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Abstract: This article presents a buck converter in which the inductor has been replaced by a transmission line. This
approach would be practically conceivable if the power supply and load have a greater spatial distance. In the time
domain, this new converter can be described by a system of coupled partial and ordinary differential equations.
In the frequency domain, a transcendental transfer function is obtained. For comparison with an equivalently
parameterized conventional converter, Padé approximants are derived. A linear controller is designed for the

converter topology under consideration.
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1. Introduction

Switched-mode power supply became increasingly popular in the last decades. The applications
range from small electronic devices to the electrical power grid. In the field of home electronics
and mobile devices, switched-mode DC/DC converters have almost completely replaced the linear
regulators that were previously used.

Like other power supplies, switched-mode converters transfer power from a source to a load. In
many cases, a desired output voltage must be set, but other targets such as current or power could
also be specified. A buck converter (step-down converter) is used to provide a lower output voltage,
while a boost (step-up converter) converter would be used to provide a higher output voltage. Certain
converter types, such as buck-boost converters or Cuk converters, are able to provide both lower and
higher output voltages [1].

Switched-mode DC/DC converters store the energy from the power supply temporarily in
reactive network elements, i.e., inductors and capacitors, and then release that energy to the load at a
different voltage. The largest and most material-intensive component of the converter is typically the
inductor, i.e., the choke. In [2—4], the power inductor was replaced by a transmission line resulting
in distributed converter models. In [5-7], both the inductor and the capacitor were replaced by a
transmission line. In other publications, the connection of conventional switched-mode converter
circuits (i.e., with discrete reactive elements) to the load via transmission lines is investigated [8,9].

In the work [2,3], mathematical models were first derived for some converter circuits with
transmission line. This was followed by a spatial discretization of this transmission line. The approach
leads to a lumped model in which the power inductor is replaced by several smaller coils and capacitors.
The motivation for [4,6,7] was different. If the power supply and the load are physically separated,
wired energy transmission is unavoidable. The idea behind the work was to replace reactive network
elements with this supply line, which was needed anyway. In the buck converter, the transmission line
can in principle replace both the inductor and the capacitor. In the boost converter, the switch is located
between the two elements so that the transmission line can only replace the coil. An experimental
verification of these concepts with practical implementations was carried out in [2,3] as well as in [6,7].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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The modeling of conventional converter circuits initially leads to differential algebraic equations
that can be reduced to ordinary differential equations [1]. After linearization, if necessary, a rational
transfer function is obtained in the frequency domain. The modeling of a transmission line leads to
partial differential equations which, if further discrete reactive network elements are present, have to
be combined with ordinary differential equations [10,11]. In the frequency domain, this results in a
transcendental transfer function, which typically contains exponential or hyperbolic functions.

Numerous control concepts have been investigated for conventional converter circuits, both
linear and nonlinear, e.g. [1,12-14]. In practical applications, linear controllers are dominant [1,15,16].
Controller design for the class of distributed converter models, i.e., converters with a transmission line,
is significantly more challenging due to the different type of mathematical models, e.g. see [17-19].

In this paper we investigate a modified buck converter, where the inductor is replaced by a
transmission line. Unlike the previous work [5-7], the transmission line does not replace the capacitor.
This approach leads to a significantly lower first resonance frequency compared to the previous
work. The modified buck converter is also considered in the frequency domain. For this model, a
transcendental transfer function is derived and its rational approximations are discussed. In addition,
we design a linear controller based on the conventional converter model with equivalent parameters.

The paper is structured as follows: In Section 2 we derive mathematical models for the conven-
tional and the distributed buck converter in the time as well as the frequency domain. The transient
simulation of these converter models in discussed in Section 3. The description in the frequency
domain and the behavior of the models under periodic excitation is investigated in Section 4. In
Section 5 we present the controller design and simulate the closed loop control system. Our results are
discussed in Section 6.

2. Buck Converter Modeling

2.1. Lumped Parameter Model of the Standard Buck Converter

The circuit diagram of a standard buck converter is shown in Figure 1 (left). The buck con-
verter is a switched-mode power supply designed to reduce an input voltage to a lower output
voltage. The switching is often carried out by a transistor in combination with a freewheeling diode.
This topology is known as an asynchronous buck converter. In our circuit diagram, we show an
insulated-gate bipolar transistor (IGBT), but one could also use a bipolar junction transistors (BJT) or a
metal-oxide-semiconductor field-effect transistor (MOSFET). Sometimes the diode is replaced by a
second transistor resulting in a synchronous buck converter. Furthermore, the converter consists of a
coil (choke) and a capacitor. In this paper, the converter feeds a resistive load.

From the schematics we derive the network model shown in Figure 1 (right). The supply voltage E
is considered as an ideal constant voltage source. The semiconductor circuitry is modeled as a
single pole changeover switch with the two positions d = 0 and d = 1. The coil is described by an
inductance L with conductor resistance Ry. The capacitor is modeled by a capacity C with an insulation
conductance G¢. The load is ohmic with a resistance R.

