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Abstract. In this paper, closed forms of the sum formulas Y ,_, W7 for the squares of generalized
Tetranacci numbers are presented. We also present the sum formulas ZZ:O Wit1 Wy, ZZ:O WiraWy, and
> r—o WitsWi. As special cases, we give summation formulas of the of Tetranacci, Tetranacci-Lucas and
some other fourth order linear recurrance sequences.
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1. Introduction

There have been so many studies of the sequences of numbers in the literature which are defined recur-
sively. Two of these type of sequences are the sequences of Tetranacci and Tetranacci-Lucas which are special
case of generalized Tetranacci numbers. A generalized Tetranacci sequence {Wy, }n,>0 = {W,,(Wo, Wi, Wa, W3)} >0

is defined by the fourth-order recurrence relations
(11) Wop=rWp_1+sW,_o+tW,_3+uW,_4, Wo=a, Wy =bWy=¢c,W3=d, n>4

with the initial values Wy = co, W1 = ¢1, Wy = ¢o, W3 = c3 not all being zero.
This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [7,10,11,16,25,26].

The sequence {W,,},,>0 can be extended to negative subscripts by defining
t s T 1
W_p=—W_(n_1y— —W_tp_oy— —W_(,_ —W_(n_
g V-1 = T Wo(n-2) = oW —(n-3) T - W-(n-a)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
1
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In literature, for example, the following names and notations (see Table 1) are used for the special case
of r,s,t,u and initial values.

Table 1 A few special case of generalized Tetranacci sequences.

Sequences (Numbers) Notation OEIS [24]
Tetranacci {M,} ={W,(0,1,1,2;1,1,1,1)} A000078
Tetranacci-Lucas {R,} ={W,(4,1,3,7;1,1,1,1)} A073817
fourth order Pell (P} = {W,(0,1,2,5;2,1,1,1)} A103142

fourth order Pell-Lucas {Q%)} ={W,(4,2,6,17;2,1,1,1)} A331413
modified fourth order Pell  {EY} = {W,(0,1,1,3;2,1,1,1)} A190139

4-primes {Gn} ={W,(0,0,1,2;2,3,5,7)}
Lucas 4-primes {H,} ={W,(4,2,10,41;2,3,5,7)}
modified 4-primes {E,} ={W,(0,0,1,1;2,3,5,7)}

Here OEIS stands for On-line Encyclopedia of Integer Sequences. In the rest of the paper, for easy
writing, we drop the superscripts and write P,,Q, and E, for P7(l4)7 %4) and Eﬁ:l), respectively.  For
generalized fourth order Pell numbers and generalized 4-primes numbers see [17] and [23], respectively.

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples are

SoneoBi = 3(—R2,,—3R} 3—4R} ,—4R% +3R, 4Ry 3+2Ry 14 Ryyo+ Ry 4 Ryy1—Ryjo Ry 1+43)

and

S P2 = L(—9P2,, — 5TP2,, — 68P2,, — 65P2,, + 42P, 4 Poys + 20P, 4 Puys + 6PpiaPoys —
AP, 13Ppio + 2P, 3Pyi1 — 12P, 9P 1 +9).

In [15], the author showed that
a2 1 2
(12> Z Mk = g(l + 3MnMn+1 - (MnJrl - Mnfl) + MnMn72 + Mn72Mn73)
k=0

by using induction with a (long) proof. In this paper, as an easy corollary to our main result, we find that
(1.3)

~ 1
D ME = (=M =3M =AM =AM +3 My a Mo y+2Mi g Moo+ Mo Mo = Moo My +1).
k=0

By using Binet formula of Tetranacci numbers (or the fourth-order recurrence relations (1.1)) it can be seen
that the rights sides of the formulas (1.2) and (1.3) are equal.

In this work, we derive expressions for sums of second powers of generalized Tetranacci numbers. We
present some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers.

