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Abstract: In the present study, we introduce the two dimensional Chlodovsky type Bernstein operators based on
(p, q)—integer. We examine approximation properties of our new operator by the help of Korovkin-type theorem.
Further, we present the local approximation properties and establish the rates of convergence by means of the
modulus of continuity and the Lipschitz type maximal function. Also, we give a Voronovskaja type theorem for
this operators. And, we investigate weighted approximation properties of these operators and estimate rate of
convergence in the same space. Finally, with the help of Maple, illustrative graphics show the rate of convergence
of these operators to certain functions . The optimization of approximation speeds by operators during system
control provides significant improvements in stability and performance. As a result, the control and modeling of
dynamic systems become more efficient and effective through innovative methods. These advancements in the
fields of modeling fractional differential equations and control theory offer substantial benefits to both modeling

and optimization processes, expanding the range of applications in these areas.

Keywords: two dimensional (p, ) — Chlodovsky type Bernstein operators; Voronovskaja type theorem; (p, q) —integer;

control theory

1. Introduction

Approximation theory is fast becoming a key instrument not only in classical approximation
theory but also in other fields of mathematics such as differential equations, orthogonal polynomials
and geometric design. Since Korovkin’s famous theorem was first published in 1950, the issue
of approximation by linear positive operators has became increasingly important area as part of
approximation theory. A considerable amount of literature has been published on that [1,2,10,12,14,15,
23,24].

In the past two decades, the applications of g—calculus in approximation theory have been
studied extensively. Firstly, the Bernstein polynomials based on g—integers was done by Lupas [6].
As approximation of g—Bernstein polynomials studied by Lupas is better than classical one under
convenient choice of g4, many authors introduced g-generalization of many operators and examined
several approximation properties. Several studies have revealed that [3,7,8,13].

In recent years, Mursaleen et al. have focused on (p, 7)-calculus in approximate by linear positive
operator and proposed (p,q)—analogue of Bernstein operators [20,21]. They computed uniform
convergence of the operators and rate of convergence. For some recent study directed to (p,q)-
operators, we can refer the readers to [17-19,26,27].

The main motivation in this paper, to the best of authors knowledge, no study about approximate
two variable operator has been found so far using (p, q) calculus. In the present study, we define
the two dimensional Chlodovsky type Bernstein operators based on (p, q)—integer. We examine
approximation properties of our new operator by the help of Korovkin-type theorem. In addition,

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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we present the local approximation properties and establish the rates of convergence by means of the
modulus of continuity and the Lipschitz type maximal function. Also, we give a Voronovskaja type
theorem for this operators. Another important aim of this study is to examine weighted approximation
properties of these our operators on RZ = [0,0) x [0,00). In order to get these results, we will apply
the weighted Korovkin type theorem.

Let us recall some definitions and notations regarding the concept of (p,q)—calculus. The
(p, q)—integer of the number 7 is defined by

pr—q

n = , n=123..., 0<g<p<Ll
= F

The (p,g)—factorial [n] . ! and the (p, g) —binomial coefficients are defined as :
p.q 0.q p.q

_f Il ln=1],,-1,, neN
[n]pq!._{l,m P p.q T

and

n [n]pq!
=—— " 0<k<n.
[ k Lq (K], 1 — KT, 1

Further, the (p, ) —binomial expansions are given as
(ax +by),, = Zp "2 (Z)a” kpkxn— kyk

and
(x=y)pqg = (x —y)(px — ay) (PPx — y) - (p"lx — " y).

Further information related to (p, ) —calculus can be found in [25,28].

2. Construction of the Operators

Recently, Ansari and Karaisa [16] have defined and studied (p, q) —analogue of Chlodovsky
operators as follows:

1 | on (k- x)\* )" i
Copa(fiX) = =75 ¢ Wz() <1> W) O
n,p,q (f ) pn(n—l)/z ]E)[ k ] p,qp bn b}’l g f [n] pkiﬂ !

x n—k—1 n—k—1 ; S X
<1‘bn> - 11 (i)

