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Abstract

In this paper, we investigate the equilibrium points, stability of two equilibrium
points, convergences of negative equilibrium point, periodic solutions, and existence
of bounded or unbounded solutions of a system of nonlinear difference equations

Tn4+1l = Tpn—1Yn — 17yn+1 = Yn—1Tn — 1

n =0, 1, ..., where the initial values are real numbers. Additionally we present some
numerical examples to verify our theoretical results.

2010 AMS Classification: 39A10, 39A30, 39A23, 39A24

Keywords: Difference equation, stability, global stability, periodicity, eventu-
ally periodicity

1. INTRODUCTION

During the last years, difference equations or discrete dynamical systems are
a fertile research area, not only in mathematics but also in many applied science
such as economics, genetics. Moreover, difference equations or discrete dynamic
systems apply to different fields of science as mathematical models. From this, many
scientists, mathematicians or not, have frequently studied this topic. In particular,
these researchers are interested in the stability of solutions, periodic solutions, and
bounded or unbounded solutions. There are many papers to dynamical systems for
example,

In [3], Camouzis et al studied global behaviour of solutions of the system of
difference equations

T
1‘n+1:1+y7n’ Ynt1 = 1+ Yn .

n—m -Tn—m

In [25], Stevic studied the system of difference equations
Unp, _wy
T+o, M7 T4,
where u,, U, Wy, S, are some subsequences x,, Or Y.
In [17], Kurbanh et al studied behaviour of positive solutions of system of differ-
ence equations

Tn+1 =

Tn—1 Yn—1

€T = —— = -
i YnTn—1 + 1 yn+1 TnYn—1 + ]-

1

© 2019 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints201910.0357.v1
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.22075/IJNAA.2020.17257.1919

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 October 2019 d0i:10.20944/preprints201910.0357.v1

2 ERKAN TASDEMIR

In [10], Kent et al studied long-term behaviour of solutions of difference equation
Tptl = TpTp—1 — L.

Further, in [30], Wang et al and in [18], Liu et al obtained some significant results
about related difference equation. Furthermore, there are many books and papers
related to difference equations see [1] - [30].

In this study, we investigate the dynamics of following the system of difference
equations

(11) Tpt1l = Tp—1Yn — L, Ynt1 = Yn—1Zn — 1, n=0,1,..,

where all initial values are real numbers. Especially, we study equilibrium points,
stability of solutions, existence of periodic solutions and bounded or unbounded
solutions of related system of difference equations.

Now, we present some definitions and theorems which are used throughout this
study.

Let us introduce a four-dimensional discrete dynamical system of the form

(1.2) Tpt1 = f (T, Tn1,Yns Yn—1) s Yn+1 = 9 (Tns Tn—1,Yn, Yn—1) ,
n=0,1,..., where f : I* x J* — I and ¢ : I* x J* — J are continuously dif-
ferentiable functions and I, J are some intervals of real numbers. Moreover, a

solution {(zn,yn)}r—_; of system (1.2) is uniquely determined by initial values
(Jii,yi) el xJforie {—1,0}.

Definition 1. Along with the system (1.2), we consider the corresponding vector
map F ={f,%n,Tn-1,9,Yn,Yn—1}- A point (Z,7) is called an equilibrium point of
the system (1.2) if

j = f(i3j7y7y)7 g = g(j’i'?y?g) °
The point (Z,7) is also called a fized point of the vector map F.

Definition 2. Let (Z,7) be an equilibrium point of the system (1.2).
(1): An equilibrium point (T,7) of system (1.2) is called stable if, for every
e > 0, there exists § > 0 such that, for every initial value (x—;,y—;) € I xJ,

with
0 0
Z |£L’Z—£E| <(5, Z |y1_g| <(5,
i=—1 i=—1
implying |z, — Z| < e and |y, — y| < & for n € N.
(ii): An equilibrium point (Z,y) of system (1.2) is called unstable, if it is not
stable.
(iii): An equilibrium point (Z,q) of system (1.2) is called locally asymptotically
stable if it is stable and if, in addition, there exists v > 0 such that

0 0
Z |xi_f|<77 Z |yi_g|<’7a

i=—1 i=—1

and (Tp,yn) — (T,7) as n — oo.

