Problem (P,y,) Associated to (Py)

Under the same considerations given in Section 3.1 and taking into account formula (9), for a
given g € Q, we obtain the following quadratic cost function:

R(g) = {3 (5 + %) + v~ Fexd - (0 -2)) o
+ &%+ (b—z4)* + 3gx3 (b — zd)}.

Then, the boundary optimal control of the problem (P,), called g,p, and the associated continuous
optimal state are given by:

5 2
128X + (b_zd) 1.2
_ , g, (x,y) = —1gx% + (g %0 — Gop)X + b. 51
qop 2003 + %) dop (X, Y) = =28 X" + (8 X0 — Gop) (51)
X0

Associated to (P,), we define the approximate discrete distributed optimal control problem (P,,)
on the constant heat flux q as

find gy, € R suchthat ]y (qs,,) = min Jo(q)
geR
where the discrete cost function J,j, is defined by

Jon(9) = 3llup — zall3 + 3 M2ll9113

where uy, is given in (22), h is the spatial step, and z; (the desired state) and the control g are constant.
From the definition of norm over Q, it results that:

xz+1

Jan(q) = zyo{qu x0 + 2/ [ (x,y) — z4)? dx}

and working algebraically, we get

Jan(9) = J2(q) + xozﬁ{hgxo [%qxo — 22— 1(b— Zd)]

(52)
—i—th{%x%g— %(b—z )+ 12qx0] + 2 h2g%x0 + 1 h4g2}
Lemma 9. Given q € Q and h > 0, we have that
[Jan(q) — J2(q)| = C7 1, (53)
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where C; = Yx2yo |g|| Lgx0 — 28%3 — 3 (b — z4) | is a constant independent of h.
proof: It follows immediately from the expression (52) for J,j.
Lemma 10. Let us consider h > 0.
a)  The explicit expression for the optimal variable qy,, is given by:
2
nyp, = Gop — B1 g BzziLxO, (54)
ith By — By — (14 2)
w1 1 = by = (3 + x—g) .
b)  The following error estimates hold:
‘Qhop - ‘]Opl ~ Cgh, (55)
Jon(@n,,) = F2(dep)| = Co, (56)
where Cg and Cg are constants independent of h.
Proof.
a) From the expression (52) for J,;, we have that
Fan(e) = 33 yo{230q (3 + 3% ) = fhgad — (0 —za) + Jgxoh + fgh* .
Therefore 5 . .
o = 128% + (b — za) — 158h* — 3gxoh
or T 1, M )
ZXO (3 + x—gz)
Taking into account that g, is given by (51), we obtain formula (54).
b) On one hand, expression (55) is a direct consequence of expression (54) with Cg = )% .
On the other hand, taking into account formula (52) for [, it follows that
]2h(‘7hop) = J2(gop) = ]2(%,,) = J2(qop)
. (57)
+5 g [ Lan,, %0 — 1833 — 16— z0)| +o().
From the definition of ], given by (50) and the explicit expression (54) for g5, we get
_ _ %Yo fxo 2 2
J2(ahoy) = J2(Gop) = =51 Bt (4h,,, — 9op)
+(@hg, — qop) ( — £38%5 — (b - Zd)) }
(58)

2
%(qhop - qop) (g_?(qhop + qop) - %gx% - (b - Zd))
2
= ' 8hB, ( ~ F2op + 13835 + b~ Zd) +o(?).
Taking into account (57) and (58), we obtain the estimate (56) with

- |g|x(%3/0
Co= =7

B 2
8(— 5240p + Hexd+b —2a) + aopxo — frg73 — h (b —24)].
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Lemma 11. Consider ug,, the solution of (1)-(2) for q = qop and uy, Ghop the discrete solution given by (22) for
each h > 0 where q = qy,, is the optimal variable of the problem (P ,) given by (54). Then we have that:

ou
1o, B auqop
dx dx

a) ||”hqhop — g, lm = Cioh, ~Cih, (59)

H

where C1g and Cq1 do not depend on the parameter h.

