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New Boundary Harnack Principles for Divergence
form Elliptic Equations with Right Hand Side
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Abstract: We establish new boundary Harnack principles for divergence form equations with right
hand side. In Lipschitz domains, we prove new boundary Harnack principles when the right hand
side exhibits polynomial decay. Moreover, in Holder domains with the Holder exponent « € [1/2,1],
we prove new boundary Harnack principles when the right hand side exponential decay.
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1. Introduction
1.1. Background

In this paper, we study boundary Harnack principles for divergence form equations with right
hand side. Boundary Harnack principles originally state that, if u and v are two positive harmonic
functions in 2 N By, and they both vanish on 92 N By, then they are comparable near the boundary
o0.

For elliptic equations without right hand side in Lipschitz domains, we introduce some related
research results. Kemper initially proved boundary Harnack principles for harmonic functions by
applying the uniqueness of the positive singularity principle and the properties of Kernel functions
in [24], while Caffarelli, Fabes, Mortola and Salsa first proved boundary Harnack principles for
divergence form operators with bounded measurable coefficients in [8]. In [18], Fabes, Garofalo,
Marin-Malave, and Salsa extensively discussed the non-divergence form operators by Fatou theorems.
In [23], Jerison and Kenig extended boundary Harnack principles for divergence form operators
in non-tangentially accessible domains. Bass and Burdzy proved boundary Harnack principles for
non-divergence form elliptic operators with bounded measurable coefficients by applying probabilistic
techniques in [5]. More recently, De Silva and Savin discovered a simple yet unified proof of divergence
and non-divergence form operators with bounded measurable coefficients in their work published in
[13].

For elliptic equations with right hand side in Lipschitz domains, we present some relevant results.
In [1], Mark Allen and Shahgolian proved boundary Harnack principles of the Laplace operators by
using harmonic functions in spherical polar coordinates under polynomial decaying conditions of the
right hand side. In [31], Ros-Oton and Torres-Latorre already proved boundary Harnack principles
for divergence form operators with continuous coefficients and non-divergence form operators with
bounded measurable coefficients. In addition, Ros-Oton and Torres-Latorre gave a counterexample
to show that boundary Harnack principles do not hold in R? for divergence form operators with
bounded measurable coefficients, even though the L7 norm of the right hand side is controlled by a
sufficiently small constant cg.

For elliptic equations without right hand side in Holder domains, we introduce some related
background and research results. Boundary Harnack principles for non-divergence form operators
in Holder domains with the exponent « € (%, 1} were first proven by Banuelos, Bass and Burdzy in
[5]Bass1994. Fausto Ferrari first proved boundary Harnack principles for divergence form operators
in Holder domains with exponent a € (0,1] in [19]. De Silva and Savin proved boundary Harnack
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principles for divergence and non-divergence form operators in Holder domains with exponent
S (%, 1} by using a simpler method in [13]. Further, in [14], De Silva and Savin, by optimizing the
previous approach, generalize this theory in Holder domains with exponent « € (0, 1].

Based on our current investigation and understanding, boundary Harnack principles for elliptic
equations with right hand side in Holder domains has not been fully studied. In [31], Ros-Oton
and Torres-Latorre gave a counterexample to show that boundary Harnack principles do not hold in
Lipschitz domains with a large slope, even though the right hand side is bounded and less than a very
small constant ¢y. Obviously, this example further shows that boundary Harnack principles do not
hold in Hoélder domains, if without any decaying condition of the right hand side.

In this paper, we apply the positive extension theorem to obtain the decaying estimation of
solutions of homogeneous divergence form equations in Lipschitz domains (Holder domains). Because
of the counterexamples mentioned above, by adding a polynomial(exponential) decaying condition to
the right hand side, we get boundary Harnack principles in Lipschitz domains(Holder domains with
exponent & € [%, 1] ) for divergence form operators with bounded measurable coefficients. At present,

for the caes of boundary Harnack principles in Holder domains with exponent a0 < %, we still have not
reached a corresponding conclusion.

Finally, the content of this paper is divided into four parts. The first part mainly introduces the
main theorem of this paper. In the second part, we introduce some mathematical tools including the
A-B-P estimation, the positive extension theorem, the decay theorem, the interior Harnack inequality
and an upper bound estimation. The third part is to prove boundary Harnack principles in Lipschitz
domains. The content of this part includes a decay lemma of the solution in a Lipschitz cone, a key
iteration theorem and a key proposition. The last part is mainly to prove boundary Harnack principles
in Holder domains with exponent & € {%, 1} . The arrangement of the content and the idea of the
argument in the last part are basically the same as in the third part.

