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Abstract: In this paper we investigate the geometric structure and control of exponential families
depending on additional parameters, called external parameters. These generalized exponential
families emerges naturally when one applies the maximum entropy formalism to derive the
equilibrium statistical mechanics framework. We study the associated statistical model, compute the
Fisher metric and introduce a natural fibration of the parameter space over the external parameter
space. The Fisher Riemannian metric allows to endow this fibration with an Ehresmann connection
and to study the geometry and control of these statistical models. As an example, we show that
horizontal lift of paths in the external parameter space corresponds to an isentropic evolution of the
system. We apply the theory to the example of a ideal gas in a rotating rigid container. Most of the
results are expressed in local coordinates; in the appendices we hint at possible global extensions of
the theory.
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1. Introduction

The pioneering works of R.A. Fisher [1] and C. R. Rao [2] have opened the way to the application
of differential geometry tools to statistics. These seminal ideas have been developed by many
others scientists creating a nowaday active research field called Information Geometry or Geometric
information science (see [3] and [4] for a non exhaustive list of references). The main geometric object
of interest for the present paper is the nowaday classical notion of (parametric, regular) statistical
model S , a set collecting all the probability densities p = pz depending smoothly on a finite number
of parameters z. The set S can be given the structure of a Riemannian manifold with respect to the
celebrated Fisher information metric g = g(z) defined as

gij(z) =
∫

X

∂ ln pz

∂zi

∂ ln pz

∂zj
pzdx. (1)

Particularly important examples are statistical models described by exponential families, i.e. of the
form (sum from 1 to a over repeated indices is understood)

pθ(x) = e−θαhα(x)−ψ(θ), where ψ(θ) = ln
∫

X
e−θαhα(x)dx.

In this paper we consider a generalization of exponential families by supposing that the random
variables hα = hα(x, u) depends on so-called external parameters u, which are to be distinguished from
the natural parameters θ. These generalized exponential families arise naturally when one applies
the Maximum Entropy formalism to equilibrium Statistical Mechanics. It is well known that when
the information consist of the average values of some random variables hα describing observables of
interest for the system, the maximum entropy probability densities are exponential families. Indeed, if
we introduce the Shannon entropy function for a probability density p defined on X

H(p) = −
∫

X
p ln pdx,

∫
X

pdx = 1. (2)
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then the probability density that maximize H on the set of probability densities that satisfy the
constraints 〈h〉 =

∫
X hpdx = c ∈ Ra has the form of an exponential family (see [5], [7]). This fact points

out an important difference between the natural parameters θ and the external ones u because the
formers are the Lagrange multipliers associated to the constraints when one solves the constrained
extremization problem for H using Lagrange multipliers method, while the latters are parameters in the
problem formulation that can be fixed or varied by an agent external to the system under consideration.
Typical examples of external parameters are the magnetic or electric field applied to the system or
the length of a polymer chain ([8,13]). For equilibrium statistical mechanics, a prominent object is the
physical entropy of the system which for hα = hα(x, u) depends on the parameters z = (θ, u) and it is
defined as

S(θ, u) = −
∫

X
pθ ln pθdx = ψ(θ, u) + θα〈hα〉.

The aim of this paper is twofold: on the one hand (see Section 2) we want to compute the Fisher
information metric (1) in case of parametric statistical model defined by generalized exponential
families and derive in this generalized setting the analog of the first principle of thermodynamics in
the form of an equality between one forms (see [5], [7])

dS = θi

(
d〈hi〉 − 〈∂khi〉duk

)
.

On the other hand, (see Section 4) the presence in the statistical model of parameters of different kind
θ and u leads in a natural way to consider the trivial fibration in the parameter space Z ×U

π : Z ×U −→ U, π(θ, u) = u (3)

Fibers of π represent standard exponential families where the external parameters have fixed values.
The presence of the Fisher Riemannian metric allows to define the subspace g-orthogonal to the vertical
subspace (tangent to the fibers). This geometrical framework allows to interpret the above introduced
one form dS using the connection one form and to discuss globally defined geometrical notions as
the horizontal lift of a path in base space, the parallel transport with respect to the connection or the
holonomy of a path. It turns out that the horizontal lift of a path in the external parameter space U
represent an isentropic (dS = 0) evolution of the system. To make the paper self contained, in Section 3
we give a brief account of the theory of Ehresmann connections on fibered bundles introducing the
connection one form and curvature two form.

Finally, in Section 5 we apply the above introduced theory to the physical example of a gas of non
interacting particles in a rigid rotating container and we compute the connection coefficients.

This paper represent a first attempt to study these generalized exponential families and their
differential geometric properties. Many important questions are left non answered and need to be
treated in future studies. In particular it would be important to study the global structure of the
parameter sets Z and U so that to consider non trivial fibrations of the parameter space. Moreover,
since the theory allows so, it would be interesting to see if there are examples which are not related to
statistical thermodynamic systems where the fibration π is still meaningful.

2. Exponential families with external parameters

Let X be the (discrete or continuous) state space of the system, U ⊂ Rb be the external parameter
space and

hα : X×U → R, h = hα(x, u), α = 1, . . . , a (4)
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be the observable functions. The parameter θ = (θ1, . . . , θa) below are called canonical or natural
parameters. Borrowing from the language of thermodynamics, we call the parameters u external
parameters. An exponential family is the following probability density depending on (θ, u)

pθ(x) = e−θ·h(x,u)−ψ(θ,u),
∫

X
pθdx = 1 (5)

where θ · h denotes scalar product in Ra and we have defined the free entropy ψ and the partition
function Z as

ψ(θ, u) = ln Z(θ, u) = ln
∫

X
e−θ·h(x,u)dx (6)

We ask that Z be finite and this defines a set of feasible values z = (θ, u)

Z = {(θ, u) ∈ Ra+b :
∫

X
e−θ·h(x,u)dx < +∞} (7)

which we assume to be open. It is known that for every fixed u the set Z is open and convex in
θ (see [10],[11]). Note that Z(0, u) = meas(X) hence θ = 0 is a feasible value if and only if X has
finite measure. In the following we denote the component of vector θ as θα where α, β = 1, . . . , a; the
component of u as uk where k, m = 1, . . . b and the component of z = (θ, u) as zi where i, j = 1, . . . , a+ b.