Proof.
a) From the definition of u and u;, given by (13) and (22), respectively, it follows fori = 1,...,n that

‘ 2
Whgy,, (1Y) = tgoy (X,) = 3 8% = (An,, — Qop + 1) x + g 551 12,
y (60)
=38 +hgx(% - i) +h2g<%x_f) + 1 ) Vx € [x;, xip1]-
Then
n il 5
Hutha %p” =Yo Zl / (uhqhap (x) — uqop(x)> dx
=1

= x5 [ ks (B1 — 3223 + 5lh® xo(By — 3)°
+gap* (72— 308, +5B3)]

Therefore, we get formula (59) a) with C19 = |g(B1 — 3)|x04/ 52 -

b) In the same manner, we get

n

=Yy, /( — (qopy — qop)—hgi)zdx

i=1

Ju
hqhop . a”%p
Jx

=Yg [3%(12 6B + B%>h2xo + 72(B1 3)B1h’ + 5;6B2h4]

Then we get (59) b) with

C]] = %\/X()yo(lz - 6B1 + B%)
O

4.2. Discrete Problem ( P,y ) Associated to (Pay)

If we suppose that the desired state z; is constant in (9), the quadratic cost function J», for the optimal
control problem (P, ) is explicitly given by:

Jox(g) = “02 [g233 (Do + 2 + g0 (Daagxd + Dau(b — za) )

(61)
4Dy g2x¢ + Dsy (b — 2)? + Deagx3(b — zd)} ,
where s s )
Du=3+mtaz Du=—%—mg— ma
_ 2 _ 2 2 1
D3y = =1 =25 D4a—ﬁ+m+m, (62)
Dsy = 1 Dea = 3 + 35
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Then, the continuous boundary optimization control, called g,,, and the associated state are:
Guoy = _Dzugx5+D3u](\Zz—zd)
2xp <DM e ©3)
Ungay, (X, ) = 38X+ (gx0 — Qo)X + 1(gxo— ayp) + 1.
Remark 6. Notice that J2,(q) — J2(q) for all g € Q and qu,, — gop when o — co.
Defining the discrete cost function as:
Jona () = 3 lune — zallfr + 3Mzllqll%, (64)

where uy,, is the solution of (S, ) given in (26), we set the following discrete optimization problem
(Pays ) on the constant heat flux g as

find  gpa,, € R suchthat o (Gne,,) = rqrgugl Jana (8)-

Working algebraically, the cost function J,;, can be written explicitly as:

Jona(q) = J2u(q)

2 3 _ 2 _ _
+1xoy0gh{m_5ﬁ_w+3x_w_ﬁ_2(b 2) | 2(4-g %)

2 3 24 2a [ o« a2
, - , (65)
X —Z X, Xo+
+h( % - o) 4 g0 4 Beta 4 )
—i—hzg(ﬁ—i + 6%) + ﬁgkf‘}.
Lemma 12. For each g € Q and h > 0, we have that:
|]2ha(q) - ]2a(q)| ~ Czu b, (66)
with R
5 b— 3 7 2(b— 2(q—
Cro = 3340 )g (% _Sed (bw) g % Tem o (XOZd) n (Zcoizaro)) ,
a constant independent of h.
Proof. It follows immediately from expression (65). O
Lemma 13. Let us consider h > 0.
a)  The explicit expression for the optimal control qy,, is given by:
_ gh gh’
Qhaop - qﬂtop, - BllX? - BZam (67)
with
9 6 -
Bin = (1 + 2ax, + mg) (DllX + Tz) ’
w7t
— 2
B = (1-2) (DM + 1_8’2> .
b)  The following error estimates hold:
|Ghagy — Gaop| = Csah, (68)
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Jona (Qhaxop) — Jou (%cgp) ~ Coy h, (69)
where Cg, and Co, does not depend on h.
Proof.
a) From the derivative of the control function J,;, given by
Fora(@) = Ba) + 3royogh{ B+ 32 + Z+n(+ &)}
= xozi{qu% (DM + %3)2‘) ) (Dz,xgx% + D3g (b — zd))
2
+eh(F+ 30+ 3 +n(B+&)) ]
it follows that
(B304 3) w2 (B ) w0 (PaagdDa0-20))
thxop ) Iy
ZJCO <D1“+782>
Working algebraically we get formula (67).
b) The estimate (68) follows straightforwardly from (67) with
gBltx
Co, — | 2212
8 ’ 6
From formula (65) we obtain that
J2na (qhaop) — Jou (%Dp) = Jou (Qh/xop) — Jou (thop )
Xo 3 3x X0
_'_zxoyogh(qh p O _5§i€0 (b Zd)xO + 02‘1:; p (70)

=) " 2(qmg,,—gxo)) +o(i2),

[ o o2

Moreover taking into account the explicit expression for ], given by (65) and formula (67) it
follows that

2
Fas sy~ o @y) = B (g — ey [ @y + )30 (DM + M;)
+ D, gx2 + Day (b — zd)} 71)
= OyOgBl,x (2(]1360 (Dla + Af—g) + D2agx% + D3a(b — Zd)) + O(hz).

