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Abstract: This study explores the development of recurrence relations (RRs) for single moments
(SMs) and product moments (PMs) based on progressive first-failure censored data (PFFCD) using
the extended power Lindley distribution (EPLD). These RRs enable efficient computation of key
statistical measures, such as means and variances, across varying sample sizes, reducing
computational effort. The proposed approach extends existing methodologies and adapts to
progressive type-II censoring schemes (PTIICS), broadening its applicability. This advancement
enhances analytical frameworks and computational tools for statistical inference in models
involving censored data.
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1. Introduction

In industrial experiments and reliability testing, it is important to save costs and money when
observing product downtime. Censoring is the most appropriate technique to achieve this goal by
using lifetime experiments where we observe some lifetimes or failure times and not all lifetimes of
the units under test. There are different methods of censoring. Progressively censored sampling has
gained considerable attention in statistical research due to its flexibility and applicability across
various fields. Numerous studies have explored this approach, including investigations by
Balakrishnan et al. [1], Balakrishnan and Sandhu [2], and Davis and Feldstein [3]. Singh et al. [4]
proposed both classical and Bayesian inference methods for the extended exponential distribution
under PTIICS with binomial removals. Aggarwala and Balakrishnan [5] derived RRs for SMs and
PMs under PTIICS. Recent advancements include the work of Athar et al. [6], who examined
moments under PTIICS for the Lindley distribution, and Mohie EI-Din et al. [7], who developed E-
Bayesian estimation techniques for the Gompertz distribution with practical applications. Kotb et al.
[8] extended these methods to the Kumaraswamy distribution under PFFCD, while Abu-Moussa et
al. [9] estimated reliability functions for the extended Rayleigh distribution using the same
framework. Further contributions by Sharawy [10] included RRs of PFFCD and characterization of
right-truncated exponential distributions. Additionally, Alsadat et al. [11] conducted a
comprehensive study of RRs and characterizations based on PFFCD.

The PFFCD scheme operates by dividing the total n groups, each containing b items, into segments
based on observed failures. At the first Xl(ljjnlf W,k groups, along with the group containing the

X(kl,...,ku) X(kl,...,ku)

failed item, are removed. This process continues for subsequent failures X, ", X;. """ and so

on, until the u** failure Xikinzlf ), after which the remaining k, groups are removed. The resulting

order statistics X %) « xPukw) o o y@iekn) oo tormed PEECD order statistics under the

l:un,b 2:umn,b uun,b

PTIICS scheme, where n —u = Y1~ k;.
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Assuming the failure times of b X n items follow a continuous distribution characterized by the
cumulative distribution function (CDF) F(x), survival function (SF) F(x) =1-F(x), and
probability density function (PDF) f(x), and the joint PDF of the order statistics X Uerke)

l:umn,b

Xz(}i}n,f' W Xlik;n,’; wis expressed as follows:
u
Fevaumitans Gt 1) = AD | [ FODIFG1, 0 <3y < < < o0 (1)
i=1
where,
u-1 i
Xi = Xjymp A =n1_[ n—i—ij ,i=1,..,u—1,andR;=bk;+b—1.
i=1 j=1

The EPLD is significant due to its flexibility in modeling various types of real-world data,
particularly in reliability analysis and survival studies. Its ability to encompass multiple well-known
distributions as special cases enhances its applicability across diverse statistical and probabilistic
fields, see Alkarni [12]. The PDF and the CDF of EPLD are given, respectively, as follows.

f(x,0,a,B) = Hafzﬁ [1+Bx*x* e §,a,8>0), x>0, )
0 p
F(x,@,a,ﬁ)=1—[1+9+ﬁﬁx“]e_9". 3)

It is worth noting that the relationship between PDF and SF can be derived using Equations (2)
and (3) and is expressed as follows:

[0 + B + 0Bx%]f(x) = aB?[1 + Bx*]|x*"1F (x). 4)

In Table 1 we present some distributions derived from the EPLD as special cases with different
values of the parameters «,f and 6.

Table 1. Special cases of the EPLD.

