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Abstract

Path integral Monte Carlo simulations and closure computations of quantum fluid triplet structures
in the diffraction regime are presented. The systems selected are helium-3 under supercritical
conditions and the quantum hard-sphere fluid on its crystallization line. The fourth-order propagator
in the form given by Voth et al (helium-3) and Cao-Berne’s pair action (hard spheres) are employed
in the path integral simulations; helium-3 interactions are described with Janzen-Aziz's pair
potential. The closures used are Kirkwood superposition, Jackson-Feenberg convolution, the
intermediate AV3, and the symmetrized form of Denton-Ashcroft approximation. The centroid and
instantaneous triplet structures, in the real and the Fourier spaces, are investigated by focusing on
salient equilateral and isosceles features. To accomplish this goal, complementary simulations and
closure calculations at the structural pair level are also carried out. The basic theoretical and technical
points are described in some detail, the obtained results complete the structural properties reported
by this author elsewhere for the abovementioned systems, and a meaningful comparison between
the path integral and the closure results is made. The present works intends to shed some more light
on the incipient general knowledge of this topic (e.g., the very slow convergence of path integral
calculations, the behavior of certain salient Fourier components, such as the double-zero momentum
transfers or the equilateral maxima, etc.). Also, closures are proven to provide valuable information
on these computationally demanding quantum problems, over a wide range of conditions and at a
much lower cost. Thus, the study with and the further development of closure approaches, in the real
and the Fourier spaces, do appear as targets well-worth pursuing in this context.

Keywords: quantum fluid triplets; diffraction regime; path integral Monte Carlo; closures;
supercritical helium-3; quantum hard spheres

1. Introduction

The equilibrium description of the quantum monatomic fluid structures at the pair level (n = 2),
in the diffraction and Bose-Einstein regimes, can be achieved using Feynman'’s path integrals (PI)
[1,2] combined with computer simulation methods, i.e., path integral Monte Carlo (PIMC) and path
integral molecular dynamics (PIMD) [3-14]. (The Fermi-Dirac regime is out of the conventional PI
practical applications and requires a special PI formulation [15,16]; see below). The usual PI
framework is directly expressed in the coordinate representation and its success at the pair level
prompts the interest in undertaking the study of the quantum triplet-structural level (n = 3) [17-
19]. Although fluid triplet structures in general cannot be obtained via radiation scattering
experiments today [20-24], the equilibrium structures in statistical mechanics behave in a hierarchical
manner [25-28] and the triplet step forward in the quantum domain is needed. This task implies the
numerical determination of an involved variety of structural functions, i.e., gs(ri2,713,723)
correlation functions in real space (r-space) and S ®)(ky, k,, ¢) structure factors in the reciprocal
Fourier space (k-space) [19,29-35]. The different nature of these functions depends on the external
field ¥ applied that makes them show up.
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As a matter of fact, the triplet-structural task for monatomic fluids may be regarded as already
accomplished in the classical domain [36-59], where computer simulation methods (Monte Carlo
(MC) and molecular dynamics (MD) [41,45,46,48,51-55,57]) and theories based on integral equations
and closures [17,20,25,36-40,42-47,49,50,52,53,55,57,58] have been utilized. (Closures are cost-
effective theoretical approaches that try, in general, to infer n-level structures from the knowledge of
the lower-level n’ <n structures; n’ and n denote the elemental number of particles involved).
Given that PI computer simulations can be regarded as appropriate “translations” of their classical
counterparts [4,5,9], the parallel experience accumulated in the classical domain is a precious asset to
tackling the quantum triplet-structural challenge. The same can be said of closures, which were used
to deal with classical and quantum structures alike, regardless of their original motivations and
derivations [17,20,25,36,60,61]. Nevertheless, the complexities of the quantum domain have led to
consider some special features that escape the classical analogies [19].

Therefore, the quantum fluid triplet program to be followed not only shares the same general
reasons that guided the corresponding classical developments, but also must include the new aspects
arising from the distinct quantum behaviors. Among the general reasons, one may mention the
following: statistical thermodynamics questions beyond the usual pairwise approach, the
characterization of the freezing transition, the understanding of the selection between crystal lattice
sites, the discussion of glass-forming liquid properties, multiple scattering phenomena, and the
calculations of transport coefficients and time-dependent properties (e.g., the dynamic structure
factor). Among the new aspects, which in a sense extend the scope of the latter reasons, one may
mention the following quantum problems [6,9,14-19,62-64]: the variety of the distinct fluid responses
to external fields, the effect of quantum fluctuations on the formations of crystals and glasses, the role
of phonon-phonon interactions in superfluid systems, and the fixing of spin-resolved fluid structures.
In connection with these problems, from the scarce initial results on quantum fluid triplets obtained
so far, one observes intriguing behaviors of order parameters on the crystallization lines of liquid
para-Hz [33] and the hard-sphere fluid [34]. In addition, triplet closures have been proven to capture
more quantum traits than expected and their usefulness deserves further investigation [19,34,35].

Now, some comments on the difficulties that one encounters when tackling quantum fluid
triplets are in order. In the classical and the quantum domains, the dimensionality of the triplet
structural functions for a homogeneous and isotropic monatomic fluid is 4-D, with conceptual and
computational reasons increasing the complications in the quantum case. The simplest thermal
quantum behavior is that of the diffraction effects (i.e., interference phenomena among delocalized
atoms, whose magnitude cannot be disregarded); this behavior ignores any possible spin feature of
the indistinguishable atoms (or the model one-site particles) composing the fluid. Such diffraction
behavior can be observed in every system subjected to low-temperature conditions, but the applied
temperatures are to be sufficiently high as to make the spin features negligible [1,2,4,9,12-14]. The
spin features become fundamental at very low temperatures and add further intricacies to the fluid
descriptions: (a) for integer spin atoms, one faces Bose-Einstein exchange statistics (BE) [2,9-11,65];
and (b) for half-odd-integer spin atoms, one faces Fermi-Dirac exchange statistics (FD) [2,15,16,65].
Typical examples of monatomic systems that can show these exchange regimes are liquid *He (zero-
spin atoms, BE) and liquid 3He (one-half spin atoms, FD), for which diffraction effects dominate their
behaviors so long as the temperatures are T 2 2.17K and T > 1K, respectively [65]. Below these
temperature limits the corresponding BE and FD behaviors cannot be neglected (*He even enters the
BE regime for T < 2.7 mK) [65].

Interestingly, and focusing on the structural questions, the diffraction and zero-spin BE regimes
admit a common general framework in that, by paying attention to their distinct peculiarities, they
can be dealt with by using Pl in its conventional original form [9-14,19]. However, nonzero-spin cases
require special PI developments; for BE statistics see Reference [66], whereas for FD statistics see the
recent works in References [15,16] that use Wigner’s formulation of quantum mechanics [67-69]
combined with PIMC simulations (WPIMC). (Note that, when studying FD conditions with PI, any
proposed method must cope with the so-called “sign problem” [15,16,70-73]). Therefore, with the
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addition of WPIMC, the basic methods for computing monatomic fluid structures via PI have been
put forward and are, in principle, applicable to the foregoing quantum regimes. However, although
the problem of pair-level structures involves affordable PI computations, the current situation for
triplet structures is not so nice, even in the thermal quantum diffraction regime. This work deals with
this latter regime and the presentation concentrates on it hereafter.

The thermal quantum diffraction regime may be visualized through the well-known PI image
of necklaces composed of beads for representing the actual quantum atoms/particles. Despite the
many PI mathematical intricacies, this allows one to study the quantum fluid and its interactions with
external fields in a very intuitive way [4,9,12-14,74-76]. Thus, for example, an actual fluid composed
of N atoms is represented, in the end, by a PI model consisting of N necklaces with P beads apiece
(P > 1 is an integer that becomes greater with increasing quantum effects and is to be optimized);
thus, there is a one-to-one correspondence between thermally quantum delocalized atoms and
necklaces. Through various applications of linear response theory [27,28,77], adapted to the treatment
of the quantum domain [14,19,32,78,79], three general classes of fluid structures can be identified and
defined in terms of inter-bead/inter-necklace distances in real space. One finds the following classes:

(a) centroid {gCMn, Sg\l,,)} , abbreviated to CMn (a centroid is the “center of mass” of its necklace);
n=2,3,...

b) instantaneous {ggrn, S ) , abbreviated to ETn; and (c) total thermalized-continuous linear
ET
n=2,3,...

response {GTLRn, S;%}nzz L abbreviated to TLRn. As seen, the basic pattern per n-level is the same

for every fluid class: one correlation structure g,/G, associated with real space plus one structure
factor S™ associated with its corresponding reciprocal Fourier space. Each of the foregoing classes
is related to the fluid response to a type of external weak field ¥; within a class, the connections
among its functions are far from straightforward, since their formal complexity increases with the
order n [19,32]. A warning is in order here: for structural purposes, depending on the PI-scheme
selected to carry out the fluid study, there may be beads that are not significant and must be
disregarded; for generality, the number of structurally significant beads per necklace will be denoted
by X hereafter (in normal practice, one finds either X = P or X = P/2) [9,12,14,76]. The centroid and
instantaneous quantities are formulated in ways similar to that of the familiar classical domain [26—
28]; however, in the total thermalized-continuous linear response case, one faces more entangled
formulations [14,19,32].

Furthermore, it is worth remarking that radiation scattering experiments allow one to obtain the
pair-level ET2 and TLR2 structures [21-24]; these structures are defined by the actual atoms
composing the sample, because atoms interact effectively with the external field. However, given that
the (small) intensity of the triplet contribution is hidden in the whole intensity of the outgoing signal
[20], no structural function can be experimentally determined beyond n = 2. As for the centroid
class CMn, although not even the pair CM2 structures can be directly obtained in any experiments
(centroids cannot actually couple with any fields), its importance as an intermediate theoretical object
cannot be overemphasized, as its usefulness is astonishing. In this regard, centroid structures do
follow the same rules as those of a classical fluid [19,30,78], and their applications cover from the
exact connections with the fluid equation of state to order parameters for charactering quantum
samples to appealing approximate formulations of quantum dynamics, and even to certain BE
exchange questions [6,7,12,14,19,30,78-95].

The foregoing comments on the distinct quantum structural classes point to the greater
complexity of the quantum studies as compared to the more reduced scope of their classical

counterpart, where only one class of structures { Jon S én)} , abbreviated to Cn, exists. (Note that
n=2,3,...

Cn can be extended further to incorporate, in a formally exact way, the n-body direct correlation
functions ¢, [37,38,40,45]). Nevertheless, these theoretical reasons are just half the issue. The other
half includes the practical causes behind the current scarcity of quantum triplet structure applications
using “exact” path integral methodologies, and it is considered below.

PIMC computational studies on triplet structures in homogeneous and isotropic quantum
monatomic fluids [19,29-35] have focused mostly on the equilateral and isosceles features of the
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instantaneous ET3 and the centroid CM3 structures. PI simulation work needs powerful
computational resources and time-consuming runs; the results so obtained are “exact”, that is, with
controllable statistical errors. Therefore, the desired accuracy of the numerical answers can be
increased, but at the expense of more calculations. Such a fact has its ramifications. In this connection,
one must consider the PI sample size, which leads to the analysis of the expanded configurational
space resulting from the introduction of the necklaces and their associated beads: for a system of N
actual quantum atoms, the dimensionality of the configuration space is 3N, whereas for its P model
the corresponding dimensionality is 3NP. Moreover, the number of different quantum structural
classes mentioned above magnify the task. Roughly speaking, one finds in PI work that: (a) centroid
structure calculations scale with N, as in their classical counterparts [41,48]; and (b) the instantaneous
and the total thermalized-continuous linear response calculations, apart from the usual N-
dependence, also scale with X and X", respectively [19,29,32]. Furthermore, aside from the 4-D
character of the triplet functions, structure factors in simulation work are fixed via the scanning of
appropriate sets of wave vectors, because the latter must: be commensurate with the basic box in
which the sample is contained [46], and target independently the three different classes of structures
[33]. Therefore, the quantum diffraction situation contrasts sharply with that of the classical
monatomic fluid composed of N atoms, where the configuration space has a dimensionality 3N and
only one class of structures is to be targeted. Owing to these difficulties, in the quantum treatments
of the classes CM3 and ET3, the introduction of closures and direct correlation functions c;
[17,25,38,45,47] can be expected to play a significant role [19,29-35]. However, although these
mathematical tools augment the reach of the conceptual framework and are intended to diminish the
computational overload, their quantum applications are not free from uncertainties [19,45], as
happens (to a lower extent) in the classical domain.

The aim of this work is to continue the study of fluid triplet structures in the thermal quantum
diffraction regime. Two systems that were analyzed by this author in pilot investigations are selected:
helium-3 under supercritical conditions [19,35,96], and the quantum hard-sphere fluid (QHS) on its
crystallization line [19,34,97]. PIMC simulations are performed for both systems in the canonical
ensemble. The PI propagators selected are: (a) for helium-3, the fourth-order propagator in Voth et
al’s form [12] (SCV], based on the Suzuki-Chin’s developments [98,99]), its application involving the
use of Janzen-Aziz’s SAPT2 interatomic potential [100]; and (b) for QHS, Cao-Berne’s pair action [76].
Also, complementary closure calculations are reported; the following closures are utilized: Jackson-
Feenberg convolution [17], Kirkwood superposition [25], the intermediate closure AV3 [34], and
Denton-Ashcroft approximation in symmetrized form [47]. Obviously, exhaustiveness in this study
is not attempted since, for the time being, the computational load involved would be immense.
Rather, the current work adds up to the knowledge of these two systems by exploring quantum triplet
properties under very different fluid conditions: far and near the first-order fluid-solid transition.
The results focus on salient triplet features (equilateral and isosceles) of the centroid and
instantaneous structures, by covering spatial correlations in helium-3, and structure factors in
helium-3 and QHS. Path integral and closure results are compared, and a number of further
procedural and structural conclusions are drawn.

The outline of this article is as follows. Section 2 contains the basic PI theory. Section 3 describes
the PI triplet centroid and instantaneous structural concepts. Section 4 focuses on the triplet closures
utilized in this work. Section 5 gives the computational details, and Section 6 the results and their
discussion. Finally, Section 7 collates a number of closing remarks and perspectives for future work.