Combining (70) and (71) we get estimate (69) with

Cop = xoyo 5| ) Bla (2qu0 (DM 82) + D3y gx3 + Dag (b — zd))

Guop X0 5 g% (b—z4) zd) 3%ap 7gxg  2(b—z) | 2(qaop—8%0)
T T T2 T Tem T Tam T atm |

O

Lemma 14. Let us consider uy,,, the solution of (1) -(3) for q = qu,,, and uy, Ghnop the discrete solution given in
(26) for h > 0 and q = qyy,,. Then we have that:
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a) ”uh“'ihaop - uaqaop ”H ~ Croa b,

(72)

a”haq ou
I a
b) H = =t~ Cuh,

dx dx

Proof. Similarly to what was done in Lemma 12 it is obtained that

Cioa = |8]x0

X 2 3 3 12 6 12 9
\/@\/Blo(zﬂxé + axg +1> +9<“2x5 + x +1> ~ 3P ('szf% " = +2)

Ci1a = %'\/xoyo(lfi — 6By, + B3).

O

Remark 7. The constants verify that C;, — C;, when & — oo, foreachi=7,...,11.

Remark 8. The double convergence when (h, o) — (0,4-c0) of the optimal control of the problem ( Py, ) holds.
The relationship of the optimal control problems (Py), (Pay), (Pay) and (Payy) is given by the following diagram:

Problem (Py,) Problem (P;)
-
%up/]zh(qhop )r”hqhop h—0 Gops Jq (Gop), thgop
21
a— 0 - & — 0

Problem (Py,) Problem (Pay)
-
qhauprbha (qht\gp)/ uhqhagp h—=0 q«nprhﬂ (qagp)/ utxqaap

5. Boundary Optimization Problem with Variable b
5.1. Discrete Problem (Psy,) Associated to (Ps)

In this section we consider the boundary optimal control problem (P3) given by (10). Taking into
account expression (12), for a given constant b we get that

J3(b) = %{b2<1+ Af—;) +b(2g37x% — X0 —sz)
(73)

Zgzxé quxg xé

+[ 5 12 +?(qZ_ngd)+Zd(Zd+qu)}}.

Then the boundary optimal variable of the problem (P3), called b,p, and the associated continuous
optimal state, are given respectively by:

2
_ 8% 4 1%
3 + 2 +Zd

T M , Up,, = —%gx2+(gxo—q)x+bop. (74)
X0

bop —
We define the discrete optimal control problem (P5;) on the constant temperature b as
find b, €R suchthat J3,(b, )= min J3,(b)
o o beR

where the discrete cost function J3;(b) is defined as:

Jan(b) = 3lup — zall3 + M3 |1b||3,
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where uy, is given in (22), h is the spatial step, and z; (the desired state) is constant.
Notice that the cost function J3;, can be explicitly written as:
Jan(b) = J3(b) + %{ - bh(x7° + I%) + hxo(3q%0 — 485 + %)
(75)
+%h2(% + 1gxt + zd) + 1 gh®xp + l}ﬁgh‘*}.
Lemma 15. Let b € R and h > 0 we have that:
[J5n(b) = J3(b)| = Ciz b, (76)
where i
5
Cio=3xgwolgl| -+ - 32+ %),
does not depend on h.
Proof. It follows from expression (75) for [3,. O
Lemma 16. Let us consider h > 0.
a)  The explicit expression for the optimal variable by, is given by:
1
_ _h - -
bi,, = bop + Ergroh(1+4%), B B 77)
)
b)  The following error estimates hold:
|bhop - bop| ~ Ci3 h, (78)
s (br,) = Jo (bop) | = Caa, 79)
where C13 and Cy4 do not depend on h.
Proof.
a) According to (75) we have that
J(b) = J5(6) — ogbh (3 +1). (50)

Then, formula (77) for bhw follows immediately.

b) Estimate (78) is a direct consequence of (77) with Cy3 = |E1gxp].
Moreover, taking into account formulas (73) and (75) for J3 and J3;, and formulas (74) and (77) for
bop and by, respectively, it follows that