L

E ?ZX —=C [|R E

Gr| IR Z)(f)

Figure 1. Standard buck converter, circuit diagram (left), network model considering losses (right)
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From the network model we obtain the ordinary differential equations (ODEs)
di(t .
L Czl(t) FRLi() +o(t) = Ed(t) (1)
do(t) 1 .
C TR <GC+R)v(t) = i(t) ()

with L,C,R > 0 and R, G¢ > 0. These ODEs constitute a lumped parameter model in the time
domain [20]. The ODEs can be transformed from the time to the frequency domain using the Laplace

sL+R 1 I(s)\ _(E
( o sC+GC+1§> (V(s)) N <0>D(S)’ ®)

M(s)

transform

where we use capital letters for the transformed signals and assumed vanishing initial values, i.e.,
i(0) = 0 and v(0) = 0. For current-mode control we use (3) to derive the transfer function

Is) E(sC+Gc—|—%)
D(s) [cet (LGC+RLC+%>S+1+RL(GC+%)

P(s) = 4)

from the switching signal D(s) to the current I(s). This second order transfer function corresponds to a
damped harmonic oscillator. The stability property holds even in the case of lossless reactive network
elements (i.e., R;, = 0 and G¢ = 0) due to the damping resulting from the load resistance R > 0.

2.2. Distributed Parameter Model of the Buck Converter with Lossy Transmission Line

If there is a certain spatial distance between the voltage source and the load, then the electrical
energy transmission could be described by a transmission line. This transmission line could also be
used to replace the inductor. The second reactive element of the converter circuit, the capacitor, is
present as a discrete component in parallel with the load. Replacing only one reactive element with the
transmission line corresponds to the approach described in [2—4]. The circuit topology of the resulting
converter is shown in Figure 2.

i=1  i(0,t) L

d=0 L',R},C, G}

E (0, 1) o(lt) = Cext [|R | v(t)

Figure 2. Distributed buck converter with transmission line

Central part of the new converter topology is the transmission line, which can be modeled by the
partial differential equations

L'—aatz'(z, t) + Ryi(z,t) + —ai o(z,t) = 0, (5)
0 0
/ / . _
C —atv(z, t) + Geo(z, t) + —azz(z, t) = 0 (6)

known as telegrapher’s equations [10,11]. The current i and the voltage u along the transmission
line depend both on the time t > 0 and the spatial position z € [0, ], where I denotes the length of
the transmission line. The parameters L, C’, R}, G(- describe inductance, capacitance, resistance and
conductance per length, respectively. These PDEs constitute a distributed parameter model [20].
Both ends of the transmission line are connected to the remaining circuitry. Mathematically, these
connections are described by boundary conditions. On the left hand side, i.e., at z = 0, we have the
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input voltage E d(t) resulting from the voltage source and the switch. On the right hand side, i.e., at
z = |, we have the parallel circuit of the external capacitor Cext > 0 and the ohmic load R > 0. This
leads to the Robin boundary conditions

0(0,t) = Ed(t) )
Cextz)(l,t)—i-%v(l,t) = il )

because the second condition is specified by a linear combination of the voltage and it time derivative
on the spatial boundary. Therefore, we can consider the overall model (5)-(8) as a coupled PDE-ODE

system.
For further investigations we transform the PDE (5)-(6) from the time into the Laplace frequency
domain
/! ! a
(sL"+R}) I(z,s) + e V(z,s) = 0, )
0
(sC'+G{)V(z,s) + % I(z,s) = 0, (10)

where the spatial dependency remains unchanged. Similar as in Section 2.1 we assume vanishing
initial values, i.e., i(-,0) = 0 and v(-,0) = 0. We can rewrite (9)-(10) as a linear state-space model

9 (I(zs) ) _ 0 —(sC" + Gg) I(z,s) (1)
0z\V(zs)) \—(sL'+R}) 0 V(z,s)
Als) X(z,9)

where the ODEs are formulated in terms of the spatial variable z. The characteristic equation
det(yI — A(s)) = y* — (sL' + R})(sC' + G{) =0,

where I denotes the identity matrix, has the roots

Y12(8) = :t\/(sL’ +R}) (sC' + G[). (12)
In general, the solution of an initial value problem of the linear system (11) can be written as
X(z,5) = exp(A(s)z) X(0,s) (13)
with the matrix exponential function
exp(A(s)z) = k;) T [A(s) z]". (14)

Using the linear dependency
[A(s)]> = (sL' + R}) (sC' + GL) I = 921,
we can decompose the series expansion (14) into odd and even terms and obtain

exp(A(s)z) = cosh(yz) I + %sinh('yz) A. (15)
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For current-mode controller design, we want to describe the input output relation on the left
boundary (7) taking the right boundary condition (8) into account. In the Laplace domain, condition (8)
can be written as