For 0 < g1,492 < p1,p2 < 1, we define Chlodovsky type two dimensional Bernstein operator
based on (p, q) —integers as follows:

where

h j—m
k=0j=0 P14 lhpl [m]pz,thZ

n m k i
C(Pl/‘h (pqul)(f x,y) = Z Zch,k(Plrﬂl}x)qu,j(Pzqu;y)f([ ][ ]Pl ‘7;{ —a, []]Pzr‘izl ,Bm> .2
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foralln,m € N, f € C(Iy,p,,) with I, 5, = {(x,y) : 0 < ay < x,0 < By < y}and C(ly,p,) = {f:
Iy,p,, — R is continuous }. Here (a;) and () be increasing unbounded sequences of positive real
numbers such that

lim —"% = o, 3)

oo [1]py 4,

lim P = 0. 4)

m—re0 [m]sz

Also, the basis elements are

Kk=D)=n(n=1) | 5 x kn—k—1 x
Pui(prgux) = pp 7 [k] (a) I1 (Pi—qia)’
pog S s=0 "

G=0=mm=1) [ 4, jm=j=1
®,,i (P2, 92 ) p, : (y) IT <P3q§y>-
] P22 ﬁm s=0 ﬁm

Now, we need following lemmas for proving our main results.

Lemma 1. [16]

Cupq(Lx) = 1,
Cupgle;x) = x,
"1p q[n — 1],
Crpale2;x) = p[n] ot [n] e
ra rAa
B2x 5,0 @p+q)gn—1)pex?by , 1 qPln—1]pn—2],°
Cupqlesix) = [nTZ PP 4 ap PAZ Rpn=1 4 [n]2 P,
pAa pAa rAa
Bx o 2 qBp>+3qp+q%)[n—1],4b2x% ,
C”/Pr’i(e4;x) = [ T3 p3n 3 + [n]3 . p2n 4
rAa pAa
+‘7 (3P +2pq+q )[" ]p,q [n— z]p,qbnx3 n=3 | ‘76[” - 1]p,q [n— Z]M [n— 3]p,qx4
]} g ]} ‘
pA pAa
From Lemma 1, we have following:
Lemma 2.
C}sr%%):(l’zﬂh)(l;x’y) - 1,
Cﬁ%’ql)’(pz’%)(s;x,y) S
C,g%’ql)'(pz’%)(t;x,y) =y,

C,S%’ql)'(pz'qz)(st;x,y) = xy,

C(mm (p242) (s x, y) _ Pty e n—1]p,q 2,
]p1.a1 (]p1a:
-1
) (pa2) ( ,x,y) _n ﬁmer qam — 1];72,‘72]/2'
(1] pa.05 (1] pa.05

(p111).(p2.92)

Using Lemma 2 and by linearity of C, , we have
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Remark 1.
-1,2 n—1
(p141),(p2,92) 2, e . S S
C t—x)%x, = + , 5
o <( ) y) [”]Plﬂh [”]Plﬂh ( )
m—1,2 m—1
(pLa1)(p2.02) 2. _ TP Y, ypy Pm
Cn,m S — ;X - + . (6)
(6=9y) = T

Theorem 1. Let q1 := (q1,4), p1 := (P1n) 92 = (G2,m), P2 = (pom) such that 0 < q1,,qom <
pl,nl p2,m S 1. If

lign pin=1, liznqlln =1, li"r1n pom =1, limm Jom =1, li)gn pi, = a1 and limm Pl = a2, (7)
the sequence C,(l%’ql)’(pz’qZ)( f;x,y) convergence uniformly to f(x,y), on [0,a] x [0,b] = I, for each f €
C(Inp), where a,b be reel numbers such that a < wy, b < By, and C(I,) be the space of all real valued
continuous function on I, with the norm

I fllcy= sup [f(xy)l-

(xy) €l

Proof. Assume that the equities (7),(3) and (4) are holds. Then, we have

-1 -1 _
p?,n &n pg,lm ﬁm =0 lh,n [n]p],n/m,n q2'm [m 1]p2,m1q2,m
[]
P1uA1,n

] — land ] — 1.

— 0,

7

P2,m4q2,m [71] P1,n91,n P2,m492,m

as n,m —> oco. From Lemma 2, we obtain limy, o C,(f )111,111),(;72,112) (eij; x,y) = e;j(x,y) uniformly on I,

where ¢;;(x,y) = x'yl,0 < i+ j < 2 are the test functions. By Korovkin’s theorem for functions of

two variables was presented by Volkov [29], it follows that lim;, ;;—se0 C,(f ) (p22) (f;x,y) = f(x,y),

uniformly on I, for each f € C(I). O

3. Rate of Convergence

In this section, we compute the rates of convergence of operators C,(f A (p22) g, f(x,y) by
means of the modulus of continuity. Proceeding further, we provide a summary of the notations
and definitions of the modulus of continuity and the Peetre’s K—functional for bivariate real valued
functions.