]Bh(bhop) - ]3(bop)
xgyog [ bhop 1 5 0.2 0 % 2
= J5(bn,,) = J3(bop) + =3 { — =+ tgxo — Zexd + 3 }h + o(H?).
In addition, the expression J3 (bhap) — J3(bop) can be rewritten as

2
J3(bi,) = Ja(bop) = "y (2b0p (14 42 ) + 3gad — gx0 — 224 ) + 0(4).
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Therefore it follows estimate (16) with

2 bo 5 2
C14: Lgog E1(2b0p<1+%§) +%gX%—QX()—22d) —Tp—f—%—%"r%ﬂ .

Lemma 17. Let us consider Up,, the solution of (1) -(3) for b = by and uy, - the discrete solution given in
(26) for h > 0 and b = by,,. Then we have that:

auhbhop Aty

a) Huhbhop - ubgp HH ~ C15 h/ b) .
where Cy5 and Cyg are constants that do not depend on h.

Proof. Working algebraically it is obtained that
3 2
4y, = 4 Iy = 255 (283 — By + 1)1+ 0(2).
Then it is obtained estimate a) with

Cis = xolg|y/ "5 \/2E} — E1 + .

In a similar manner we get that estimate b) holds with

Ci6 = I3[/ .
O

5.2. Discrete Problem (Psy,, ) Associated to (Psy)

From [6], we know that the continuous quadratic functional cost in (6) for the optimization problem
(Psy) is explicitly given by:

Jaa (b) = Ja(b) + 42 { 5 (9 — g0) (—6b + 3930 — 2833 + 624) + 5 (9 — g%0)*} (82)

where 3 is defined by (73). Moreover, the continuous optimal boundary control b,,, is given by

Bayy = bop — ijT_g_?). (83)
The continuous associated state is established by:
py,, (%,Y) = =38 %% + (gx0 — 4)x + (g X0 — ) + Day,,- (84)
Defining the discrete cost function as:
Jana(B) = 3llutna — zallfs + 3Ms| b3 (85)

where uy,, is the solution of (S, ) given in (26), we set the following discrete optimization problem
(P 3ha) as

find by, €R  suchthat J3u(bpg,,) = rgéiﬂrg J3na (D).
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Working algebraically lead us to write J3;, as follows:
5 7
Jona(b) = Jau(b) + bxovogh{ —b(% +2+4) +g( = - 52 - 22)
2
(2R +3) +z(B+2) (86)
thls(R i) ra(B+d)+ 2] +rg (3 &) +r4
Lemma 18. For b € B and h > 0 we have that
[Jana(b) = J3a(b)| = Ciza h, (87)

with

=5 7x3
Ciow = 200g)| - b(2+2+8) +o(FR -2 -20) +q(R+ R+ 3) +z(2+2)|
Proof. It arises immediately from (86). [
Lemma 19. Let us consider h > 0.
a)  The explicit expression for the optimal control by, is given by:
h
bhzxap b,xop + E19x0 h (1 + — axo + m), (88)

where Eq is given in (77).
b)  The following error estimates hold:

’bhac,p txgp| ~ C13a h, (89)

’]3ha(bhaop) - ]3a(baap)‘ ~ Cranh, (90)

where Ci3, and Cy4, do not depend on h.

Proof.

a) It follows from the expression J3;, given by (86).
b) The estimate in (89) is obtained immediately from item a) with

Ciza = |E1||g|x0‘1‘|‘

axp

Taking into account (86) and (82) it results that

]3th(thCop) - ]3tx(bzxap) = ]3a(bhzxap) - ]3zx<b¢xop) + Fah + O(hz)'

with

= (- 03 25) 48 - s~ ) (3 o+ )
In addition, from the definition of J3, and bh%p we have that

]3a(bhaop) - ]3a(bzxap) = I3(bhao,,) - IS(bzxop> + Fgh + O(hz)
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with R
Foy = 8 E) (—q+ gxo) (1 + %{))

Finally, according to formula (73) for J3 we get that

J3(bhay,) = J3(bay,) = Faah+0(),

with .
Fio = B8 Ey (14 ) (260, (1+42) + 33 — g0 — 224).

axp

Therefore, estimate (19) holds for

Ciaa = ‘Fla + By + F3y

O

Lemma 20. Let us consider Uy, the solution of (1) -(3) for b = by,, and uy, iy the discrete solution given in
(26) forh > 0and b = bh%p. Then we have that:

My, Aty
a) |thaby,,, — Uaby,, |1~ Cr5a b, b) H o

~ ClGﬂchr (91)
H

Proof. Similarly to what was done in Lemma 12 it is obtained that

XoYo

C15a2x0|g| 2 A/

I ) 16 , 32 8 16 1, 1 2
Ci6a = C1s-
O

Remark 9. The constants obtained in the estimates of the previous lemmas verify that C;, — C;, when o — oo
fori=12,---,16.
Remark 10. The double convergence when (h,a) — (0,+00) of the optimal control of the problem (Pspy)

holds. The relationship of the optimal control of the problems (Ps), (Psy), (Pay,) and (Papy) is given by the
following diagram:

Problem (Ps,) Problem (P3)
-
bho,,,]3h(bh,,,,),uhhhop h—0 bop, Jo(bop) o
2

Problem (Psp ) Problem (Ps,)
-
Brop: Jana (Bhaop ) kb, =0 baop s J3a (Baop ) tati

6. Numerical Results

We will carry out some numerical simulations in order to illustrate the theoretical results obtained
in the previous sections for the optimal control problems (Py,) and (P, ) fori =1,2,3.

Throughout this section we consider the domain Q) = [0,1] x [0,1],i.e, xo = yo = 1.

Before analyzing the optimal control problems we illustrate the behavior of the continuous state
of the systems (S) and (S, ) and the discrete state of the systems (S;,) and (S, ).
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In Figure 1 a) we plot the state of the system u given by (13) and the approximate discrete function
uy, defined by (22) against the position x for h = 1/3,1/5,1/10. As we saw in Lemma 21 for each
fixed x, the uy,(x) increase and get closer to the limit u(x) as h decreases. In a similar manner, in 1 b),
for « = 50 we obtain the system u, given by (13) and the approximate discrete function uy,, defined
by (26) against the position x for h = 1/3,1/5,1/10. Notice that as h decreases, the functions {uy, }
increase and get closer to the limit u, as it was proved in Lemma 2.

30 a0

U h=1/3
U B = 15
o8y, fo= 1710

20 -

284 e lo—o—o w,, h=1/10 28] .

s,
¥

27 4 27 4

25

Temperature
"
Temperature

23 23

22 22

o o4 02 03 04 05 08 07 08 08 1 o o4 @2 03 04 05 06 07 08 08 1

Position x Position x

a) u and uy, for different values of h b) u, and uy, for different values of i with « = 50

Figure 1. State of the systems (S), (Sj,), (Sa) and (Sy,) taking g = 12, b = 30, z; = 40 and g = 10.

In addition in order to visualize the double convergence of uj, — u when (h,a) — (0,00), in
Figure 2 we plot u and uy, for (h,a) = (1/3,10),(1/5,50) and (1/10,500).

Soas

Temperature

) 01 02 03 04 05 08 of 08 o8 1

Position x

Figure 2. Plot of 1 and uy,, against n = 1/h for different values of (h, a).

6.1. Control Variable g

In this subsection we obtain some computational examples for the optimal distributed control
problems (Py), (Pyj,), (P1) and (P, ). For each plot we set ¢ = 12,b = 30,z4 = 40 and M; = 1.

In Figure 3 we plot the continuous quadratic cost function J; given by (27) and the discrete cost
function Jyj, obtained in (32) against g for h = 1/10, 1/50 and 1/100. Notice that as & decreases the
function Jy;, = J1;,(g) also decreases to the limit function J; = J;(g) in agreement with Lemma 3.
In a similar manner in Figure 4, for « = 50 we obtain the continuous function J;, and the discrete
functions Jyj, for h = 1/10,1/50 and 1/100 observing the convergence of Jij,, — J1, as h decreases to
0. Moreover, Figure 5 shows the double convergence of [y, — J; when (h,a) — (0, 00). We illustrate
how Jyj, gets closer to J; as the value of i decreases and the value of & increases.