1 R
SCeXt o 1 +SRCeXt,

V(l,s) =Z(s)I(l,s) with Z(s)=R|| (16)

where the impedance Z describes the parallel connection of R and Cext. To describe the conditions on
the left boundary, we solve (13) w.r.t. the initial vector

X(0,s) =exp(—A(s)I)X(I,s) (17)

and set z = [ for the right boundary. The exponential matrix (14) is always invertible. In (17), the
inverse exponential matrix results from the reverse spatial direction. Using (15) we have

M(s) :==exp(—A(s)l) = cosh(yl)I— %sinh(’yl) A(s)
B cosh(~1) %(SCI + G} ) sinh(v1)
N %(SL’ + R}) sinh(71) cosh(~1)

With M = (m;;) we can write (17) element-wise as

1(0,s) = my1(s) I(1,s) +mya(s) V(I,s) = [m11(s) + ma(s) Z(s)] I(1,s) (18)

and
V(0,s) = mp(s) I(1,s) + mp(s) V(I,8) = [ma1(s) +mxn(s) Z(s)] I(1,s). (19)
Combining (7), (18) and (19) we obtain the transfer function

~

o -
1(0,s
V(o s)) E

maa(s) +ma(s) Z(s)

mo1(s) + man(s) Z(s)

(sC’ + G{) Z(s) sinh(7yl) + vy cosh (1)

(sL' + R]) sinh(vI) + v Z(s) cosh (1)

(sC” 4+ G{)Rsinh(7y]) + (1 + sRCext) cosh(7y
(sL' + R} ) (1 + sRCext) sinh(7!) + 7 R cosh(y

)
nE

(20)

from the duty ratio to the current into the transmission line.

3. Simulation Models

3.1. Model Parameters

In this paper, we want to investigate a new converter topology and compare it with the standard
buck converter. For this reason, the parameters for the distributed parameter converter are determined
first. The parameters of the lumped parameter converter are then determined in an equivalent manner
for a suitable comparison.

Central part of the new buck converter is the transmission line. In this paper we consider the
transmission line, which was used in practical realizations discussed in [6,7]. In particular, we use
| = 6 m coaxial cable RG 58 C/U [21]. The inductance and capacitance per length are L' = 241 nH/m
and C’ = 100 pF/m, respectively. While a lossless cable was considered in [6,7], the losses are taken
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into account in this publication. According to [22], the coaxial cable RG 58 C/U has a maximum
conductor resistance of 40.7 Q2/km. For our considerations we assume R} = 40 QQ/km = 40mQ)/m.
Furthermore, the minimum insulation resistance is 5G() x km resulting in the conductance per
length of G- = 0.2 pS/m. These primary line constants result in the following integral values of the
transmission line:

L = I[.-I' = 1446nH,

C = 1-C = 600pF

_ ! 21
R, = IR} = 240mQ, @)
GC = lG/C = 1.2ps.

In addition to the transmission line, the new converter possesses an external capacitor with the
capacitance Cext = 1pF. In connection with (21) we define the following parameter values for the
standard buck converter:

L =1L = 1446nH,
RL = RL = 240 mQ,
GC = GC = 12 pS
Both converters are supplied with E = 12V and operated with the load R = 10 ().
3.2. State-Space Model of the Standard Buck Converter
We can rewrite the network equations (1)-(2) as a two-dimensional state-space model
x(f) = Ax(t) + Bd(t), y(t)=Cx(t)+Dd(t). (23)

With the state vector x = (xq,x2)T = (i,v)7, the system matrix A € R?*2, the input matrix B € R?*1,
the output matrix C € R?*2 and the throughput matrix D € R>*! are given by

-5 -1 i 10 0
A= 1 _14+RGc |’ B = <0>’ c= (O 1)’ b= (0) (24)
C RC

with the parameters listed in (22). The output matrix is a 2 x 2 identity matrix such that both compo-
nents of the state vector are available on the output for measurement. The throughput matrix is a zero

matrix because the system doesn’t have a direct throughput. Therefore, the output vector has the form

Consider a constant input signal d° € [0, 1]. For a non-singular system matrix A the state-space
model (23) has an unique equilibrium point at

' =—-A"1Bd".
With the matrices (24) we obtain
0 (GeR+DE 10
o_ |[1 _ | GeRRL+R+R,
N . 25)
(9 ER dO
GcRRL+R+RL

From R, Ry, Gc > 0 we conclude 0 < o° < E, i.e., the voltage in the equilibrium point is always less
than the supply voltage E.
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By (25) the current and the voltage in the equilibrium point are specified by the input values d°. In
practice, a desired voltage is usually specified. For a prescribed reference v°, the values of the reference
current and the reference input are given by

0 C 0 0 C L 0
1 —71{ [ and d° = ER 0.

(26)