(iv): An equilibrium point (Z,y) of system (1.2) is called a global attractor if
(Tn,yn) — (T,7) as n — oo.

(v): An equilibrium point (Z,7) of system (1.2) is called globally asymptoti-
cally stable if it is stable and a global attractor.


https://doi.org/10.20944/preprints201910.0357.v1
https://doi.org/10.22075/IJNAA.2020.17257.1919

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 October 2019 d0i:10.20944/preprints201910.0357.v1

3

Definition 3. Let (Z,5) be an equilibrium point of the map F where f and g are
continuously differentiable functions at (Z,y). The linearized system of system (1.2)
about the equilibrium point (Z,q) is

Xn+1 = F (X,) = BX,,

where
Ty,
Tn—1
X, = "
" Yn
Yn—1
and B is a Jacobian matriz of system (1.2) about the equilibrium point (T, 7).

Definition 4. Assume that X,41 = F (X,),n=0,1,---, is a system of difference
equations such that X is a fized point of F. If no eigenvalues of the Jacobian matriz
B about X have absolute value equal to one, then X is called hyperbolic. Otherwise,
X is said to be nonhyperbolic.

Theorem 1 (Linearized Stability Theorem [14], p.11). Assume that
Xn1=F(X,),n=0,1,---,
is a system of difference equations such that X is a fized point of F.
(1): If all eigenvalues of the Jacobian matriz B about X lie inside the open
unit disk |\ < 1, that is, if all of them have absolute value less than one,

then X is locally asymptotically stable. ~
(ii): If at least one of them has a modulus greater than one, then X is unstable.

Definition 5. A solution {(xyn,yn)},— , of system (1.2) is bounded and persists

n—=
if there exist constants M, N such that M < N and
M<zp,yn <N, n=-m,—-m+1,---

0
n=-—1

Definition 6. A positive solution {(xn,yn)}
period p if

of system (1.2) is periodic with

Tntp = Tn, Yntp = Yp for alln > —1.
2. EQUILIBRIUM POINTS OF SYSTEM (1.1)
In this here, we study equilibrium points of system (1.1).

Theorem 2. System (1.1) has two equilibrium points which are

g = (1812
1,91 - 2 ) D) ’
(o) = 1+v5 1+V5
2, Y2 = B s B) .
Owing to 1+2\/5 ~ 1.618, the elements of second equilibrium point is the Golden
Ratio.

Proof. We can easily seen for the equilibrium points of system (1.1):
T o= z-5—1,
-1

|
|
8l
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From this system, we obtain

I=I-j—1=7
Thus
r = T-T—1,
z = z*-1,
_ 1+V5
T = .
2
So we finished the proof as desired. ([l

3. PERIODIC SOLUTIONS OF SYSTEM (1.1)

In this section, we investigate the periodic solutions of system (1.1) which are
two periodic, three periodic and eventually three periodic.

Theorem 3. System (1.1) has periodic solutions with period two, if and only if
T_1 =1I1,%T0 = T2,Y—1 = Y2,Y0 = Y1 OT T_1 = T, To = T1,Y—1 = Y1, Y0 = Y2, they
will be taken following forms:

{(@1,92), (Z2,51), (T1,72),--- }
{(@2,51),(T1,92), (T2,01),--- } -

Proof. If the initial values are as given, then by some calculations it is clear to see
that these solutions are of period two. Let {(2n,yn)},.._; be a periodic solution of
system (1.1) with period two. Therefore, 22, = a, 22,1 = b, Y2, = cand y2,—1 = d
for every n € Ny and there exist some a, b, ¢, d such that a # b and ¢ # d. Thus we
have from system (1.1):

(3.1) r1 = T_1y—1=b-c—1=b
(3.2) Y1 = yaro—1l=d-a—1=d
(3.3) To = zoyp—l=a-d—1=a
(3.4) Yo = Yori—1=c-b—1=c.

From (3.1)-(3.4), we get that:

(3.5) a T1,b =Tz, c =Y, d =11,
(3.6) a = Ip,b==T1,c=y1,d =19,
(3.7) a = b=Z,c=d=1,
(3.8) a b=Ty,c=d=7s.