2. Path Integral Background

In the study of quantum monatomic fluids, one utilizes the usual statistical ensembles [1,2,26—
28]. For constraints defining a closed system there are the canonical (N,V,T) and the isothermal-
isobaric (N,p,T) ensembles, while for constraints defining an open system there is the grand
canonical ensemble (u,V,T). The variables, whose values are held fixed in each case, are the number
of particles N, the volume 7V, the temperature T, the pressure p, and the chemical potential u. Within
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the conventional statistical mechanical treatments, the atoms composing the system under study are
considered structureless particles, their spatial positions in the system being defined by those of their

nuclei {rj}j=1 , - The latter reduction is consistent with the experimental techniques that reveal

the actual existence of fluid structures [20-24,27], and it implies that the electronic degrees of freedom
have undergone a quantum mechanical averaging process for setting an adequate potential energy
interaction function V®™(r;,r,,...,ry) (non-collapsing and tempered [28]). Such an operation is
rooted in the Born-Oppenheimer approximation [101]. In the absence of any external field ¥, the
whole situation for a quantum system is contained essentially in the canonical density matrix given
by the operator exp(—,BH(EN)) [2,4,9,28]. HéN) stands for the isolated system Hamiltonian, which is
built as H™ = T™ + V™, where one includes the operators for the kinetic energy, T™ =
—(h?/2m) Y. f V]?, and the potential energy, VM (r,, 1y, ..., Ty). Once the form of HéN) is fixed, the
canonical partition function Z Q arises as the trace of the density matrix, Z e(N,V,T) =
Trlexp(~BHSM)] [2,26,28], which allows one to set the basic thermodynamic connection A =
—kpTInZ?, where A stands for Helmholtz free energy. The definitions of the partition functions for
the isothermal-isobaric or the grand canonical ensembles are straightforward using Z¢ [26,27].
Within this context, recall that there is a Wick rotation contained in the formal equivalence
exp(—fH) = exp(—iHY/h), where H stands for a time-independent Hamiltonian and 9 for real
time. The definition of an imaginary time as 7 = 4 follows from that equivalence [1,2], and t
emerges as a thermal quantum variable for the characterization of equilibrium states. Furthermore,
to give operational forms to the partition functions, one uses the Pl approach and obtains their proper
adaptations [4,8,9,11,12,76,102,103]. To introduce the basic concepts, attention will be given to the
canonical ensemble questions in this Section.

2.1. PI Canonical Partition Function

When using the PI formalism [2], every atom/nucleus j is represented by an elastic path r;() in
imaginary time 0 < 7 < Bh. The general form of the path-integral canonical partition function of a
monatomic quantum fluid, e.g., composed of helium atoms, with all the atoms in the same spin state,
can be written in the canonical ensemble as [2]:

N
1
ZQ(N’ v, T) = Tr[exp (—ﬁHéN))] = mz Tp f f rj(0)=r; HDI'](T)dr](O) X
P rj(Bh)=Pr; j=1 (1)

2

exp [_ % foﬁh (Zy:l M + V(N) (rl (T)r I, (T)' v Iy (T))) dT]’

The symbol P runs over the N! permutations among the N indistinguishable atoms, mp is
the sign of the permutation P (i.e., +1 for every boson permutation; +1 for fermion permutations
that, depending on their parity, is +1 for even P or —1 for odd #). In Equation (la), the

integrations cover all the configuration space associated with the particle paths {r; (T)}j=1 , v the

symmetry constraints are denoted by the conditions at 7 =0 and t = f, which imply that the
particle paths may interlink for P #Identity in a large variety of ways. The exp-factor contains the
action in imaginary time, where: T, stands for the derivative with respect to 7, and V™) is the
potential energy function acting at equal-t “instants”. Equivalently, Z? can also be cast in the
coordinate representation as [2,4,9]:

200, v,1) = Tr{exp (—pH{™)} = 235w [ dr® (1¥]exp (—H{)|PrY), (1b)

where dr" = drydr, ...dry is the 3N —dimensional volume element of the configurational space of
the N actual atoms, |r") is the ket of position states |ry, T, ..., Iy), and the permutations act on the
particle position states as |Pr") = |Pr;,Pr,, ..., Pry). At sufficiently high temperature, only the
identity permutation contributes to effectively shape Equations (1), the BE or FD quantum statistics
features can be neglected, and both exchange situations lead to the same general result in the form of
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“distinguishable” delocalized atoms (this is nicely illustrated by helium systems [9,96]). Such a
situation is that of thermal quantum diffraction/dispersion effects, for which the PI canonical
partition function reads as [2,4]:

N
N 1

ZP(NV.T) = Tr{eXp (=BH, ))}D - MJ- i.(o)q.(ﬁmnprj(r)drjm) g

J J j=1 (2&1)

o[22 (2 v 0,10

where every atom j is represented by an elastic closed path r;(7) inimaginary time, such that r;(0) =
1;(fh). In the coordinate representation, Equation (2a) reads as follows [4,9]:

2°W,V,1) = Tr{exp (~H{)} = % f drV <r”|exp (—ﬁﬂg”))|rN>. (2b)

In Equations (2), although only the identity permutation is retained and the atoms can be
“numbered”, the presence of N! as the remaining factor of the true indistinguishability among the
atoms is to be noticed; the presence of h, as a factor necessary to guarantee the correct
dimensionality, is also to be noticed. (Both N! and % are indispensable for the formulation of the
classical partition function [2]). In general, for many-body system studies, Equations (1b) and (2b) are
the practical forms of the partition function that serve as starting points to develop the PI-discretized
numerical approaches [4,9,12,76].

In this work, attention is focused on Equation (2b) and its connections with the incorporation of
weak external fields Y™ acting on the atoms/nuclei/particles of the quantum fluid. The fields define
the three classes of equilibrium structures { 9 S (")} in a fluid under quantum diffraction conditions,
with linear response theory being instrumental in the corresponding derivations. In this context, the
specific nature of the field and its interactions with the atoms/nuclei/particles are determinant, which
contrasts with its classical counterpart [19,27,32,77-79].

In this connection, some cautionary remarks are to be made. The discussion in this Section
considers the path-integral case involving weak continuous fields, which is a situation amenable to
classical-like treatments and allows one to introduce most of the basic concepts. It so happens that
the total thermalized-continuous linear response (TLRn) and centroid (CMn) classes are directly
linked to the following developments [14,19,32]. However, the instantaneous class (ETn) escapes such
a direct treatment based on continuous fields, owing to the localizing fields involved in its definition.
Despite the previous remark, Equation (2b) serves equally well the purposes of formulating the
instantaneous structural functions at any n-level, because the underlying arguments involved are
also associated with linear response theory [9,19,27]. The structural facts relevant to this work (CMn
and ETn) are considered in the next Section.

2.2. The Action of Weak External Continuous Fields

In the presence of a weak external continuous field ¥, acting as W™ =YY, ¥(r;), the
canonical partition function for diffraction effects can be cast in the coordinate representation as [14]:

ZP(N,V,T; W) = Tr{exp (—B(HS" + ‘P(N)))}D =

. - 3)
L[dr® <rN|eXp (—BH™ + lpUV)))|rN>.

The operators HéN) and HM = HéN) +¥®™ are assumed to be self-adjoint, having complete
sets of eigenvectors and eigenvalues. (To generalize the right-hand side of Equation (2a) by including
¥, the action integral should contain the term ) (r1 (1), (1), ..., Ty (‘[))) . To obtain general
operative forms, one applies to the density matrix operator the identity [9]:

X factors

exp(—BH™N)) = exp(—BHM /X) exp(—fHM /X) ...exp(—BHM /X)) . ()
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Next, one inserts in Equation (4) (X — 1) spectral resolutions of the identity in the coordinate
representation, i.e., [drVt|rVt)(rM| =1, where t*=12,..,X, [r™)=|rf,rf,...,rf) and
drVt" = drfdrf’...dr. Then, by denoting r™! = r", Equation (4) reads as:

ZP(N,V,T;¥) = lj dr¥tdrV? . drNX (rVtexp (—-BHM /X)|rV2) x
N! (5)
(rV2|exp (=BHM /X)|rV2)(rV23|exp (—BHM /X)|rV*) ... (rV*| exp(=BHM /X)) [r™'2).

Now, Equation (5), which is an exact expansion, needs explicit forms for the propagator
* () *
<rN't exp (— 'BHX )|rN't +1>, where the cyclic property t*+1=X+1=1 is to be applied. In
addition, for every atom j, the latter property brings forth discretized closed trajectories: r]-t*=1
1-].“:2 - . rjf*=X - rjf*=1. In the limit X — o, any r;(t") trajectory transforms into a closed continuous
path r;(r) in imaginary time [2,9]. Therefore, any r;(t*) trajectory takes place in real space and

=

evolves in imaginary time according to the “time”-step fh/X (see further details below). The
foregoing general propagator, defined in the coordinate representation, takes nonnegative values [9],
a decisive fact that guarantees the existence of probability densities in the related PI formulations.
Note that the selection of the size of the imaginary time-step will influence the propagator form. Also,
one must bear in mind that the kinetic energy operator T™) does not commute with the potential
energy operators V™) and W®™); hence, H™ does not commute with ¥®) either.

Given that the PI partition function in the associated configurational space is consistent with a
proper statistical analysis, the set of PI elastic closed paths is equivalent to a statistical distribution of
closed paths. Factors that affect such statistical distribution are: (a) the symmetry among the N

descriptions {rj(t*)}j:lz v of the particles, and (b) the packing of the particles and/or other

parameters relevant for the system description [4-9,12-14]. In relation to this, the actual bulk density
of a system is taken as the number density py (e.g., for N particles in a fixed volume 7V, the density
is py = %)

The formulation of structures based on developments of Equation (5) is a delicate matter, and
one should deal first with the questions involving HéN) and ¥Y™). One can proceed by applying the
straightforward operator relationship [14]:

exp (— ﬁHX(N)) = exp (— )E( [HéN) + lPU")])=exp (— p"y(N)) exp (— ﬁHT‘(’N)> exp (— BW(N)) +0(X73), (6)

2X 2X

which arises from the Baker-Campbell-Haussdorf formula for the exponential operator built as the
sum of two non-commuting operators [104]. Potential energy operators are diagonal in the coordinate
representation, ie., WM|rNt™+1) = [pNIHYPM (pNEHL) 5 fact that leads to the Pl-discretized

approximation Zp, for the canonical partition function [14]:

ZP(N,V,T;¥) ~ ZB,(N,V,T; ¥) =

7)
1 ! % * * * (
Ty e (15 Jexp (=pHSY 1000+ x exp (- £ T, TE L, wa ),

where X' implies the abovementioned cyclic property t*+1 =X+ 1= 1 for the t* —product. The
foregoing partition function is accurate up to terms O(X~2). In the limit X — oo, one retrieves the
actual ZP(¥), since the operators HéN) and Y@ are self-adjoint and make sense separately, as
required by Trotter’s analysis [3,9] (the same applies to T™) and V™ regarding questions that
involve the isolated HéN) operator [9]). Given that the propagators contained in Equation (7) must
be nonnegative everywhere in the configuration space corresponding to the set of variables {r¥*},
it is easy to identify the underlying probability density of this formulation. Therefore, classical-like
statistical developments and calculations involving Zp, can be performed, and X represents a
compromise between statistical convergence and theoretical accuracy (i.e., X = ) [3], which means
that X can be properly optimized for the problem under study. Remarkably, linear response theory
utilizes the structural functions of the isolated-from-¥ fluid, that is, those functions derived from the
consideration of H™) = HéN) alone. Hence, questions on the accuracy of the structures obtained
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through the use of Equations (6) and (7), related to the number of “instants” X, are merely formal,
because one can optimize X by analyzing just the isolated-from-¥ fluid structures.

2.3. Propagators for the PI Discretized Canonical Partition Function

At this point, it is convenient to discuss the options for the propagator
<rN't*|exp (—,BHSN)/X)|rN't*+1> in the absence of ¥, which will give final forms to Z},. For structural

studies, there are three main types of propagators: primitive [4-9], pair actions [9,76], and the fourth-
order SCV]J [12,98,99]. (See also another fourth-order propagator version in Reference [105]). Two
main interrelated facts take part in their derivations. First, there is the form in which the imaginary-
time step is chosen. Thus, if § is divided into X = P equally-spaced intervals, with the step-unit set
to /P (P = arbitrary integer > 1), one will deal with the primitive or a pair action propagator.
However, if a double step 2f3/P is selected, making P be an even positive integer, i.e,, X = P/2,
one can deal with the SCV] propagator. In the end, for practical and consistency reasons, the final
number of intervals will be P, regardless of the type of propagator selected, although the roles of the
interval ends may not be equivalent in the final description achieved (e.g., the SCV] case). Second,
there are different choices to deal with the noncommutativity between T®) and V™. These choices
are in the roots of the picture of N necklaces with P beads apiece for the discretized closed paths in
imaginary time, r;j(t"), of the particles: such N X P picture is common to the three types of
propagators considered. In this connection, for a sufficiently large P, the three propagators yield the
same final description; thus, a critical issue in PI calculations is the distinct statistical convergence
rates that, depending on the optimal P, can be achieved with each type of propagator [9,12,14,76].

Although for specific details the reader is referred to the References quoted above, for the current
purposes, it is worth stressing that the general form of ZP, can be cast as [9,12,14]:

ZBWIN Y, T W) =
3NP P

=
) j drVt x exp(—Wyp(rl, r2,..xf, ..., x5 B, h,m)) X (8)
1

t=

1 ( mP
N!'\27Sh?

ﬁ *
exp (- 3V, 2E L, w@)),

where X = P or P/2 and, for notational simplicity, two symbols to denote the beads, t and t*, are
employed. The relations between the bead sets {t = 1,2,...,P} and {t* =1,2,..,X} are explained
below (the t* elements coincide with choices extracted from the t set) [14].

In Equation (8), the integrations cover the whole 3NP -dimensional configurational space
associated with the N closed necklaces, j = 1,2, ...,N; each necklace is composed of P beads, t =
1,2,..,P. Wyp contains the specific connections/ interactions among all the beads in the sample,
thereby being an “effective potential” for the resulting classical-like set of N x P beads. Thus, one
finds the so-called (semi) classical isomorphism [4], in which the Wyp form containing the bead
interactions depends on the propagator selected and, also, on £,m, and A. While for the primitive
and pair action propagators the situation is straightforward (X = P), the SCV] derivation doubles
necessarily the initial number X of instants, t* =1,2,...,X = P/2, by adding P/2 intermediate
instants to the initially closed X-trajectory [12]. Therefore, the complete SCV] bead set is renumbered
according to the total number of beads P, t =1,2,3,..,P — 1,P, and the odd-numbered ones are
associated with the field-bead interactions, as stated in Equations (7) and (8). Linear response theory
[14,77] uses such interactions in its derivations and, therefore, one can anticipate that the significant
beads for the definitions of structures will be as follows: (a) for the primitive and pair action
propagators, X =P and t* =t =1,2,,3..,P, with all the beads being significant and equivalent;
and (b) for SCVJ], X = P/2 and t =1,2,,3 ..., P, with the odd-numbered beads playing the role of the
t* initial ones, t* =t = 1,3,5, ..., P — 1, these being the significant ones and also equivalent among
themselves. (Equivalent means that the mathematical treatment is the same for every bead in the
sample).
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It may be worthwhile to highlight some facts contained in the foregoing discussion. Each closed
path contains X marked imaginary-time instants (X = P or X = P/2), such that: conventionally,
t* =1 corresponds to 7, =0=fAa,t" =2 to 1, =%, t*=3 to 14 =2;;h,..., and t* =X to 1ty =

@. The continuous description is retrieved in the limit X — oo, which may seem obvious but

runs deeper than one might think at first sight, as no errors creep in the process (i.e., Trotter’s
theoretical accuracy) [3,9]. Moreover, note that the taking of the imaginary-time originat 7; = 0 has
nothing special; it could have been taken at any other 7, instant of the X-sequence, since
translational T —invariance must hold. In this regard, the only requirement is that once the origin is
chosen, it must be applied to every atom/nucleus/particle path in the system for consistency reasons
[9]. The imaginary-time evolution is periodic in that 0 = f#, as is customary in Fourier analysis (this
does not mean that § = 0 whatsoever!). Finally, the recipe for structural studies: all the beads are
significant in the primitive and pair action cases, although only the odd-numbered beads are
significant in the SCV] case.