Name of sequence sums of second powers sums of third powers sums of powers
Generalized Fibonacci [1,2,6,8,9,18] [5,19,21,22,27] [3,4,12]
Generalized Tribonacci [14,20]

Generalized Tetranacci [13,15]
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2. Main Result

Let
A=r—s+t—u+D(s+ut+riu+tsu®+rt+2su—t>—u> —u’—rtu+1)(r+s+t+u—1).

THEOREM 2.1. If A # 0 then

(a):
i A
2 __ 21
ZWk A
k=0
(b):
n A
Z Wit i Wy = KQ,
k=0
(c):
n A
Z Wi Wy = Ks’
k=0
(d):
Z WigsWy = N
k=0
where
20 20 20 20
Ay = Zrk, Ay = Z@m Az = Z‘bm Ay = Z‘I’k
k=1 k=1 k=1 k=1
with

[y =—(s+u+r?u—su? +rt+ > +u? —u® +rtu — 1)W2,

Ty = —(st+u+ris+r3t—su? +rtu+r2t? +r2u? —r2ud +rt+r2 + 42 +u? —ud +2r2su — 2rtu? +
r3tu — r2su? + 2rst + 3rtu — 1)W2 ,

I3 = —(rtu+r3tu+r3t — r2s2u — r2su® + drsu+r?s + 7262 — r2u3 + r2u? + 72 + rs?tu — rs?
t + 2rstu® + drst — 2rtu® + 3rtu + rt — s3u? — 2s83u — 3 + %2 — s2ud — s2u? + sPu + 8% + 2
stPu—su? + s+ 12 —ud +u? +u—1)W2,,,

Ty = —(rtu+r3tu+r3t — r2s2u — r2su? + drisu+r?s — r2t2u + 7282 — r2u + r2u? + 172 + rs?
tu — rs®t + drstu® + drst — rt*u — 1t — drtu® + 5rtu +rt — s3u? — 2530 — 52 + %2 — s%ud — s2u® +
sPu+ s + st?u? + dst?u — st? — su® + s — t* — 2P + 2P — Pu+ 267 — P+ u Hu—1)WE

s = 2(rt? + 72t + ru? — rud + r3u — tu? + rs + st + tu — rsu? + r2tu + rsu) W, aWoa s,

T = 2(r%u + rstu + rtu? + rt — s?u® — s2u + st? — su® + su + t2u) Wy a W1 o,

7 =2u(r — tu? — ru+ st + tu + rsu) W1 aWpi1,

s = —2(r?stu + r2tu® — r*tu — rs?u® + rst® — rsu® + rsu® — rsu+ rt?u — rt? + ru® — ru® + s
t — stu? + stu — st + tu® — tu) W1 3Wp 10,

I'g = —2u(r2su —r2u4rst —rtu? —rt + s2u—+ s? + su? — s — t27,L)Wn+3VVn+17

o = —2u(rt? — t +ru? — ru+ st + tu + t3 — rsu® + rt?u + r2tu — stu? — stu) Wy oWi1,

I'1 :(s+u+r2u—su2+7"t+t2+u2—u3+7"tu—1)W32,
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I = (s+u—|—r25+r3t —su+rtu+ 2+ 2w — 2wl ot r? 2w —ud 4 2r2su — 2rtu +
r3tu — r2su? + 2rst + 3rtu — 1)W3,

T3 = (r*u + r3tu+ r3t — r2s%u — r2su® + 4r2su + r2s + 7212 — r2u® 4+ r2u? + 2 + rs’tu — rs?
t + 2rstu® + 4rst — 2rtu® + 3rtu + rt — s3u? — 2s3u — 52 + %2 — 2ud — s2u? + sPu 4+ s+ 2
st?u —su? + s+ 12 —ud +u? +u—1)WE

'y = (r4u + 7r3tu + 3t — r25%u — r2su® 4+ 4r?su + r2s — r22u 4+ r2t2 — r2ud + r2ul 2 s
tu — 182t + 4drstu? 4 drst — rt3u — rt® — drtu® + 5Srtu + rt — s3u? — 2s53u — 53 + 522 — s2ud — s2u? 4
s2u+ 82 + st?u? + dst?u — st — su® + s — t* — 23 + 2 — Pu+ 262 — P +u +u— 1)WE,