2.1. Statistical models and Fisher matrix

We start by recalling the definition of a regular statistical model, see [4], [6]. Let pz(x) be a
probability density defined on state space X depending on finitely many parameters z ∈ Z ⊂ Rd. We
introduce the set

S = {pz = p(x, z) : z ∈ Z} ⊂ L1(X) (8)

and we ask that

1) (injectivity) the map f : Z → S , z 7→ f (z) = pz is one to one and

2) (regularity) the d functions defined on X

pi(x, z) =
∂p
∂zi

(x, z), i = 1, . . . , d

are linearly independent as functions on X for every z ∈ Z .

This assure that S is a regular statistical model. The inverse ϕ : S → Z , ϕ(pz) = z of the map f ,
which exists by 1), defines a global coordinate system for S . It is convenient to introduce the so called
log-likelihood

l = ln p (9)

and the score basis li = ∂l/∂zi. Note that since li = (1/p)pi the function pi and li are proportional,
therefore regularity condition 2) above holds if and only if the elements of the score basis are
independent as functions over X. The element of the Fisher matrix are defined as follows

gij(z) = 〈lilj〉 =
∫

X

∂l
∂zi

∂l
∂zj

pdx. (10)

If we assume, as we will always do, that we can exchange the operations of integration and
differentiation, we have the equivalent definition

gij(z) = 〈lilj〉 = −〈
∂li
∂zj
〉. (11)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 June 2021                   



4 of 18

The Fisher matrix is symmetric and positive definite therefore it defines a Riemannian metric on Z .
(see [6], p.24). In fact we have

gijvivj = 〈liljvivj〉 = 〈(livi)
2〉 = 0 ⇔ livi = 0 ⇔ vi = 0 ∀ i (12)

since the score vectors li are linearly independent over X. Note also (see [6]) that g is invariant with
respect to change of coordinates in the state space X and covariant (as a order 2 tensor) with respect to
change of coordinates in the parameter space.

In the case of an exponential family (5) depending on natural and external parameters the score
basis vectors are, see below (20) and (24) for the explicit computation,

lα =
∂ ln p
∂θα

= −hα −
∂ψ

∂θα
= 〈hα〉 − hα (13)

and
lk =

∂ ln p
∂uk

= −θα
∂hα

∂uk
− ∂ψ

∂uk
= θα(〈

∂hα

∂uk
〉 − ∂hα

∂uk
) = θαLαk. (14)

Note that 〈lα〉 = 0 and 〈lk〉 = 0 because 〈Lαk〉 = 0. Moreover, one can always assume that 〈hα〉 = 0
and 〈∂hα/∂uk〉 = 0 therefore the regularity condition 2) above holds if and only if the a + b functions

hα(x, u), θα
∂hα

∂uk
(x, u) (15)

are linearly independent over X. We introduce the more compact notation ∂i f = ∂ f /∂zi. The elements
of the Fisher matrix (10) can be detailed as follows: using (13)

gαβ = 〈lαlβ〉 =
〈
(〈hα〉 − hα)(〈hβ〉 − hβ)

〉
= cov(hα, hβ) (16)

also we have from (14)

gαk = 〈lαlk〉 =
〈
(〈hα〉 − hα)θβ(〈

∂hβ

∂uk
〉 −

∂hβ

∂uk
)
〉
= θβcov(hα, ∂khβ) (17)

and

gkm = 〈lklm〉 =
〈

θα(〈
∂hα

∂uk
〉 − ∂hα

∂uk
)θβ(〈

∂hβ

∂um
〉 −

∂hβ

∂um
)
〉
= θαθβcov(∂khα, ∂mhβ). (18)

It is useful to introduce a block representation of the symmetric (a + b)-dimensional Fisher matrix g as

g(z) =

(
A M
MT B

)
(19)

where
Aαβ = gαβ, Mαk = gαk, Bkm = gkm.

2.2. Expression of Fisher matrix elements using the free entropy function

It is well known that n-order partial derivatives of ψ with respect to the canonical parameters
give the n-order moments of the random variables h. By direct computation one has

∂αψ =
∂ψ

∂θα
=

∂

∂θα
ln
∫

X
e−θ·hdx =

1
Z

∫
X

e−θ·h(−hα)dx = −
∫

X
phαdx = −〈hα〉 (20)
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and for the second order

∂β∂αψ = − ∂

∂θβ
〈hα〉 = −

∫
X

hα
∂p
∂θβ

dx =
∫

X
hα p(hβ +

∂ψ

∂θβ
)dx = 〈hαhβ〉 − 〈hα〉〈hβ〉 (21)

where
〈hα〉〈hβ〉 − 〈hα〉〈hβ〉 = cov(hα, hβ) (22)

is the covariance between the observables hα and hβ. Hence by comparing (16) and (21) we find the
following well known relation (see e.g. [14], [16]) between element of the Fisher matrix g and partial
derivatives of the free entropy ψ with respect to canonical parameters θ

Aαβ = gαβ = ∂β∂αψ. (23)

We now compute the the relation between the elements of the Fisher matrix and the partial derivative
of ψ with respect to external parameters u. The results are

∂kψ =
∂ψ

∂uk
=

∂

∂uk
ln
∫

X
e−θ·hdx =

1
Z

∫
X

e−θ·h(−θβ

∂hβ

∂uk
)dx = −θβ〈∂khβ〉 (24)

The right-hand side term is interpreted as an entropic force term in statistical mechanics (see [5] and
[8],[13]). For the the second order derivative of the free entropy we have