Case Parameters Distribution

1 =1 Power Lindley

2 a=landp =1 Lindley

3 B=0 Weibull

4 a=2andf =0 Rayleigh

5 a=landf =0 Exponential

6 p=-6 Modified Gamma
7 a=2andp =1 Modified Rayleigh
8 0=1 Extended Lindley
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Figure 1. graphs of the PDF, CDF, SF and Hazard functions of EPLD.

For any continuous distribution, the ith SMs of PFFCD can be represented, as outlined in
Equation (1), as follows:

RyR)DO (RyRD]E _ ipu
Heumb =E Xt:u:n,b =4l *ch
0<xq <" <xy <00

X f Qe [FOe)]® fOe) [F (e)]R2 oo f () [F ()] Redxy .. dxy, (5)
while the i"" and j™ product moment for X;.,.,, and X,..,, based on the PFFCD is defined as
follows,

Ry R _ (RyR)' 3 (RanRuV | _ iJpu
lut,y:u:n,b =E Xt,y:u:n,b Xt,y:u:n,b =4 xtxyb
0<x1 <+ <xy <0

X f G [F Ge)]® fOe)[F ()% oo f () [F ()] Fedty .. docy,. (6)

2. Recurrence Relations for SMs and PMs

This section introduces RRs for SMs and PMs within the framework of PFFCD. These RRs
simplify statistical computations by providing an iterative approach to determine expected values,
variances, and higher-order moments as failures occur, significantly reducing computational effort.
For product moments, the RRs facilitate the analysis of joint distributions and covariance structures
under progressive censoring, making them particularly useful in areas such as reliability studies and
clinical research. Employing these RRs offers valuable insights into system behavior under PFFCD,
with practical applications in probabilistic modeling and risk evaluation [13]

The following theorem presents the RRs for SMs based on PFFCD.
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Theorem 1. If Xiunp < Xouns <... < Xuums be the order statistics for a random sample of size n drawn
from EPLD, for2<r<u—1l,u<nandi =0, then

(Ry,uRy) 200 (i+2a)(0+p) (RprR)® @i+ 2a) (Ry,nRy) D

Hrunp - ﬁagz (Rr + 1) Hunp ab (Rr + 1) Hraenp
-k = —kpy =T+ 1) Ry By R g1, R (420
(RT + 1) r—l:u-1:nb
" i+ 2a M(R1,R2,...,R,-_2,(Rr_1+RT—1),RT+1,...Ru)(i+“) _ i+2a 'u(Rl,RZ,...,Ru)(H“)
ﬂ(i + a) r—lwu-1mnmb ,B(l + CZ) r:un,b
_ (n—ky——k,—71) [H(Rl,RIZ ..... Ry—1,(Ry+Ry41=1),Ry42,-Ryy) 290
(Rr + 1) ru-1:nb
_ m—ky— =k, —7) [#(RI,RZ ..... Ry—1,(Rr+Ry41—1),Ry42,...Ry) 20
(R‘r + 1) r:u—1:nb

L+ 20 Ry Ry Rr—2,(Re—i+Re=1) Ry 1RO )
B(i+a) r—Il:u-1nb .

Proof of Theorem 1. Using Equations (1.4) and (1.5), we derive the following:

(R1,R) D _

Ry, Ry)®
(9 + ﬁ)ljﬁ(‘:ul.:n,b ) + gﬁ‘ur:u:n,b =A ff j b* ...
0<x] < <X <X 1 <o <xyy <00

X Ky (1, %r41) f Ce) [F Qe)]R0 oo f (e —0) [F Cer)1R7 £ Qs ) [F (e )]R41
X )1 — FOe ) Rudxidxy .. dx,_1dx,4q ... dxy , (8)
where
Xr+l _
G tp) = 007 |2k (14 fxf] 26 FGx)1 dxe. (9)
Xr—1
By applying integration by parts, we arrive at the following result:

XTI Gy )1+ — S IF Gy )]

i+«

Ki(Xp_1, Xp41) = a6? [

| B F Gt — Bx e F )]

i+ 2a

) f xrﬂXﬁ*“f Cer)[F (x)1*rdx,

Xr—1

(Rr+1
i+a
+ﬁ(Rr+1)

i +2a f e () [F ()] dx, | (10)

Xr—1
Now substituting for the resultant expression of Kj(x,_1,%,4+1) from Equation (10) in Equation (8),

yields Equation (7), thus concluding the proof.