As a result, (3.5) and (3.6) are periodic solutions of system (1.1) with period
two but (3.7) and (3.8) are not periodic solutions of system (1.1) with period two.
Because they are trivial solutions of system (1.1). The proof completed. O

Remark 1. From (3.5) and (3.6), system (1.1) has a two periodic cycle as:

{ (@1, 02), (@2, 01), (Z1,72) ., }
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Proof. Let x_1 = T1,20 = T2,Yy—1 = ¥2,Y0 = ¥1. Hence, we have from system

(L.1):
T = T Yy —1=Z1-51—1=1
Y1 = Y aro—1=%2 -T2 —1=19
Tg = Toy1 —1=Tz2-Yo—1=122
Y2 = yor1—1=01-T1—1=1in.

Consequently, two periodic cycle of system (1.1) has been completed as desired. O

Theorem 4. System (1.1) has periodic solutions with period three, if and only if
the initial values are

(39) T—1 0,20 = —179—1 = O,yO = _1a
(3.10) 1 = —lLrzo=-Ly1=-Ly=-1
(3.11) Tr_q = —1’{[;0 = O’y—l = —17y0 = 0.

Proof. If the initial values are as given, then by some calculations it is clear to see
that these solutions are of period three. Let {(z,,yn)},-_, be a periodic solution

of system (1.1) with period three. Thus, we take z_1 = a,29 = b,y_1 = ¢,y = d.
Therefore, we have from system (1.1),

1 = T_1y—1=a-d—1,

Y1 = Y-1xo—1l=c-b—-1,
(3.12) 29 = xoy1 —1=b-(c-b—1)—1=aq,
(3.13) y2 = yor1—1=d-(a-d—1)—1=c,
(3.14) 3 = xy2—1l=(a-d—1)-c—1=,
(3.15) ys = y1xa—1=(c-b—1)-a—1=d.
From (3.12)-(3.15) we obtain that
(3.16) ch*—b—-1 = a,
(3.17) ad* —d—1 = ¢,
(3.18) acd—c—1 = b,
(3.19) abc—a—1 d.

From (3.16)-(3.19), we get

= 0,b=-1,c=0,d=—1,

a = —-1,b=-1,c=-1,d= -1,
a = —-1,b=0,c=-1,d=0.
So, the proof completed. ([l

Remark 2. From (8.9)-(3.11), system (1.1) has a three periodic cycle as:

{ 7<_1’_1)’(0’0))(_17_1)7<_1’_1)""}'
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Proof. Suppose that the initial values are z_; = 0,29 = —1,y_1 = 0,y = —1.

Thus, we get from system (1.1):
x1 = x_1yo—1=0-(-1)—1=—1,
Y1 = y-1x0—1=0-(-1)—-1=-1,
2 = woyr—1=(=1) (-1)-1=0,
= yowr—1=(-1)(-1)~1=0,
3 = xzy2—1=(-1)-0-1=-1,
ys = yre—1=(-1)-0—-1=-1,
x4 = xyz3—1=0-(-1)—1=-1,
Yya = yar3—1=0-(-1)—-1=-1.

From these we obtain three periodic cycle of system (1.1) as:
{(_17 _1) ) (070) ) (_17 _1) ’ (_17 _1) [ } :
Hence, the proof completed. (I

Theorem 5. There is eventually periodic solution of system (1.1) with period three
as:

{(Sf_l,y_l) ) (55073/0) 5T (mn—hyn—l) ) (l‘n, yn) ) (0’ O) ) (_1’ _1) ) (_1’ _1) )T }

where T,_1Y, = 1 and yp_12, = 1 for n € Ny.

Proof. Let {(xn,yn)}o—_, be a eventually periodic solution of system (1.1) with

n=—1
period three. By means of Theorem 4, we take
(xn+lvyn+1) = (070)7
(Tnt2,Unt2) = (=1,-1).