∂k∂αψ = − ∂

∂uk
〈hα〉 = −

∫
X
(hα

∂p
∂uk

+ p
∂hα

∂uk
)dx =

∫
X
[hα p(θβ

∂hβ

∂uk
+

∂ψ

∂uk
) + p

∂hα

∂uk
]dx

=
∫

X
[hα p(θβ

∂hβ

∂uk
− 〈θβ

∂hβ

∂uk
〉) + p

∂hα

∂uk
]dx = θβ

(
〈hα∂khβ〉 − 〈hα〉〈∂khβ〉

)
− 〈∂khα〉

therefore
∂k∂αψ = θβcov(hα, ∂khβ)− 〈∂khα〉 (25)

and hence by comparing (17) and (25) we get

Mαk = gαk = ∂k∂αψ + 〈∂khα〉. (26)

Furthermore

∂k∂mψ = − ∂

∂um
〈θα

∂hα

∂uk
〉 = −θα

∂

∂um

∫
X

p
∂hα

∂uk
dx = −θα

∫
X
(

∂p
∂um

∂hα

∂uk
+ p

∂2hα

∂uk∂um
)dx

= θα

∫
X
[
∂hα

∂uk
p(θβ

∂hβ

∂um
+

∂ψ

∂um
)− p

∂2hα

∂uk∂um
]dx = θα

∫
X
[
∂hα

∂uk
p(θβ

∂hβ

∂um
− 〈θβ

∂hβ

∂uk
〉)− p

∂2hα

∂uk∂um
]dx

= θαθβ

(
〈∂khα∂mhβ〉 − 〈∂khα〉〈∂mhβ〉

)
− θα〈∂k∂mhα〉

that is
∂k∂mψ = θαθβcov(∂khα, ∂mhβ)− θα〈∂k∂mhα〉 (27)

hence by comparing (18) and (27) we get

Bkm = gkm = ∂k∂mψ + θα〈∂k∂mhα〉. (28)

We see that, unlike the case of natural parameters θ the element of Fisher matrix corresponding to
mixed or external parameters do not coincide with second order derivatives of the free entropy.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 June 2021                   



6 of 18

2.3. Entropy and energy variation formulae

Let us compute the Shannon entropy for an exponential family. This can be interpreted ([5]) as
the physical entropy of the statistical system defined on X when the the information on the system is
given by the average values of the observables for fixed values of the parameters u. We have thus

S(θ, u) = −
∫

X
pθ ln pθdx = −

∫
X

pθ(−θ · h− ψ)dx = ψ + θα〈hα〉 = ψ− θα
∂ψ

∂θα
(29)

We now compute the differential (one-form) of S as

dS =
∂S
∂θβ

dθβ +
∂S
∂uk

duk. (30)

Therefore from (29) and (23) we have

∂S
∂θβ

= (
∂ψ

∂θβ
− ∂ψ

∂θβ
)− θα

∂2ψ

∂θα∂θβ
= −θαcov(hα, hβ) = −θαgαβ (31)

and from (29),(24) and (25)

∂S
∂uk

=
∂ψ

∂uk
− θα

∂2ψ

∂θα∂uk
= −〈θβ

∂hβ

∂uk
〉 − θα

(
θβcov(hα,

∂hβ

∂uk
)− 〈∂hα

∂uk
〉
)

= −θαθβcov(hα, ∂khβ) = −θαgαk

hence the infinitesimal entropy variation can be written as, see (19)

− dS = θα(gαβdθβ + gαkduk) = θα(Aαβdθβ +Mαkduk). (32)

For comparison, we write here the average energy variation formula. From (20) and (26) one has

−d〈hα〉 = d(∂αψ) = ∂α∂βψdθβ + ∂α∂kψduk

= gαβdθβ + (gαk − 〈∂khα〉)duk

so that using again (19)
− d〈hα〉 = Aαβdθβ +Mαkduk − 〈∂khα〉duk. (33)

We will give a geometric interpretation of these formulae in Section 4 using the theory developed in
the next Section 3.

3. Review of Ehresmann connections

For this Section we have followed essentially [15]. On a smooth fibration π : M −→ N, where
M, N are smooth manifolds, with dim M = m, dim N = n, the set VM = ker Tπ of the vectors that
project onto the null space of TN is an integrable subbundle of TM.

An Ehresmann connection on π : M −→ N is the assignment of a distribution HM transversal to
VM, so that HM⊕VM = TM. The elements of HM are the horizontal vectors; since Tπ restricted
to HM is an isomorphism, it has a fiberwise defined inverse, the horizontal lift: hor : Tπ(z)N −→
Tz M, hor(X) ∈ Hz M. Let X = Xh + Xv be the splitting of a vector in Tz M into its horizontal
and vertical component. The projection on VM with respect to the horizontal subspace defines the
vector–valued connection one-form

ω : TM −→ VM, ω(z)(X) = Xv, (34)
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whose kernel is the horizontal distribution. The assignment of an horizontal distribution, of an
horizontal lift operator or of a connection one-form are equivalent ways to define a connection on
π : M −→ N.

The curvature of the connection is the VM–valued two-form obtained by restricting the exterior
derivative of ω to the horizontal distribution:

Ω(X, Y) = dω(Xh, Yh). (35)

If we extend the vectors X, Y to vector fields X, Y ∈ Γ(M), and we use Cartan’s formula

dω(X, Y) = Xω(Y)−Yω(X)−ω([X, Y]),

we get the equivalent expression for the curvature Ω(X, Y) = −ω([Xh, Yh]) that shows that the
curvature exactly measures the failure of the horizontal distribution to be integrable. Moreover, the
curvature relates the Lie brackets of vector fields X, Y on the base manifold N with the Lie bracket of
their horizontal lifts, by the formula

Ω(horX, horY) = [horX, horY]M − hor[X, Y]N . (36)

Again, we find that if the curvature is vanishing the horizontal distribution, spanned by vectors of
the type horX, is involutive hence integrable. Next we give the local expressions of connection and
curvature in a fibered chart. Notice that since every foliation is locally a fibration, the following
relations hold locally for a foliation. Let z = (x, y) be a fibered chart on U ⊂ M, π(x, y) = y. Then the
vertical space is, α = 1, . . . , a = dimM− dimN,