The following two theorems present RRs for PMs derived from PFFCD.

Theorem 2. If Xvunv < Xound <... < Xuund be the order statistics for a random sample of size n drawn
from EPLD, for1 <r<s<u—1,u<n then andi,j >0,

RiR)@20) _ ((+20)(0 4 B)  (ry,...r) 0D
,u(l"u) =—[,l(1"u)
r,s:w:n,b ,Baez(Rr + 1) r,s:w:n,b

((+2a) (g, prpitad 1+2a (g p, r)i+ahd
aQ(RT + 1) 'u‘I”,S:u:n,b _ﬁ(l + a) 'ur,s:u:n,b
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=k = =K =T+ D[ Ry RosRy Ryt +Ry= DRy 1R 420
(R + 1) ‘ur—l,s—l:u—l:n,b
r

+ [ +2a H(RI'RZ ----- Rr—z.(Rr—l+Rr_1)rRr+1»---Ru)(Ha'D]
,B(i-l-(l) r—1,s—1l:u—1:n,b

— (n — k1 -t k"' B T) [H(RLRZ ----- Rr—lv(Rr+Rr+1_I)er+2:---Ru)(i+2u'j)
(Rr + 1) r,s—1l:u-1:nb

L4200 (RyRy\ Ry 1, (Ry+ Ry 1=1) Ry g 2, Re) CHED)
+ﬁ(l " a) ur,sl—lfu—lgl,llj( r r+1 r+2 u ] (11)

Proof of Theorem 2. Using Equations (4) and (6), we derive the following;:

@5 (i+a,))
(9 + ﬁ)H(RI---uRu) L + eﬁM(er---:Ru)L @) —

T,s:unb r,siunb

4 ff f x) BUK, (1) 2 4) f CDIF )R .
0<x7 < <Xy ] <X p g 1 <o <Xy <0

X f(xr—l)[l - F(xr—l)]Rr_If(xr+1)[1 - F(xr+1)]Rr+1 f(xu)
X [1 = F(x,)]Rudx;dx, ... dx,_1dx,4q ... dxy, (12)

substituting the resultant expression of K;(x,_;,%,.7) from Equation (10) in Equation (12), yields
Equation (11), thus concluding the proof.

Theorem 3. If Xivuns < Xouns <... < Xuuns be the order statistics for a random sample of size n drawn

from EPLD, for 1 <r<s<u-—1,u<n andi,j =0, then

#(Rl,...,Ru)(iJ““) _ (J+2a)(6 +P) H(R],...,Ru)(i'j)
r,siunb [30{92(1?5 + 1) r,s:un,b

(+2a) . pptit®0  J+2a (g r, . Ry Ei+D
+ ab(Rs + 1) Hysumb - B + a) My sum,b

(n—k;——ksg—s+1) [H(Rl,RZ,...,RS_Z,(RS_I+R5—1),RS+1,...,Ru)(i'j+2“)

+ (Rs + 1) rs—lLu—-1nb

j +2a (RLRZ:---rRs—ZJ(Rs—l+Rs_1)1Rs+1’---Ru)(i'j+a)
BO + a,) ﬂr,s—l:u—l:n,b

(M= kg = = Ks = )1 (RyRovRo1,(Rs+R 1= D) R 210 R) 20
- (R + 1) 'ur,s:u—l:n,b
S

j+ Za (RIvRZ:---vRs—I:(Rs+Rs+1_1)»Rs+2r---vRu)(i'j+a) (13)
ﬁ(] + (X) 'ur,s:u—l:n,b

Proof of Theorem 3. Using Equations (4) and (6), we derive the following;:

Ry GITD
r,s:iumn,b -

@)
O+ Py + OB

r,s:un,b

A f f f X B Ky (1, %) f ) [F QIR o f (o) X
0<x71< " <Xg_1<Xgy 1< <Ay <0

[F Gty )11 £ (s ) IF o )IF5* o f o) [F o) IR gty oty gy 1 . e, (14)
where
Xs+1 . _
Ky (-1, Xo31) = a6 f x) (1 + Bx)xe [F ()R dx,. (15)
Xs—1

Now, integrating by parts gives
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X7 [F (e )1P T — 21T F (-]

Ky (X5_1,X541) = a6’ [ T a

e .
206 TGO a2 LICT) s

Jj+2a
RS +1 Xs+1 ita
() [ et - Faoredx
j + a s S S S S
B(Rs +1) [*s+1 _
o [ PG e 16)

Xs—1
Now substituting for the resultant expression of K,(xs_s,xs.;) from Equation (16) in Equation (14),

yields Equation (13), thus concluding the proof.