3.3. State-Space Model of the Buck Converter with Transmission Line

To simulate the distributed converter, the transmission line is replaced by a spatially discretized
network model. Figure 3 shows the resulting network model, where the integer N is the number
of spatial discretization steps. The parameters 5L, 6Ry, and C, 6G¢ describe the inductance and the
conductor resistance as well as the capacitance and insulation conductance per discretized element,
respectively.

d=1 11 5L 5RL iN(t) oL 5RL

- /VV\_E
[Erwg —6C[]sG, on(t) | 77 6C[]6G, == Cext [|R | (t)

Figure 3. Distributed buck converter with discretized transmission line

Kirchhoff’s voltage law result in the network equations

OL Liy(t) +0RLir(t) = d(H)E—oi(t),
SL Lir(t) + 6RLia(t) = v1(t) —vo(t),
: 27)
SL&Lin_1(t) +ORpiN-1(t) = on—2(t) —on-1(t),
OL fiin(t) +ORLin(H) = on-a(t) —on(t),
and Kirchhoff’s current law yields the further network equations
6C01(t) +6Geui(t) = in(t) —iat),
5C0y(t) +0Geva(t) = ia(t) —is(h),
: (28)
6CoN-1(t) +0Gcon-(t) = in-1(t) —in(t),
(6C + Cext) O (F) + (5GC + %) on(t) = in(b).

These equations can be written as a state-space system (23). Defining the state vector

T
x=<11 I+ IN-1 IN U1 U2 - UN-1 UN)

we obtain the matrices A € RZN*2N B ¢ RZNx1 ¢ ¢ R2¥2N gnd D € R2*1 of the form
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A B
_ SR L E
oL oL oL
Ry 11 0

oL oL oL
_ R, 11 0

oL oL oL
R 11 0
L oL oL
T L e 2 el
oC oC oC

11 _sGe 0

oC oC oC
1 _1 _9Gc 0

oC oC oC
1 Gtk
OC+Coxt OC+Coext
1 0
, .
1 0
——
C D
(29)

The simulation model has two outputs. We use the the first current and the last voltage of the
discretized model (27) and (28). Again, the throughput matrix is a zero matrix because the system
doesn’t have a direct throughput. Hence, we have the output vector

o= ()

In our simulation we use N = 25. This results in the following parameters in the system
matrices (29) of the discretized model:

oL = L/N = 57.84nH,
6C = C/N = 24pF 30)
SR, = R, /N = 9.6mQ,
5GL = Gc/N = 0.048pS.

3.4. Open Loop Transient Simulation

In this section we will carry out open loop transient simulations of the converter models derived
in Sections 3.2 and 3.3. For the numerical simulation we employ Scilab 2024 [23] with the graphical
editor Xcos under Fedora Linux 39.

Using the parameters given in Section 3.1 and taking the losses described by Ry and G¢ into
account, the largest output voltage that can be achieved continuously is v° ~ 11.72 V resulting from (25)
with d° = 1. In our considerations, the buck converter should be operated in such a way that an
output voltage of v0 = 6V is produced. With (26) we obtain the reference input d° ~ 0.512. With this
constant input signal, the current i ~ 0.6 A should be achieved asymptotically. For both converter
models we used a zero vector of appropriate dimension as an initial value. Figure 4 shows the
simulation results. The step response of the classic converter corresponds to a stable second-order
oscillatory system due to its overshoot. The current of the discretized distributed converter oscillates
with a higher frequency around the current of the standard buck converter as shown in Figure 4
(left). The output voltages of both converters match visually, see Figure 4 (right). The first voltage
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peak occurs at t ~ 3.78 s, the second at t ~ 11.345us. Therefore, the declining oscillation has a
period of approximately 11.345us — 3.78 us = 7.565 ps, which corresponds to a frequency of roughly
1/7.565 ps =~ 132 kHz.

5 10

— i(t)
‘ /ﬂ\ ——- i) | g /

Currents in A
I
o

Voltages in V

[+2]

R \U /TN 4 /
p \ o/ - — o(t) |
\/ - - - up(t)

_2 0 LI L |
0o 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

Time t in ps Time t in ps

Figure 4. Step response of the state-space models of the standard and the discretized distributed
buck converter.

While any value of the input signal d(t) can be applied to the linear continuous-time model (23),
only discrete values d(t) € {0,1} are possible with the converter circuit. A pulse width modulation
(PWM) can be used to simulate continuous values in the interval d(t) € [0,1]. In particular, for a given
number D € [0, 1] the switching signal is generated by

31
0 otherwise (31)

d(t) . { 1 if mod (f, TpWM) < D Tpwm
with the switching time Tpwy > 0 and the switching frequency fpywwm = 1/ Tpwm. The number D is
called duty ratio or duty cycle [1]. In an analog implementation, the switching signal would be generated
using a sawtooth oscillation and a comparator as shown in Figure 5. In a digital implementation,
counters are used.