VzU = ker Tzπ = span{ ∂

∂xα
} (37)

and the connection one-form ω is:

ω = ωα ⊗ ∂

∂xα
, ωα = dxα + Aα

l (z)dyl . (38)

The Aα
l (z) are the connection’s coefficients. The horizontal vectors have the coordinate expression

X ∈ HM ⇔ ω(X) = 0, ⇔ Xl = Xl(
∂

∂yl − Aα
l

∂

∂xα
)

while the horizontal lift of a base vector Y = Yl ∂
∂yl ∈ Tπ(z)N has the form

(hor Y)l(z) = Yl(y)(
∂

∂yl − Aα
l

∂

∂xα
). (39)

The connection’s curvature can be expressed as: X, Y ∈ Γ(U)

Ω(X, Y) = Ωα(X, Y)⊗ ∂

∂xα
= (Ωα

lkdyl ⊗ dyk)⊗ ∂

∂xα
(40)

where
Ωα

kl = Aα
l,k − Aα

k,l − Aα
l,β Aβ

k + Aα
k,β Aβ

l . (41)

Since N is a submanifold, the coordinate base vector fields are Lie-commuting, that is [ ∂
∂yl

, ∂
∂ym

] = 0,
formula (36) gives the important result

Ωlk = Ω(hor
∂

∂yl
, hor

∂

∂yk
) = [hor

∂

∂yl
, hor

∂

∂yk
]. (42)
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See Appendix A for the case of principal bundles.

3.1. Parallel transport equation

Let γ : [0, T] → N be a smooth path in the base manifold and let z0 ∈ π−1(γ(0)). The parallel
transport equation is the following ODE for the horizontal lift vector field

ż =
dz
dt

= hor(γ̇), z(0) = z0 (43)

with local expression
ẋα = −Al

α(x, γ)γ̇l , ẏl = γ̇l (44)

The connection is called complete if the parallel transport equation has a solution defined on the whole
[0, T]. See Appendix B for some results assuring the completeness in the above introduced framework
and expecially in case the horizontal distribution is integrable.

3.2. Frames associated to an Ehresmann connection

Let ϕ ∈ GL(m, R), ϕir = ϕir(z) be an invertible matrix and define a new base of Tz M as

ur = ϕir∂i, i, r = 1, . . . , m.

Using elementary linear algebra, the relation between the components of a vector v = wrur = vi∂i
with respect to the two frames is as follows,

vi = ϕirwr, wr = (ϕ−1)rivi. (45)

If dzj is the dual base of the coordinate base, dzj(∂i) = δij, then the dual base of the {ur}r=1,...,m is
given by the n one-forms

ζr(z) = (ϕ−1)ridzi, ζr(us) = δrs. (46)

The frame {ur}r=1,...,m is called nonholonomic frame if the Lie bracket of at least two base vectors is non
vanishing. Indeed, by Frobenius theorem, one can show that if [ur, us] = 0 for all r, s then there exists a
change of chart z′ = η(z) such that ur = ∂/∂z′r and ϕri = ∂ηr/∂zi. If (M, g) is a Riemannian manifold,
the metric g has the following form in a non coordinate frame

grs = g(ur, us) = g(ϕir∂i, ϕjs∂j) = ϕir ϕjsgij (47)

and the metric grs can be used for raising or lowering indices in the non coordinate frame.
Our first application of the above outlined theory is to define a frame associated to an Eheresmann

connection on a given fiber bundle. Give an arbitrary vector v ∈ Tz M, v = vi∂i, we can consider the
splitting of the same vector with respect to Tz M = Vz M⊕ Hz M into its vertical and horizontal part

v = ω(v) + hor(Tπ(z)v). (48)

The frame, see (38) and (39), associated to the Ehresmann connection is defined as

uα =
∂

∂xα
, α = 1, . . . , a ul = hor(

∂

∂yl ), l = 1, . . . n (49)

It is a nonholonomic frame if the horizontal subbundle is a non integrable distribution. In particular,
componentwise, see (38) and (39), if v = Xα∂α + Yl∂l we get

v = Xα∂α + Yl∂l = wαuα + wlul

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 June 2021                   



9 of 18

where
wα = ωα(v), wl = Yl = (Tπ(v))l .

It is a straightforward computation to show that, from (45) the matrices ϕ ∈ GL(m) have the following
block form

ϕ =

(
Ia −A
0 In

)
, ϕ−1 =

(
Ia A
0 In

)
. (50)

Moreover, from (46), the dual base of the associated frame is

ζα = ωα, α = 1, . . . a, ζ l = dyl , l = 1, . . . , n. (51)

Using again a block representation for the matrices, the Riemannian metric g has the following
expression in the associated frame

g =

(
A M
MT B

)
, G = ϕT gϕ =

(
A M−AA

MT − ATA C

)
(52)

where
C = B + ATAA− ATM−MT A.

We now specialize the above relations to the important case where the horizontal distribution Mz is
defined to be the g-orthogonal of Vz M. Referring tho the above introduced block representation of the
metric g we ask that every Xh ∈ Hz M, Xh = (−Aα

l Yl , Yl) be orthogonal to all Xv ∈ Vz M, Xv = (w, 0).
As a consequence

g(Xv, Xh) = w · (−AAY +MY) = 0 ∀ w ⇔ A = A−1M. (53)

In the orthogonal splitting case the metric G has the simpler form

G = ϕT gϕ =

(
A 0
0 K

)
, where K = B −MTAM (54)

or from (48)
g(z)dz⊗ dz = A(z)ω(·)⊗ω(·) +K(z)dy⊗ dy (55)

The connection one-form (38) becomes from (53)

ωα = dxα + Aα
l (z)dyl , where Aα

l = (A−1M)α
l (56)

and it is called mechanical connection in the control theory for mechanical systems, where g is the
kinetic energy of a mechanical system. In the special case of a deformable body where the fiber of the
fiber bundle is SO(3), then the analog of gαβ is called the locked inertia tensor.