For f € C(I,), the complete modulus of continuity for a bivariate case is defined as follows:

wlf,8) = sup{1(t5) = fl )]s /(1= 27+ -2 < 6,

for every (t,s), (x,y) € I p. Further, partial moduli of continuity with respect to x and y are defined as

w'(f,8) = sup{|f(xr,y) — f(x2,y)| 1y € [0,b] and |x1 — x2| < 6}
w*(f,8) = sup{|f(x,y1) = f(x,y2)| : x € 0,a] and [y1 — 12| < 5},

It is obvious that they satisfy the properties of the usual modulus of continuity [11].
For 6 > 0, the Peetre-K functional [22] is given by

= ot {17 =8l + ol

K(f,9)
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where C2(I,;) is the space of functions of f such thatf and vt (j=1,2)in C(I;;). The norm ||.||

ay/
C(Iab) ) .

+ ‘
Now, we give an estimate of the rate of convergence of operators C,(fJ 1111,171),(;7 242)

on the space C?(1,;) is defined by

aIf
oyl

I leer, = 1l +2<Hay,

Theorem 2. Let f € C(I). Forall x € I, we have
‘Csllf’r}z/'il)r(l’zm) —f(x,y) < Zw(f; 5n,m),

where

A
nm :
[”]Pl,ql [m]l’z,liz

Proof. By definition the complete modulus of continuity of f(x,y) and linearity and positivity our
operator, we can write

CHlT P (F gy — Fay)| < CEEPR(f(1s) — Flx )i, y)
< ””2< (f\/t—x y)2>;x,y>
< lfbo)| G (= x4 (s iy ) |

5n,m

Using Cauchy-Scwartz inequality, from (5) and (6), one can write following

(L) (2, y) — f ()]
< w(f.bum) :1 T 51 [y pe) (¢ 2 4 (s — y)x,y) }”j
= lf ) |1 5 () (1= )% ) + G ) (s - )}
r . N\ 172
< wtpi v 2L (4 )]

n—1 m—1 1/2
Choosing 6, = (Lm:llql + bm:;z ) ,forall (x,y) € I, we get desired the result.
O

Theorem 3. Let f € C(I,;), then the following inequalities satisfy

[CmA ) — ()| < ! (f300) + P (f0m),

where
g = Ml (®)
" [n]Pl 7
b m—1
5 = iz ©)

[ ]szth '
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Proof. By definition partial moduli of continuity of f(x,y) and applying Cauchy-Scwartz inequality,
we have

Clhap22) (1 £(1,5) — f(x,)]:%,y)
Spoa p2a2) (1 £(1 5) — f(x,5)]; %, ) + CoEP2R) (| £(x,5) = f(x,y)]; %, y)
ST (|l (£ = x| x,y ) + R (102 (Fi]s = )i,y

(1, 00) |1+ 5 (e a3, )|

IN

|C(P1 A1),(p2s lh)(f %y) — f(xy)]

IN A
O 0O

IN

1
+w2(f,5m)[1+cr(fl MUP) (15 )., y)]

1)
W' (f, 6n) [1 5 (cfj’ q])/(pz,qz)<(t —x); x’y)>1/2]

1 1/2
+@?(f, m) [1 t5 (i ) (s —y)%x,y) ) ] :

IN

Consider (5), (6) and choosing

o awpl!
n - 7
[”]Plﬂl

m—1

2 = bBmp;
m = e
[m]PMZ

we reach the result. O

For ay,a; € (0,1] and (s,t), (x,y) € I, we define the Lipschitz class LipM (&1, ;) for the
bivariate case as follows:

[f(s,t) = flx,y)| < Mls — x| [t —y[*
Theorem 4. Let f € Lipp(®1, 7). Then, for all (x,y) € I, we have
(TP (£ ) — flx,y)| < Mo 2632,
where 6, and 6y, defined in (8) and (9), respectively.