For the reader’s convenience, the explicit forms of the effective potential Wyp dealt with in this
article are worth giving. The optimal P discretization is assumed in each case. For helium-3, the SCV]
propagator leads to [12]:

R D WL o i T X B WO FER) W)

j<l t—odd t—even

1,3,5,..,P—1 2,4,6,...P

2 ©)
t
B2h? N . Z ou(rf) S I Z Z au(
3 X t Jjl - ]l ’
I(m sy )P J=1 t—odd %) arﬂ t—even ¥
1,3,5,.,P-1 2,4,6,...P

where m =msy, is the atom mass, use is made of the pairwise interaction approach V™ =
Yj<«u(ry) involving the pair potentials u(r;), 7 = |rf —rf|, the primed P’ denotes the cyclic

property t+1 =P+ 1 =1, the parameter « is a real number in [0,1], and 7, is the unit vector
t

. Note that the interactions between beads occur if and only if the beads share the same t-label, and
]l

that a recommended value for a is @ = 1/3 [12]. Furthermore, the nonequivalence between even-
and odd-numbered beads is apparent; it influences not only the structural calculations but also the
thermodynamic ones, although in quite different practical forms (e.g., in thermodynamic evaluations
using a = 1/3, all the beads play a role) [12,14,96,97]. The SCV] propagator is accurate up to 0(P~°)
and its associated partition function is up to 0(P~*). For the quantum hard-sphere fluid, the effective
potential Wy is built with the Cao-Berne propagator (CBHSP) [76] that, for hard spheres with mass
m = mys and diameter o, can be cast as [81,82,97]:

(mys)P N P 2 1 P
WEBHSP — Z Z rf—rt+1) + _Z Z uoelrt
2B2h? j=1 t=1( J ) PLujo Ly HS( Jl)

+ t+1 p 1
_ln l_L<z l_L 1{ #exp (_ (21[1)’1;1)2 (rh — 6)(ri*! — 0) (1 + cos (ptt+ ))}

JjLijt

(10)

where, once again, the cyclic property implied by P’ applies to the corresponding sum and product
that run over t. The pairwise approach for the interactions between equal-t beads isused; uys is the
usual hard-sphere potential that vanishes for 1} > ¢ and becomes infinity for 7} < o, and q)t”l i

the angle defined by r; and rj*'. The equivalence among all the beads in the sample is clear in this
case. Also, there are no spec1f1c rules for the accuracy of pair-action propagators; their effectiveness
is to be checked by increasing P, but they are extremely efficient in reducing the optimal number of
beads [9,70,71,76,106-108]. Equations (9) and (10) illustrate the analogies and differences between the
effective potentials Wy, for both types of systems. Both possess a formally identical first term on the
right-hand side that contains the image of P-membered closed necklaces (i.e., free-particle

contributions [2,4]). However, the rest of the terms clearly differ from one another, owing to: (a) the
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characteristics of the interparticle potentials involved in their constructions, which bring about the
appearance of forces in SCVJ [12] and of kinetic correlation effects in CBHSP (the contributions from
adjacent beads in different necklaces) [97]; and (b) the bead symmetry and asymmetry present in
CBHSP and SCV], respectively.

3. Quantum Fluid Structures

The whole set of equilibrium structures of a monatomic fluid in the thermal quantum diffraction
regime can be deduced from the basic form given in Equation (8). In achieving this task, the related
developments are to be complemented with the linear response considerations of external weak fields
Y acting on the fluid [14,19,32,78,79]. Thus, one finds the following classes and associations: (a) total
thermalized-continuous linear response TLRn, associated with continuous external fields ¥®) =
2 ¥(rj); (b) centroids CMn, as a particular case of TLRn, since its corresponding continuous field
acts as ‘P;N) = Y;f 1, where f is a constant strength; and (c) instantaneous ETn, associated with
singular fields that cause the localization of the thermally delocalized quantum atoms (nuclei) in the
fluid sample, i.e., the fields used in elastic X-ray diffraction or in the inelastic scattering of neutrons
[20-22,24], for which collision processes are involved [27,79]. (As stressed earlier, zero-spin-atom BE
fluids also follow the same systematics [19,78,79]).

Remarkably, the classes CMn and ETn keep a classical-like pattern in that the thermal quantum
delocalization of the atoms (nuclei), although accounted for in their developments at every structural
n-level, is not obviously patent in the resulting analytic equations for their structure factors [9,19]. In
sharp contrast, the class TLRn includes nontrivial particle self-correlations in the formulations at
every n-level [14,19,32],

The analysis involving fields completes the standard probabilistic method for the definition of
structures [9,12,13,26]. For conceptual reasons [26-28,37,45], these quantum developments can be
extended fully if they are carried out in the grand canonical ensemble [14,19,30,32], although the use
of the canonical ensemble also serves the primary purpose of establishing basic formal definitions of
the structures [26-28]. In this connection, it is worthwhile to stress that, albeit the parallel reasoning
employed in the classical domain, based on functional calculus operating with ¥, is an excellent
guide [26,37,45], the quantum complexity does not allow one to follow such a procedure in its
entirety. The specific nature of ¥ may make certain classical-like manipulations either meaningful
or void in the quantum domain. Moreover, some special mathematical objects that are perfectly
defined in the classical domain, as associated with the grand canonical ensemble (i.e., the direct
correlation functions c¢,) [37,45], may not be defined in an exact manner for every quantum
structural case [19,32]. Given that, for computational reasons, this work will be focused on CM3 and
ET3, attention to their main theoretical features is given in this Section.

3.1. The Centroid Structures
3.1.1. Opening Centroid Facts

The centroid concept in quantum statistical mechanics arose within Feynman’s path integral
formulation (PI) of the equilibrium behavior of many-body monatomic systems at nonzero
temperatures [1,2]. For the centroid definition to be made, thermal quantum diffraction effects were
required to completely dominate the system behavior. The centroid associated with atom j is defined
as the “center of mass” R¢y; of its representative closed path r;(t) that, for this purpose, is always
considered to have a uniform “mass-density” along its contour. Thus, the centroid concept can be
formulated per atom j as follows [1,2]:

1 (ph .
RCMJ-:ﬁf0 rj(0)dr; j=12,..,N,.. (11)

The same definition may be applied to every delocalized particle composing neat many-body
systems, so long as they may be described by one-site models (e.g., liquid deuterium [109], liquid
para-H2 [97,110-112], liquid N2 [113], the hard-sphere fluid or solid [29,81,82,97], etc.).
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Application of a variational principle leads to approximate (semiclassical) forms of the partition
function in terms of the foregoing centroid variables [1,2,114,115]. The main result of these
approximations is contained in the centroid-effective interparticle potentials wy(R;; 8, h,m) that
shape the variational semiclassical partition functions (intercentroid distance R; = |RCM_ i~ RCM_1|).
The wr potentials correct the (usual) interatomic potential energies u(r) but differ dramatically
from them in that they depend on the parameters g, i, and m. There is, obviously, formal equivalence
among the centroids that can be defined in this simplified way to model a given monatomic fluid.
However, it is worth realizing that these objects are not representations of the true particles/atoms of
the fluid [14]; in fact, centroids mimic a fluid at a higher density than the actual one, and the
conclusions drawn from their only use do not necessarily apply to the properties of the quantum
system under study [12-14,80,85,90,94,114-118].

The best illustration of the foregoing fact is, perhaps, given by the centroid structures, which can
be directly calculated from the centroid-effective partition functions in classical-like ways (MC or
MD) [14,84,85,117]. The determination of the actual particle correlation structures does need special
convolutions [84,85,117]; the latter involve particle thermal quantum packets (i.e., representations of
a delocalized particle around its centroid, which may be nontrivial Gaussians) and the centroid
structures, producing approximations to the true path integral TLRn [14,85]. These PI centroid-based
approaches are far more useful than the well-known Wigner-Kirkwood expansion [67,119,120], even
when the latter is extended to highly sophisticated forms [121-123]. Nonetheless, the thermodynamic
and structural predictive powers of the wy effective potential pictures are limited: they cannot yield
complete results, nor lead to accurate pictures of the real fluid under increasing quantum effects
[14,85].

Despite the incompleteness of the centroid-effective approximations, the usefulness of the
centroid concept as seen from the full PI perspective exceeds expectations [12,19,34,78,90,94,112] (see
below). The starting point is the discretized version of the PI formulation, Equation (8), which
involves a faithful probability density (i.e., nonnegative everywhere). Note that no variational
approximation is involved here and, therefore, this “exact” realization of the centroid concept is not
the same as that arising from the wr schemes [85]. Through PIMC and PIMD simulations, one can
gather statistics related to the n-body general structural quantities (correlation functions g,/G, and
structure factors S™), in particular the centroid structures [19,32-35,78,97]. The grand canonical
ensemble derivations for the centroid CMn class need to consider a field W of constant strength f,
and its main features are given below [19,32,78,94].

3.1.2. PI Centroid Formulations

The PI grand canonical partition function in the presence of W can be written as:

ER (W, V., T3 W) = Tz exp(BuN) ZB (N, V, T; W), (12)

For the SCV] and CBHSP frameworks, the centroid variables are given by [12,14]:
Reu,j = 2 Ye-13,..p-11}, for SCV], (13a)
Rewm,j = %Zt=1,2,...,P rf, for CBHSP, (13b)

where each definition can be viewed as the proper discretization of Equation (11). Therefore, the
general form of the partition function can be reformulated as [19,30,78]:

31\/ N P N
Eg,(‘PF) = Z mf 1_[ dR] f 1_[ drVt x 1_[ S(R] - RCM,j) X
Nz0 j=1 t=1 j=1 (14)

N
exp(—fSWyp) X exp (—ﬁ ijle(R].)),
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3P
In Equation (14), 3 = exp(Su) («/5/1;1) , the de Broglie wavelength is Az = h/,/2mrmkpT, and
Wyp stands for the corresponding PI effective potential. The foregoing form of the partition function
is akin to a (semi-)classical partition function, and it is ready to carry out the functional derivatives
5™ =R (Wp)
SWE(R1)EWF(R2)..8WF(Rn)
[27,28,45,77]. Accordingly, the structural results for centroids are of a clear classical-like nature

with respect to the field, i.e., by applying the standard classical procedures

[19,30,78]. Hereafter, the grand canonical ensemble averages at zero field (Wr = 0) will be denoted
by {...), and those in the canonical ensemble by {...) 2

The first three functional derivatives of Equation (14) with respect to W(R;) lead to the centroid
structural functions up to the triplet level. They can be cast as [19]:

SInEp; (Wr) _ @

(=ksT) 5V, (R,) —PN_CM(Rﬁq’F) = Tem1 (Ry; W), (15a)
52InER, (¥,) spM (Ry; Wr)
_ 2 PINTF —(— _PNeMi D TFE . 15b
( kBT) 6lpF(R1)8qJF(R2) ( kBT) 6‘PF(R2) FCMZ(RIIRZIqJF); ( )
83InER (¥ oT, R,R,; V¥
(—kpT)? nZp; (Wr) = (=kyT) cm2(Ri, Ry F):FcMg(RpRz;RgilPF)- (15¢0)

§%p (R)8Wr(R;,)8%r(R3) §%r(R3)

Equations (15) define the generalized quantities Iy, (n = 1,2,3), which contain the in-the-
field correlation functions geyn/(Ry,.., Ry Wr) up to the very same upper level n (n' < n).
Application of Yvon's linear response developments [27,77] implies to take Wz = 0 on the right-
hand sides of Equations (15). Thus, the trivial result at n = 1 can be cast as:

(N)
PRy Wp = 0) = py = T (16a)

where py is the mean number density for the isolated-from-¥ quantum fluid. At the levels n = 2
and n = 3, one obtains the generalized zero-field centroid structures that, with the use of the total
correlation function h¢py,(R) = gemz(R) — 1, can be written as [19]:

Temz(Ry, Ry e = 0) = piheyz(Ri2) + py6(Ry —Ry), (16b)

Tems(Ry, Ry, Ry Wp = 0) =
pulgems(Riz, Riz, Ras) — honz (Ri2) — hopz (Ris) — hepz (Rog) — 1] +
piilhemz(Ri2)8(Ry — R3) + hepz (R13)8(Ry — Ry) + hepz(Ro3)8(Ry — R3)] +
pnO(R; — R3)6(R; —R3),

(16c)

where the gcy, and gcys correlation functions are analogous to the usual two- and three-body
correlation functions in the theory of classical homogeneous and isotropic fluids [26-28]. The latter
are defined by the following ensemble averages involving Equation (12) at W = 0:

PR Icmz(Riz) = (Z 8(Rem,j — a1)8(Rewy — q2)), 17)
=

prngems(Riz, Riz, Ryz) = ( Z S(Remj — 91)8(Remy — 92)5(Rewm — 43))s (18)
j:;tl:tm:tj

where the generic intercentroid distances are defined in terms of auxiliary q variables, i.e., Ry, =
|q, — qp|. These spatial averages can be determined via PI simulation by following closely
procedures parallel to those applied in the study of classical monatomic fluids [29-34,41,46,48].

The formulations of the static structure factors, the pair Sélz\z (k) and the triplet S, éi,) (k.. k), are
obtained through the Fourier transforms of T¢y(Ry,Ry;Wr=0) and Teyz(Ry, Ry RsWr =
0), respectively. Thus, one finds [19]:
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S =1+ py f dR exp(ik - R) hgy (R), (19)

584)(1(1: k;) =1+ pylhema(Ky) + hemz(K2) + hew (By + k)] +
PElaSn (ke Ky) — heaz (K1) (2m)* S (Ky + Ky) — hewz (k) (2m)* 5 (ky) — (20)
—hemz (k) (2m)38(ky) — (2m)36(k,) (2m)38(K,)].