From these, we obtain that

Tn+1l = Tn—1Yn — 1= 07

Yntl = Yn—1ZTn —1=0,

Tn+2 = TnplYn+1 — 1= _17

Ynt+2 = YnTn41 — 1=-1
Therefore, we have z,_1y, = 1 and y,_12, = 1. Moreover, due to z,41 = 0 and
Ynt1 = 0, the following equailities satisfy under all conditions: z,1o = —1 and
Yn+2 = —1. Thus, the proof finished. U

4. UNBOUNDED SOLUTIONS OF SYSTEM (1.1)
In this section, we study the unbounded solutions of system (1.1).
Lemma 1. Let {(zn,yn)}. | be a solution of system (1.1). Let
r 1< —-lxg< -1,y 1 <—1andyy < —1.

Then
T, > 0, Yy > 0,
Ty < —1, Yz < -1,
3 < —1, y3<—1.
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Proof. Let {(xn,yn)}o—_, be a solution of system (1.1). Suppose that z_; <

n=-—1

—1,zp < —1,y_1 < —1 and yy < —1. From these and system (1.1) we have,

1 = x 1Yo —1>0,
Y1 = yYy_120—1>0,
z2 = zoyr— 1< -1,
y2 = yor1— 1< -1,
3 = xy2— 1< -1,
ys = wnrz—1<-L

The next theorem has an important role for Theorem 7.

Theorem 6. Let {(n,yn)}o—_, be a solution of system (1.1). Then,

n=-—1
(4.1) otz —Yn = (Tnt1+1) Ynt2 — Yn),
4.2) Ynts —Tn = (Ynt1+1) (@ng2 —zn) .
Proof. Let {(zn,yn)},—_; be a solution of system (1.1). We have from system
(1.1),
Tnts —Yn = (Tn+1¥Yn+2 — 1) — Y

= Tp+1 (ynxn—&-l - 1) S

= mi-{-lyn —Tpp1 — 1 —yn

= Yn (@01 —1) = (o1 +1)

= (xn-‘rl + 1) (ynxn-‘rl —Yn — 1)

= ($n+1 + 1) (yn+2 - yn) .
Likewise, (4.2) can be proved. Therefore, the proof completed. ([l

Theorem 7. Let {(zn,yn)}o_, be a solution of system (1.1). Let

ro1 < —lxpg < —1l,y_1 < =1 and yo < —1.

Then the following two statements hold, forn =0,1,2,---, :

(1):
0 < T <y <zr <+ <Teng1 < Yonta <+,
0 < Y1 <@g <Yr < < Yo+l < Tenta < -0,
-1 > Tog > Y5 > T > > Tept2 > Yonts > ",
-1 > ya>x5>Y3> > Yent+2 > Tents > 0
-1 > 23>yYs>Tg> > Tent+s > Yont6 > -
-1 > yYs>xe>Yg> > Yont3 > Tent6 > - -
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(ii):
lim xg,41 = 00, lim ygn+1 = 00,
n—oo n—oo
lim zgp42 = —00, lim ygp42 = —00,
n—oo n—oo
lim zgp43 = —o0, lim ygp4+3 = —00,
n—oo n—oo
lim Zgn4q4 = 00, lim g4 = 00,
n—oo n—oo
lim zgp45 = —00, lim ygp45 = —00,
n—oo n—oo
lim zg, = —00, lim yg, = —00.
n—oo n—oo

Proof. Let {(zn,yn)},—_; be a solution of system (1.1). Let z_y < —1,z¢ <
—1,y_1 < —1and yy < —1.
(i) From Lemma 1, we know that x1,y; > 0, 23,y2 < —1 and z3,y3 < —1.
From Theorem 6 for n = 1, we obtain,

ra—y1 = (v2+1) (y3 —y1)-
From z5,y3 < —1 and y; > 0, we get that
z4 — 1y > 0.

So, x4 > y1 > 0 and similarly y4 > 7 > 0.
From Theorem 6 for n = 2, we have that,

5 —y2 = (z3+ 1) (ya — y2) .
From y5,z3 < —1 and y4 > 0, we obtain,
5 — Y2 < 0.

Thus, x5 < yo < —1 and further y5 < zo < —1.
From Theorem 6 for n = 3, we obtain,

z6 —ys = (va+1) (Y5 —ys) -
From system (1.1), we get,

v6—ys = (za+1)(ys —y3)
= (za+1)(ysza —1—y3)
= (za+1)(y3(w2ys — 1) — 1 —y3)
= (za+1) (2295 — 2y3 — 1)
From zo < —1,
z6—ys = (za+1) (2203 —2ys—1)

< (za+1)(—y3 —2ys — 1)
= (za+1) (— (ys + 1)2>
From z4 > 0 and y3 < —1 we have
zg — ys < 0.