1 _______ —_— .
D —+ JLIL
— d(t
D____ _______ - -~ Z_' /1/‘ - ()
0 DTpwm  Tpwm t

Figure 5. Analog PWM generation, PWM and reference sawtooth signals (left), sketch of an implemen-
tation with an operational amplifier used as a comparator circuit (right).

Next, we simulated both converters under PWM excitation. To achieve the desired output voltage
o¥ = 6V we used the duty ratio D = d° ~ 0.512. The transient simulation results of the state-space
models of the standard and the discretized distributed buck converter are shown in Figure 6. As initial
vectors we used zero vectors of appropriate dimensions. The simulations were carried out for different
PWM frequencies fpwm € {2 MHz, 6 MHz, 10 MHz}. For the discretized distributed converter, there
are significant current ripples due to traveling waves in the transmission line, which tend to decrease
with increasing PWM frequency. On the other hand, the voltage ripples can just about be seen at
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frwm = 2MHz, but not at the higher frequencies used here. The voltage peaks are smoothed by the
external capacitor. This represents a significant improvement compared to the investigations in [6,7].

fp\\:‘]\[ =2.000 MHz
6 : 10

i(t) /‘
- - -t | 8

= > \ o
g, 2 . N —
N
& r z —
T ' ¥
:: 0 1 { ﬁ 4
= S
2
) 2 v(t)
- - - un(t)
-4 0 T T
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
frwu = 6.000 MHz
— 10
— it /
---al) | 8
< = \ =
.ﬂ 'z 6 e
£ 4 S
= S
e > /
2 U(t) i
-4 T T T T T T T T T T 0 T T T T T LA B
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
frwu = 10.000 MHz
6 10
: i(t) /‘
<I: A gl - i1(t)- > 8
z, ERp \ o —
S &
= 0 = 4 /
= o
O 2 = 2 u(t)
- - - un(t)
-4 0 T T
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time ¢ in ps Time ¢ in ps

Figure 6. Responses of the state-space models of the standard and the discretized distributed buck
converter under PWM excitation with different frequencies

4. Frequency Domain

4.1. Transfer Function

The input-output behavior of the classical buck converter is described by the transfer function (4).
Using the parameter values given in Section 3.1 we obtain

_ 8298755.186721992 s + 829377891946.9895
524 265915.1397140521 s + 707735801119.8038°

P(s) (32)
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The transfer function is strictly proper. The (normalized) poles s; , =~ —132957.57 & 830697.35; are
a conjugate pair located in the left half plane. The step response of (32) should result in a declining
oscillation, which is consistent with the numerical simulation carried out in Section 3.4, see Figure 4.

The transfer function for the distributed converter was derived in (20). We omit printing this
transfer function with the numerical parameter values because the corresponding expression is very
large. However, this transfer function is not rational, but transcendent. This property complicates
controller design because many design methods require a rational transfer function of the plant. To
avoid these difficulties we will approximate the transcendent transfer function (20) by a rational
function.

Given a transfer function P, the Padé approximant of order (1, n) is the rational function

bmsm+"'+b1$+bo

Pun(s) = .
mn(s) s"+a, 18" L+ +ags+ag

(33)

To obtain the Padé approximant (33) we expand the original function P in a Maclaurin series (i.e., a
Taylor series at 0) with n 4 m coefficients:

P(s) = co4c1s+ -+ Cupms" T 4+ O(s" T, (34)

The coefficeints ay, ..., a,_1, by, . .., by are calculated via coefficient matching between (33) and (34).
The Taylor expansion (34) required to calculate the Padé approximant (33) led to error messages
in the computer algebra programs Maxima 5.45.1 [24] and SageMath 10.2 [25]. The issues with the
series expansion most likely result from the term -y, which is a square root according to (12). In the
series expansion of the functions occurring in (15), however, the term 7y only occurs in even powers:

1 1
cosh(yz) = 1+ 57222 + ﬂfy4z4 4,
1 sinh(')/z) = z4+ 1,),223 4 L’)AZS 4o
7 6 120

Note that these are entire functions in s. If you use these series expansions when calculating the
transfer function (20), one can avoid the problems mentioned above as there is no longer a square root.

The RC element at the right boundary of the transmission line would tend to produce a low-pass
behavior, at least for high frequencies. This qualitative assumption leads to the requirement m < n
for the Padé approximant (33), i.e., to a strictly proper transfer function. With SageMath 10.2 [25] we
computed the following low order Padé approximants

—121684.784841855
P p—
01(5) s — 103837.683063803 (35

8.30398290026456 x 10° s + 8.29900199309498 x 10'!

P =
1.2(5) 2 + 265983.502353863 5 + 7.08181503402271 x 1011 (36)

of the transcendent transfer function (20).