In the foregoing formulas, the k wave vectors define the momentum transfers from the field to
the fluid (i.e., fik). The operative expressions take the forms Sg,,) (k) and SS\; (ky1, k3, cos (ky,k,)) =
Séi} (k1, k3, ¢), in which a modulus-variable k = |Kk| denotes the corresponding wavenumber and ¢
is the angle between the wave vectors k; and k,. From the PI computational standpoint, the
centroid pair and triplet structure factors can be fixed through the ensemble averages [18,19,32,96]:

N N
1
5D (k) - w <Z Z exp(ik - [Reu,; — Rea])), @1)

j=11=1

N N N
Séﬁ} (ky, k) - %(Z Z Z exXp [i (k1 ) (RCM,j - RCM,m) +k;- (RCM,I - RCM,m))]): (22)
j=11=1m=1
where the reader’s attention should be drawn to the fact that the §(k)-evaluations at k = 0,k; =
0,k, =0, and k; +k, =0 are avoided, as they are not directly accessible in simulation work
[27,46].
Athigher orders (n = 3), the process can be iterated giving the generalized correlation functions
Tcmn that describe, from the centroid standpoint, the loss of homogeneity of the quantum fluid
brought about by Wr. In general, one finds the linear response relationships (n = 1):

6n+1lnEP1(qu) SFCMn(Rli "'an; ‘PF)

= (—kyT
5T (R, - 5%, (R)8% (R 8D ™ 5, Ry ) 23)
= FCM,n+1(R1: o Ry Wr = 0),

(—kBT)n+1

6[‘(,{3(](1' kZ' ""kn; LI"F) ~ _BSLPF(kl + k2 + ot kn) Fc(y—l)(kpkz; e kn; qu = 0); (24)

1
Sean (s, Ky e s W = 0) = TG (s, Koy o Ky W = 0) (25)
N

Equation (24) results from Fourier transforming the center-right-hand side of Equation (23),
which takes advantage of the translational invariance [28] of the fluid structural quantity
Temn+1(Wr = 0). As seen, in Fourier space, the variation 6[‘6(;) is a linear functional of the field
applied. Also, note that the centroid structures are intermediate quantities, since the application of a
weak field of constant strength would lead to the TLR2 response function as the, in principle,
measurable object [19,30,32]; centroids as such do not couple physically with external fields, actual
particles do.

From the practical standpoint, the correlation function and structure factor calculations are more
affordable using the canonical ensemble, involving a sample size Ng in a box of volume Vs at
temperature T. In relation to this, the corresponding averages for the centroid structures given above,
Equations (17) to (22), only need to reflect the changes associated with the reduction (...) = (... >Zf:’1 ;

for example, the triplet Equation (22) in the canonical ensemble reads as:

N N N
1
583 (ky, kp) - N( Z exp [i (k1 “(Remj —Remm) + Ky - (Rewy — RCM,m))])ZgI: (26)

j=11=1m=1

As for the zero-wavenumber situations (k — 0), costly PI extrapolation procedures must be
employed to obtain approximate answers: by increasing consistently Ng and Vs, so as to keep the
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number density py = Ng/Vs constant [46], lower k can be reached and extrapolations to zero
wavenumbers may be obtained.

3.1.3. The Exact Centroid OZn Framework

In the quantum diffraction regime, the important point regarding PI centroids, Equations (13),
is that they behave according to the same rules for structures applicable to classical monatomic fluids
at equilibrium [27,40,45]. This is of great practical importance when addressing k-space questions. In
fact, it has been demonstrated [19] that the (hierarchies of) centroid direct correlation functions and
structure factors {CCMn, S gf,,)} can be defined in the same fashion as in the classical domain. Therefore,

the underlying classical Ornstein-Zernike framework (OZn) [37,38,40,45,124-128], which is
consistently defined in the grand canonical ensemble, can be safely applied to the PI centroid
correlations and their structure factors. Hence, one may deal with the centroid zero-wavevector
problems considered above in an essentially “exact” manner. In particular, at the pair OZ2 and triplet
0Z3 levels, in the absence of the external field (W = 0), one can write rigorously the following basic
equations for PI centroids [19,30]:

hemz(Ri2) = cemz(R12) +pw [ dR3 cemz(Riz)hemz(Rz3), (27)
dc, Riz;
(M) _ f dR s (Ry, Ry, Ry py), (28a)
apN T
el (ky;
cem (Ki; o) _ céﬁ(kpkz = 0; py), (28b)
dpn -
-1
530 = (1 - puc0) )
51y, o) = S&) () () S (hey 1, D{1 + phe) Oy ko) (30)

where cg\;(k) = cg;(k) and cgvz(kl,kz) = céi}(kl,kz,cos (ky,k;) ) are the Fourier transforms of

the functions ccya(Ry,Ry) = cema(Riz) and  coyz(Ry, Ry, R3) = comz(Riz, Ry3, Ry3), respectively.
Equation (27) is the pair-level Ornstein-Zernike equation that defines the pair direct correlation
function c¢py,(R;2), which is a short-ranged function that shows a quick decay to zero with
increasing distances [46]. Equations (28) belong to Baxter’s exact hierarchy, under uniform changes
of density [38,45], for the direct correlation functions in the quantum c¢y;, extension [19]. Equations
(29) and (30) are the analytically closed reformulations of the pair and triplet structure factors defined
in Equations (19) and (20). The advantage of Equations (29) and (30) is clear: none of them explicitly
contains the simulation-intractable §(k) terms [46] that appear in the “raw” analytic formulations
based on the Fourier transforms of the g, and g; functions.

Note that all the structural functions depend on the density and the temperature, although such
dependence is only written when necessary [20,27,60,61]. Equations (27)-(30) are mathematically
exact and yield the formal solutions to the problematic zero-wavevector situations: (a) at the pair
level, via cgvz (k = 0) [78]; and (b) at the triplet level, via Equation (28b) plus the symmetry property
cS}(kl,kz) = céﬁ}(kl,—kl —Kk,) for the cases k; = —k, [45].

However, once the function hgy,(R;;) in real space is known (via PI simulation), the question
arises as to how to determine the pair and triplet structure factors using the direct correlation
functions cepya(R12) and  cemsz(Ria, Ris, Ro3). These latter functions are defined by integral
equations, and a hierarchical structure is in the way. In this regard, there are theoretical methods
derived in the classical domain that, being based on closures, provide answers to these key problems
[14,40,45,46,125-128]. These methods are highly accurate and reliable at the level n = 2, and they can
also be successfully applied to quantum calculations (regardless of the structural class!)
[14,78,85,96,97]. However, the same favorable situation is not generally found at the level n = 3,
neither in the classical case [44,45,47] nor in the quantum case [19,33,35]. In any event, one has two
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complementary routes to compute the foregoing structure factors: (a) the computationally “exact”,
though incomplete (and expensive), based on the PI simulation of Equations (21)-(22) -or better, of
their more affordable translations into the canonical ensemble-; and (b) the theoretically exact, though
subjected to the closure uncertainties in the triplet case, based on the general OZn framework
summarized in Equations (27)-(30).

An observation of practical value is in order here. The standard PI simulation of the structural
functions in r-space using the canonical ensemble, i.e., Z D (N,V,T; ¥ = 0), also poses well-known
theoretical drawbacks (e.g., inadequate asymptotic behaviors and finite sample size) [19,81]. To cope
with this general problem [26,46,126,127], some corrections [127,128] allow one to improve the pair-
level canonical results, thus yielding good approximations to the grand canonical pair structures
[34,35,81,96,97]. These corrections are based on the use of the Ornstein-Zernike OZ2 framework and
go both ways: r-space S k-space, that is, involving jointly the pair of structures { Iemzr S g} }, thereby

benefiting the whole centroid pair structural determination issue.

3.1.4. The Centroid Usefulness

Although centroid structures are not directly accessible via experimental techniques, it is
important to make some further comments on the global usefulness of the centroid quantities. In
addition to the abovementioned wyp effective potential approximations, one finds the following

applications of the set {Reyy, j}j=1,2,...,N,...:

(i) Keeping track of the closed paths (or necklaces) associated with the atoms j (or the one-site
particles) throughout general PI simulations. Without any loss of generality, the closed paths can be
expressed as Tj(t) = Rey j + §;(t), where use of the auxiliary general path-vector §;(t) is made (t
runs over the bead labels 1,2,3, ..., P). Thus, the displacements of the particles Ar;(t) canbe referred
to those of their moving centroids ARgy; plus those of the closed paths Ag;(t) around the
centroids. This also yields the useful PI image of the centroid-constrained paths for every particle j
[6,81,82,85,90-95,129].

(ii) Fixing, via OZ2-ccy, (R), the equations of state for fluids with thermal quantum diffraction
behavior [19,78,81], since in the grand canonical ensemble one finds:

N2 —(N 2
Setk = 0) = % = puksTxr, (31a)

where yr = — % (Z—Z)T is the isothermal compressibility.

(iii) Formulating higher-order number fluctuations, as for example [19]:

_ (=¥ _ (v

Sem(ky = 0k, = 0) = === = T

—3(N?) + 2(N)?, (31b)

where the exact centroid relationships with OZ2 and OZ3 are to be noticed [32].

(iii) Characterizing global order in quantum samples through the use of centroid adapted
quantities: Steinhardt et al’s parameters [83], configurational pair structure factor information, etc.
[6,34,82,97].

(iv) Designing approaches to deal with quantum dynamics (e.g., centroid molecular dynamics
[90-92,112] and other approximations [80,94]).

(v) Dealing with coarse-graining approaches in quantum statistical mechanics [95].

(vi) Studying the number fluctuations under zero-spin BE conditions [19,78,79]. As a result of
the action of an external field of constant strength Wr, given the algebraic group character of the N!
permutations, one can derive a partition function closely similar to (14) involving the conventional
PI centroids given by Equations (13):
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N

BEE(w,) = Z exp (ﬂllN) ndR fl_[drm % S(R RCM])

N=0 j=1

N (32)
C  exp{—BWyp(Py)} X exp (—ﬁ ijltpp(Rj)),

PN NPy

OBE
N
where the coefficients within the permutation sum are Cyp, >0, and the probability density

function at zero field behaves as Q§F > 0 [19,78]. Consequently, with the proviso that QFF is used,
number fluctuations can be counted as in Equations (31).

3.2. The Instantaneous Structures

Conceptually, the instantaneous ETn class is linked to the context of elastic scattering of
radiation. The pair level ET2 can be understood by following the standard quantum treatments
[21,27] of X-ray diffraction and inelastic neutron scattering. In X-ray scattering [22,27], the collisions
of the X-ray photons with the electrons of the atoms define the nuclei positions, thereby yielding the
actual pair quantum structures associated with this phenomenon: the radial correlation function
9o2(r), and the structure factor Séz) (k) [9]. In neutron scattering [21,24,27], the neutron-nucleus
interactions are described through Fermi’s pseudopotential (a & —collision process); this time-
dependent quantum phenomenon is characterized by the dynamic structure factor that, through its
“elastic reduction” (frequency sum rule), also yields the same pair structures g,,(r) and Séz) (k)
[27]. For both experimental techniques, the corresponding arguments belong to the general linear
response theory [27], hence the statistical mechanics treatments give, in the end, the same response
function from the fluid: S éz)(k). Such a response is formulated in terms of go,(r) in the absence of
the external field [79], the Séz) (k) mathematical form being essentially the Fourier transform of
(go2(r) — 1) [21,22,27] (i.e., a “classical-like” formulation). Thus, one finds the instantaneous
ensemble average recipes:

S0 =1+ py [ drexpik 1) (960 - 1), (33a)
Pl%ngz (r2) = <Z 5(1}' - ‘h)5(rl —q3)), (33b)
j=l

where r =1, =|q; —q,|. If the PI formalism is used, g4,(r12) directly translates into the
following approximation [9,19,30,32]:

1 * *
9oz (r2) = Ger2(ri2) = }(Zi(*q Zj:#l 5("} - Q1)5(rlt - qz)), (34a)
where the t* notation for beads is retained, and the associated structure factor reads as:
S@0 = SP0 = 1+ py [ drexp(ik 1) (gers ()~ 1, (34b)
where the grand canonical partition function Ep; at zero field is involved [19]:
ER(uV, T; ¥ = 0) = Ynsoexp(BuN) ZE (N, V, T; ¥ = 0). (35)

(The forms of Equations (33) and (34) can be applied to both the grand canonical and the canonical
ensembles [27], provided that the proper partition function is employed).

Although the basic PI canonical partition function Zp;, Equation (8), already defines the beads
that are going to be significant in the structure calculations, centroid-like functional calculus
manipulations are inapplicable to the instantaneous class; this fact forces the ¥ = 0 condition in
Equation (35). If one wished to apply functional derivatives, setting ¥ # 0, to obtain the generalized
structure functions Ipr, (M =123,..), a fundamental difficulty would arise: the collision
phenomena localize the actual quantum particles, which is not compatible with the structure of Zp,
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[19,79]. Within the current {r;} framework of nucleus positions, one faces the “collapse” of the atom
quantum thermal packets, and the functional derivatives turn out to be meaningless; in fact, if this
sort of manipulations were “formally” carried out, one would obtain the total thermalized-
continuous linear response structures TLRn [19,32]. The functions ggry, T'ern, and Sg) at levels
n > 2 can be defined (using ¥ = 0) by Pl-adapting their classical counterparts (e.g., at n =3,
Equations (16c), (18), (20), etc.) [19]. The reasons behind this procedure are: (a) it is a straightforward
consequence of the averaging of the dynamical n-body number density functions/operators
(I16(r — q)) that define the elemental g,, structuresin real space [28] (e.g., see Equation (33b)); and
(b) consistency with the transition to the classical limit at every n-level for I'zy, [19]. In this work,
attention will be focused on the triplet-level instantaneous structure functions ggr3(712,713,723) and
S§3T)(k1,k2, cos(kq, Ky)).

As remarked earlier, grand canonical PI simulations for obtaining structures pose a hard
problem because of the computational effort involved. In general, the ETn class computations scale
with X (i.e., P/2 for SCV], or P for CBHSP), and the practical alternative is based on the canonical
ensemble applications [9,19,33,34,96]. Therefore, depending on the propagator selected, the
instantaneous triplet structure averages read as [19,30,32]:

- SCV] (fourth-order propagator)

2
PR Ier3 (T2, T13,T23) = F( Z Z 5(1'jt - Q1)5(rzt —qp)8(r, — %))Zgl, (36)

odd—t j#l#m#j

N N N
5(3)(k1, k,) = W( Z ZZ Z exp [i (kl . (rjt —rt)+ky (xf - ’t"))])lgz' (37)

- CBHSP (pair action)

PNgET3(7"12’7"13:7'23) = _<Z Z 5(1' _Q1)5(rl q2)8(ry, qs))zllgl, (38)

]:r:l::m::]

N

P N N
515"3T) (ki kp) = %<ZZZ exp[ kl rf — ) + k- (rf — rrtn))bzgz- (39)

t=1j=11=1 m=1

The classical-like OZn framework for the instantaneous structures is not exact but an
approximation [19,32,78]. At the pair level, however, OZ2 and its corrections to the canonical
ensemble results have proven to be highly accurate in the thermal quantum diffraction regime
[81,85,96,97,117]. Therefore, applications of OZ3 to the instantaneous triplet structures are well-worth
exploring in depth [19,33,35]. In this context, the related basic equations can be translated from the
centroid class and written as (rﬂ = |q = ql|):

her2(r12) = cer2(112) +pn f dqs cery (113) her2 (123), (40)
0¢gr2(T12; P)
(M) zfdquETg(‘h’(h:‘13FPN)» (41a)
6pN T
ac? (ky;
e (Kipw) ) ek, = 0; py), (41b)
Opn r
-1
SP 0 ~ (1 pyei? 1) (42)
S (k1 kz) ~ S5 (1) (k) S (ks +kD{1 + pFcfy (ky ko) (43)

(Recall that the use of closures is compulsory at every OZn structural level [37-40,44—47,125-128]).
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4. Triplet Closures and Associated Features

Given the classical-like forms of {gcm,Séﬂ} and {gEm,SS})} , the closures may be applied

indistinctly to both of them. For the calculations carried out in this work, the employed closures are:
(a) for triplets in real space, Jackson-Feenberg convolution (JF3) [17] that contains Kirkwood
superposition (KS3) [25], and the intermediate average AV3 [34]; and (b) for triplets in Fourier space,
Jackson-Feenberg convolution [17,40,45], and the symmetrized version of Denton-Ashcroft
approximation (DAS3) [47]. Obviously, the pair information needed arises from PIMC simulations
and OZ2 treatments.
The mathematical expressions for the real-space closures are given below.