Hence, z¢ < y3 < —1 and likewise yg < 3 < —1.
From Theorem 6 for n = 4, we have,

27 —ya = (x5 +1) (Y6 — ya) -
From yg, x5 < —1 and y4 > 0, we obtain,
7 —yq > 0.
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So, x7 > y4 > x1 > 0 and similarly y; > x4 > y; > 0.
In addition, we have by induction:

0 < mp<y<zr<---,

0 < mi<ma<yr<---,
-1 > zy>ys>x8> -,
=1 > ypp>w5>y8>-,
-1 > z3>ys>x9 >,
-1 > ys>z>yg > .

Thus, proof of (i) finished.
(ii)
Tentl = Ten—1Yon — 1
= (Ten—3Yen—2 — 1) (Yon—2T6n—1 — 1) — 1
= Z6n—3Ygn_2T6n—1 — Yon—2T6n—1 — Ten—3Yen—2 + 1 — 1
From x6n_3y§n72x6n_1 > 0 and ygn—2Ten—1 < 0, we obtain
Ten+1 > —Len—3Y6n—2
From zg,_3 < —1, we have
Tentl > Yén—2 = Yon—aTen—3 — 1
= Yon—a (Ton—s5Yen—a —1) —1
= Ten—5Yan_a — Yon—a— 1
From ygn—a < —1, we get
(43) Ten+1 > Ten—5-
So,
lim xg,41 = 00.
n—oo
The proof of the other cases is similar to this, therefore we leave it to readers. [

Theorem 8. Let {(x,,yn)} o, be a solution of system (1.1). Let x_1,x¢ > To

and y—_1,yo > Y2. Then the fglzlgqlumg two statements hold forn =0,1,2,---, :
(i):
To < Tog<Toa<Ty<- < Top<---,
To < 1 <3< x5< < Toagp_1 <+,
Yo < Yo<yY2<ysa<- <Y<,

Yo < Y1 <ys<ys<---<Yop1<-r-.

(ii): The subsequences {xan oo, {Zan—1}peo s {U2n neo and {y2n—1},—, tend
to 4o00.

Proof. Let {(n,yn)},—_; be a solution of system (1.1). Then we have,

14+5
2
1+45

Yo > 5

Lo

9
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Therefore,
1L__2 _ V-1
ro  14++5 2
Hence we get,
1 5—1 1445
1+— < 1+\[ = \[<y_1,
i) 2 2
1
1+— < y_1.
o
Thus,
zo+1 < y-1zo,
ro < yY_1x0— 1.
So, Ty < zg < y1 and similarly g2 < yg < x7.
From these,
1L 2 V5-1
T 1++5 2
1 5—1 1 5
1+4— < 1+\f = +\[<yo-
I 2 2
Therefore we have
1
1+ — < yo,
o
1 +1 < Yol1,
r1 < yoxr1 — 1.
Hence, 1 < y5 and similarly y; < xs.
So, we have by induction
T2 = P<yu<zr<y<z3<---,
T2 = YPp<xo<Yr <x2<Yz <.

Thus proof of (i) finished. Now we begin to proof of (ii).

We have from (i), the subsequences {@2,, }or o, {Z2n—1} e s {¥2n }oeo and {y2n—1}5—
are strictly increasing. For the sake of contradiction, these susequences have finite
limits. Since the subsequences are increasing, they must be bounded from above.
But the system (1.1) has two equilibrium points such that they are less than initial
values. That is a contradiction as desired. O

5. INVARIANT OF SYSTEM (1.1)

Theorem 9. Let all initial values of system (1.1) in (—1,0). Then the solution of
system (1.1) is such that z,, € (—1,0) and y, € (—1,0) for all n > —1.