3. The Characterizations

This section presents the characterizations of the EPLD by utilizing the relationship between its
PDF and CDF, as well as through RRs for SMs and PMs under PFFCD.

3.1. Characterization via differential equation for the extended power Lindley distribution
The following theorem provides a characterization of the EPLD based on the connection between
its PDF and SF.
Theorem 4. Let X be a random variable with PDF f(-) and SF F(x). Then X has EPLD iff
[0 + B + 6Bx%1f (x) = ab?[1 + Bx*|x*~I[F(x)] x = 0.(17)
Proof of Theorem 4.
Necessity: From Equations (2) and (3) we can easily obtain Equation (17).

Sufficiency: Let X be a random variable with pdf dF(x) and SF F(x). Assume that Equation (17)

holds. Therefore, we have:

—dF(x) _af[6 + 6px*|x*"!
F(x)  6+pB+6Bxx

_ab6 + B+ 6Bx* — Blx! p
= 0 +p +6px7 x

affx*!
——dx.
0+ B + 6Bx”

= afx*ldx —
On integrating, we get

—In |F(x)] = 6x%*—1In |8 + B + 6Bx%| + C,

where C is an arbitrary constant.

Since F(0) = 1, substituting x = 0 into this equation yields C =1n |0 + |.

As a result,

[6+pB+6Bx*]

G+arG) | X

or,

a

[0+B8+6Bx°]
[6+BIF(x)

X
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Hence,

68
0+p

F(x) = [1 + x“] e 0x%,

That is the SF of EPLD, thus concluding the proof.

3.2. Characterization via RRs for SMs

The upcoming theorem provides a characterization of the EPLD by utilizing RRs for SMs derived
from PFFCD. These relations offer a systematic approach for analyzing statistical properties and
simplify computations under censored data schemes. This characterization enhances the
understanding of the EPLD’s behavior, making it valuable for applications in reliability analysis and
survival studies, as outlined in the subsequent theorems.

Theorem 5. Let Xuunt <Xouns <... < Xu:uns be the order statistics for a random sample of size n. Then

X hasEPLDiff, for 2<r<u—-1,u<nandi =0,

#(RL---.Ru)(”Z“) _ (i+2a)(6+pB) M(le---,Ru)(i)
rumnb ﬁaBZ(Rr + 1) run,b

(i+2a) M(RL---.Ru)(”"‘)_ [+2a (g Ry Ry D
aH(Rr+1) run,b ﬂ(l +a) run,b

+

(M—ky ==k =T+ 1)1 (RyRyr Ry Ry 14 Rr—1) Ry 1eaRet) TH2D
(Rr + 1) [lur—l:u—l:n,b

+ L 2X RiRo Ry (Rt Ry D) Ry R )
B(i + a) “r—]:u—l:n,b

_ kg ke ST 1 Ry Ry Ry Ryt Ry T) Ry R 420
(R + 1) 'ur:u—l:n,b
T

ﬂ (RlvRZI---rRr—II(Rr+Rr+1_1)'RT+2""'Ru)(i+a) (18)
ﬁ(i +0() ru-I:nb .

Proof of Theorem 5.
Necessity: Theorem 1 proved the necessary part of this theorem

Sufficiency: Let X be a random variable with PDF f(-) and SF F(:). Assuming that equation (18) is

valid, we then obtain:

M(Rl,...,Ru)(HZ“) _ (i+2a)(0+p) u(Rl,...,Ru)(i)
run,b ﬁagz (Rr + 1) run,b

(i+2a) Ry R)@® L2 (gop, g @0
(ZQ(RT + 1) nur:u:n,b ﬁ(l + a,) ﬂr:u:n,b

+

(m—k ——kpg—7r+1) (R1,R2,sRy—2,(Rp—1+Ry=1),Rpy 1,1 Ry ) (120
(R + 1) ‘ur—lzu—l:n,b
.