- JF3

9jF3 (di2,d13,d23) = gis3(di, dys, dyz) — hy(diz)hy(di3)ha(dys) +
(44a)
PN f dqy hy(di4)h,(dys)hy(dsy),

where the distances dg;, stand for |R, — R,| for centroids or |q, —q,| for actual quantum
particles (the atoms of helium-3, or the one-site hard spheres), and ggs; is Kirkwood
superposition [25], which reads as:

- KS3
Iksz = 92(d12)92(d13)g,(d23). (44b)
- AV3
1
Gavz(diz, dyz,dyz) = E (91{53 (diz,dq3,d33) + 9JF3 (di2,dy3, d23))- (45)
The Fourier-space closures read as:
- JF3
¢jr3(diz, dis,dyz) =0 - C](;)(kp k;) =0, (46)
- DAS3
1
ey k) = 2 (e (ky ko) + e G, [y + o) + ez, ey + Ko D)), (472)
CS} (ki Kz) = CL()? (1, k2) = (47a)
1 C(l),’
D P (k) (k) + ¢ P (k)@ (k)} = ——= ¢ @ (k1)@ (ky), (47b)
c @)
" dcy (k=0 ' dc,(k
W' =c@(k=0), = (M> ;o @D(k#0)= < 2 )> - (47¢)
Opn T opn T

This closure satisfies Baxter’s exact behavior Equation (28b) only at k; = k, = 0.

The use of other closures to deal with triplet quantum calculations can be seen in References
[19,29-35]. In particular, when considering Fourier-space applications, AV3 and the elaborate Barrat-
Hansen-Pastore factorization ansatz (BHP3) [45] appear to need very detailed numerical treatments
[19,45]; this clarifying task is left for future work.

The structure factors Séi,,) and S é?}) given by Equations (30) and (43), respectively, need their
corresponding pair and triplet direct correlation functions, and some remarks are necessary here.
First, the pair direct correlation functions c¢y,(R) and cgr(r) can be determined in a highly
accurate way [81,96,97] with the use of the OZ2 numerical procedure put forward by Baxter, Dixon
and Hutchinson (BDH) [125,126]. As stated earlier, the BDH application to c¢p;(R) comes from an
exact OZ2 framework, whereas to cgr,(r) is an approximation. Second, the final closure results for
S® are, in general, subjected to inaccuracies owing to the hierarchical structure of the direct
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correlation functions [38], which is illustrated for triplets by Equations (28) and (41). Third, the formal
use of direct correlation functions yields answers to questions that cannot be exactly solved using PI
simulations: the behaviors at zero-momentum transfers k=0 and (k; = 0,k, = 0), which are
contained in the theoretical relationships [19,32,78]:

-1
Stk = 0) = 5k = 0) = pyksTor = (1= pwelik = 0)) (48)
SOk, = 0,k, = 0) = S&(k, = 0,k, = 0) = (48D)
3s@ (k=0) 48b4
Sk = 0[50 = 0) + py (PE2) | B,

It is worthwhile to make some useful observations here. (a) Equations (48) can be extended to
include the TLR case [19,32,78], with S&)(k = 0) in Equation (48a) and SG%(k, = 0,k, = 0) in
Equation (48b). (b) Given the identities in Equation (48a), the ET and TLR extensions of Equation
(48b) in terms of their pair S@ (k = 0) components are equally valid. (c) Highly accurate estimates
of the exact values can be obtained from the OZ2 centroid quantities, as Equations (48) arise from the
consideration of the exact role played by céﬂ (k = 0). (d) Although the parallel extensions of the
whole Equation (48b) to ET and TLR are exact, their practical applications via OZ2 schemes will
produce approximations to the exact behavior of the S&)(0,0) quantity. And (e) by applying the
underlying k-space symmetry properties [45], one can also obtain from Equation (28b) the exact
values of the triplet CM3 components (k, —k):

48c
pm (48¢)

©) @) @) @) 9cgi (k)
cenk —K) = coy (=K K) = ¢y (K, 0) = ¢ (0,K) = | ——— |,
where the presence of single zero-momentum transfers is to be noticed. The general type of symmetry
expressed in Equation (48¢) allows one to set sum rules for the S (k,0) and S5 (k,0) components

[32], which are exact for the centroid case but approximate for the instantaneous case.

5. Computational Details
5.1. State Points

For helium-3, the atom mass is m sy, = 3.01603 amu and the critical point is located at (T, =

3.3157 K; pyc = 0.0082246 A3) [130]. The following supercritical state points are studied [131]:
SP1 (T = 421K py = 0.0228717687 A=%), SP2 (T =4.21K; py = 0.027298897147%), SP3 (T =
8.99K; py = 0.0228717687 A=2), and SP4(T = 4.2K; py = 0.02286713 A=3). At state points SP1,
SP2, and SP3, the pair and triplet centroid correlation structures in r-space are investigated. At state
point SP4, attention is focused on the evaluation of the instantaneous and centroid triplet response
functions in k-space. In this connection, to carry out closure calculations, advantage is taken of
previous work along the isotherm T = 4.2 K [96], where the pair direct correlation functions were
obtained at four state points about SP4 defined by the density variations +Apy =
+0.002 A3, 4£0.004 A3,

For quantum hard spheres, the characterization of the state points only needs two parameters,
namely the reduced density py = pyo® and the reduced de Broglie wavelength A = %B, a fact that

unifies the description of this special system [34,132-134]. The state points on the crystallization line
studied are [82]: QHS1(A; = 0.2; py = 0.789), QHS2(1; = 0.4; py = 0.672), and QHS3 (1 = 0.6;
pxn = 0.589). For comparison purposes, the actual parameter values used in these calculations are
mys = 28.0134 amu and ¢ = 3.5 A. In this regard, the temperatures and the number densities are:
QHSI(T = 22.2024 K; py = 0.018402332 A~3), QHS2(T = 5.5506 K; py = 0.015673469 A~3), and
QHS3(T = 2.4669 K; py = 0.013737609 A~3). These state points are ascribed to the quantum
diffraction regime. For example, note that at QHS3 one finds a low value for the degeneracy
parameter y = (15)°py = 0.13. If fluid helium is modelled with QHS, even at (1; = 1.9832; py =
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0.348) that is on the crystallization line of this model [82,97,134], one would deal with temperatures
far from FD or BE exchange interactions: (a) T = 5.3 K in helium-3, or (b) T = 4K in helium-4
[65,134]. To carry out closure calculations, two additional QHS state points about each of the listed
above are studied; 1 is kept constant and density variations +Apy = £1.715 X 1072 are taken,
which for comparison with the density variations in the helium-3 calculations amount to +Apy =
+0.0004 A =3,

5.2. PIMC Simulations

The PIMC simulations of both systems follow the same patterns explained elsewhere
[29,34,35,81,96,97]. However, for the reader’s convenience, the following operating procedures are
worth mentioning. The canonical ensemble is selected, using a central cubic box of side L and sample
size Ng X P (see below for the different choices made). The necklace normal-mode algorithm is
utilized [75,85,135]. Therefore, any necklace in the simulation sample can move in P different modes:
one of them is the translation of the necklace as a whole, and the rest (breathing modes or “collective
excitations” of the beads [135]) describe independent ways for the P beads to displace by keeping
their centroid fixed (recall the role of the relative path-vector &;(t)). In a uniform sampling of modes,
this yields a reduced ratio (%) for the centroid displacements, which indicates that the sampling of

centroid quantities is less effective and will need more PIMC moves to attain reduced error bars.
When evaluating structures, this fact becomes more critical in k-space than in r-space, because of the
special features of the k-space sampling (see below) [46]. In building the Markov chains, the
acceptance ratio for each of the different normal modes is set to 50%. The propagators are: SCV] (a =
%) for helium-3, involving the SAPT2 interatomic potential [100], and CBHSP for quantum hard

spheres. Given a simulation sample size Ng X P, the run lengths are quantified with the use of kpass
and Mpass units: 1 kpass= 103Ns x P attempted bead moves, 1 Mpass = 10°Ng X P attempted bead
moves. The selected P values are known to be optimal [35,81,82,96,97], and the computations are
focused on equilateral and isosceles features of the targeted centroid and instantaneous triplet g;
and S® structures. The specific details are given in what follows.

5.2.1. Real r-Space

The PIMC simulations of helium-3 utilize the following Ns X P values for the calculations of
Jemz and gems: 1372 X 66 at SP1, 1372x 80 at SP2, 1372 x 22 at SP3 (also, 1024 x 66 at SP4
[96]). (Results for the instantaneous ggr, and ggr; can be found in References [19,35,96]. The
sampling of the pair and triplet structures in r-space uses a basic distance spacing A= 0.1A for
defining the histogram-bins of the functions [29,46]. The run lengths for the pair structures, are: 2000
kpasses at SP1, 1800 kpasses at SP2, and 1300 kpasses at SP3. The run lengths for the equilateral and
isosceles triplet structures are: 3660 kpasses at SP1, 3560 kpasses at SP2, and 2560 kpasses at SP3. (The
simulation sampling at SP3 is enhanced with respect to Reference [35]: from 500 to 1300 kpasses for
ger2 » and from 750 to 2560 kpasses for ggrs ). To fix the error bars (one-standard deviation), the run
lengths are distributed in superblocks that give partial subaverages, which in turn serve to estimate
the corresponding standard deviations. The resulting error bars are small. For example, in the close
vicinities of the main peaks (max) obtained in the simulations, one finds: (a) at the pair-level
Iemz(Rmax) and  gers (hnay), the error bars are lower than 0.6% of the corresponding mean heights;
and (b) at the triplet-level gcumz(Rmax> Rmax» Rmax) and gers (maxs Tmax max), the error bars remain
below 1% of the corresponding mean heights. The pair radial functions gcy,(R) (also ggr,(r) at
SP3) are further processed with the OZ2 methodology [81,96] for fixing the pair structure factors
Sc(.,zvﬂ (k) (and S ,E—ZT) (k) at SP3); BDH variational calculations [125,126] are carried out, and their
accuracy is increased with grand canonical corrections by using five Baumketner-Hiwatari iterations
(BHw) [128]).

For the additional PIMC simulations, on the isothermal fluid branches, of the auxiliary QHS
state points, i.e., those about the targeted on the crystallization line, the fixing of the pair radial
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structures gcy, and ggr, uses: Ng X P = 864 x 12, and a spacing A= 0.1 A as the width of the
histogram-bins. The run lengths are circa 3700 kpasses, and the error bars are very small (e.g., below
1% for the main peak heights).

5.2.2. Fourier k-Space

These PIMC simulations utilize the following sample sizes Ns X P: (a) for helium-3, 128 x 66
(SP4) and (b) for QHS, 250 x 12 (QHS1, QHS2, and QHS3). Note that for QHS the number of actual
particles Ng = 250 is greater than that of helium-3. The studied QHS state points are on the fluid
side of the melting-freezing transition of this system, and the spurious fluid-solid flipping that is
known to happen for small Ng values [19,46] is to be avoided. Gaseous helium-3 state point SP4 does
not present this problem, and Ns = 128 serves well the purposes of this investigation.

The PIMC sampling of the triplet structures in k-space, for both helium-3 and QHS, involves the
scanning of wave vectors commensurate with the simulation box, i.e., k = (ZTT[) (kx, ky, kz), where

ky ky, and k, are integers. For the equilateral components 5(3)(kq,kq,§) , twelve sets

.....

wave vectors have the same modulus, |k, | = |kg2| = - = k,, and every pair defines an angle ¢ =
n/3. The wave vectors are such that 2 < kZ + k2 + kZ < 200, and it is easy to understand how the
equilateral sets are built. For example, taking kZ+k+kZ =32, a pair of vectors is
[(0,4,—4), (4,4,0)], another is [(0,4,4),(—4,0,4)], and so on. The corresponding ranges of simulated
wavenumbers k,, given in A= for comparison purposes, turn out to be: (a) for helium-3, 0.5 <
kq/A=* < 5 (SP4); and (b) for QHS, 0.74 < k,/A~ < 3.72 (QHS1), 0.70 < k,/A~* < 3.53 (QHS2),
and 0.67 < k,/A™* $3.38 (QHS3). For the isosceles components, only helium-3 at SP4 is
investigated. In this regard, the performed analysis covers the components SS{; (ks Ky @) and

S ,g? (e, K, @) defined at wavenumber k,, = 2.123236 A~1. (Such value k,, is near the maxima of
the pair structure factors Sélz\,;(kM) and SéZT)(k,’v,), where ky ~ kj; ~ 2.06 A= [96]). Ten angles
{¢:}i=1,.,10, defined by groups of pairs {(k;,k;)} of modulus k,,, are scanned in the interval 0 <
¢ < m. For completeness, an extra eleventh component defined by ky, = 2.093539 A1 and ¢, =
2.077976 ~ 2m/3 is also added. Each angle ¢; contains in its sampling group a number of
independent pairs of wave vectors, which are in between 4 and 16 in this work. It is also easy to see
how the groups that define the angles ¢; are formed. For example, taking k7 + kj + k7 = 36,
isosceles geometries at different angles ¢; can be obtained by extracting pairs of vectors from
[(6,0,0); (0,0, —6); (4,4,2); (—4,4, —2); ...]. (Recall that Equations (28b) and (41b) serve to determine
the values of the S®)(0,0) components and, also, of the isosceles components at ¢ = ).

It is important to stress that the PIMC simulations of triplet structure factors are subjected to
large fluctuations. Therefore, in the present applications to helium-3 and QHS, the gathering of
statistics for the k-space triplet structures is not equally distributed among the different components,
as some of them receive an increased scanning attention (e.g., the components of maximal amplitude
arising from the simulations).

The helium-3 run lengths are as follows. (a) Centroid case: in between 30 Mpasses and 409
Mpasses for the equilateral components, and in between 53 Mpasses and 278 Mpasses for the isosceles
components. (b) Instantaneous case: in between 30 Mpasses and 120 Mpasses for the equilateral
components, and in between 30 Mpasses and 48 Mpasses for the isosceles components. Helium-3
statistics are gathered from the Markov chain every 5000 configurations. As for QHS, the run lengths
for the equilateral components are as follows. (c) Centroid cases: in between 6 Mpasses and 148
Mpasses. (d) Instantaneous cases: in between 6 Mpasses and 123 Mpasses. QHS statistics are gathered
from the Markov chains every 8000 configurations. The statistical errors (one-standard deviation),
fixed from block-subaverages, are found to remain controlled. For example, for helium-3 at the most
sensitive of the equilateral components analyzed, that is, the obtained maximal peaks of the centroid
and instantaneous structure factors (located at kg, ~ 2 A-1), the error bars turn out to be ~ 0.5%

and 1.8% of the mean amplitudes Séi}(kqm, kogm, ¢ = g) and Sg) (kqm, kogm, ¢ = g), respectively.
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As regards QHS, the situation is reasonably good but not so satisfactory: the error bars found for the
equilateral maximal peak amplitudes, in both the centroid and the instantaneous cases, are circa 3.4%
at QHSI, 5.4% at QHS2, and 5.6% at QHS3. (Complete results can be seen in the next Section).