1.2. The Main Notation

o x=(x,x4)=(x1,..., Xy_1,Xxn) is a point in R", n > 1.

e By(y) ={x €R":|x—y| <p}isanopenball in R"” with centre y and radius p. B;J (y) is an open
ball in R"~! with centre y’ and radius p.

o LetheR,.ThesetC; = {x € R":y[x'| < x, < h} is called the Lipschitz cone of height  with
the Lipschitz constant 7. The set E, = {x € R" : Z|x/|" < x,, < h} is called the Holder cone of
height i with the Holder constant 4 and the range a € (0,1).

e d(x) = dist(x,002) is the distance between x and 9(2.

e  Given a function u, we write ux = max{%u, 0}.

e | is the Lebesgue measure of the domain 2, and diam(2 is the diameter of the domain (2.

e ¢=(0.010,..0) € R"
P S
i—1 n—i
1.3. Setting

In what follows, let £ be a divergence form elliptic operator with bounded measurable coefficients,
ie.
Lu = Div(A(x)Vu) with AL < A(x) < AZ, (1.1)

where 0 < A < A.
Definition 1. Let L be a positive constant. Let w : B,1 — R be a Lipschitz function satisfied w(0) = 0 and

lw(¥') —w(y')| < L|x' —y'|, for any x' and y' in B,. We say Q is a Lipschitz domain with the Lipschitz
constant L if Q) = {(x’,xn) € B xR:x, > w(x’)}.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 2. Let constants H > 0 and a € (0,1]. Let w : By — R be a Holder function satisfied w(0) = 0
and |w(x') —w(y')| < H|x' —y'|*, for any x' and y' in By. We say Q) is a Holder domain with exponent w
and the Holder constant H if Q) = {(x’, Xy) € By x R:x, > w(x’)}.

Definition 3. (De Giorgi super-class) Let E C R" be an open set. We say u € DG_(E,C) if u € WY?(E)

loc
satisfies
/ ]V(u—k)_}zdxg %/ ‘(u—k)_]de,
By (y) (R—7r)"/ Br(y)
forallk € R,By(y) C Br(y) C E, where C is a positive constant depending on A, A and the dimension n.

1.4. Main Results

Theorem 1. There exists a large positive constant q* and small positive constants 1 and co such that the
following holds.
Let 2 be a Lipschitz domain with the Lipschitz constant L < L. Let u > 0 and v > 0 be weak solutions of

Lu = in QN B Lov= in QN B
{ u=f in 1 and { v=g in 1 12)

u=0 ondQdNB; v=0 ondQdN By,

with || f| oo, () < cor” ~1 and 181l o= (B, (y)) < cor 1, forany r € (0,1), y € 3Q N By. Suppose further
that v(e,/2) > 1and u(e,/2) < 1.
Then we have
u<Cov inBy/;NQ, (1.3)

where C, ¢y, n and q* depend on A, A and the dimension n.

With Theorem 1, it is straightforward to obtain the following Remark. If necessary, we can take a
smaller constant cg.

Remark 1. Let u > 0and v > 0 satisfy (1.2) with f and g satisfying

@ <ad”™ " Tl colTax)”
()] < cod () ()] < colTa())” 7,

where T}, (x) = x, — w(x').
Then the boundary Harnack principle (1.3) also holds.

Theorem 2. Let 2 be a Holder domain with a € %, 1| and the Holder constant H < 2%. There exists a large
positive constant Cp and a small positive constant co > 0 such that the following holds.
Let u > 0 and v > 0 be weak solutions of

Lu = in QN B Lo = in QN B
{ u=f in 1 and { v=g in 1 (1.4)

u=0 ondONB; v=0 ondONB,

With || f|| 1o, () < Cor™ > exp(—4Cor™") and ||g | 1eo(p, () < cor™ > exp(—4Cor™!), forany r € (0,1/2),
y € 0Q2 N By. Suppose further that v(e, /2) > 1 and u(e,/2) < 1.
Then we have
u<Cov inBj,pNn(, (1.5)

where C, ¢y, Cy depend on a, A, A and the dimension n.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Preliminaries

In this section, we introduce five common theorems to prepare for later proofs.
The following theorem is called the A-B-P estimation. In the proof of our main theorem, we only
need to consider the case of p = n.