In Figure 6 we plot the continuous optimal control g,, for the problem (P;) given by (29) and
the optimal control gy, given by (41) for a = 15,50, 100. Notice that as a increases, gy, decreases to
the limit g,,. In addition, we set different values of n between n = 10 and n = 100. Recalling that
h =2 =1 foreach h we obtain the optimal discrete control 8h,, to the problem (Pyy,) defined by (4)
and the optimal discrete control gj,,, to the problem (P11 ) given by (41) for a = 15,50, 100. For each
« fixed, we have that the discrete solution gy, — ga,, Whenh — 0,i.e. n — oo.
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Figure 3. Plotof Jp and Jy, Figure 4, plotof J1q and Jyp, for a = 50.
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e s Tipalg), = 1/10, & =15 R
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132 ."“ 58

Cost function
Optimal control g

n=1/h
Figure 5. piotof j; and Jyj, Figure 6. riotofgop, g1, s10p d g,

6.2. Control Variable q

In this subsection we run some computational examples for the optimal boundary control prob-
lems (P,), (Pay,), (Pay) and (P, ). For each plot we set ¢ = 10,0 = 50,z; = 40 and M, = 1.

In Figure 7 we plot the continuous quadratic cost function J, given by (50) and the discrete cost
function [, obtained in (52) against g for h = 1/10,1/25 and 1/50. Observe that as I decreases the
function [, = Jo;(q) also decreases to the limit function ], = J>(g). In a similar way, in Figure 8, for
a = 100 we obtain the continuous function J,, and the discrete functions J5;, for h = 1/10,1/25 and
1/50. The convergences [, — J2 and Jopy — Joo when b — 0 are in agreement with Lemmas 9 and 12,
respectively.

Moreover, Figure 9 shows the double convergence of [, — J» when (h, &) — (0, 00). We illustrate
how J5;, gets closer to |, as the value of i decreases and the value of « increases.

In Figure 10 we plot the continuous optimal control g, for the problem (P,) given by (51) and
the optimal control g4,, given by (63) for a = 50,100, 200. Notice that as « increases, g4,, decreases to
the limit g,p. In addition, we set different values of n between n = 10 and n = 100. Recalling that
h= ’;—0 = %, for each h we obtain the optimal discrete control qn,, to the problem (P,,) defined by (54)
and the optimal discrete control gy, to the problem (P ) given by (67) for @ = 50,100, 200. For each
« fixed, we have that the discrete solution gp,,, — qa,, Whenh — 0, i.e. n — oo.
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6.3. Control Variable b

In this section we obtain some computational examples for the optimal distributed control
problems (P3), (P3y,), (P3y) and (Psp, ). For each plot we set ¢ = 12,¢ = 10,z; = 40 and M3 = 1.

In Figure 11 we plot the continuous quadratic cost function J3 given by (73) and the discrete cost
function J3j, obtained in (75) against g for h = 1/10, 1/25 and 1/100. Notice that as & decreases the
function J3;, = J3,(b) also decreases to the limit function J3 = J3(b) in agreement with Lemma 15. In a
similar manner in Figure 12, for « = 50 we obtain the continuous function J3, and the discrete functions
Jang for b =1/10,1/25 and 1/100. Observe the convergence of J3,, — J3, as b — 0. Moreover, Figure
13 shows the double convergence of J3,, — J3 when (h, &) — (0, 00). We illustrate how J3;, gets closer
to J3 as the value of h decreases and the value of & increases.

In Figure 14 we plot the continuous optimal control b, for the problem (P3) given by (74) and
the optimal control baop given by (83) for « = 15,50, 100. Notice that as « increases, baap decreases to
the limit byp. In addition, we set different values of n between n = 10 and n = 100. Recalling that
h =2 =1 for each h we obtain the optimal discrete control by, to the problem (P3),) defined by (77)
and the optimal discrete control bh%p to the problem (P, ) given by (88) for « = 15,50, 100. For each «
fixed, we have that the discrete solution bhaop decreases to b%7 when i — 0.
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7. Improvement of the Order of Convergence

In this section, we introduce alternative discrete solutions i, and iy, associated with the systems
(S) and (Sy), respectively, and analyze the order of convergence of iy, to u and of iy, to u, ash — 0.
The Neumann boundary condition on I'; is approximated by a three-point backward finite—difference
scheme. Moreover, for the discrete solution y,, the Robin boundary condition on I'; is approximated
by a three—point forward finite-difference scheme. These higher-order boundary approximations lead
to an improved order of accuracy.

We consider the system (S) defined by equations (1)—(2). From this system, we define the discrete
problem (§h), where u; approximates u(x;,y), fori = 1,--- ,n + 1. Notice that, from the Dirichlet
condition on I'y it follows immediately that ti; = b.