4.2. Response under Sinusoidal Excitation

The amplitude frequency responses of derived transfer functions are shown in Figure 7. The
amplitude responses of the classical and the distributed converter as well as its Padé approximant
of order (1,2) agree up to w ~ 107 rad/s. The transcendent transfer function (20) of the distributed
converter shows a qualitatively different behavior for w Z, 10" rad/s. These three models have a
resonance peak with an angular resonance frequency wy ~ 0.841 x 10° rad /s corresponding to the
technical frequency fo = wp/27 ~ 134kHz. This is consistent with the frequency of the declining
oscillations observed in the transient simulation in Section 3.4. Of course, the resonance peak cannot
be described by the Padé approximant of order (0,1). In contrast, an antiresonance can only occur
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with the distributed converter model. The first angular antiresonance frequency occurring at w; ~
53.3 x 10°rad /s corresponds to the technical frequency f; = w1 /27 &~ 8.49 MHz. With increasing
frequencies, resonances and antiresonances alternate for the distributed converter model.

40
=
-~ 20
':. / :
2 = S |
= T \ \ /
7 R
& -20
= \‘[H
—%j _ 4 0 | \\ H"‘\ -
E standard converter
= —  distributed converter
o [~
= 601 Padé approximant (0,1)
< | ----- Padé approximant (1,2) \\
-80 | |
3 4 5 6 7 g 9
10 10 10 10 10 10 10

Angular frequency w in rad/s
Figure 7. Amplitude frequency responses of the transfer functions

4.3. Response under PWM Excitation

The frequency response is the gain factor of the system’s steady-state response to harmonic (i.e.,
sinusoidal) excitations for different angular frequencies. However, in the case of switched converters,
the excitation is not sinusoidal, but by means of PWM signals. The PWM signals are periodic and
can be expanded into a Fourier series. The switching frequency is the fundamental frequency, but
there are also higher harmonics that also depend on the duty cycle. The higher harmonics can
possibly excite resonance frequencies in the higher frequency spectrum. To investigate this problem we
excited the discretized model of the distributed converter with different PWM signals. The transient
simulations were carried out over a duration of 100 ps. The ripples occur in the current transients
as shown in Figure 5. To measure these ripples in a near steady-state situation we computed the
standard deviation ¢ of the current transients in the last 10 % of the simulation time, i.e., for the
range between t = 90pus and ¢t = 100ps. To compare the results with the amplitude frequency
response shown in Figure 7, the current standard deviation in dependence on the angular PWM
frequency wpwm = 27T fpwm is shown in Figure 8 using a logarithmic plot. We used a slightly smaller
frequency range as in Figure 7, but included the first angular resonance frequency wy and the angular
antiresonance frequency wj.
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Figure 8. Standard deviation of the current peaks in the range between t = 90 us and ¢ = 100 ps of the
simulated distributed converter under PWM excitation for duty ratios D € {0.4,0.5,0.6}

The curves shown in Figure 8 are roughly similar to the frequency response shown in Figure 7,
especially near the first resonance frequency wy. We plotted the standard deviation computed for
different duty ratios D € {0.4,0.5,0.6}, whereby there is a considerable qualitative similarity between
the curves. Below the resonance frequency wy, the low-pass filter, which results from the line induc-
tance, the external capacitor and the load resistance, has hardly any effect. As a result, relatively large
fluctuations occur in the standard deviation. From the resonance frequency wpwym = wp up to about
wpwMm ~ 3 x 10°rad/s, a continuous drop in the standard deviation can be seen, which is due to
the low-pass behavior. At higher frequencies, peaks occur more and more strongly, which can be
explained by the forward and backward traveling waves in the transmission line in the time domain
or by resonance peaks excited by higher harmonics in the frequency domain. We see a significant
drop in the standard deviation near the antiresonance frequency w; for D = 0.5. On the other hand,
we have resonances for D = 0.4 and D = 0.6 in this frequency range. This can be explained as
follows: Resonances and antiresonances alternate for multiples of the first antiresonance frequency. For
D = 0.5, the Fourier series of the PWM signal (with the exception of the constant term) only contains
odd coefficients. This means that only antiresonances are excited, so that current ripples are mostly
suppressed. For D # 0.5, the Fourier series of the PWM signal also contains even harmonics, which
excite resonances and thus lead to current ripples.

Figure 8 shows that the antiresonance frequency was different at different duty cycles. A more
in-depth analysis is therefore necessary for the desired operating point. In Section 3.4, for the desired
output voltage ° = 6V, the input signal d° ~ 0.512 was determined based on an averaged model.
For the switched model, the duty cycles D € {0.510,0.512,0.514} that lie in the neighborhood of this
operating point should therefore be considered. Figure 9 shows the standard deviation as a function of
the angular PWM switching frequency for the range restricted to the higher frequencies. It can be seen
that a significant reduction in the standard deviation is achieved in the region of wpwn =~ 5 x 107 rad /s
for all duty cycles considered. Here there is obviously a noticeable antiresonance frequency. This
frequency is marked with a red arrow in the diagram.
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Figure 9. Standard deviation of the current peaks in the range between ¢t = 90us and t = 100 ps of the
simulated distributed converter under PWM excitation for duty ratios D € {0.510,0.512,0.514}