Theorem 3. ([22, Theorem 8.16]) Assume that (2 C R" is a bounded domain. Let u € C(Q) and satisfy
u> fwith f € LF(Q), p>n/2
Then
supu < sup i+ Cllfllur o

where C depend on diam(2, p, A, A and the dimension n.

The following theorem is called the positive expansion. This theorem plays a crucial role in the
section 3.

Theorem 4. ([15, Theorem 9.1]) Let constants M > 0, € € (0,1) and r € (1,1). Let E C R" be an open set.
For any non-negative function u € DG_(E,C). Assume that u > M in Ber(y) and By C E.
Then we have
u>oce"M in Br(y),

where g = C'(ery) 2"V (1 = 1,) =@+ gpd ¢ = exp{—C’(erz)fz(”fl)(l - r2)7(2n+2)} with C' isa
positive constant depending on A, A and the dimension n.

Moreover, if e < e~ 1 we have
u>elM inBgr(y),

where the positive constant q 1= 24;.
The following theorem is the decay theorem of the weak subsolution in the ball.

Theorem 5. ([31, Corollary 2.5]) Let R € (0, 1] and u satisfy

Lu>f inBg
u<l

in BR,

where f € L"(BRr). Suppose that there exists 8 € (0,1] such that |{u <0} NBgr| > 6|Br| > 0 and
flls (5 < E0)

Then we have
supu < 1—(6),
Br/2
where §(0) > 0and y(0) € (0,1) depend on 6, A, A and the dimension n.

The following theorem is the interior Harnack inequality.

Theorem 6. ([31, Lemma 3.6 and Lemma 3.7] ) Let (2 be a Lipschitz domain with the Lipschitz constant
L < 1/16. Let u > 0 be a weak solution of

Lu=f inQNB
u=0 ondQNBy,

where f € L"(By). We define A := {x € QN By_s : T),(x) > 6}, where I},(x) = x, — w(x’), 6 € (0,1/3).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Then we have
Sljpu < C(llf}fu + Hfl'L"(Bl))’

where C depend on 6, A, A and the dimension n.
Moreover, if u(en/2) < 1, then there exist positive constants p and Cy, depending on A, A, || f || g,y and
the dimension n, such that

[tllp ) < Cp -
The following proposition is an upper bound estimate of the weak solution.

Proposition 1. ([31, Proposition 3.8]) Let (2 be a Lipschitz domain and u be a weak solution of

Lu=f inQNB
u=0 onoQdNBy,

where f € L"(By).
Ifu € LP(Q N By) forany p > 0, then

sup < M, p, A, A7) (Il ) + 1 o)

wherer € (0,1).

3. Proof of Theorem 1

The following lemma is the decay estimate of the weak supersolution in the Lipschitz cone. This
lemma plays a crucial role in the proof of the following theorem.

Lemma 1. There exists a small constant y > 0 and a large positive constant q* depending on A, A and the
dimension n, such that the following holds.
Let u satisfy

Lu <0 inCy
u>1 in{x, >1}N¢Cy 3.1)
u>0 onaCy,
where the cone C;y = {x € R" : y7|x'| < x,, < 3}.

Then for any t € (0, 3), we have
u(te,) > 1.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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A
‘rﬂ,

(@) (b)

i—1
Proof. Lete = % and rp, = % in Theorem 4. We take a; = % (%)l and construct two series of balls
and denote them as {B( 1y (0,a;) }, {B(l ) (0, ai)} foralli € NT, where (0, a;) represents a point in
3 3
R" with x’ = 0 and x,, = a; (see figure(a)). In addition, we know that Z i
Obviously, u(x) > 1in B% (0,a1) and by Theorem 4, we have u(x) > %)q in B1(0,a1). Thus,

2
u(x) > (%)q in BB% (0,a2) and by Theorem 4 again, we have u(x) > <%) "inB (0,a2). Repeating the

1
3

k+1
above process, we have u(x) > (%)( d in Bik (0,a41), forall k € N.
’ ko+1 1 ko
Forany t € (0, %), taking kg € N7, such that1 —2 Z (3> < Z ( ) then we have
j i=1
tey € B,y 1k (0 d (N <re () have u(t B Then fat1 <
en € (%)ko( , Ak, +1) an <§) <t< (3) ence, we have u(te,) > ( ) <
implies
2q

(ko+1)q k
B[ >

u(te,) > 121 =11, forall t <O,;>.