Proof. Let x_1,x0,y—1,y0 € (—1,0). We can clearly seen from system (1.1):

(5.1) 1 = x_1yo— 1€ (-1,0),
(5.2) 1 = y-1xo— 1€ (—1,0).
Thus we have following:

(5.3) Ty = zoy1 — 1€ (-1,0),

(5.4) Y2 = yor1 — 1€ (-1,0).
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So, by using (5.1)-(5.4) and induction, we get z,, € (—1,0) and y,, € (—1,0) for all
n > —1. O

6. STABILITY ANALYSIS OF SYSTEM (1.1)

In this section, we investigate the stability of system (1.1). Further, we find
out negative equilibrium point of system (1.1) is locally asymptotically stable and
if initial values are in (—1,0), then solutions of system (1.1) converge to negative
equilibrium point. But we discover the positive equilibrium point of system (1.1)
is unstable.

Theorem 10. Negative equilibrium point (Z1,71) of system (1.1) is locally asymp-
totically stable.

Proof. System (1.1) is equivalent to following system of difference equations:
(61) tn-‘rl =1—"tn_1Wn, Wn+1 = 1 —wp_1ty, n= Oa la 2) ey

with change to variables x,, = —t,, and y,, = —w,,. From this, negative equilibrium
point (Z1,%;) of system turn to positive equilibrium point (¢,w) of system (6.1).
We can clearly seen that

) ):<\/5—1 \/5—1>

t
(tw) = (Y55

Now we study linearized form of system (6.1). For this, we consider the transfor-

mation:
(tnytn—1, Wn,wn—1) = (hyh1,k, k1),
where
h = 1—t,_1w,,
hi = tn,
k= 1—w,_1ty,
ki = w,.

Therefore we have the Jacobian matrix about equilibrium point (¢, w):

0 —w -t 0

o 1 0 0 0
Bto)=1 _45 o o -7
0 0 1 0

Thus, the linearized system about the equilibrium point (¢, @) = (‘/5_1, ‘/5_1) is
Xn11 = B(t,w)X,, where X,, = ((tn,tn,l,wn,wn,l))T and

— -5
(1) 1 (2)\/3 1 (2) 5 g
B(ta QI)) = 1_2\/5 0 0 1—2\/5
0 0 1 0
So, the characteristic equation of B(%.
5—-3
(6.2) M- ( f) =0.
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Hence, we have four roots of Eq.(6.2):

1 23 11
A1:2\/5_3f_2 ?—3\/520.30902—0.72287@

1 23 11
)\2——2\/5—3\/5—2 2 3 5= —-0.30902 + 0.722 873,

1 23 11
A3:2\/2 5 5 —3v5 + 5 = 0.30902 + 0.722 87,

1 23 11
A4:_2\/2 55 5—3v5+5=—0.30902 — 0.722 87i.

Due to

|)\1| = |)\2‘ = |)\3| = |)\4| =0.78615 < 1,
and from linearized stability theorem, all roots of the characteristic equation lie
inside the unit disk. So, the positive equilibrium of system (6.1) is locally as-
ymptotically stable. Therefore, the negative equilibrium of system (1.1) is locally
asymptotically stable as desired. (Il

Theorem 11. Let x_1,x0,y—1,%0 € (—1,0). Then every solutions of system (1.1)
converge to negative equilibrium point (Z1,791) of related system.

Proof. Let x_1,20,y—1,% € (—1,0). Then, from Theorem 9, every solutions of
system (1.1) is bounded. Additionally, we consider system (6.1) from Theorem 10’s
proof. Hence, we have that if z_1, zo,y_1,y0 € (—1,0) then t_1, g, w_1,wp € (0,1).
Therefore, t,, € (0,1) and w, € (0,1) for n > —1. Thus, we take

L; = lim supt,, Lo = lim supw,,

(6.3) l1 = lim inft¢,, lo = lim infw,,.

Thus, we obtain from system (1.1) and (6.3):

(6.4) L < 1-1Li-ls,
(6.5) i > 1-11- Lo,
(6.6) Lo < 1—1Io-1i,
(6.7) b > 1—1ly-L.

Hence we have from (6.4) and (6.7)
1=l <L lp <1~ Ly,

S0

(6.8) Ly < ls.
Similarly, we have from (6.5) and (6.6)

(6.9) Ly <1y

In addition, we know that,

(6.10) Iy <Ly and Iy < Lo.