4. Fibered exponential statistical models

Let us consider again the fibration (3) between natural and external parameters

π : Z −→ U, π(θ, u) = u

The theory exposed in Section 3 for a general fibration π : M −→ N, π(x, y) = y is applied here
for x = θ and y = u; the natural parameters θ are coordinates on the fiber π−1(u) and the external
parameters u are coordinates in the base U. It is too complex and far from our objectives to investigate
the global geometric and topologic nature of the set Z ⊂ Ra+b introduced in (7) of Section 1. Therefore
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we suppose that Z and U are open set of an euclidean space and that they give the description of the
fibration in a local chart.

The Fisher matrix g defines a Riemannian metric in Z . Let us define the horizontal subspace to be
the g-orthogonal subspace of the vertical subspace. Using the block representation (19) -see also (52)-
for the Fisher metric g, the connection coefficients in case of a g-orthogonal connection are

Aα
k = (A−1M)α

l = (g−1)αβgβk.

Now the formula (32) that gives the variation of entropy dS can be rewritten as follows

−dS = θα(gαβdθβ + gαkduk) = θαAαβ(dθβ + Aα
k duk) = θαAαβωβ

therefore the one form dS can be rewritten as

dS = −θαAαβωβ = −〈θ, ω〉A . (57)

where 〈 , 〉A denotes the scalar product between vertical vectors in the orthogonal splitting of the
metric g in (54).

A first consequence of the above introduced framework is the following: let z(t) = (θ(t), γ(t)) for
t ∈ [0, 1] be the horizontal lift of a path in the external parameters u = γ = γ(t) . Then the variation of
the entropy S(θ, u) along the horizontal path z is from (57)

∆S =
∫ 1

0

dS
dt

dt =
∫ 1

0
dS(z)żdt =

∫ 1

0
〈θ, ω(ż)〉Adt = 0 (58)

since ż is an horizontal vector. Then the horizontal lift of a path in the mechanical parameters represent
an isentropic (∆S = 0) evolution for the system.

A second consequence is that the average energy variation formula (33) can be rewritten as

−d〈hα〉 = Aαβdθβ +Mαkduk − 〈∂khα〉duk = Aαβωβ − 〈∂khα〉duk.

If we define 〈hα〉 as the α-type average energy, Pα
k = −〈∂khα〉 as the (α, k)-type pressure and

− dQα = Aαβωβ, (Aαβ = gαβ) (59)

the α-type infinitesimal heat exchange, then we have the following equality between one-forms

d〈hα〉 = dQα − Pk
α duk (60)

which is a generalized form of the first principle of thermodynamics. Using (57) we obtain

dS = −θαAαβωβ = θαdQα = θα

(
d〈hα〉+ Pk

α duk

)
(61)

which is the first principle of thermodynamics in the form of Gibbs. The above geometrical
interpretation of the dS and dQ one forms is contained also in [5] but without using the language of
fibrations, which we consider particularly effective for the following developments.
Remark. In Souriau Lie Groups thermodynamics, (see [10], [9] for a recent in-depth analysis) the
observables hα (first integrals of the system) take value in the dual G∗ of the Lie algebra of a Lie group
G acting on the system phase space while the canonical parameters θ called generalized temperatures
are element of G and θ · h is substituted by 〈h, θ〉 where 〈 , 〉 denotes the duality between G and G∗.
In our setting, in case of a principal bundle with typical fiber G, VM can be identified with G and
gαβωβ ∈ G∗ (see Appendix A). Note however the difference in the notion of heat between Souriau
Lie Group thermodynamics and here: since Souriau theory does not consider external parameters u,
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then the first principle of Thermodynamics (60) reads d〈hα〉 = dQα. Accordingly, in Souriau theory the
generalized or geometric α-type heat is defined as Qα = 〈hα〉.
Remark. Let us consider the induced fibration

S ϕ−→ Z π−→ U, π̃ = π ◦ ϕ

where ϕ is the coordinate system for S . Fibers of π̃ are the probability densities pz where z = (θ, u)
and u is fixed. So they represent standard exponential families. Let

σ : TZ −→ TS , σ(z, ∂i) = ( f (z), s(∂i) = (pz, li)

be the fibered map that sends the canonical base ∂i = ∂/∂zi into the score base li = ∂i ln p. Then, by
definition of scalar product in TS

〈li, lj〉 =
∫

X
pzliljdx = gij(z)

the orthogonal frame of TzZ (see (49))

uα = ∂α, α = 1, . . . , a uk = hor(∂k), k = 1, . . . , b

is sent by σ into the orthogonal frame of TpzS

lα = s(∂α), λk = s(hor(∂k)) = s(∂k − Aβ
k ∂k) = lk − Aβ

k lβ

Indeed, since A = A−1M,

〈lα, λk〉 = 〈lα, lk〉 − Aβ
k 〈lα, lβ〉 =Mαk − (A−1)βγMγkAαβ =Mαk −Mαk = 0.

Then we have the orthogonal splitting TS = VS ⊕ HS of the tangent space where

VS = span{lα}, HS = span{λk}.

4.1. Parallel transport for the g-orthogonal connection

Let us consider the parallel transport equation (43) above in the case of exponential models. Let γ

be a closed path i.e. γ(0) = γ(1), in the base manifold representing an externally imposed cyclical
evolution in the external parameters. Then we have the parallel transport equation (44)

θ̇α = −Aα
k γ̇k = −(A−1)αβMβkγ̇k.