Taking g* := 24, then we have

Finally, if we take 7 = —1~—, then all the balls will be located in cone C,,. O
Y =7 U

The following theorem shows that, by constructing an iteration, the solution of Lu = f is positive
at some distance from the boundary.

Theorem 7. Let (2 be a Lipschitz domain with the Lipschitz constant L < . The positive constants n and q*
are determined by Lemma 1. Let u satisfy

Lu=f nQNB

u=0 onadQ

u>1 inQnN{xeB:N(x)>d}
u>—e in(QNBy,

(3.2)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where || f| oo (5, (y)) < cor? 1, foranyr € (0,1), y € 3Q N By.
Then we have
u> pf 1 in QN {x € By: Ij)(x) > pé} (3.3)
u>—pl+tle in QN By, .

for some small enough constants p, €, 5, cg € (0,1) depending on A, A and the dimension n.

Proof. Now that, we prove the first inequality in (3.3). For any point (xo/, x0,) € {x € B, : pd < I};(x) < 6},
we write X := (x{, w(x()) and the cone

Coy =X+ pCy = {x e R" : y|x’ — x| < xy —w(x0") < 3p}

and the positive upper cone
Coy = Coy N {xn > w(x0") +p},

where C; = {x e R" : y|¥’| < x,, < 3}.
Letp =36, R € [0,p], vg := JRand x, = % + R (see Figure 2). We have

A (e p_>
¥t d= 2(17 -|-R> +5 =gtk
Obviously, vg +p > vg + gp implies that CJ, C QN {x € By : I};(x) > J}. Now we take d small
enough, then we have C,,; C Q2N By. Because (xo, xo4) € {x € By : pd < I},(x) < 6}, we have

Xon — w(x{))

P8 < xon —w(xy) <6 and then )

< <

WD
QW=

We define
U(x) :=u(Xp+px)+e and &(x):= Li(x) = p*f (X + px).

Let & = uq + uy satisfy

By Theorem 3, we have

1
n

el < Cllisgey) < ([, 1/(o+ gl
1

1
n

— n ! ~
=co( [, 1F0)"ay)" < ol ) B0
< C'C(n)copt +1.
On the other hand, we apply Lemma 1 to u; to result that u; (te,) > #1 " for any t € (0, %) We

have
u((x0',w(x0")) + pten) > 11 —C'C(n)cop” 1 —¢, for any t € (0, %) .

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1
oy then

*

q +1 *
Therefore, let p < (%) Le< (o), e <

. /
u(xg) = u((xol,w(xo’)) —i—pr"Tw(xo)en>
<x0n - w(x6)>q _ C’C(n)Copq*H _e

o
(8)" — Crclmaap”™ — (o)1

WV

WV

> pq*—l—l'
Next, we prove the second inequality in (3.3). Let xg € By_ps and I},(x) < J (recalling 6 = p/3)
We define v(x) := ”(? > 0. Extending v by 0 below 0(2, then we have Lv > — J; in Bys(xp). Let C; be
the downwards cone with slope 77 and vertex in z := (x{, w(x)). Then we have v = 0 in C; N Bys(xp)

and |C; N Bys(x0)| = C(17)|Bas(x0)]|- Taking cp small enough, we have
n\ un 1
< ZIF o Bayz)

(/325(’(0) n>n S </Bs(s(2) L
(30)7

€
36C(n
S e( )Hf||L°°(335(Z)) S Coc(n)T

<¢(n),

f—‘r
€

(3.4)

(%

where ¢(77) come from Theorem 5. By Theorem 5, we have v < 1 — vy in Bs(xo).
(x) in Bs(x) with xg € By_3j5 and I},(xo) < J. By mathematical

Now we define vj(x) :=
(1—y) ‘ ,
induction, it is easy to show that v < (1 — )/ in Bj_j5, i.e. u > —(1 — ) e in B;_5j5. We take jo € N*

satisfied 1 — 2(jo + 1)d < p < 1 — 2jyd (recalling p = 35). Hence, we have

1 <p< 1
We take p small enough, such that
1 7 +1
(1 - IY)]O g < ) > s
Sjo+3
then (1 — )0 < pf"+1,
As same as (3.4), we have
1
n\
fr 1
- < - n
</l325(xo) (1—y)le (1—7)le e (Bss 2))
5)"
< COC(”)L
(1—7)le

<E&(n).