5.3. Closure Calculations

The closure calculations with JF3 and AV3 in r-space (KS3 is trivial), and JF3 and DAS3 in k-
space, are carried out in ways that have been described in detail elsewhere [29-35]. The main facts of
interest to this work are given here.

5.3.1. Helium-3

For helium-3, the following points are to be remarked:

(i) The gcms(R,S,S) correlations, as approximated by the JF3 and AV3 r-space closures, involve
the convolution integral included in Equation (44a). Such a convolution can be expanded as a
Legendre polynomial series [29,43,45]; truncation, keeping the first thirty-one terms/polynomials
P,(x), is utilized (-1 <x <1; 0 <v < 30). The pair radial function gcy,(R) at each of the state
points (SP1, SP2, and SP3) is used as data input, and the basic distance spacings for tabulating the
triplet g; correlations are taken equal to 0.1 A.

(if) The pair structure factors Sélzvz (k) and S,E—ZT) (k) related to the helium-3 calculations are
needed. In relation to this, OZ2 treatments apply BDH+BHw (5-iterations) to the pair radial structures
obtained with PIMC [96] (see Reference [35] for calculations of SéZT)(k) at SP1, SP2, and SP3).
Although, for the triplet structure factors at SP4, the closure JF3 only requires the pair structure
factors at this state point, DAS3 closure calculations do need their corresponding OZ2 direct
correlation functions at the neighboring four state points to fix the corresponding isothermal density
derivatives. The basic information on SP4 at the pair level is taken from the helium-3 study reported
in Reference [96]. With regard to all these questions, the following OZ2-related information is worth
giving here.

At a given state point, it is known that the combined method BDH+BHw, applied to a pair of

functions {g,,S®} produces generally a sequence of solutions {g,(d); cz(d);S(z)(k);RZi}i=12

[81]. These solutions are characterized by the values of the trial distances Rj; (the so-called “zeros”
that make ¢,(d = Rz;) = 0. Practical convergence of the obtained functions is observed as the Ry;
increase, and methods to deal with this feature have been discussed [81,96,97]. To carry out the
related calculations in this article, the CM2 and ET2 solutions associated with their respective longest
Rz; are selected. In this connection, it is worthwhile to compare the results at the most sensitive
component, k =0 (i.e., the isothermal compressibility yx;, also including the experimental data
[131]. These values turn out to be:

(@) AtSP1, yr(bar™!) is0.005288 for CM2 (R, = 18.507 4), 0.005202 for ET2 (R, = 16.974 4), with
0.005715 being the experimental value.

(b) AtSP2, yr(bar™!) is 0.002401 for CM2 (R, = 17.108 4), 0.002844 for ET2 (R, = 15.187 4), with
0.002383 being the experimental value.

(c) AtSP3, yr(bar™1) is 0.005526 for CM2 (R, = 16.083 4), 0.005552 for ET2 (R, = 16.738 A), with
0.005003 being the experimental value.

The structural improvement achieved herein at SP3 explains the difference from its ET2 value
with respect to Reference [35], where yr(bar™') = 0.005071 was reported; as seen, the order of
magnitude of y; does not change and a better agreement between the theoretical CM2 and ET2
estimates is obtained (Equation (48a)). Also, for completeness, the main amplitudes of the centroid
and instantaneous pair structure factors at SP4 are [96]: Séi,)(kM = 2.054) = 1.947, and SEZT) (ky =
2.067) = 1.438.

(iii) The isothermal density derivatives at SP4 needed for the k-space DAS3 calculations (CM3
and ET3) can be calculated through Richardson extrapolation [136], using four selected ¢® (k; py; Rz)
functions, one per each of the auxiliary state points about SP4 (T = 4.2 K and the uniform density
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spacing A,py = 0.002 A3) [96]. By taking advantage of such uniform spacing, this algorithm reads
as:

ac@ (k; 4Dy (AppN)—D1 (24

( ¢ a( PN)) ~ AP1(8ppN)—Di( bPN)’ (49a)
PN T 3

where, for a given density spacing s,, the simple Stirling numerical estimates D; are given by:

c@D(kpn+sp)-c@ (kipn-sp)
2sp ’

Dy(s,) = (49Db)

In these DAS3 calculations at SP4, the selection of the c, (and its associated ¢® and $@®) is
made by utilizing these quantities at the longest Rz zeros obtained via BDH+BHw/(5-iterations).

Such R, zeros fall into 14.3 < % < 17.3 for the centroid functions, and into 10.2 < % < 14.1 for

the instantaneous functions. Also, it is interesting to note that the values of the (four) real-space pair
direct correlation functions at the origin (d = 0) are such that:
About SP4:

—29.8 S CCMZ(R = d = O) S _10.9, al’ld —9.2 < CETz(r = d = 0) = _5,

which indicate the depths of the respective ¢, —“bowls”. To be highlighted are the significantly
deeper depth and the larger variation range in the centroid case.

(iv) The basic wavenumber spacings for tabulating the S®® components calculated with the
closures are taken equal to 0.1 A~!. The evaluations of the double-zero momentum transfer
quantities $®(0,0) are carried out through: Equation (48b) for the centroid cases using Séﬁ,,) (k=0),
and its parallel (approximate) relationship for the instantaneous cases using S éZT) (k = 0). Richardson
extrapolations akin to Equation (49a) are employed for the density derivatives of the pair structure
factor k = 0 values. Alternatively, these quantities can be evaluated using the direct method based
on the ¢®(k = 0; py) values, Equations (28b), (41b), and (49a). These two different methods, (i.e.,
based on S@(k=0) or c?@(k=0)), are theoretically equivalent, although their numerical
estimates may show slight differences because of the underlying density dependence of the input
functions.

5.3.2. QHS

Analogously, for the QHS k-space applications, the following items are to be remarked:

(i) For DAS3 calculations, the auxiliary QHS pair structural quantities needed are obtained via
application of OZ2 to the PIMC (Ng x P = 864 x 12) pair radial structures fixed in this work;
applications of BDH+BHw(5- iterations) to the centroid structures, and of BDH alone to the
instantaneous structures, are made. As mentioned earlier, OZ2 for the instantaneous correlations is
an approximation, and the related application of the simplified BHw procedure in the region of the
fluid-solid change of phase leads to unclear numerical behaviors of the iterations [97]. That is why
BHw iterations are not included in the instantaneous analysis at any QHS state point. Whether more
advanced grand canonical corrections [127] might cope with this drawback remains to be
investigated. (Recall that for the JE3 application at a given state point only its pair structure factor is
needed).

(ii) The DAS3 isothermal density derivatives for the cases CM3 and ET3 are calculated through
the two-point differentiation Equation (49b). This involves the ¢® (k; py; R;) functions obtained via
0Z2, i.e, those arising from the sequences {gz (d); c,(d); S@ (k); RZ"}i=1,z,...’ about each QHS state
point investigated (15 = constant; basic density spacing = 0.0004 A=3, or 1.715 x 1072 in reduced
units). For each state point on the crystallization line, one representative solution of the foregoing
CM2 or the ET2 sequences, is selected from the respective regions of significant convergence. The
pair structure factors so fixed at the state points QHS1, QHS2, and QHS3 are employed in the final
calculation of their triplet structure factors.

For the sake of comparison, it is worthwhile to quote the following QHS data associated with
these OZ2 applications. The solutions selected correspond to R; values that fall into the intervals:
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CM3 applications, 14 < %Z < 15; ET3 applications, 8 < %Z < 12.5. These intervals are global in that

they contain the R, of all the state points: QHS1 and its two neighbors, QHS2 and its two neighbors,
etc. Also, the depths of the real-space c,(d = 0) —“bowls” of the centroid and instantaneous cases
are such that:

(a) About QHS1, —60.6 < copa(R =0) S —49.7, and —52.8 S cppp(r = 0) S —44.7.

(b) About QHS2, —58.7 S ccpyz(R = 0) S —47.3, and —45.1 S cgpp(r = 0) S —37.3.

(c) About QHS3, —58.7 < ccy2(R = 0) S —46.6, and —36.8 < ¢, (r = 0) S —30.9.

The depths of these QHS “bowls” are significantly deeper than those at helium-4 state point SP4
(see Reference [19] for a discussion of the apparent negative repercussions of this feature on some
closure-scheme evaluations). The wavenumber spacings for tabulating the S® components
calculated with the closures are taken equal to Ak* = 0.35 (or Ak = 0.1 A~1). The evaluations of the
double-zero momentum transfer quantities S(0,0) are carried out via the density derivatives of
c@(k = 0; py), by employing Stirling density derivatives Equation (49b)

(iii) As a complementary test, extended DAS3 calculations are carried out at QHS1 using five
densities. On the isothermal fluid branch A; = 0.2, the state points about QHSI1 at densities py =
0.789 + 4.2875 x 1073, py, = 0.789 £ 8.575 X 1073 are also studied at the pair level with PIMC
(864 x 12) and OZ2. The procedures for fixing the necessary CM2 and ET2 properties are the same
as those described earlier, and the impact of this extension on the DAS3 results is discussed in the
next Section.

6. Results and Discussion
6.1. Helium-3 Triplet Results in Real r-Space

Figure 1 focuses on relevant equilateral PIMC results in r-space at state points SP1, SP2 and SP3.
In Figure 1a one observes that more pronounced centroid features are obtained as the quantum effects
get stronger (i.e., by increasing y = A3py), thatis, SP2 > SP1 > SP3; at constant T (SP1 and SP2), the
density marks the relative intensity of the diffraction effects, whilst at constant py (SP1 and SP3) the
inverse temperature does it. In this regard, see Figure 1b for a comparison between the centroid and
instantaneous equilateral structures at SP1, where for instantaneous triplets (ET3) one notices a
smaller distance of approach and a far smoother structure [19], as expected from delocalization

arguments.
(a) (b)
12+ helium-3 helium-3
i PIMC 8- T=421K p =0.022872A°
N —_— = = 3 i
T= 421K p =0.027299 A,\ PIMC(1372x66)
- ——T=421K p =0022872 A,J 6 —0,,,RRR)
4 ——T=899K p =0022872A s | {\ Ll g_,(rrr)
14 T
. B- %
014 T 4
= -
5 4
(=}
24
2-
0 0
2 2

Figure 1. Path integral Monte Carlo (PIMC) equilateral correlations in supercritical helium-3. (a) Centroid
correlations (CM3) at state points: SP1 (T = 4.21K; py = 0.0228717687 A=%), Ny x P = 1372 x 66; SP2 (T =
4.21K; py = 0.0272988971A73), Ngx P =1372x80; SP3 (T =899K; py = 0.0228717687 A=3),Ns x P =
1372 x 22; (b) comparison between the centroid and instantaneous (ET3) correlations at SP1 (d stands for a

general distance symbol: R for centroid distances and r for the instantaneous distances).
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Figure 2 displays, at state point SP1, typical features of the present centroid triplet correlations.
Results obtained with PIMC, AV3, KS3, and JF3, are shown. Figure 2a,b focus on the equilateral
gcmz(R, R, R) correlations: PIMC-AV3 comparison in Figure 2a, and PIMC-KS3-JF3 comparison in
Figure 2b. As seen, AV3 yields excellent results for the range of significant-correlation distances (i.e.,
PIMC nonzero gcy3 values), whereas neither KS3 nor JF3 does the work within the region of the
main maximum (JF3 also fails within the range of short distances R < 3 A; this failure influences the
AV3 behavior) [34,35,60]). Figure 2c,d focus on some salient isosceles features of gcpy3(R,S,S) by
selecting the R-slices 3.55 A and 6.75 A, which are located in the vicinities of the equilateral main
and secondary maxima, respectively. By discarding the negative influence of JE3 at short range, one
observes that the overall performance of AV3 is excellent, albeit, as R increases, AV3 needs
improvement in the short-range region of the available S distances (Figure 2d). For completeness,
Figure 3 shows results for the PIMC centroid triplet correlations at state points SP2 and SP3, where
trends analogous to those discussed above are observed. Besides, the updated results at SP3 obtained
for the instantaneous ggr3(r,7,7) do not differ significantly on the scale of the graph from those
previously reported in Reference [35], and they are not included in this work. More information on
these triplet correlations is contained in several graphs within the Supplementary Material.

(a) (b)
helium-3 helium-3
81 . T=421K p =0022872 A 8- 2 T=421K p, =0022872A"
7 PIMC (1372x66) ——PIMC (1372x66)
6 \ o AV3=(KS3+JF3)2 6 a Ks3
= ] ] = | ° JF3
e x
o o
[ c
[sr} ©®
= =
O O
(=] o

2 4 6 8 10
R/A
(c) (d)
8- helium-3 5- helium-3
T=421K p, =0.022872A" a T=421K p =0022872A°
6- R=355A 41 R=6.75A
——PIMC (1372x66) PIMC (1372x66)
%) O AV3=(KS3+JF3)2 @ 3 o AV3=(KS3+JF3)2
0 0
hd x
% % 2
O O
o (=]
14
T T r ) 0 T T r )
2 4 6 8 10 2 4 6 8 10

S/A

Figure 2. Path integral Monte Carlo (PIMC, Ng X P = 1372 X 66) and closure centroid correlation results in
supercritical helium-3 at state point SP1 (T =4.21K; py = 0.0228717687 A‘3). (a) Equilateral PIMC and
intermediate closure AV3 Equation (45); (b) equilateral PIMC and closures KS3 (Kirkwood superposition) and

JF3 (Jackson-Feenberg convolution), Equations (44); (c) isosceles PIMC and AV3 at slice R = 3.55 4; (d) isosceles
PIMC and AV3 at slice R = 6.75 A.
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Figure 3. PIMC and AV3 closure centroid correlation results in supercritical helium-3. State point
SP2(T = 4.21K; py = 0.0272988971 A73), Ns x P = 1372 X 80: (a) equilateral; (b) isosceles at slice R = 3.45 A.
State point SP3(T =899K; py = 0.0228717687 A‘3), Ng x P = 1372 x 22: (c) equilateral; (d) isosceles at slice
R =335A Acronyms as in Figure 2.

6.2. Helium-3 Triplet Results in Fourier k-Space

The computations carried out at state point SP4 are summarized in Figures 4 and 5 and Tables 1
and 2, where, as expected, the centroid features are more pronounced than the instantaneous ones.
In more detail, from the intercomparison of the results obtained with PIMC, JF3, and DAS3, the
following points can be remarked.