Equivalently, the integration along the horizontal lift z̃ of γ of the vector-valued temperature one form
dθ = −Adu gives

∆θ(γ) = θ(1)− θ(0) = −
∫

γ
A = −

∫ 1

0
(A−1M)(z̃(t))dt

The last integral represents the integration of the one form A over the path u and it is invariant with
respect to reparameterizations of the path. The quantity ∆θ(γ) is called the holonomy of the path. Note
that if the holonomy of the path is nonzero we may have for an horizontal lift of a closed path γ in
base manifold see (58)

∆S(γ) =
∫

γ
θαdQα = 0, but ∆θ(γ) 6= 0.
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5. Gas in a rotating container

This system is studied in [7] and [9]. See also [11] for the treatment of this system in Souriau’ Lie
Group thermodynamic framework. We consider a gas of N non interacting point particles contained
in a rigid container B ⊂ R3 with a fixed point O. Let E ′ be the inertial frame and E the frame attached
to B, both having the origin in O, and let ω be the angular velocity of the motion of E with respect to
E ′. We denote with a prime the quantities expressed in the inertial frame. If we neglect the interaction
of the particles with the container walls, the Lagrangian of the system computed in the inertial and
moving frame are respectively

L′ =
1
2 ∑

i
miv

′2
i =

1
2 ∑

i
mi(vi + ω× ri)

2 = L.

We want to compute the Hamiltonian of the system in the rotating frame. We have, with a little abuse
of notation

pi =
∂L
∂vi

= mi(vi + ω× ri), ṽi =
pi
mi
−ω× ri

and

H(r, p) = ∑
i

pi · ṽi − L(ṽ, r) =
1
2 ∑

i

p2
i

mi
−ω ·∑

i
ri × pi =

1
2 ∑

i

p2
i

mi
−ω · J(r, p) (62)

where J(r, p) = ∑i ri × pi is the angular momentum of the gas with respect to the origin O in the
rotating frame. Here the angular velocity is an external parameter which can be varied at will. If
we suppose that the average energy of the system is known, then the probability distribution that
describes the microscopic state of the system (r, p) in XN = BN ×R3N is the exponential density

ρ(r, p) =
e−θH(r,p,ω)

Z(θ, ω)
, Z(θ, ω) =

∫
XN

drdp e−θH(r,p,ω). (63)

Since the particle are non interacting, it is straightforward to derive that the probability density ρ is the
product of N single particle probability densities which differs only by the mass mi

ρ(r, p) =
N

∏
i=1

ρi(ri, pi)

Note that the log-likelihood of the N-particle system can be written as

l(r, p) = ln ρ =
N

∑
i=1

ln ρi(ri, pi) =
N

∑
i=1

l(i)(ri, pi)

and one can show (see [6]) that since the N random variables (rk, pk) are independent

gij = 〈lilj〉ρ = N〈l(k)i l(k)j 〉ρk = Ng(k)ij .

From now on we will consider the probability density of a single particle which can be derived from
(63) for N = 1 and m1 = m. The single particle partition function and free entropy are

Z(θ, ω) =
∫

X
drdp e−θ(

p2
2m−ω·r×p), ψ = ln Z (64)
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Note that this system fits in the scheme of Section 2 for a = 1, b = 3, X = B×R3, x = (r, p) and u = ω,
U = R3. For the sake of simplicity we will denote the external parameters with ω instead of u. The
only observable is the energy

h(r, p, ω) = h0(r, p)−ω · J(r, p) =
p2

2m
−ω · r× p (65)

where h0(r, p) is the kinetic energy term. Note that the function h is linear in the external parameters
ω and this make some terms in the formulae (27) and (28) of Section 2 to vanish. We have ∂kh = Jk and

l = ln p = −θh(r, p, ω)− ψ(θ, ω).

The score vectors are
lθ =

∂l
∂θ

= −h− ∂θψ = 〈h〉 − h,

lk =
∂l

∂ωk
= −θ∂kh− ∂kψ = −θ(〈Jk〉 − Jk), k = 1, 2, 3

which are linearly independent since p2/2m and Jk, k = 1, 2, 3 are linearly independent. The elements
of the Fisher matrix are computed from (23), (26) and (28)

A = gθθ = ∂2
θψ = cov(h, h) = var(h)

Mk = gθk = θcov(h, Jk) = ∂k∂θψ + 〈Jk〉

Bkm = gkm = θ2cov(Jk, Jm) = ∂k∂mψ

so the expression of the connection one form coefficient (56) is

Ak = A−1Mk = g−1
θθ gθk =

θcov(h, Jk)

var(h)
=

∂k∂θψ + 〈Jk〉
var(h)

5.1. Alternate form of the Fisher metric

We can provide an alternate expression for the elements of Fisher matrix g as follows. By adding
±m(ω× r)2 one can rewrite the single particle energy (65) as

h =
p2

2m
−ω · r× p =

m
2
[(

p
m
−ω× r)2 − (ω× r)2]

hence using Fubini theorem to iterate the integral the single particle partition function (64) becomes

Z(θ, ω) =
∫

X
drdp e−θh(r,p,ω) =

∫
X

drdp e−θ m
2 [(

p
m−ω×r)2−(ω×r)2]

=
∫

B
dr eθ m

2 (ω×r)2
∫
R3

dp e−θ m
2 (

p
m−ω×r)2

=
∫

B
dr eθ m

2 (ω×r)2
∫
R3

dp e−θ
p2
2m

=
∫

B
dr e−θU(ω,r) (2πm

θ

) 3
2 = ZB(θ, ω)

(2πm
θ

) 3
2 (66)

where in the last line we have introduced the centrifugal potential

U(ω, r) = −m
2
(ω× r)2 = −1

2
ω · I(r)ω
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and I(r) = m(r2I− r⊗ r) is the inertia tensor of the particle with respect to the origin O. From the
above expression (66) for Z(θ, ω) we see that the set of feasible values is

Z = {(θ, ω) : Z(θ, ω) < +∞} = (0,+∞)×R3. (67)

Note also that Z(θ, ω) coincides with the partition function of a particle described by the Hamiltonian

h(r, p) =
p2

2m
+ U(ω, r) =

p2

2m
− m

2
(ω× r)2. (68)

We can compute the free entropy from (66) as

ψ = ln Z = ln ZB(θ, ω)
(2πm

θ

) 3
2 = −3

2
ln θ +

3
2

ln 2πm + ψ̃ (69)

where we have introduced the free entropy

ψ̃(θ, ω) = ln ZB(θ, ω) = ln
∫

B
dr e−θU(ω,r). (70)

Note that ψ̃ is the free entropy of the probability density on the configuration space B ⊂ R3

p̃(θ, ω; r) = e−θU(ω,r)−ψ̃(θ,ω),
∫

B
p̃dr = 1.