By 1 —2jyd > p with (1 — Yo < o7 landu > —(1 - 7Y€ in By _3j,5, then we have u > —p7 e

inBp. [
Now, we iterate Theorem 7 to obtain the following proposition.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proposition 2. Let (2 be a Lipschitz domain with the Lipschitz constant L < L. The positive constants 1
and q* are determined by Lemma 1. Let u be a weak solution of (3.2) with || f|| (g (,)) < cor? 1, for any
re(0,1),y € 0Q2NBy.
Then we have
u>0 in QN By3

u(tey) =1+ forallt € (0,1).
Proof. Let up(x) := u(x) and fo(x) := f(x). We define

_ _ Jilex)

i (x) = YIS fir1(x) == F

where x € 2j,1 and px € pQj 1 := ;. Obviously, L; > L;,1, where L; is the Lipschitz constant of

Q;.
First, we already have || fol| = (p,(,)) < cor? 1, forany r € (0,1), y € dQ N By. By mathematical

induction, we have

Luj=f; inQ;NB h uj>1 inQ;N{x € By : [}(x) > J}
i
uj=0 onE)QJ- uj > —e ianﬂBl,
where Hf]'HLw(B ) = cor? 1, forany r € (0,1), y € 9Q N By. By Theorem 7, we have
uj > p7 *1 in QN {x € By : I}(x) > pd}
uj > —p e in Q;NB,,
then

Ujrl >1 in Qj+1ﬂ{xEB1 :Fh(x) >5}
Ujyq > —€ in .Qj+1 N By.

Moreover, we have

1
11l oo, ) = W”ff(px)”m(&(y»

()T

*_
= cor”’ 1.

Co
< —
P

So forall j € N, we have u;j(te,) > 1, forevery t € (5,1).
For any t € (0,1), there exists jy € N such thaté < p]LO < 1. Thus, we have t < p/o and

* te Ty te *
u(ten) = uo(ten) = pf “ul(f) gl (,7) S

Finally, taking €, p and ¢y smaller, then u(xo + ) also satisfy (3.2) for any xg € By;3 N 90. By
translating the coordinates, we get

u(xo + t%n) >0, forallte (0,1).

Then this implies
u>0 in QNByys.

O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.1. Proof of Theorem 1

Proof. Let (2 be a Lipschitz domain with the Lipschitz constant L < # /2. The positive constants # and
g* are determined by Lemma 1. By Theorem 6 and Proposition 1, we have u < M in B3 ;4. We consider
vinthe set E := {x € B34 : I;(x) > (36)/4}. Obviously, E C {x € By_(z5)/4 : Tn(x) = (35)/4}. By
Theorem 6 and v(e,/2) > 1, we have

0> C  [fllunpy = €1 = C)fllmgsy) > C ' — Clnyey > (20) = m inE,
where the constant ¢y is small enough such that C~! — C(n)co > (2C )L

We define
1+e€ €

o) — u(x)

p(x) :==

where € > 0 is chosen later. Once we prove that ¢ > 0in By /5, by choosing C = M(1 + €)/(me), then
Cv —u > 0 follows.
Obviously, ¢ > v/m > 1in E, and ¢ > —e in B3 /4. We have

1+e€
m

€
1Ll e (B,(y)) S L0l o5, 3)) + 35 1€0 0 o B ))

1+€ € *_
< — q -1 )
< ( - +M)cor , foranyre (0,1), y € 00

Let ¢(x) := ¢(3x/4). Then ¢ > 1in QN {x € By : I};(x) > 6} and ¢ > —e in QN By. Taking €, ¢ > 0
small enough and applying Proposition 2, then we get ¢ > 0in By /3. Thus, ¢ > 0in By,,. O

4. Proof of Theorem 2

A simple lemma is given here to prepare for the following iteration of the ball in the Holder cone.