5. Closed Loop Control

5.1. Control Structure and Static Prefilter

The desired control variable is the output voltage v(/, t) on the right hand side of the transmission
line. For a useful implementation, the control and measurement should take place at the same side
of the transmission line. A voltage is fed into the left hand side of the transmission line via the
PWM-controlled switch. It therefore makes sense to measure the current i(0, t) on the left-hand side
and use it for control. In addition, the duty ratio is limited to D € [0, 1]. This restriction is ensured by a
saturation block. The resulting structure of the closed control loop is shown in Figure 10. The resulting
input-output behavior of the plant has already been taken into account in the transfer function (20).

static PI ) PWM
prefilter controller saturation modulation converter
Uref iref _ D(tl d(t)‘ > U(l, t)
T LE e Gs) = |- - - i(0,1)

f

Figure 10. Closed loop control structure

Tpwm

The fact that we want to specify a reference voltage, but only have the current available for the
control, makes a conversion from voltage to current necessary. This conversion is performed via the
static prefilter. From the equilibrium condition (26) of the finite dimensional model of the classical
converter we obtain the scaling factor

GcR+1) 1
F:(—%—:O.ls. 37
R R (37)
Interestingly, this conversion does not include the conduction losses Rj, of the inductor, but only
the insulation losses G¢ of the capacitor (and of course the resistance R of the load). However, the
insulation losses are extremely low, so that only the load is relevant.
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5.2. Controller Design

For angular frequencies up to w ~ 107 rad/s, the frequency responses of the classic converter
with discrete components and the converter with the transmission line agree very well as shown in
Section 4.2. The transfer function (4) respectively (32) of the classic converter should therefore be used
for a controller design in the frequency range, but then used for the distributed converter.

DC/DC converters are very often regulated with proportional-integral controllers (PI controllers),
see e.g. [1,15,16]. In the frequency domain, PI controllers can be described by the transfer function

1
G(s) = &k <1 + sTl> (38)
ki
= kp+ o (39)
Equation (38) is the standard form of the PI controller with the gain k and the integral time constant T;.
This form is helpful for the controller design, whereas the parallel form (39) with the proportional gain
ky = k and the integral gain k; = k/T; is often is used for implementation.

There are many different methods and approaches for designing PI controllers [26,27]. Since the
plant’s transfer function (32) is comparatively simple as a second-order system, we will carry out the
controller design directly in the frequency domain. For this reason we consider the open loop transfer
function having the form

bys + by 1+5sT;
2+ais+ag ST

P(s)-G(s) =k , (40)
where the coefficients ag, a1, by, by result from the transfer function (32) of the plant. The transfer
function (40) is unstable due to the integral part of the controller, which can be recognized by the pole
at the origin. First of all, the closed loop system should be stable. In addition, the oscillations that
occur in the plant should be suppressed in the closed control loop.

Due to the low inductance of the transmission line, the radian resonant frequency wy of the
equivalent conventional converter is comparatively high. In practice, the required settling times
typically correspond to significantly lower frequencies. The integral time constant is selected with
T; = 10ps such that the folding frequency w; = 1/T; = 10°rad/s is approximately one order of
magnitude below the resonance frequency. Figure 11 shows the amplitude frequency responses of the
plant’s transfer function (32) as well as the open loop transfer function (40) with k = 1. A discussion
on the choice of the controller time constants can be found in [1, Section 8.2.2].

converter without controller

A 40
e B e T e B converter with PI controller
= RN
% 20 - /\
S R .
2, __:.?-/
2 0
% \
E - \
o
=
- -40
3 4 5 6 7 8 9
10 10 10 10 10 10 10

Angular frequency w in rad/s

Figure 11. Amplitude frequency responses of the plant’s transfer function (32) as well as the open loop
transfer function (40) including the PI controller with k = 1
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The gain k must still be determined for the PI controller. We will use the root locus technique,
which provides a design method based on the system’s open loop transfer function [28]. With this
method, the poles of the closed loop system are plotted in the complex plane as a function of the gain k.

The root locus plot of the open loop transfer function (40) is shown in Figure 12. The root loci
start for k = 0 at the poles of the open loop transfer function, i.e, at a conjugate complex pair located
in the left half plane resulting from the plant (32) and a pole in the origin resulting from the integral
part of the PI controller. From k g 0.214, the conjugate complex pole pair merges into two real poles
on the real left half axis. A double real pole occurs at this transition, whereby the associated gain
can be calculated in Scilab using the function krac2. For k — oo, the root loci converge to the zeros
of the open loop transfer function. We have one real zero at s =~ —99940 due to the plant’s transfer
function (32) and another real zero ats = —1/T; = —100000 from the PI controller. These zeros are
located on the real left half axis and cannot be distinguished visually in Figure 12. Two branches of the
root locus plot converge to these zeros. Since the open loop transfer function has one zero less than
poles, the third branch on the root locus plot converges to s — —oo.