- - - @ g T ®) m
For the centroid and instantaneous equilateral components, S¢y(k,k,7) and Sgr (k, k, 3), the

two closures produce results remarkably close to PIMC data, as shown in Figure 4 and Table 1. On
the scale of the graphs, the corresponding amplitudes follow patterns only slightly different from
each other, and the maxima and minima for k = 2A~! are reasonably well located: see the
comparisons PIMC-JF3 in Figure 4a and PIMC-DAS3 in Figure 4b (the resulting spacings Ak used
in the PIMC calculations preclude further analysis). A more detailed comparison can be seen in Table
1, which reveals some distinctive features. PIMC yields for the centroid and instantaneous cases
negative values up to k < 1A%, a trait that is obviously absent from JF3 (owing to its null c;) but,
most interestingly, not from DAS3. In particular, the sign of the double-zero momentum transfer is
$3)(0,0) = SS,,)(0,0) <0, as evaluated via Equation (48b) and the corresponding Richardson
derivative of the type (49a). In this connection, it is interesting to compare the results obtained for
SS\} (0,0) and S S})(0,0) when using the two methods available: the based on the pair single zero-
components Séi} (k=0;py) and S ézT) (k = 0; py), and the based on the pair single zero-components

cg\z (k =0; py) and c,g.zT) (k = 0; py). Thus, one finds consistent results that indicate a negative value

of the actual $®(0,0):
(@) Method S@(k = 0; py), Equation (48b) and its instantaneous parallel,

$2(0,0) = —0.03211, and & (0,0) = —0.02153.

(b) Method ¢®(k = 0; py), Equations (28b) and (41b),
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$(0,0) = —0.02755, and S (0,0) = —0.02111.

In addition, the differences between JE3 and DAS3 are noticeable within the regions of low
wavenumbers. DAS3 definitely takes negative values within: k < 1.1 A7 in the centroid case, and
k < 0.3 A1 in the instantaneous case. The two closures JF3 and DAS3 stay very close to each other
for wavenumbers: k = 2.3 A~! in the centroid case, and k = 1.5 A~! in the instantaneous case.

Table 1. Helium-3 results at state point SP4 for the equilateral centroid and instantaneous components
SS} (k,k,g) and Sé?r) (k, k, g) PIMC = path integral Monte Carlo (Ns X P = 128 X 66), DAS3 = symmetrized
Denton-Ashcroft [47], JE3 = Jackson-Feenberg convolution [45]. Numbers in parentheses within the PIMC
columns stand for one-standard deviation in the last decimal(s) of the mean value shown (e.g., 3.732(17) = 3.732
10.017). Sampling of components not uniform. Instantaneous PIMC, DAS3, and JF3 results obtained in
References [19,35]. DAS3 calculations use five state points along the isotherm T = 4.2 K [96].

Helium-3 SP4 (T = 4.2 K; py = 0.02286713 A~3)
EQUILATERAL COMPONENTS §® (k, k, g)
PIMC DAS3 JE3
Wi | s ST Wit | e | s@ | s | s@
0a —0.0321 —0.02152 0a —0.0321a | —0.02152 0.0005 0.0006
0.500452 —0.010(1) —0.008((1) 0.5 —0.0017 0.0128 0.0004 0.0029
1.000903 —0.033(1) —0.028(2) 1 —0.0042 0.0607 0.0088 0.0474
1.733615 0.805(27) 0.782(4) 1.7 0.3975 0.5851 0.4311 0.5966
2.001806 3.732(17) 1.938(34) 2 3.6795 1.9096 3.5315 1.8934
2.648141 0.621(7) 1.008(1) 2.6 0.7025 1.0541 0.6966 1.0541
3.002710 0.594(18) 0.881(3) 3 0.5768 0.8809 0.5748 0.8807
3.467231 0.988(25) 0.915(1) 3.4 0.9284 0.9041 0.9287 0.9040
3.608808 1.201(9) 0.946(1) 3.6 1.1299 0.9458 1.1288 0.9458
4.003613 1.274(3) 1.019(2) 4 1.2378 1.0177 1.2371 1.0177
4.362836 1.031(22) 1.035(1) 44 1.0207 1.0326 1.0208 1.0326
4.586715 0.933(13) 1.025(3) 4.6 0.9289 1.0247 0.9287 1.0247
5.004516 0.897(7) 1.006(1) 5 0.8949 1.0046 0.8949 1.0046
2 Results based on the sum rule Equation (48b) and the derivative algorithm Equation (49a).
helium-3 (a) helium-3 (b)
T=4.2K p =0.022867 A T=4.2K p =0.022867 A®
41 g = CM3 - PIMC (128xE6) 44 % = CM3 - PIMC (128x66)
¥ | e CM3 - JF3 LK ceissns GM3 - DAS3 (5-p)
o m ET3- PIMC (128x66) = ET3- PIMC (128x66)
9 8 ET3- JF3 o 3 ET3- DAS3 (5-p)
x H
2 )
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Figure 4. Fourier space results at supercritical helium-3 state point SP4 (T = 4.2K; py = 0.02286713 A=3)
obtained with: path integral Monte Carlo (PIMC, Ng x P = 128 X 66), and the closures JF3 (Jackson-Feenberg
convolution) [45] and DAS3 (symmetrized Denton-Ashcroft) [47]. Plots of the equilateral components of the
triplet structure factors, centroid CM3 and instantaneous ET3, are given. Instantaneous PIMC and DAS3 results

taken from the work in Reference [19], instantaneous JF3 results taken from the work in Reference [35]. (a)
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Comparison between PIMC and JF3. (b) Comparison between PIMC and DAS3. Closure direct correlation
functions defined in Equation (46) for JE3 and Equations (47) for DAS3. Structure factors fixed with Equations
(26) and (37) for PIMC, and Equations (30) and (43) for JF3 and DAS3. Pair-level data at the five state points

studied in Reference [96] are used as input for DAS3 calculations.

helium-3 (a) helium-3 (b)
8, T=4.2K p=0.022867 A® T=4.2K p=0.022867 A®
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Figure 5. Fourier space results at supercritical helium-3 state point SP4 (T = 4.2K; py = 0.02286713 A=3)
obtained with path integral Monte Carlo (PIMC, Ng x P = 128 X 66), and the closures JF3 [45] and DAS3 [47].
Plots of the isosceles components of the triplet structure factors, centroid CM3 and instantaneous ET3, are given.
(a) Centroid results. (b) Instantaneous results. Wavenumber k,, = 2.123236 A= in the vicinity of the main
amplitude positions of both pair structure factors CM2 and ET2. (Triplet main amplitudes in the vicinity of
cos¢ = —0.5 fixed at kl, = 2.093539 A~1). Pair-level data at the five state points studied in Reference [96] are

used as input for DAS3 calculations. Acronyms as in Figure 4. The horizontal dashed lines are guides to the eye.

Table 2. Fourier space results for helium-3 at state point SP4. Numerical values of the centroid and instantaneous
isosceles components Sg; (k,k,¢) and S b(-e})(k, k,¢). Path integral Monte Carlo values (PIMC, Ngx P =
128 x 66 ) computed at k =k, = 2.123236 A1 (also ki, =2.093539 471 in the vicinity of ¢ = 120°).
Closure values for the symmetrized Denton-Ashcroft (DAS3) [47] and the Jackson-Feenberg convolution (JF3)
[45] fixed at k = k;,; (also ky,). Numbers in parentheses within the PIMC columns stand for one-standard
deviation in the last decimal(s) of the mean value shown (e.g., 6.72(13) = 6.72 + 0.13). Sampling of components

not uniform. DAS3 calculations use five state points along the isotherm T = 4.2 K [96].

Helium-3 SP4 (T = 4.2 K; py = 0.02286713 A73)
ISOSCELES COMPONENTS S®)(k,,, k. )
SIMULATION CLOSURES
PIMC DAS3 JF3
() s s o) | s [ s [ o0 [ s [ s@
0 3.54(9) 1.91(1) 0 3.810 | 2.059 0 3.726 2.025
38.9424 3.43(6) 1.91(1) 38.499 4.063 | 2.043 38.499 3.896 2.013
48.1897 3.46(6) 1.91(1) 47.198 4094 | 2.027 47.198 3.920 1.999
70.5288 3.43(9) 1.91(5) 72.133 3.467 | 1.931 72.133 3.379 1.924
83.6206 2.96(5) 1.85(5) 82.504 2968 | 1.894 82.504 2.927 1.889
90 2.72(9) 1.85(4) 89.897 2.683 | 1.895 89.897 2.684 1.890
96.3794 2.55(9) 1.88(5) 97.801 2591 | 1.941 97.801 2.621 1.946
109.4712 3.43(8) 2.20(4) 111.018 4300 | 2.370 111.018 3.974 2.328
119.0593¢ 6.72(13) 3.13(8) 119.804° 7.435 119.758¢ 3.004
119.398¢ 3.000 120.249¢ 7.014
131.8103 3.02(12) 1.79(4) 133.389 2344 | 1.485 133.389 2.131 1.500
141.0576 1.02(4) 0.86(4) 140.766 1.023 | 0.930 140.766 0.894 0.929
180 0.3647¢ 0.2133¢ 180 0.294 | 0.169 180 0.284 0.169
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aNear the PIMC maximum-amplitude angles for the isosceles configurations at k = ky,. b<dc DAS3
and JF3 maximum-amplitude angles for the isosceles configurations at k = k,,. f Fixed with structure
factor sum rules [32] based on Equations (28b), (41b) and (48c) at k = k,,.

Figure 5 and Table 2 show the isosceles components SSV; (km, km,cos @) and S ,§3T) (km, ko, cos ),
where k,, ~ 2.12 A1 is near the maximum amplitude positions of the respective pair structure
factors k,, ~ 2.06 A=1 [96]. PIMC results are compared to those of JF3 and DAS3, and one observes
in Figure 5 that both closures yield similar representations of the PIMC centroid and instantaneous
behaviors; the closures appear to work better for smoother structures, as displayed in Figure 5b that
contains the instantaneous case. By separating the ¢ -angular dominion into two regions,
®;(—1<cos¢ $0.4) and P,(0.4 < cos¢ < 1), the following features are to be noticed. Within &,
both closures capture reasonably well the shapes of the triplet CM3 and ET3 functions; recall that the
main amplitudes located near cos¢ = —0.5 are fixed at wavenumber k;, = 2.09 A1, which is
slightly different from k) and k. Nevertheless, within &,, both closures depart from PIMC,
which appears to show a levelled behavior (see also Table 2): the closures display larger amplitude
values and a remarkably undulating behavior in the centroid case. (For isosceles components at low
wavenumbers, DAS3 yields negative values within certain angular ranges; not having PIMC-
calculated components to be compared with, these results are not reported here).

The current closure results for the instantaneous equilateral components are somewhat similar
to those obtained with Barrat-Hansen-Pastore (BHP3) closure in Reference [35]. The BHP3 isosceles
components in @, also showed a levelled behavior that significantly stayed below most of the JF3
results. However, initial BHP3 calculations of the centroid triplet components at SP4 lead to not so
accurate results, which may be linked to the deeper bowl of the centroid pair direct correlation
function quoted earlier (see Reference [19] for a related discussion). Therefore, no BHP3 results are
reported in this article.

6.3. QHS Triplet Results in Fourier k-Space

Selected PIMC numerical results for the three state points, QHS1, QHS2 and QHS3, are given in
Table 3. (More detailed numerical results are contained in the Supplementary Material). For
visualization purposes, Figure 6 collects the computed equilateral components of the centroid and
instantaneous triplet structure factors § 3) (k*, k*,g); PIMC, DAS3 and JF3 results are plotted with

the use of reduced units (k* = ko). Interestingly, at QHS3, the current PIMC mean maximal values
are consistent with those previously reported in Reference [19]. However, the extended sampling
lengths involved in the current computations, which double those in Reference [19], are not sufficient
for reducing the corresponding error bars. Although the convergence of the Monte Carlo sampling is
expected to behave with the inverse square root of the number of trials, the insensitiveness obtained
is to be ascribed to the adverse role of the strong triplet fluctuations in k-space. This points to the
expected magnitude of the task ahead when tackling this sort of triplet study on quantum
crystallization lines. Also, recall that DAS3 calculations are based on the the use of Equations (28b),
(41b) and (49Db), involving the groups of three state points studied with PIMC+OZ2 along each of the
isotherms. For the three targeted fluid state points, one obtains values Sg} (0,0) < 0, which agrees
with the independent similar behavior seen at the fluid helium-3 state point SP4 earlier; this behavior
will be considered ed in more detail later on.
. . . . * % 1T

In these QHS applications, the following equilateral component S® (k ke ,;) features are to

be remarked:

(i) As compared to PIMC, the graphs indicate that DAS3 and JF3 appear to be slightly shifted
towards larger wavenumbers (see also the Supplementary Material). The differences between
DAS3 and JF3 are most noticeable within the low k*-wavenumber region, since DAS3 gives
negative values, whereas JF3 cannot yield that behavior. Despite the inaccuracies in the closure
results, the current representations of the triplet structure factors turn out to be very valuable
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approximations to PIMC results. In the behavior of the equilateral components calculated with
closures, JF3 takes over as k* increases (JF3 appears to yield a limit behavior).

From the graphs, one can observe at each state point that the triplet structure factor components
show more pronounced features in the centroid Sg\; cases than in the instantaneous S ,E—ST) cases.
Furthermore, as the quantum effects increase (i.e., larger y = A3 py, QHS1<QHS2<QHS3), one
observes that: the CM3-ET3 differences increase, and the structures are shifted towards lower
wavenumbers. All of these traits are consistent with their analogous at the pair level when

comparison of ng),(k) and 55(*21) (k) is made [97].

(i)

Table 3. Fourier space quantum hard-sphere fluid (QHS) results at state points QHS1(1; = 0.2; py = 0.789),
QHS2(Az = 0.4; py = 0.672), and QHS3 (A3 = 0.6; py = 0.589). Representative path integral Monte Carlo
results (PIMC, Ngx P = 250x12) the
SS} (k*, k*,g) and S SL) (k*, k*,g). , k* = ko (o is the hard-sphere diameter). Results at QHS3 updated in this

for centroid and instantaneous equilateral components,

work with respect to those reported in Reference [19]. Numbers in parentheses stand for one-standard deviation
in the last decimal(s) of the mean values shown (e.g., 10.49(34) = 10.49 +0.34; 0.249(7) = 0.249+0.007). Sampling

of components not uniform.

PIMC SIMULATION
EQUILATERAL COMPONENTS $® (k*, K, g)

QHS1(A; = 0.2; pjy = 0.789) | QHS2(A; = 0.4; p}y = 0.672) | QHS3(A; = 0.6; p}y = 0.589)
I R I G - T
0 | —0.0011c | 0.00005 0 | —0.0011e | —0.0008 | 0 | —0.00092 | —0.0004

2.6068 | —0.006(1) | —0.006(1) | 2.4710 | —0.006(1) | —0.007(1) | 2.3647 | —0.006(1) | —0.006(1)

45151 | 0.052(12) | 0.052(11) | 4.2798 | 0.044(12) | 0.044(11) | 4.0959 | 0.052(15) | 0.053(13)

52136 | 0.159(20) | 0.162(11) | 4.9419 | 0.161(10) | 0.168(12) | 4.7295 | 0.157(12) | 0.189(10)

65169 | 10.49(34) | 10.10(35) | 6.1774 | 10.50(55) | 9.38(52) | 5.9118 | 10.62(59) | 8.54(48)

6.8969 | 7.07(22) | 6.86(25) | 6.5376 | 6.86(14) | 6.13(12) | 62565 | 6.57(22) | 5.42(18)

9.3989 | 0.249(7) | 0.272(6) | 8.9092 | 0.262(14) | 0.330(11) | 8.5262 | 0.291(19) | 0.401(8)

11.3627 | 1.587(15) | 1.538(13) | 10.7707 | 1.503(74) | 1.387(47) | 10.3077 | 1.527(18) | 1.313(6)

2 Values fixed with the sum rules: Equation (28b) for centroid applications and Equation (41b) for

instantaneous applications, via Equation (49b).