Proof. As f € Lipyi(@1,a3), it follows

GO (fxy) — fp)l < GLPPRf(s) — fGo )l anixy)
Mcr(lf’%/‘h)/(l’zﬂz)(“ . x|&1 |S . y|ﬁz; X, y)
MC,(f,}[ql)’(pz’qZ)(|t . x|&1 |;x)C£f,}{q1)’(p2'q2)(|S . ]/|&2/']/)-

IN

-~

Forﬁ:% qg=

‘C;(quql)/(pz'%)(f ny) - flxy)| < M{Cr(l%fql),(z?z/qz)(“ . x|2;x)}&l/Z{C,(f,}[ql)’(pz’qZ)(l;x)}&l/z
% {Cﬁf,%’ql)'(pz’%)(|s . y|2;y) }&12/2{(:1(1%,171%(}72,‘12) (1;y) }&2/2

= Mdy %%

Hence, we get desired the result. [
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Theorem 5. Let f € C'(I;;) and 0 < g1, Go,m < Pin, P2,m < 1. Then, we have

P2 (£ gy — fo)| < | fe ey 0nt Il fy e, Om

Proof. For (t,s) € I,;,, we obtain

£ = £6) = [ futws)du+ [ filx o)

Applying our operator on both sides above equation, we deduce

t/
2 )~ gl < (| [ futw )

4P (p2a2) (’/S f'(x v)du|; x )
n,m y (A% Y-

< f; e, Is — vl

[ o

<l fo e, It — x| and ‘/y fo(x,0)du

we have

CERP ) (£ y) — fx )| < felleq,) Coa™ P22 (1t = x| x,y)
+fy lleq,) ChamP2) (s — yl;x, ).

Using the Cauchy-Schwarz inequality, we can write following

|C(P1 A1), pzqz)(f Ly — floy) < | fx ||c () {C (p11), (quz)(( )2;x,y)}1/2{C,(fnl1’ql)’(pz’q2)(1;x,y)}1/2
+ fy ||C(Iub) {Cnf’r}qul )/ (p2.42) ((s _y)z; x,y) }1/2{C}(x’r}1"71)'(l’2,‘12)(1;x,y)}1/2'

Form (5) and (6), we get desired the result. O

By means of Maple, illustrative graphics show the rate of convergence of C,(f ,}1"71)’(’72"72)

to certain functions:

operators
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0
Figure 1. The  comparison convergence  of Cégggg,o,g),(o,ggg,o,g) (f;x,y)(red),
Cégzg,o.%),(0.996,0.89) (f; x,y)(yellow) with ay, = In(n), B = +/m and f(x,y) = 3xy?e ¥ (blue)
=
.
.
e
I o
Figure 2. The  comparison  convergence  of Cégggg,o_g),(o,gg,o,g) (f;x,y)(red),

(0.990,0.86),(0.996,0.89)

20,20 (f; x, y)(yellow) with a, = In(n), B = v/m and f(x,y) = sin(x — y)(blue).
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o
% ::‘:,&’«
Y

b e

;’%‘0 oo,
29302362 %5700,
RN

:‘0
S
L,

e
B

<>

RIS
s

v

O
3
50

S
S8
B0

0.99,0.9),(0.999,0.96
Céo,zo M ) (f;x,y)(red),

of

Figure 3. The  comparison convergence
C£8;33,0.9),(0.99O,0.90) (f; x,y)(yellow) with a,, = In(n), B = In(m) and f(x,y) = x°y — xy?)(blue).
Theorem 6. Let f € C(I,;), then we have
[ (e y) — Sy, < 2MEdum(ey)/2),
where
1 an,p? "t bR pt !
Onm(x,y) = = max LS 2 .
2 [n]Pqul [m]lﬂz,fh

Proof. Let g € C?(I,;). By the Taylor’s formula, we get
8(s1y) —g(x,y) +g(s1,52) —gls1,y)

g(s1,82) —gxy) =

_oagvy) . st 9%g(uy)

= o (s1 x)-l-/x (s —u) 5 du
g (x,y) 52 9*g(x,v)
5 (sz—y)—l—/y (sz—v)—av2 do

_oaglvy) . DN ()

= o (s1 x)-l-/0 (s —x u)—auz du
ag(x,y) 2y Ig(x,v)

+E L =)+ [T ey o) S

ox
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(p1491),(P2.492)