We denote with 〈 〉B the expected values taken with respect to the probability p̃. It is not difficult to
show using Fubini theorem as in (66) that for a function only of the particle position f (r) one has

〈 f 〉 =
∫

X
drdp e−θh−ψ f (r) =

∫
B

dre−θU(ω,r)−ψ̃(θ,ω) f (r) = 〈 f 〉B . (71)

5.2. Computation of Fisher matrix and connection one form

Starting form the free entropy (69) we have

∂θψ = − 3
2θ

+ ∂θψ̃ = − 3
2θ
− 〈U〉B = − 3

2θ
− 1

2
ω · 〈I〉B ω

and introducing the gradient ∇ = (∂1, ∂2, ∂3)

∇ωψ = ∇ωψ̃ = −θ〈∇ωU〉B = θ〈I〉B ω = θ〈J〉B

If we make the standard identification θ = 1/kBT where T is the temperature and kB is the Boltzmann
constant we can recognize that the above expression has the form of an entropic force. Moreover with
similar computations we have

∂k∂θψ = ∂k∂θψ̃ = −〈∂kU〉B − θcovB(U, ∂kU).

Now we can compute the Fisher matrix elements. From (23) we have

A = gθθ = ∂2
θψ =

3
2θ2 + ∂2

θψ̃ =
3

2θ2 − varB(U)

and from (26)
Mk = gθk = ∂k∂θψ + 〈Jk〉 = −〈∂kU〉B − θcovB(U, ∂kU) + 〈Jk〉B
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Moreover (28) becomes

Bkm = gkm = ∂m∂kψ = ∂m∂kψ̃ = −θ〈∂m∂kU〉B + θ2covB(∂kU, ∂mU)

The connection one form is now

Ak(θ, ω) = A−1Mk = g−1
θθ gθk =

−〈∂kU〉B − θcovB(U, ∂kU) + 〈Jk〉B
3

2θ2 − varB(U)

and the curvature coefficients can be computed in principle from (41).

5.3. Curved exponential family

We can obtain a explicit expression for the free entropy ψ̃ in (70) if we specify its shape and restrict
the possible motions of the rigid container. We suppose that B is a rigid cylinder of length L and radius
R and that the attached frame E has its z axis parallel to the longitudinal axis of B and origin O fixed in
the geometric center of B. Moreover we suppose that E rotates with angular velocity ω = ω(λ) = λẑ
where ẑ is the unit vector of the z axis in the attached and inertial frame. In this case (keeping the same
symbol for U as a function of λ and ω)

U(λ, r) = U(ω(λ), r) = −m
2
(ω× r)2 = −mλ2

2
(ẑ× r)2

Using cylindrical coordinates (ρ, φ, z) the configurational partition function ZB can be explicitly
computed as

ZB(θ, λ) =
∫

B
e−θU(λ,r)dr =

∫ 2π

0
dφ
∫ L/2

−L/2
dz
∫ R

0
dρρe

θmρ2λ2
2 =

2πL
θmλ2

(
e

mR2
2 θλ2 − 1

)
and the free entropy is the explicit function of the parameters (θ, λ)

ψ(θ, λ) = −3
2

ln θ + ln ZB = −3
2

ln θ + ln
1

θλ2 + ln
2πL

m
(
e

mR2
2 θλ2 − 1

)
= −5

2
ln θ − 2 ln λ + ln

2πL
m
(
e

mR2
2 θλ2 − 1

)
(72)

The energy of the system see (68) depends on the external parameter λ

h(λ, ρ, p) = h(ω(λ), ρ, p) =
p2

2m
+ U(λ, r) =

p2

2m
− m

2
ρ2λ2 (73)

and the log-likelihood is now depending in the two parameters (θ, λ)

l(θ, λ, ρ, p) = −θh(ρ, p, λ)− ψ(θ, λ)

so now the statistical model is spanned by the two score vectors lθ , lλ and this define a submanifold of
the initial statistical manifold called curved exponential model in the statistical literature (see [4]). Now
the element of the Fisher matrix can be computed explicitly but the fibration π : R× [0,+∞) :−→
[0,+∞), π(θ, λ) = λ has a one dimensional simply connected base manifold so that the Ehresmann
connection is always trivially flat. Using (73) we have immediately

∂λh = −mρ2λ, ∂2
λh = −mρ2.
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We have from (72) (here Csch is the hyperbolic cosecant)

A = gθθ = ∂2
θψ =

5
2θ2 −

m2R4λ4

16
Csch(

mR2

4
θλ2)2

and from (26) and the result (71)

M = gθλ = ∂λ∂θψ + 〈∂λh〉 = ∂λ∂θψ−mλ〈ρ2〉B

where

∂λ∂θψ =
mR2λe

mR2
2 θλ2

(2e
mR2

2 θλ2 −mR2λ2θ − 2)

2(e
mR2

2 θλ2 − 1)

while from (28) and (71) we have

B = gλλ = ∂2
λψ + θ〈∂2

λh〉 = ∂2
λψ−m〈ρ2〉B .

where

∂2
λψ =

2 + emR2θλ2
(2 + λ2mR2θ)− e

mR2
2 θλ2

(4 + λ2mR2θ(1 + λ2mR2θ))

λ2(e
mR2

2 θλ2 − 1)

The above formulae are completely determined when we compute (here Erfi is the error function)

〈ρ2〉B = R +
2Rλ−

√
2πErfi( Rλ

√
mθ√

2
)

√
mθ

2λ(e
mR2

2 θλ2 − 1)
.