+ L+2Q Ry Ry, Ry, (Rp—g+Ry—1) Ry 1, Re) (O
ﬁ(l + Cl) Mr—]:u—l:n,b

(kg = = ke = T) 1 Ry Ry, Ry 1, Ryt Ry 1= T) Ry 2,0 Ry) 2O
R, +1) Hrau-1nb

H2a Ry Ry Ry (Ret Ry = 1) Ry R D (19)
B(i +a) ru—1:mnb .
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where,

RO _
W = [ D" Kyt s D CDF DI
0<x <+ <Xy <X ] <o <Xy <o

X £ Gy F Gl )1Fr1 £ Gy D G DIFr o G F G
X dxq . dxp_1d%p 41 ... dxy, (20)

where

Kot = [ A FEIFEN . Q1)

Now, integrating by parts gives

KS(xr—var+1) = Rr + Ixf,:‘%[ﬁ(x”‘])]“'Rr + 1+ R l+a[F(x —1)]1+RT
ita el +a-1 1+R
xk F rd 22
+Rr+1f [F O] *rdx,. (22)

Xr—1

Now by substituting in Equation (20), we get

(R, Ru)(l.+a) i +a u
ﬂr un,b R +1 b
0<xX7 < <Ay ] <Xy 1 <0 <Ay <00

X fO)F )] ... j " xﬁ*“‘l[ﬁ(xr)]”RdeTf Ger-[F Ger)]Rr1

Xr—1

f(xr+1)[ﬁ(xr+1)]Rr+1 f(xu) [F(xu)]Rudxl -"dxr—ldxr+1 "'dxu

A
—| e
RT +1 0<xX7 < <Ay ] <A ] <o <Xy <0

X [FQe)R1 o f (e ) [F ()RRt £ () [F ()] Rt
X ) [FOo ) Redxg ... dx,_1dx, g ... dxy,

A
=1l e
T 0<xX7 < <A ] <K ] <o <Xy <0

X [FeIR oo f () [FF (tr)1Rr =1 f () [F Qg )] HRr R
X ) [FOo)Redxg ... dx,_1dx, g ... dxy,

i+a
a5 [ DUF CeraDF G .
0<X 1< <Xy ] <X 1 <o <Ay <00

x f T [ G )] R, £ o) [F ()]0

Xr-1

f(xr+1)[ﬁ(xr+1)]Rr+1 f(xu) [F(xu)]Rudxl ---dxr—ldxr+1 ---dxu

(mn—Ryy1——R.—7) (R, Ry—1,(Rp+Ry41+1),Ry42,..Ry) T D)
Rr +1 “r:u—l:n,b
3 (M—Rip1— =R =T+ 1) (R, Ry_y(Ry_1+Ry+1),Ry s 1,rrsRyp) D (23)
RT + 1 r—l:u-Imn,b 4
and
R1.Ro,. R (i+2a) l + 2a
iy = a S [ IEDHEE
0<x7 < <Xy ] <Xy 1 <0 <Xy <0
Xr+1 P 1 _
| e e £ Gy PG
Xr—1

f(xr+1)[ﬁ(xr+1)]Rr+1 ---f(xm)[ﬁ(xm)]Rmdxl ---dxr—ldxr+1 ---dxu
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9
LT R = T Re T 1) Ry Ry Ryt R 4T Rr R 2
R.+1 ru—-1:nb
T
_ (M= Riy1 = = Ree1 =7+ 1) (R Ry (R4 Ry 4D Ry 1R EH2D 24
R.+1 r—lu-1:nb . ( )
.

(R1,Ry,..Ry) (120
r:un,b

(R1R,..Ry) @)
r:un,b

Now by substituting for u and p by substituting Equations (23) and (24)

into Equation (19), we obtain:

6+ ﬁ)y(RI'RZ'-"'Ru)(i) +0p (RiRo R

rumnb rumnb

Aaf?bt fff X (eF 1+ B D F (e )]t f () [F Gegea)]RE
0<x71<<xy <0

X f Cer-DIF Cer— D)= £ Gt DIF G D)+ f () [F () Ry oo dixy.
We get

Ab¥ (] ... L 0 x% OIF ()]
ﬂ fo<xl<...<xm<mx( + B+ 0BxF)f Cep)[F (x)]*r X
FODFGDI o f Gy DI G IR £ Gora ) F G DI f (TP ()1 ey ity
=A ezbu . ; rq{—l 1%“_1 F : Rp+1
¢ ﬂ f0<x1<...<xm<wx (! + B D[F (x)]