For the interior nodes, we employ the classical centered second—order finite—difference approxi-
mation given in (15), which leads to the discrete system (16) for u;, i = 2, ..., n.

For the Neumann boundary condition on I'y, we use the three—point backward approximation

u Su(x,41,y) —4u(xy,y) +u(x,_1,
(1 y) ~ HEnLY) (Zhn y) +u(¥n-1,y) 92)

Thus, the discrete Neumann condition can be written as

—2gqh = 3Uy4q — 40y + Uy—1. (93)
In addition, from (16) for i = n, we obtain

—gh? = Uppq — 20, + Uy (94)

Subtracting the two previous equations, it follows that

2

i+ 1 = - —qh. (95)
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Therefore the system given by (16) together with (95) can be written as
AW =T* (96)
where W = (U;)i—2,_n+1 € R" is the vector of unknowns, A is the matrix given by (20) and T* € R" is
the vector of independent terms:
t
T*:(—gh2—b,—ghz,...,—ghz,—qh+#). (97)
Notice that the system (96) differs from (19) in the last component of the vector of independent terms.
Solving the linear system gives

~ . h? .
8 = b+ (i = Dh(gxo —q) — - - 1) (98)
Taking into account that fori =1, - ,n
;ﬁ._M— xo — _(21._1)g_h (99)
I_xi+1_xi_g0 1 2’
and )
Ei = ﬁi — T:lv’lixz' =b + %l(l - 1), (100)
the linear approximation is given by iy, (x,y) = it;x + h;, i.e.
- , h h2 . .
up(x,y) = <8x0—q—(21—1)%>x+g71(1—1)+br x € [x,xip], i=1,-,n  (101)

In the following lemma, we give some bounds for the approximate function iy, :
Lemma 21. The following bounds hold:
~ 2 Ju __ Oty ~
[ =yl < D17, and |53 — FEllm < Dih,

where Dy = \/ 90 gand Dy = /3% ¢.

Proof. From the definition of the norm in the space H and using the expressions (13) and (101) for the
functions u and 1}, respectively, it follows that

u=lt = [ [ () - u(xw) dxdy
(102)

where
Ei(x) = ”(x/y) - izh(xry)r X € [xil xi-l-]]r Yy € [OIyO]
Note that, within each subinterval, E;(x) depends only on x and the index i, but not on y, since both u

and 1}, are constant along the y-direction.
A direct computation yields

Ei(x) = %( — X%+ (20 — 1)hx — K2i(i — 1)) = —%(x —ih)(x — (i—1)h). (103)
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Then ) 5 , N
X _ i i+1
/ TR (x)dx =& G B iyt iy
x; 4 5 2 3 ¥
2 h5 hS h5 2 (104)
S S R P A
_4(5 2+3> 120"
As a consequence, from (102) it follows that
215 2
o2 o & Xoyog” 4
||M uhHH_]/O 1201’1— 120 h/
and then
o, — [ X0Y0 2
In addition,
il 112 Yo X0 Jil 2
13 =5l = [ [ Gew) = Fery) dxay
(105)

Xi+1

F?(x) dx,

:yo,é/x'

where

Fi(x) = g—;‘(x,y) - %(x,y) = —g(x - @)

. . . 2
/JC1+1 Flz(x) g — /Xz+1 g2<x . (21 — 1)h> dx
X; X; 2

=g E (x — WY] i1

Xi

h3 h3 gZ 3
(§+§>_ﬁh'

for x € [x;,x;41]. Then

Therefore, from (105) we have

and finally
)%_% H:\/@gh
O

Remark 11. We emphasize that by improving the approximation of the Neumann boundary condition on I'y, the
convergence order of the error ||u — iiy,|| g is increased to second order, namely O(h?). This enhancement leads
to a more accurate numerical approximation while remaining fully consistent with the theoretical convergence
results established in [7,13].

Remark 12. The linear system (96) obtained by using the three—point backward finite—difference approximation
for the Neumann boundary condition on I'y can be equivalently interpreted by introducing a ghost point x, 1
outside the computational domain and assuming that the discrete differential equation holds at the boundary
node x,,1. Indeed, assuming that the equation is satisfied at i, 1, we have

2 ~ ~ ~
—gh® =uyi2 — 2uy 11 + Uy,
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while the Neumann boundary condition is approximated by

Upya —Un _
20 T

Eliminating the ghost value 1,5 from these two expressions yields

~ h?
—Upy + Uy = _qh + gT;

which coincides with the boundary equation obtained in (95). Hence, the three—point backward finite-difference
approximation of the Neumann condition is consistent with the ghost—point formulation and leads to the same

discrete system.