(iii) As regards the centroid absolute maxima that can be derived from the equilateral PIMC results,
if one uses a simple quadratic fitting of the mean amplitudes in the related regions, the obtained
values hint (once again [33]) at the existence of a “constancy” in the maximal centroid equilateral
amplitudes. The related centroid estimates turn out to be: (a) 11.153 (QHS1), (b) 11.259 (QHS2),
and (c) 11.559 (QHS3). Roughly speaking, this would amount to having an interval ~ 11.3 &+ 0.2
for the absolute maxima of the equilateral centroid components of the QHS model, which could
be applicable within the present range of conditions investigated.

The foregoing centroid pilot result might be related to a hypothetical maximal ng), (keag, Fengs Du)-
constancy for real systems that, because of the existence of triple point, show a liquid-solid
coexistence line T-bounded from below (e.g., para-hydrogen, neon) [32,33,137,138]. However, to
ascertain this question, one should carefully analyze the following issues:

(iv)

(a) The combined effects of a more exhaustive PI sampling, seeking to reduce the present error
bars (= 3.5 — 5.5%), and a closer spacing Ak* for the fixing of the interpolating points; the sets of
commensurate wave vectors should also include general triangular geometries.

(b) The possible validity of such constancy hypothesis under stronger quantum effects; this
implies to extend the study to a wider range of QHS fluid-solid coexistence conditions [82,134].

(c) The situations presented by systems that, described by realistic interatomic potentials,
present a noteworthy discordance between their associated crystallization lines, the modelled and
the genuine [33,97].
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This search seems appealing, in that if proven successful, it would extend to the quantum triplet
level the classical Hansen-Verlet’s rule for crystallization at the pair level, which gives the interval
2.8540.1 for the main maximum amplitudes of the fluid pair structure factors Séz) (k) [27,139]. This
sort of result could be very useful for condensed matter studies (e.g., complex real systems, in which
interparticle repulsions dominate their behaviors), even if the quantum intervals found were
dependent on the specific fluid and no general rule could be established (e.g., the observed trend at
the quantum pair level [97]). In addition, other centroid triplet signatures of a quantum fluid-solid
change of phase may emerge from this search [34], and this possibility should not be disregarded.

(v) In relation to the instantaneous maximal equilateral components, by quadratically fitting the
PIMC data, as done in the centroid case, one obtains the maximal amplitude estimates: 10.724
(QHS1), 10.060 (QHS2), and 9.238 (QHS3). Therefore, the maxima of the instantaneous
components SST) (k, k*,g) appear to decrease monotonically with increasing quantum effects.

Regardless of the magnitude of the error bars and of the Ak* spacing available for defining these
maximum regions, this behavior agrees with the general pattern of less-structured instantaneous
functions arising when going from higher to lower temperatures and densities (QHS1 to QHS3)
[33,34,97].

(vi) The existence of equilateral negative values for low wavenumbers is an observable fact for both
classes of components, ng), and S ST) From the current calculations, PIMC results show just a
glimpse of this behavior for k* < 2.6 (Table 3), whilst DAS3 gives such a behavior within larger
ranges, which go from k* <49 at QHSI-CM3 to k* <35 at QHS3-ET3 (Ak* = 0.35).
Moreover, the double-zero momentum transfer components turn out to be negative, with the

exceptionof S ,?T) (0,0) = +0.00005 at QHS1. Also, see the Supplementary Material for illustrative

results at QHS3.
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Figure 6. Fourier space quantum hard-sphere fluid (QHS) results. Plots of the equilateral components of the

centroid and instantaneous triplet structure factors, Sg; (k™ k7, g) and S éz}) (k*, k¥, g), are given. Results on the

crystallization-line [82] obtained with PIMC(250 x 12) and the closures JF3 [45] and DAS3 [47]. State point
QHS1 (A3 = 0.2; py = 0.789): (a) centroid CM3 components; (b) instantaneous ET3 components. State point
QHS2 (A3 = 0.4; py = 0.672): (c) centroid CM3 components; (d) instantaneous ET3 components. State point
QHS3 (A3 =0.6; py =0.589): (e) centroid CM3 components; (f) instantaneous ET3 components. DAS3
calculations involve three state points along each of the fluid branches corresponding to the isotherms A3 =
0.2,0.4,0.6, which are studied herein at the pair level with PIMC (864 x 12) plus Ornstein-Zernike treatments
at the pair level. Acronyms as in Figures 4 and 5.

(vii) Given that density-differentiation algorithms more accurate than Equation (49b) can influence
greatly the final estimates, particularly in situations involving zero-momentum transfers (i.e.,
values k* = 0), this point deserves further consideration. Thus, it is worth noting that the
additional DAS3 five-point closure calculations at QHS1, based on Equation (49a), do not show
alterations in the magnitude of the foregoing CM3 and ET3 ranges of negative values resulting
from Equation (49b). However, use of Equation (49a) yields at QHSI: 58,), 0,0)=-1.81x107*
and $$(0,0) = 2.5 x 107°, which are to be compared with the k* =0 entries in Table 3 at
QHS1: —0.0011 and 0.00005, respectively. (Recall that the calculation of the exact $®(0,0)-
component is obtained through the CM3 scheme). Finally, for completeness, the effect of the
differentiation algorithm on DAS3 results becomes less important as k* increases, which can be
observed within the maximal amplitude regions k* = kj;. For example, at QHSI for kj; = 6.65,
one sees that:

(a) Use of Equation (49b) yields Sg; (k,T,,, k;‘,,,g) = 11.2462, whilst use of Equation (49a) yields

s&n (ki kin, ) = 11.0842.

(b) Use of Equation (49b) yields S Sp (ke k,*(,,,g) = 10.4487, whilst use of Equation (49a) yields

S (k;y, ki 5) = 10.4435.

7. Final Remarks and Perspectives

The present investigation on quantum fluid structures adds new triplet results to the knowledge
of fluids composed of helium-3 atoms and of quantum hard spheres, for which initial information
can be found in previous works by this author. Both systems are studied under thermal quantum
diffraction conditions, although the respective fluid state points differ qualitatively: supercritical for
helium-3, and on the crystallization line for quantum hard spheres. Path integral Monte Carlo
simulations and closure computations, at the pair and triplet levels of the centroid and instantaneous
structures, are performed in the real and the Fourier spaces, and the following remarks can be made.

In real space, the path-integral triplet structures (equilateral and isosceles configurations)
obtained for helium-3 show that the centroid structure features are more pronounced than their
instantaneous counterparts, in agreement with the general expected behavior since centroids are
known to mimic a fluid at a higher density than the actual one. The related whole path-integral
computational load depends critically on the simulation sample size Ns X P -canonical ensemble-,
which includes the number of necklaces (particles) Ny and the number of beads P; even under
strong quantum diffraction effects, this task is known to be perfectly affordable at the pair level, and,
by focusing on the abovementioned specific types of triplet configurations, it is also at the triplet level
(run lengths ~3000 kpasses). Most interestingly, the application of the real-space intermediate
closure AV3 to the determination of centroid and instantaneous triplet structures allows one, via
comparison with exact path integral data, to confirm the great usefulness of this approximation: by
analyzing structural conditions more extreme (the centroid correlations in helium-3) than those
previously studied elsewhere, the AV3 closure performance is, once again, excellent and far less
expensive than full path integral simulations.
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AV3 is the straightforward average of two basic closures: Kirkwood superposition and Jackson-
Feenberg convolution; both closures show clear deficiencies in the treatment of the triplet features in
real space. Therefore, although AV3 partly inherits the unphysical short-range-distance failure of the
Jackson-Feenberg convolution, the compensating effect of the abovementioned average makes AV3
capture most of the salient features of the path-integral centroid correlations (equilateral and
isosceles). Such a surprising triplet fact in real space was observed in recent works by this author
(e.g., centroid and instantaneous triplets in the quantum hard-sphere fluid, and instantaneous triplets
in supercritical helium-3). Within the significant correlation ranges of distances (i.e., those showing
nonzero path-integral structure values), the AV3 applicability to fluids with quantum behavior
appears to cover diffraction effects characterized by substantial values of the degeneracy parameter
y, including singular model systems (e.g., quantum hard spheres for y < 2.7) and real systems (e.g.,
helium-3 for y < 3.2). However, note that AV3 worsens as the density increases along isotherms,
and it does not capture relevant maximum region behaviors in the isosceles configurations either. All
in all, closures may give good and cost-effective “pictures” of complex interrelations among the
actual atoms/particles in fluid phases. In this regard, the further centroid triplet results obtained in
this work indicate that, in the study of quantum fluids via closures, the improvement of AV3 is well-
worth exploring, which should also incorporate general three-body configurations in the study.
When trying to fix the abovementioned density effects that AV3 suffers from, the time-honored Abe’s
developments may be a good guidance.

In the study reported in this work, the Fourier space applications to the fluid centroid and
instantaneous triplet structures (equilateral and isosceles wave-vector geometries) illustrate the
nature of these highly demanding calculations. In general, path integral Monte Carlo simulations
present strong fluctuations in the structure factor component values along the Markov chain; this fact
becomes critical in the vicinities of the main peak amplitudes investigated for both the centroid and
the instantaneous structure factors. This imposes very long run lengths (~10% — 4 x 10> Mpasses) to
achieve reasonably reduced statistical errors in such regions. Such a hard computational situation is
aggravated by some factors: (a) the number and sizes of the sets of commensurate wave vectors,
which are needed to obtain significant descriptions of the components analyzed; and (b) the
conditions under study, which put lower limits to the simulation sample size Ng X P to be utilized
(i.e., in general, changes of phase influence Ns; and diffraction effects influence P). In this
connection, selective sampling of the path-integral structure factor components (e.g., equilateral main
peak amplitudes) can be used for increasing the accuracy of the results in specific regions. In any
event, currently, the whole quantum fluid triplet study in Fourier space via path integrals, even in
the diffraction regime, with its diversity of classes and 4-D intricate numerical behavior, poses a
formidable challenge in every respect. Accordingly, the use of closures in Fourier space is a useful
way to obtain insights into the quantum triplet structure factor issues.

The current path integral results clearly indicate that, for low and not large wavenumbers, the
Fourier equilateral components take on (small) negative values in both the centroid and the
instantaneous cases. This exact equilateral feature is observed at every fluid state point investigated
in this work (helium-3 and quantum hard spheres). However, as regards the present closures, such a
feature is only captured by the symmetrized Denton-Ashcroft and not in its full details (Jackson-
Feenberg convolution cannot give this behavior). Thus, with respect to these below-zero regions, the
centroid triplets are in general better represented than the instantaneous triplets by such Denton-
Ashcroft closure, a feature to be ascribed to the classical-like structural nature of centroids (i.e., the
exact theoretical applicability of Ornstein-Zernike schemes, in particular the pair OZ2, to centroids).
In addition, as compared to the data obtained via path integrals, both closures give reasonably good
equilateral results beyond the below-zero regions, with Jackson-Feenberg convolution closure
becoming dominant for large wavenumbers.

Continuing with the equilateral components, the path-integral centroid calculations in Fourier
space for the quantum hard-sphere fluid lead, via interpolation in the computed data tables, to
equilateral main-peak amplitude estimates that suggest a “constancy” in these centroid quantities
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along the section of the crystallization line studied. This surmise needs more elaboration before
stating its validity and range of applicability. Therefore, extended simulation work is needed to: (a)
reduce the current statistical errors, and (b) analyze more extreme quantum conditions. (As an aside,
note that the analogous maxima of the instantaneous components cannot be candidates for
“constancy”, because they show a definite decay pattern with increasing quantum effects). Moreover,
other triplet centroid features in Fourier space (e.g., the maxima of salient isosceles components, as
those near angles ¢ = 2m/3, etc.) might be subjected to this sort of “constancy” search. Even though
the analysis of these possibilities entails costly simulations, this issue seems well-worth studying; its
potential applicability to complex real systems, as a triplet way to provide more insights into
quantum freezing phenomena, should be sufficient motivation to justify the effort. Furthermore, in
the search for triplet-structure signatures of distinctive quantum fluid behaviors, the role of the
centroid component SS} (0,0) should not be overlooked (recall its relationship with the third-order
number fluctuations). The present results for the fluid phases analyzed give Séfv,) (0,0) < 0, afactthat
indicates a negative skewness for all of the particle number (marginal) distributions involved in this
work. Therefore, the ranges of values that this quantity may take under different thermodynamic
conditions deserve further investigation; this is essentially a pair-level task, which could be
undertaken by paying careful attention to the accuracy in the density derivatives involving just the
centroid pair direct correlation functions (Equation (28b)).

Although, for low wavenumbers, the isosceles components may be expected to take negative
values (as suggested by closure calculations), the current path-integral applications to helium-3 for
the centroid and instantaneous structures, recorded at a wavenumber close to those of the maximum
amplitudes of the pair structure factors, show that the exact path integral values stay above zero
within the complete angular ¢ —range [0,7]. The symmetrized Denton-Ashcroft and Jackson-
Feenberg convolution closures produce results remarkably close to the path integral treatment within
the ¢ —subinterval [1.16,7], but they fail in its complement [0,1.16], where Jackson-Feenberg's
behaves in a wrong way that propagates into Denton-Ashcroft’s. The foregoing facts apply to both
classes of isosceles results, centroid and instantaneous, although the discrepancies from the path-
integral reference values are especially pronounced in the centroid case (i.e., the closure significant
undulations against the path-integral leveled behavior). These results suggest that the study with
other more numerically-involved triplet closures (e.g., Barrat-Hansen-Pastore) may be highly
significant and also help to clarify how to improve closure approaches.

The quantum fluid triplet topic presents one with many challenges, theoretical and
computational. The coming and extended use of increasingly efficient computational resources (i.e.,
exascale and, hopefully, quantum computers) can thrust the topic of fluid n-body structures forward,
especially in the quantum domain. In any event, the research on triplet closures in both the real and
the Fourier spaces will remain a valuable complement to the thorough understanding of the quantum
fluid structures. It is expected that not only Statistical Mechanics but also disciplines involved in
materials design can benefit from all these developments.

Supplementary Materials: The following supporting information can be downloaded at the website of this
paper posted on Preprints.org. File SupplMat_S2025_LMS.pdf, containing: (A) graphs of isosceles centroid
correlations in helium-3 state points SP1, SP2, and SP3 (Figures 7 and 8); (B) PIMC and closure (DAS3, JF3)
numerical results for the quantum hard-sphere fluid at state points QHS1, QHS2, and QHS3 (Table 3 extended,
and Table 4).
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