X fOD[FQepI® . f Cor— ) [F Cerm D11 f (s ) [F Gy IR
X f o) [F(xp)]Rudxg ... dx,. (25)
We get

AbY f f . fo e (6 + 5+ 0x)f (x,) — a8 (x8 + e DIF (x|

x xx [F (o)) f Qe [F e e f (o) [F (o)1

X FCtraDIF (e D141 o f e )IF (1,)1Rudxy . dx,, = O.

By applying the Muntz-Szasz theorem (see Hwang and Lin [14]), we obtain:
(0 + B + 0px)f (x) = af? (e~ + B D[F (x,)].

Using theorem 4, we get the SF of u < nand i = 0, EPLD.

F(x) = [1 + Ggfﬁ x“] e0x%,

This completes the proof.

3.3. Characterization via RRs for PMs
In this subsection we characterize the EPLD using RRs for PMs based on PFFCD

Theorem 6. Let Xtuny <Xounp <... <Xuuns be the order statistics for a random sample of size n. Then
X has EPLDff, for 1<r<s<u—Lu<nandi,j=0,

Rpr@2a) ([ +2a)(0 +B) (r,,..r)ED

r,s:umb - ﬁaOZ(Rr +1) r.saunb

(i+2a) (RpyorRy) + 1) i+2a (Rp,RayveRyy) (i)

aG(Rr + 1) Hr,s:u:n,b ﬁ(l + 0() Hr,s:u:n,b
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=k = =K =T+ D[ Ry RosRy Ryt +Ry= DRy 1R 420
(R + 1) r=1,s-1:u-1:n,b
r

i +2a H(Rl R2yesRy—2,(Ry—1+Rr=1), R4 1, Ru)(m”)]
,B(l-l-(l) r—1,s-1u—1:nb

ke e ST R R (R T Ry i) 2D
(R +1) rs—]:u—l:n,b
L42Q  RyRooRy—t Rt Ry 1= DiRra 2R D] o
ﬁ(l_l_a)“rs l:u-1:nb ( )

Proof of Theorem 6.
Necessity: The necessary condition of this theorem was established in theorem 2.

Sufficiency: Following the proof in theorem 5, we derive the SF of the EPLD, given by:

—Hx“

F(x) =

9+ﬁ

This concludes the proof.

Theorem 7. Let Xiuny <Xouns <... <Xu:uns be the order statistics for a random sample of size n. Then

Xhas EPLDiff, for 1 <r<s<u-—-1,u<nand i,j =0,

M(Rl,...,Ru)(iJ““) _ (+2a)(6 +P) ‘u(RL...,Ru)(i'j)
r,s:un,b Ba,gZ(Rs + 1) r,s:un,b

(+2a) . rptit®0  J+2a (g r, . Ry E+D
Ky sunp - ; My sumn,b
ab (R, + 1) BG + a)

+

(n—ky——ksg—s+1) [ (R1,R2,Rs—2,(Rs—1+Rs—1),Rg 41, Ry) I +20)
(Rs + 1) rs—lLu—-1nb

+ j+ 2a (RLRZ:---rRs—ZJ(Rs—l+Rs_1)'Rs+1’---Ru)(i'j+a)
BO + a,) ﬂr,s—l:u—l:n,b

(= kg = = Ks = S) [ (RyRovRo1,(Rs+R 1= D) R 210 R) 20
- (R + 1) 'ur,s:u—l:n,b
S

j+2a (R1,R2,.Rs—1,(Rs+Rs41—1),Rg42Ryy) BTt
+ ﬁ(] + a) :urysl;ufl;n_; 1\ Rs s+1 S5+2 u. ] . (27)

Necessity: theorem 7 proved the necessary part of this theorem the necessary condition of this
theorem was established in theorem 3.

Sufficiency: Following the proof in theorem 5, we derive the SF of the EPLD, given by:

—Gx“

F(x) =

6’ + ,[>’
This concludes the proof.
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