We have given the as far as possible explicit expression of the Fisher metric and connection coefficient
in this example to show that the theory exposed in the previous Sections can be applied to physical
systems. However the explicit expression are rather heavy and not easy to read.

6. Conclusions

In this paper we have investigated a generalized form of exponential families, whose introduction
is motivated by equilibrium statistical mechanics. The first aim in the paper is the computation of
the associated Fisher metric g, a notion which is relevant for the study of the differential geometric
properties (Riemann metric, Christoffel symbols) and the study of phase transitions (Riemannian
curvature). A second step is the introduction of a trivial fibration of the parameter space over
the external parameters space and of the g-orthogonal sub bundle which define an Ehresmann
connection on the fibration. This geometric framework is well suited for studying the evolution
of the thermodynamic system when the evolution in the external parameters is given. It turns out that
the horizontal lift of a path in the external parameters space represent an isentropic evolution of the
whole system. This is a first simple consequence of the presence of the Fisher metric and the fibration
which could be generalized once one considers non trivial fibrations. Some of the possible applications
of the theory introduced in this paper are contained in the fully worked out example of Section 5 and
in the Appendices.

Appendix A. The principal bundle case

We particularize the notion of Ehresmann connection to the important class of principal fiber
bundles, where the fibration is the one defined by the set of orbits of a smooth group action. Suppose
that a Lie group G acts freely and properly on the left on M and that, to every z ∈ M, z 7→ Gz is an
immersion, so that π : M −→ M/G is a principal bundle. On a principal bundle, the group action
induces an Ad–equivariant isomorphism σ : G −→ Γ(M, VM), σ(ξ) := ξM(z), where ξM is the
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infinitesimal vector field associated to ξ ∈ G. A principal connection on the bundle is the assignment of
a Ehresmann connection compatible with the group action, i.e. satisfying

TΦg(Hz M) = Hgz M ∀z ∈ M, ∀g ∈ G. (A1)

Moreover, the related connection one form ω̃ is G–invariant and it defines an equivariant G–valued
connection one form by setting ω = σ−1 ◦ ω̃. In a principal bundle, the curvature, defined as above,
is Ad–equivariant and, unlike the Ehresmann case, it satisfies the structure equation

Ω(X, Y) = dω(X, Y)− [ω(X), ω(Y)]. (A2)

Now consider a local trivialization z = (y, g) of the bundle, where g are the coordinates on the fiber
isomorphic to G. By equivariance of ω, the local expression of the connection become

ω(y, g)(ẏ, ġ) = Adg(ξ + A(y)ẏ) (A3)

where ξ = g−1 ġ ∈ TeG = G is the left translation to the origin of ġ ∈ TgG and Aα
l are the connection’s

coefficients with respect to a chosen basis {eα} of G. It is important to notice that now the connection’s
coefficients are represented by functions constant on the fibers.

Appendix B. The flat connection case

The following definition introduces a sufficient condition for a Ehresmann connection to be
complete.

Definition A1. let π : M → N be a smooth fibration with (M, g) a Riemannian manifold. The metric g is
called bundle-like with respect to the fibration π if in the adapted local coordinates (x, y) for the above splitting
(55) of g one has K = K(y). As a consequence, the horizontal lift hor : Tπ(z)N −→ Hz M is an isometry.

It is not difficult to prove that if the metric is bundle-like, then the connection is complete. Indeed,
if by absurdum the interval where the maximal solution zm(·) is defined is [0, τ) with τ < T, since the
length of zm((0, τ)) coincides with the length of γ((0, τ)) which is finite, then the maximal solution
is contained in a compact set of M and by a classical result of ODE theory, the solution of zm can be
extended to a whole neighborhood of τ.

The connection is flat when the horizontal distribution is integrable. In this case the horizontal
lift of a path lies on a single leaf of the horizontal foliation; moreover, the parallel transport depends
only on the homotopy class of the path, therefore the parallel transport operator Hγ defines a group
homomorphism of the fundamental group π1(y0, N) into Diff(π−1(y0)), the group of diffeomorphisms
of the fiber.

Appendix C. Computation of Christoffel symbols

Since the Fisher metrics is a Riemannian metric, one can compute its Christoffel symbols of first
kind

Γij,w =
1
2

(
∂igjw + ∂jgiw − ∂wgij

)
(A4)

and the derivatives of the Fisher metric can be computed e.g. using the formula

− ∂wgij = 〈∂i∂jlw〉+ 〈(∂ilj)lw〉 (A5)

so that the Christoffel symbols have the equivalent expression

2Γij,w = 〈(∂ilj)lw〉 − 〈(∂wlj)li〉 − 〈(∂wli)lj〉 − 〈∂i∂jlw〉 (A6)
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In the case of a generalized exponential family, from (13) and (14) we derive immediately that

∂βlα = −∂α∂βψ

and
∂klα = ∂khα − ∂k∂αψ (A7)

and
∂mlk = −θα∂m∂khα − ∂m∂kψ = −∂m∂k(θ · h)− ∂m∂kψ (A8)

Then plugging the above expression in (A6) we get the following table of coefficients

2Γαβ,γ = −〈∂α∂βlγ〉
2Γαβ,k = 〈(∂khβ)lα + (∂khα)lβ − ∂α∂βlk〉 = 2Γβα,γ

2Γαk,β = 〈(∂khβ)lα − ∂khα)lβ − ∂α∂klβ〉 = 2Γkα,β

2Γαk,m = 〈(∂mhα)lk − (∂khα)lm + (∂m∂k(θ · h))lα − ∂α∂klm〉 = 2Γkα,m

2Γkm,α = 〈(∂khα)lm + (∂mhα)lk − (∂m∂k(θ · h))lα − ∂m∂klα〉 = 2Γmk,α

2Γkm,n = 〈(∂n∂m(θ · h))lk + (∂n∂k(θ · h))lm − (∂k∂m(θ · h))ln − ∂k∂mln〉 = 2Γmk,n
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