Applying C,,// to the both sides of the above equation, we obtain

ag(x,
Ci(fwh (p2.2) (g:%,y) — g(x,y)’ < ' g(x,y) “C P1.41), (pzqz)((s —x); x’y)‘

1—x 92
i Cﬁ%ﬂl)r(mﬂz) (/0 (51— x — u)%du X, y> '
og(x, A41),(p2.
4 g(azy) ) (55— )z, )|
$2—Y 02
n Cgfr}l,ql),(r’z,qz) (/0 (sp—vy— U)%dv,x y) '

As Cr(l%m),(pz,qz) ((s1 —x);x,y) = 0and C,S%’ql)’(pz’m ((s2 —y);x,y) = 0, one can write following

1||0g(x, a1).(po,
Hdl%m),(pz,qz)(f/.x,y)_ f(x'-‘/>H<:(1b) < ZH g(axy) y )‘C%m)(pzqz)((sl_x)z;x,y))
@ ab
1| 0g(x,y) (p1.11).(p2.492) N2,
] e o),
By (5), (6), we deduce,
n—1,2 n—1 m—1.72 m—1
(P111).(p242) ( £. _ < 1 P X Xpy & —Pp Y ypy  Bm
HC”"” (fixy) f(x'y)HC(Iab) - Zmax< (] pua i [lpa " (Ml i [m]p2.02
" Hag(x,y) H«"g(x,y)
9 ey, 9 gy,
< Hg”C(I,,b) On,m- (10)
By the linearity C,S’j’;'ql)'(’” 242) we obtain
p1.41),(p2.42) (Pra1)(p242) ¢ ~(P1.41).(p2.42)
HC (fixy) = f(x’y)Hc(Iﬂb) HC""" f =G ch(Iub)
(P191)(p242) , _ _
| 88y + 1S ~ 8l D
By (10) and (11), one can see that
| (fx,y) — ()< 2MUE 8 (x,) 72).

C(Lap)
This step completes the proof. [J

First, we need the auxiliary result contained in the following lemma.

Lemma 3. Let 0 < g, < py < 1 be sequences such that py, g, — 1 and p); — a3 as n — oo. Then, we
have the following limits:

(i) Timyy oo P2 CPAY) (£ — )2 2) = arx

i) 13 [n]%’nﬂn (Pnlﬂn) _ 4\4. — 2
(ii) limy o0 L34 o™ (( — %)% x) = Bapx”.

n

Proof. (i) Using Lemma 1, we have

n—1 x2 p—1y
i) (¢ = x)%x) = [p]” + [ZT " (12)
Pnfn Pnfn
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Then, we get
_ =12
[n]l’n/% CE[],S’;:,%) ((i‘ - x)Z/, x) _ Pn X + xpzfl‘
Ky Xn
Let us take the limit of both sides of the above equality as 1 — oo, then we can write
- (1puge  A(puan) 2 . —ppta? n—1
fim =P (O (- 2?2 | = lim g P
= a1Xx.
(ii) By Lemma 1 and by the linearity of the operators C,(f ,;”q”), we have
C,(f,;”q") ((t— x)4; x) = Al,nx4 + Az,nx:)’ + A3,nx2 + Agpx (13)
where
A pi 313, 0, (=P 2P0 — q3) + Pi 2 W pg, (=05 +3Paqs + 43) — P30 (07 + P3 + 20045 + 43)
1n — 3
[n]Pn,Qn
pi 313,00 (P — 2Pnn + q3)
A2,n = 3 Xn
[n]Pnrqn
N P [n)pua, (= Gn — 4pndi — 3Paqn +2p3) — pa"* (3 + 3pudi + 5pidn + )
n
[n]%n,qn
Ay, = P dpaan (P 3padn 1 90) — P3Pt i+ 3pudn)
" [n]%nﬂn "
3n—3 3
o
A4,11 = p 3 o 7
[n]Pn/qn
It is clear that
2
n
lim M{Azmx} =0. (14)

n—00 a%

Taking the limit of both sides of A; ,,, we get

2 — — —
tim oot g0 gy { P (e = 0n)® | paT (i 4 Spugi £ aR) PP+ P+ 2pndi £ 03)
n—00 DC% M n—00 DC% D‘%l [n]pﬂ'q"lx%

+
2 2 2
n—reo Xy Xy [n} Pugn &

= 0. (15)

i { PP — i) (Pn—an) | PP 43P+ aR) PO (PR 4 P+ 2padh + 4D }

Similarly, we can show that;

li [l5g, As,t =0and li (705,01 Az} = 3a1x> 16
am, = (Aznk = 0and lim =55 {As,} = Sax (16)