Analogously to the analysis of system (S), we propose a new discrete approximation iy, for
system (S,) and study the order of convergence of i}, to u, as h — 0T. The associated discrete system
(She) employs a three—point backward finite-difference approximation for the Neumann boundary
condition on I'; and a three—point forward finite—difference approximation for the Robin boundary
condition on I'y, leading to improved accuracy.

We consider the system (S,) defined by equations (1)—~(3) and define U, ; ~ us(x;, ).

For the interior nodes, i = 2, ..., n, we employ the classical centered second—order finite-difference
approximation given in (15):

U i1 — 20 + Uy i1 = —gh. (106)

For the Robin boundary at I';, we use the three—point forward approximation:

—3U,,1 +4Uy0 — Up3
2h

= “(ﬁlx,l — b) (107)
Combining this expression with the interior equation at i = 2 yields the simplified discrete condition

2
—(1 + Déh)ﬁall + ﬁa,Z = —ahb — % (108)

For the Neumann boundary at I'; we use the three—point backward approximation:
By 1 — g p + Uy 1 = —2qh. (109)

Combining with the interior equation for i = n gives

~ ~ h?
i + a1 = —qh+ £ (110)
The system given by (106), (108) and (110) can be rewritten as
AWy =T} (111)

where Wy = (Ugj)i=1, n+1 € R"*1 is the vector of unknowns, A, is the matrix given by (24) and
T# € R""1 is the vector of independent terms:

t
Ty = (—abh— 8, —gh?, ..., ~gh®,—qh+ 3 ) e R (112)

It should be noted that only the first and last components of T, differ from those in T, given by (25).
The solution of the system (111) is given by

_ 1 ) ) .
uali:b—I—&(gxo—q) —i—(z—l)h(gxo—q)—%((z—l)h) , i=1,...,n+1. (113)
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We define the linear interpolation on each subinterval [x;, x;11] by
ﬁha(x/y) = Tﬁv&,ix +Ea,i/ x € [xi/ xi-l—l]r y € [OryO]/ (114)
where
o1 )
M:gxo—q—gh(l—2>, i=1,...,n, (115)
~ 1 gh? . o
hali:b+g(gx0—q)+7(z—l)z, i=1,...,n (116)

From the previous expressions, we derive the following lemma.
Lemma 22. The following bounds hold:

it — g |l < Doh?, || %a — %) < Dy,

where Dy = \/ 5P gand Dy = /*%g.

Proof. By the definition of the H-norm, and using the expression for 1, in (13) as well as the definition
of iy, in (114), it follows that

~ X 5
e = allfy =0 ) [ B2 () d, 117)
i—1 7%
where
Eoz,i(x) = utx(x/y) - ﬁha(x/y)
. o, .
E,i(x) = —%xz + %(21 —1)hx — %(12 —1i), x€[x;,x1] (118)
We can notice that E, ;(x) = E;(x) where E;(x) is given by (103). Therefore, from (104), it follows
immediately that
2
Uy — Uy, < .
o — iy < 20
In addition,
Y
I3 = 5ell= [ ) (Bre) — B (ow) ety

Xi+1 | — 2
—1/02/ ( _ @iz Lk Zl)h) dx (119)

2
_ 8 x0Y08” >
= yo gz hn = =50

O

8. Conclusions

Applying the finite difference method, we have derived the discrete systems (S;,) and (Sy,,)
and the discrete optimization problems (Pj,) and (Pj,), i = 1,2,3 where a > 0 is a parameter that
represents the heat transfer coefficient on a portion of the boundary of the domain. Explicit discrete
solutions have been found and convergence results when the discrete step I goes to zero and when «
goes to infinite have been proved. Error estimations have been also obtained as a function of the step h.
Some numerical computations have been provided in order to illustrate the theoretical results.

Finally, for the systems (S) and (S, ), an alternative discretization of the Neumann boundary
condition on I'; and of the Robin boundary condition on I'y for (S, ) has been considered. By modifying

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2020.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 December 2025 d0i:10.20944/preprints202512.2020.v1

31 0f32

the approximation of these boundary conditions, the order of convergence of the numerical solution is
improved, leading to a more accurate approximation.
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