1e06 :
asymptotic directions k=0
8eD51{*% X X poles of the open loop
¢ o ¢ zeros of the open loop
605 /
4e05 /
. 2e05
o
~ ke~ 0.215 k— oo
%ﬁ 0e00 T LY —
=
" -2e05 \
-4e05 \
-6e05
-8e05
k=10
-1e06 : - : -
-1.5e06 -1e06 -5e05 0e00

real(s)
Figure 12. Root locus plot of (40) for k > 0

From the root locus plot we draw the following conclusions: For any k > 0 the closed loop system
is stable. With k Z 0.214 the system has solely real poles, i.e., so that no oscillations occur. In our
simulation we will use gain k = 5. In general, the controller gain should not be set too high for buck
converters, because the input saturation of the duty cycle may lead to a controller windup [29].

5.3. Closed Loop Transient Simulation

The simulation is to be carried out on the discretized distributed converter model. The PWM
frequency must still be defined for the simulation. The PWM frequency should be chosen such that
current ripples are largely suppressed. In Section 4.3 we observed an antiresonance area around
wpwMm ~ 5 x 107 rad/s. This leads to the technical PWM frequency fpwm ~ 7.957747 MHz. As with
the simulations before, we want to obtain the output voltage of 6 V. The transient simulation results of
the open and closed control loop of the discretized distributed buck converter are shown in Figure 13.
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The controller suppresses the oscillations that occur in the open control loop. The desired output
voltage is achieved. There are only comparatively small ripples in the current. The controller designed
for the classic converter also works with the distributed converter.
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Figure 13. Transient simulation of the state-space model of the discretized distributed buck converter
in open and closed control loop

6. Discussion

In the paper, a buck converter was analyzed in which the inductor was replaced by a transmission
line. Converter topologies with a transmission line are comparatively rarely discussed in the literature.
In contrast to [2,3], the distributed converter model discussed in the article is not just an intermediate
step for a different setup with several discrete components, but could be used in such a way that the
power inductor can actually be saved. When compared to the models considered in the previous
papers [5-7], the model in this contribution also contains an external capacitor.

Converters with a transmission line are distributed parameter systems described by PDEs. In
general, there are two basic strategies for designing controllers for distributed systems. In the case of
early lumping, the distributed system model is discretized and then the controller is designed. Classic
design methods can be used for this purpose. In the case of late lumping, the controller is designed for
the distributed model. This approach usually leads to a distributed controller model, which is then
discretized for the implementation. This design approach is generally more difficult. The controller
in [30] was derived in the time domain on the basis of a control Lyapunov functional and was then
approximated for the implementation. The result is a nonlinear switching controller that excites the
converter circuit in a very high frequency range. In this article, the controller design was based on an
approximation of the plant’s model in the frequency domain resulting in a linear controller.

With a PI controller, a linear and comparatively easy to implement analog controller was used.
In principle, implementation with a digital controller would also be possible. With this, however,
the current measurement should be synchronized with the pulse width modulation. More complex
controller strategies could then be used, e.g. internal model control [31-33].

The investigations in Section 4 show that the classical and the distributed converter have a similar
amplitude response over a wide frequency range. The behavior of the distributed converter can be
divided into two frequency ranges. On the one hand, the external capacitor leads to a significantly lower
first resonance frequency compared to [6,7]. In this frequency range, the behavior of the distributed
converter resulting from a transcendental transfer function can be adequately described by a Padé
approximant having the same order as the rational transfer function of the classical converter. This
frequency range is used for the approximation and the subsequent controller design. The alternating
resonance and antiresonance frequencies in the higher frequency range are caused by the transmission
line. However, these frequencies can also be lowered by using a longer transmission line.
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The coaxial cable used here is primarily intended for signal transmission and not for transmitting
power. The coaxial cable was used because the parameters of this cable are very well known and
it is also supported by circuit simulators. A twisted-pair cable would certainly make more sense
for practical and economical implementation. Microstrips would also be conceivable for smaller
implementations on a printed circuit board [34].

Of course, the question arises as to whether this approach could also be relevant for other types
of switched-mode converters. If a supply line is to be used meaningfully as an inductor, in the
conventional converter circuit the inductor must be in series between the power supply and the
load. This for example does not apply to the buck-boost converter, see [2, Figure 7] and [3, Figure 2].
In addition, the manipulated variable and the feedback variable should be on the same side of the
transmission line, as otherwise another signal line would be necessary. In this article, the left-hand
side (supply side) was considered, whereby the voltage was fed in and the current was measured
for the control. The right-hand side (load side) would be suitable for the boost converter [4]. The
incorporation of transmission lines into the models can certainly also be of interest for applications
in electric drives and the power grids where AC and multilevel converters are used [8,35-37], which
would be subject of further research.
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AC  alternating current
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