Lemma 2. Let constants € € (0,1),17 > Oand a € [%, 1} . Then there exists a decreasing and positive sequence
{Rk}liozl satisfied Ry — 0as k — +oco and
k
eRf=1-1) R; @.1)
j=1

for any k € N*. Moreover, there exists a constant C; > 0 such that
}_Ge? +
€R; < K for any k e N, 4.2)

Proof. We apply mathematical induction to prove (4.1). First, we show that there exists R; satisfying
o

€R{ = 1 —yRy. Let ¢(t) := 1 — nt — et* and note that ¢(0) =1 > 0, q)(%) = —e(%) < 0 with

¢'(t) < 0in (0, %) By the zero point theorem, there exists Ry such that 1 — 7Ry —eR] = 0. By

k
mathematical induction, we suppose that eRf =1 —17 2 R;.

j=1
k—1 k
Next, we will show (4.1) for k 4+ 1. Denoting ay = 1 — Z Rj, then we have 1 — 7 Z R; =
j=1 j=1

k-1
1-# ) Rj—nRy = ar — Ry. We define
=1

D(t) :=ap — Ry — nt — et*
= eR} —et* —yt.
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Then we have ®(0) = €R} and ®(Ry) = —R} < 0 with ®'(t) < 01in (0,Rg). By the zero point
theorem, there exists Ry satisfied 0 < Ryyq < Ry and ag — 7Ry — 7Rg1 —€Rf; = 0,i.e. €Ry | =
ax — 11(Ri + Rit1)-

We deserve that 0 < Ri; < R and

€Ry — €Rpy1 = 1Ry (4.3)

We have R = limy_,o Ry = 0. By (4.3) and letting k — oo, we have R, = 0. By (4.1), we get
(o)
" Fmally, we show (4.2). Obv1ously, ifa = 3 1 holds true then ® € [%, 1] holds even more. So,
we consider &« = 5. We have eR RkJrl = R4, Le. R RI?+1 = ngH = CoRgyq with Gy

depending only on7n and €. Now, we have Ry = Ry1 + ZCORk T CCZJRIZC - For k large enough, we

have (Ry — Rkﬂ)/(chRkH) =1+ C°R2

3
11 — 1. Hence, we get Ry — Ryy1 2C0R1?+1 and

lim k’Ry = hmk /(1/Ry)

k—o0

= hm[(k+1) —Kk4/(1/Rgy1 — 1/Ry)

k—o0

= lim (2K + 1)K +1/(zcoRkH)

= lim [(2k +1) - (2k —1)]/[2Co(1//Rgs1 — 1//Ry)]
= lim VRR1/[Co(V/ Rk = v/Rii1))]

= lim Ryyy/ (CRy+1)

=1/C3.

1
Hence, we have R} «~ 1/(Cok) = €/ (k).

1 1
By eR? « €%/(17k), there exists a constant C; such that (C1€?)/(17k) > eRZ, for any k € N*.
O

The following lemma is the decay lemma of the weak supersolution in the Holder cone. This
lemma plays a crucial role in the proof of the following theorem.

Lemma 3. Leta € %, 1|. There exist constants C; > 0 and n > 0 depending on «, A, A and the dimension n,
such that the following holds.
Let u be a solution of

Lu<0 inE,
u>1 in{x, >1}NE, (4.4)
u>0 onodkEy,,

where the E, = {x € R" : 3|x'|* < x, < 3}.
Then for any t € (0,1), we have u(te,) > e~ 7.
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F 3
"ETJ,

()

Proof. We take Ry = % and 4 = (1 - %)3"‘. By Lemma 2, we have a decreasing and positive

k
sequence {Ry} satisfied Ry — 0ask — +ooand 7R* =1— (e —1) ) _ R; for any k € N*. Moreover,
=1
1
there exists a constant C; such that C,;—,iz > eR,f, forany k € N+,
We constructed two series of balls and denoted them as {Bg,(0,4;) } and {B.,(0,4;)}, for all

ko+1 ko
i € N™ (see figure (c)). Now, there exists kg € Nt such that1— (e —1) ) Ri<t<1l—(e—1) Y R,
=1 j=1

Le. nRi 4 <t <yRY and te, € B26Rk0+1(xko+1)'
As u(x) > 1in Bg, (x1), Theorem 4 implies that u(x) > e in B.g, (x1). Hence, u(7e") > e in
B, (x2). By Theorem 4 again, we have u(x) > e~1 in By, (x2). Now keep doing it this way, we get
1 2
u(x) > e X in B, (x;) for any k € N*. Hence, u(te") > e~ (kot1)g — e’q(e’q)k0 and UR,fO < (ecjﬁ
2 C1172

1
1 C .
As 17R,§0 > 11R,”(‘0 > t, we have t < ﬁ, ie. kg < D"

_ G+
t

Because t < 1 and g > 1, we have

k C1772
e > (e e

any t € (0 %)
O

C C
= e~ F for any t € (0, %) Thus, we have u(te,) > e’Tz, for

The following theorem works similarly to Theorem 7.