Therefore, we get from (6.8), (6.9) and (6.10)
L <L <l <Ly <y
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So, we obtain that

li1 =L =1y = Lo.
Thus, if the initial values lie in (0,1) then the every solution {(t,,w;)} of system
(6.1) tends to positive equilibrium point (£, w) of system (6.1). Due to the fact that
positive equilibrium point (%, w) of system (6.1) is negative equilibrium point (%1, 71)
of system (1.1), every solution of system (1.1) tends to negative equilibrium point
(Z1,91) which the initial values in (—1,0). So, the proof completed as desired. [

Theorem 12. Equilibrium point (T2,72) of system (1.1) is locally unstable.

Proof. Firstly we study linearized form of system (1.1). For this, we consider the

transformation:
(s Tn—1,Yns Yn—1) = (fs f1,9,91)
where
= Tpayn—1,
fi = Zn,
9 = Yn-1ZTn — 1,
g1 = Yn.
Therefore we have the Jacobian matrix about equilibrium point (Z, 3):
0 g z 0
_ 1 0 0 0
B(z,9) = g 0 0 z
0 01 0

Thus, the linearized system about the equilibrium point (Z,y) = (1+2 )2

S
—
+
S
N~—
7

XN+1 = B(iag)Xn where X,, = ((xnvxnflaynvynfl))T and
0 1+v5  14+V5 0
1

2 2
o 0 0 0
B(x,y) = 145 0 0 1+v5
2 2
0 0 1 0

So, the characteristic equation of B(Z,y) is

N <5+3\/5 2, 3tVE

(6.11) + =0.

2 2

Hence, we have four roots of Eq.(6.11):

A= ;\/3\f—21/121\/5+223+5:0.69848,
Ao = —;\/3\/5—2,/121\/5+223+5=—0.69848,
Ay = ;\/2./121\/5+223+3\/5+5=2.3165,
Ay = ;\/2\/121\/5+223+3\/5+52.3165.
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Because of

[A1,2] <1< |A34],
and from linearized stability theorem, two roots of the characteristic equation lie
inside the unit disk but the other roots lie outside the unit disk. So, the positive
equilibrium of system (1.1) is locally unstable. ]

7. NUMERICAL EXAMPLES

Now, we present some numerical examples for verify our theoretical results of
previous sections.

Example 1. Consider the system (1.1) with initial values x_1 = T1, 9 = T, y_1 =
Y2,Y0 = Y1- Then, the system (1.1) has periodic solution with prime period two.
The Figure 1 verifies our theoretical results (See Theorem 3).

FIGURE 1. Plot of system (1.1) for initial values x_1 = &1, zo =
T2, Y-1 = Y2, Yo = Y1

Example 2. Consider the system (1.1) with initial values x_1 = 0,20 = —1,y_1 =
0,90 = —1. Then, the system (1.1) has periodic solution with period three. The
figure 2 and figure 3 verify our theoretical results (See Theorem 4).

—_— Xy

FI1GURE 2. Plot of x,, for initial valuesxz_1 =0, zg = —1, y_1 = 0,

Yo = —1.
Example 3. Consider the system (1.1) with initial values x—y = 328 25 =
%ayﬂ = Q%ngayo = % Then, the system (1.1) has eventually periodic so-
lution with period three. The figure 4 and figure 5 verify our theoretical results (See
Theorem 5).
Example 4. Consider the system (1.1) with initial values x_1 = —0.1,zy =

—0.8,y_1 = —0.9,y0 = —0.2. Then, solution of system (1.1) converges to nega-
tive equilibrium point (Z1,71). The Figure 6 verifies our theoretical results (See
Theorem 11).
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F1GUure 3. Plot of y,, for initial values x_; =0, zg = —1, y_1 =0,

Yo = —1.
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FIGURE 4. Plot of z,, for initial values initial values x_1 = %,
o — 208 __ 287793 _ 5
0= 1539> Y-1 = 3328 » Y0 = 112"
5
al
af —
1k
1]
& 1 20 25
L
FIGURE 5. Plot of y, for initial values initial values x_; = %,

__ 287793 5

_ 208
L0 = 1539> Y-1 = T3328 » Y0 = 113"
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