Ti5 = =2(rt2 + 2t + ru? — ru® + r3u — tu? + rs + st + tu — rsu? + rtu + rsu) WsWa,

I = —2(r2u + rstu + rtu? + rt — s*u? — s2u + st — su® + su + t2u)W3W1,

T17 = 2(r?stu + r?tu? — r2tu — rs?u® + rst® — rsu® + rsu® — rsu + rt?u — rt? + rud — ru?® + 52
t — stu? + stu — st + tu? — tu)Wo Wy,

i = —2u(r — tu? — ru + st + tu + rsu) W3 W,

Tig = 2u(r?su — r2u + rst — rtu? — rt + s2u + 52 + su? — s — t2u) W W,

Too = 2u(7"t2 —t+ru? —ru+ st +tu + 2 — rsu? + rt?u + r?tu — stu? — stu) Wy W,

and

01 = (r —tu® — ru+ st + tu + rsu) W2,

Oz = (r3su + r?st — r2tu® + r?tu + rs?u+ rs? + rsu — rt?u + rt? — rud + ru® + st — tu® + tu)
Wiis,

O3 = (—r%tu? + r?tu+rst?u+rsud — rt*u+rt? —rud + ru? — s2tu? — s2tu+ st3 + stu® — tu? +
tu)W3+2,

Oy = u*(r — tu? — ru+ st + tu + rsu)W2, 4,

O5 = —(2r2su—r2u+r?+2rst —2rtu® + 2rtu+ s*u+s? — t2u+ 2 —ud +u +u— D)W,y Wy 3,

Op = (r3u + r?t — rs?u + 2rsu — rt2u — rud + ru — %t + 2stu? — 3 — tu? + )W, a W, 4o,

O7

Og = —(rtu + r3t — r2s%u + 3rsu + r?s — r?t2u — r2ud + r? — rs®t + 2rstu® + 2rst — rt® — 3r

w(—r?u+1r? —s2u— 2+ 2u — 2 +ud —u —u+ D)W aWhi,

tu? + 2rtu + 1t — s3u — 3 + s2u + 82 + st?u — st? + sud — su? —su+ s — t2u+ 12 —ud +u? +u—
DWii3Wi 2,

Og = u(r3u + rt + rs®u + 2rs — rt?u — rud + ru + %t + 2stu — 3 — tu® + )W, 3Wii1,

O = —(7“4u +r3tu+r3t —r2s?u —r2su? + 4r2su+r2s — r2t2u 4+ 22 — r2ud + 12 4+ rsPtu — rs?
t + 2rstu? + drst — rt3u — rt® — rtu® — 3rtu® + 3rtu + rt — s3u? — 253u — 3 + %2 + s2u + s2 +
st?u? + 2st?u — st +sut —2sut + s —t* — 22 —t2u+ 22 — P w4 u— DWW, oWiiq,

O11 = —(r — tu?® — ru + st + tu + rsu) W2,

O = —(T35u +r2st —r2tu? + r?tu+rsPu+rs? + rsu—rt2u+rt? —rud +ru? + st —tu? + tu)

2
Wy,
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O3 = (7’2tu2 — 172ty — rst?u — rsud + rt*u — rt? + rud — ru? + s2tu? + s2tu — st — stu? + tu? —
tu) W,

O14 = —u?(r — tu® — ru+ st + tu + rsu)Wg,

O15 = (2r2su — r2u +r? + 2rst — 2rtu® + 2rtu + su + 5% — t2u+ 2 —ud +u? +u — 1) W3Wa,

O16 = —(r3u + r?t — rs?u + 2rsu — rt?u — rud + ru — %t + 2stu? — 3 — tu? + t)Wa3 Wi,