Theorem 8. Let (2 be a Hilder domain with o € [1/2,1) and the Holder constant H < %. Let u satisfy

Lu=f inQNB
u=20 on 0Q)

(4.5)
u>1 inQnNn{xeBy:I(x) >4}
u>—e in2NBy,
Mo,y < cor 2 exp(—4Cor~Y) forany r € (0,1/2),y € 9Q N By.
Then we have
u > exp(—4Cyp~1) in QN {x € B,: Ij(x) > ps} 46)

u> —exp(—4Cyp~1)e in QNB,

where the positive constant Cy is determined by Lemma 3 and some small enough constants p, €, 6, ¢y € (0,1)
depend on o, A, A and the dimension n.
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Proof. Now that, we prove the first inequality in (4.6). For any (x, xo,) € {x € B, : p5 < I},(x) < 6},
we write X := (x{, w(x{)) and the Holder cone

Epy = X0+ pE; = {x eR": g|x’ —x/|" < —w(x) < 3p}
and the positive upper Holder cone
Ef = Epy 0 {0 > w(x0)) + 9},

where E;, = {x e R" : }|x/|" < x, <3} .
We take p = 39, it’s easy to get EJ C QN {x € By : I[};(x) > }. If § small enough, we have
Ep, C QN By. Because xg = (xq/, o) in {x € By : pd < I};(x) < 6}, we have

Xon — w(x() - 1

P8 < xon —w(xy) < 6 and then 5 3

<

[SS ) iast

We define
U(x) :=u(Xo+px)+e and &(x):= Li(x) = p*f (X + px).

Let 4 = uy + up satisfy

Lu; =0 inkEy; Luy =@ inkEy,
_ and
up=1u ondk, up =0 ondE,.
By Theorem 3, we have

1
n

£+ px>|”dx)

el ey < €9,y < G2 [
1
1

=co([ 1'ay)" < Collflnga, i 1Bo(0)

< C'C(n)coexp (—4C2p*1) :

S|

On the other hand, we apply Lemma 3 to u; to result that uy(te,) > exp(—Cat™!), for any
t € (0,1). Then we get

u((xo', w(xy")) + pten) > exp(—Cztfl) —C'C(n)co exp<—4C2p*1> —¢€, for any t€ (0,%) .

Therefore, /
u(xp) = u((xo’,w(xo’)) —l—px()n_TaWen)
Xon — w(xp) !
>exp| —C (TO) —C'C(n)co exp<—4C2p_l) —€

> exp(—C2<§)l> —C'C(n)co exp(—4czp*1) —€
> 3exp(—4C2p_1) —C'C(n)cy exp(—4C2p_1> —€
> exp(—4C2p*1>.

Next, we prove the second inequality in (4.6). Let xyp € By_ps and Ij,(x) < 6. We define
v(x) = @ > 0 and extend v by 0 below 002. Thus, Lv > I in Bys(x0). We write z := (x(, w(x())-

T e
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Let E; be the downwards Holder cone with the Holder constant # and vertex in z. Then we have v = 0
in E; N Bys(xp) and |E; N Bys(x0)| = C(17)|Bas(x0)|. Hence, we have

1 1
< 1)
</1325(x0) € b /335(2) €
30C(n)
< € ||f||L°°(B35(Z))

o 2exp(—4Cyp ")

< coC(n) c

<),

where ¢(#7) come from Theorem 5 and make ¢y small enough such that the last inequality holds. By
Theorem 5, we have v < 1 — 1y in By (xp).

Now we define vj(x) := ﬁ(x) in Bs(x) with xo € By_3js and I},(xp) < J. By mathematical

induction, it is easy to show thatv < (1 — 'y)j in By_gjs, ie. u > —(1— ’y)je in By pj5. We take jo € N+
satisfied 1 —2(jo + 1) < p < 1 — 2jpd, with p = 36. Hence, we have

1 1
5= <P < 5 .
So+3 " Fhorl

We take p small enough, such that

exp(joIn(1—1)) < exp<—4C2 (gjo + g)) and then (1— 7)70 < exp<—4C2 <§j0 + z>>

Hence, we have (1 — ) < exp(—4Cyp1).
Finally, we have

N a1
VAR I I AN R S
</326<XO> (1—7)le h /BSA‘(Z) (1—7)Pe S a- v)fOe”f CE)
3(5C(1’l) p_z exp(—4C2p_1)
< - ) z < C C n -
(1_7)]0€||f||L (Byy(2)) S €0C(n) (1 e
<),

where ¢(17) come from Theorem 5 and make ¢y small enough such that the last inequality holds.
By 1 —2jp6 > p with (1 — ) < exp(—4Czp '), and u > —(1 — 7)€ in By_yjys.
Hence, we have u > — exp(—4C2p_1)e inB,. O

Now, by iterating Theorem 8, we get the following proposition.