By combining (14)-(16), we reach the desired the result. [

Now, we ready present a Voronovskaja type theorem for C,(f,g’q") (f;x,y).
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Theorem 7. Let f € C?(I,;). Then, we have

. axfl(x,y)  ayfip(xy)
lim (1,0, CP ™ (F32,y) — F(x)) 2\ Y) T

n—00 - 2 2

Proof. Let (x,y) € I;;. Then, write Taylor’s formula of f as follows:
fls,t) = flxy)+fils—x)+ fy(t—y)
LR x4 2f s = 1) (- y) + £ -y} els ) ((s— 22+ (- y)?) (17)

where (s, t) € I and e(s,t) — O as (s, t) — (x,y).
If we apply the operator C,(ﬂi”q”) (f;.) on (17), we obtain

Cihi) (frs,8) = flxy) = frlxy)Ch™ (s — x)ixy) + £ (x ) CEA ()2, y)
{f ) (¢~ x5, ) + 2F1, CE™ (5 — x)(¢ — v %)
FACE (=) o+ O (e, (6 =02 + (1= ).

Applying the limit of both sides of the above equality, we get n — oo, [

n—o0 n—o0

tim [1],,0, Cn " (Fi5,8) = fx,y)) = lim [n],q, {f ™ (£ - x)%x,y)

21, C) (s = x) (¢ = y)iy) + FCE (8 y)z;x,m}

+ lim [n]pn,an,S’f,f’q”) (e(s, f) ((s —x)2 4 (t— y)2>;x,y).

n—oo

By Cauchy-Schwartz inequality, we can write the following

) (e, (5= 02 + (1= yP)ixy) =\ lim G ™) (265, 0)

x ¢z Tim [n]2, . CH (e(s,£)((s — )4 + (£ = y));x,y).
Aslimy e C(p"'q") (¢%(s,1);x,y) = €2(x,y) = 0 and from Lemma 3(ii)

(Pn.qn) (( _

lim,eo[n]3, o Cili x)* + (t —y)*); x,y) is finite, then we have

lim [n]f,m%c,ﬁf’,;"q") (e(s, t) ((s —x)t (- y)4>;x, y) =0.

n—oo

Hence, we deduce

Ny mufa(ny)
i [1],0,C0 % (i) - flxyy) = Detey) BT

This step completes the proof.
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4. Weighted Approximation Properties of Two Variable Function

;f;}{ql )/(PZ/'JZ) to a

In this section, the convergence of the sequence of linear positive operator C
functions of two variables which defined on weighted space and compute rate of convergence via
weighted modulus continuity.

Let p(x,y) = x> 4+ y> 4+ 1 and B, be the space of all functions f defined on the real axis provide
with |f(x,y)| < Mype(x,y), where My is a positive constant depending only on f. Let C, be the

subspace of B, of all continuous functions with the norm:

f(x, )]
= su —_—.
HfHP (x,y)ePRi p(x,y)

Let Cg denote the subspace of all functions f € C, such that limy—c ]; Eig g exists finitely. For

all f € CY, the weighted modulus of continuity is defined by

Qf(f;01,62) = sup sup f(x+ Iy + h) —f(x,y)l_ (18)
(xy)ERZ [ |<61,|ha|<6p P(x,]/) p(hl,hz)

Lemma 4. The operators C,(f L) (p242) defined (2) act from C,(R%) to B,(R?.) if and only if the inequality

| Gl ) (i y) < e

holds for some positive constant c.

Theorem 8. Let C,(f ) (P22) e sequence of linear positive operators defined (2), then for each f € Cp and for
all (x;y) € Iy,p,,, we have

Tim || CERTR) () — f(x,y) o= 0.
Proof. From Lemma 2, we obtain

H C7(11’77}1/Q1)1(P2ﬂz)(1,. x/y) -1 Hp = 0,
[ Cﬁ%ﬂl)r(!’zm)(s; Xy) —x ||p - 0

| il () —y = 0.
Again by Lemma 2, we can write following

H Cr(l%m)/(pz,qz)(sz + t2/. X,]/) _ <x2 +]/2) ||p
- swp { pitanx i Py Buy Py }

+ +
Mpg (2 4+y2+ 1) [n]pg (Y2 +1)  [mlpy (2 +y24+1) 0 [m]py, (62 +y2+1)