Proposition 3. Let Q be a Holder domain with « € [1/2,1) and the Holder constant H < %. The
positive constant Cp is determined by Lemma 3. Let u be a weak solution of (4.5) and ||fl| ~(p, ) <
cor2exp(—4CorY), forany r € (0,1/2),y € 9Q N By.
Then we have
{u >0 in QN Bys

u(ten) > exp(—4Cot™)  forallt € (0,1).
Proof. Let up(x) := u(x) and fy(x) := f(x). We define

2f.
() = L0

ujir(x) : uj(px) = oxp(—4Cp 1)

T exp(—4Cp 1)’
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with x € Q;,1 and px € pQj 1 := Q}, where the Holder constant of (2,1 is the same as or smaller
than ;.

First we already have || fo| (s, ,)) < cor™? exp(—4Cor~1), forany r € (0,1/2), y € 92N By. By
mathematical induction, we have

,Cu]‘ij il’leﬁBl with ujzl inﬂjﬂ{xeBlth(x)>5}
uj=0 onaﬂj uj > —e inQ]ﬂBl,

where ||fjHL°°(Br(y)) < cor2exp(—4Cor1), forany r € (0,1/2),y € Q2N By. By Theorem 8, we have

uj > exp(—4Cop 1) in Q;N {x € By : Tjy(x) > pd}
uj > —exp(—4Copt)e in QjNB,.

So, we have

uipr 21 in QN {x € By: Ij(x) > 6}
Ujy1 > —€ in Qj-‘rl N By.

Moreover, we have

2
o
Ifivtllio o0 = sxprmaceey i s e, m)

2
e
= exp(—4Cyp1) () exp( 4Gy (pr) )

< cor_2 exp (—4C2r_1> .

Then for every j € N, we have uj(te,) > 1, forany t € (5,1). Forany t € (0,1), there exists jo € N such
that 6 < ﬁo < 1.Thus, t < pl < £ and

t ) _ t -
u(ten) = uo(ten) = exp(—4C2p_1)u1 (?) =..= exp<—4]0C2p 1)u]-0 (:;Z) > exp(—4C2t 1).

Finally, taking €, § and ¢y smaller, then u(xo + %) also satisfy (4.5) for any xg € B3N 9(2. By
translating the coordinates, we get

u(xo + t%") >0, forallte (0,1).

Then this implies
u>0 in 0N B2/3.

O

4.1. Proof of Theorem 2

Proof. By Theorem 6 and Proposition 1, we have u < M in B3,4. We consider the function v in the

set E := {x € B34 : I};(x) > (35)/4}. Obviously, E C {x € Bi_(3sy/4 : Tn(x) = (35)/4}. Thus, by
Theorem 6 and v(e, /2) > 1, we have

0> C —||fllpnpy = C = COlIfllp(pyy = €1 = Cln)eo > (20) ™" :=m in E,

where the constant cg is small enough such that C~1 — C(n)cy > (2C) "
We define

p(x) = T Co(x) — ()
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where € > 0 to be chosen later. We will prove that ¢ > 0 in By, and therefore, choosing C =
M(1+¢)/(me), we have Cv —u > 0.
Obviously, ¢ > v/m > 1in E, and ¢ > —e in B3 /4. We have

1+¢€

€
1Ll Lo (B, () < L0l o B, ) + 37 1E0 N B, )

1+e € 2 -1 ) =10
< -— -
= < m + M)COT’ eXp( 4C21’ )’ for anyr € (0/]‘/ )/ 3/ N

Where the positive constant C; is determined by Lemma 3.
Let ¢(x) := ¢(3x/4). Then ¢ > 1in QN {x € By : I},(x) > 6} and ¢ > —e in QN By. Taking
small enough €, ¢y > 0 to apply Proposition 3. We get ¢ > 0in B, /3, thus ¢ > 0in By /. O
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