(xy)eRE
pilen o pi P B Py
Mlpg g Mpog,  Mpoag,

Taking the limit of both sides of above inequality as n, m — oo with by (3) and (4), we get

lim H Ci(qf’rln/’il)f(Pzﬂz)(SZ + t2; x,]/) _ (xZ +y2) Hp: 0.

m,n— o0

Applying weighted Korovkin theorem for two variable which presented by Gadzhiev [4,5], we get
desired the results. [
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For estimate rate of convergence we need the following lemma.
Lemma 5. Forall (x;y) € Iy,p,,, by (5), (6) and (13), one can write the following
n—1
C(Pqul)r(PZ/qz) Py 2,. X, = 0 &npy x2 +x), (19)
g ((t=%xy) [y (3 ++)
-1
(pra1).(p22) s, _ of drt 402
C t—x)%;x, = 0 X +x0+x +x (20
e (-y) = o N ) )
and
m—1
C(pqul)f(erqz) s — 2,. X, = 0 ﬁmp?. 2 +y+1), (21)
no (( y) y) "o (y Y )
m—1
C,S%’ql)’(pz’qZ) ((s — y)4,' X, y) = 0 (?;Zfz > <y4 + y3 + y2 +y+ 1). (22)
P22

(P111),(p2.42)
n,m

Now, compute rate of convergence the operator C in weighted spaces .

Theorem 9. If f € CY, then we have

CMAP) (fx,y) — f(x,y)

sup 3 < Cowp(f;0n,0m)
(xy)eR3 p(x,y)
where Cy is a constant independent of n, m and 6, = it = 7 P
’ 2 P ’ T [y [y

Proof. Taking into account the following inequality given in [9], we deduce

f(t8) = fxy)] < 8(1+22 + 1) wp(f36n,6m)

x<1+ |t(;nx|><1+ S(;:A)(l—i—(t—x)z) (1+6-v7).

(p111).(p2.92)
n,m

Applying C both side above inequality and using Cauchy-Schwarz inequality, one can

write following

(CHRPA) (£r,y) = £l y) | < 8(14 22 442 ) (f60,0m)

1+ ) (1= ) + 1 \/C}g%,m),(pz,qﬁ ((t=xPxy)

On

L (pom)(p22) (0 2. (P (p22) (14 A
%\/Cn,m ((t x),x,y)Cn,m ((t x),x,y)

< |1+ ngﬁ}[ql)'(pz'%) ((s _ y)Z; X, a) + 1 \/C,S’f’,b"“)’(”z"m ((s . y)Z; x,y)

Om

% 1 \/Cgr’,}{ql),(pmz) ((S _ y)2,‘ x, y) Cr(lpr}l,m),(pz/qz) ((S _ y)4; X, y)] )
51/” g ’
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By (19)-(22), we obtain

‘C(Pqul) p2,42) (f;x,y) — f(x,y)‘ < 8(1 +x? +y2)wp(f}(5n,5m)

AV 1 Pl o,
X 1+O<[”]p1,q1>(x +x>+6n of o (x2 + x)

[ ]Plﬂl

1 pi ey,
+—,|0 (x2 +x)(x* + x3 + x2 + x)
on [n]r’l/'h

X |1+

Py B (yz +y) N Py B | Py B

[m]lﬂz,qz [m]PMz [m]lﬂz,qz

1 m—1 m—1
L M (yz + y) Wﬂ
P2.92

4+ 3+ 2+
5\ Tl V*+y¥ +y*+y)

n 1 1/2 m—1 1/2
Taking d,, = ( 'X") ,O0m = (p2 B "’) , one write the following;:

[]p1.a1 [m]py.q,

CHmAP2) (£, y) = f(xy)| < Co (14 + 42 wp(f360,6m)

x{1+(5,21(x2+x) +VxZ+x+ \/(x2+x)(x4+x3+x2+x)}

{Lwﬂf+@+¢w+w+¢w+ww+w+w+ﬁ,

where C; is a constant independent of 1, m. Since 62 < 1,42, < 1, for sufficiently large 1, m, we get

(Wh A(P242)
Cim (fix,y) — f(x,y) n=ly  [pm=1
sup ) < Cuwp| f; e , 72] P

(vy)eRY (T+x2+ Vz) (1] py,0: M|y,

This step completes the proof. [J
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