O1; = (7"4u + 3t — r2s2u + 3r2su + 125 — r2t2u — r2u® + r? — rs?t + 2rstu® + 2rst — rt3 — 3r
tu? + 2rtu + rt — s3u — 5% + s2u + 5% + st?u — st> + su® — su? —su+s—tPu+t? — v +ut+u—1)
WoWri,

O18 = u(r?u — r? + sPu+ 8% — P2u + 12 — ud +u? +u — 1)W3W,

O19 = —u(r3u + 1%t + rs?u + 2rs — rt?u — ru® + ru + st + 2stu — 3 — tu? + ) Wo Wy,

O20 = (rfu+r3tu+ 13t — r2s2u — r2su? + dr2su+r?s — r?t2u + 72t — r2ud + 1?2 + rstu —rs?
t + 2rstu® + drst — rtdu — rt3 — rtu® — 3rtu® + 3rtu + 1t — s3u? — 253U — % + 22 + SPu + 5% +
st2u2 + 2st?u — st +sut —2sui + s —t* — 22 —t2u+ 22 — Wt w4 u— )W W,

and

Oy = (r?+rtu+rt — su — % — su® + s+ tPu)W2,,,

Oy = (r3tu — r25%u — r?su? — r2s + 220 + r?t? + r2u? — rs?t — 2rstu + rt3 + rtu? + rtu — s2
u—s? —su? + s+ Pu)W2, s,

O3 = (r3tu + r?t%u + 3% + r?u? — rs?tu + 2rstu + vt + rtu? + rtu — s%4? — $2ud — s2u? +
st?u? + st? — sut + su® + tPu)W2,,,

Py = u?(r? + rtu+rt — s*u — s — su® + s + u)W2,

O5 = (=13 — 2rtu — r2t + 2rs?u + rs? + 2rsu® — 2rt2u — vt — ru® +r + %t + 2stu — 2 — tu® +
OWintaWiys,

Og = —(rZsu+ris+r2u 412+ 2rst +4rtu— s3u— 3 — s2u? + % + st?u — st? — su® — su? + su+
s+ t2u? + 12 — ut 4 20 — D)W,y aWiio,

O7 = u(rd + 12t —rs? +2rs — 112 — ru® +r + %t + 2stu — 3 — tu® + )W aWhia,

by = (r3su + ru? + r2st + 2r2tu — r2t — rs®u — rs?u® + 2rs?u + rst?u — rsu® + 2rsu® + rs
w—+ rt?u? — 2rt?u — rut + ru® — s3t — 25%tu + s2t + st + stu® + 2stu — st — 3 — tu + Wi 3Wita,

By = —(rtu+r3tu+r3t —r2s2u+3r2su+r2s — r2t2u+ 22 — r2u® +r2u? +r2u+r? +rs?tu —
rs’t + 2rstu?® + drst — rtdu — rt3 — rtud — rtu® + Srtu + rt — s3u — 83 + 2% — sPu? + s% +
3st?u — st? — su® — su? + su+ s —t* + 262 —ut + 2u? — V)W, 3W,01,

P9 = u(r3u +1r2tu+ 2r2t — rs2u+ 2rsu+rt2u+ 2rt? —rud +ru— s2tu — 252t + 2st + t3u — tud +
tu) Wy oWii1,

O = —(r? +rtu+rt — s2u — 5% — su® + s + t2u)W2,

Py = —(r3tu — 12820 —12su® — r2s + r2t2u 4+ r2t? + r2u? — rs?t — 2rstu 4+ rt2 + rtu® + rtu — 52

u—s*—su® + s+ t2u)W3,
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P53 = —(r3tu + 72820 + 722 + r2u? — rs?tu + 2rstu + rt3 + rtu® + ritu — 22 — 20 — s2u? +
st?u? + st? — sut + su? + t2u)W3,

D1y = —u?(r? + rtu +rt — s?u — s* — su? + s + t2u)W¢,

®15 = (13 + 2r%tu +r2t — 2rs?u — rs? — 2rsu® + 2rt2u + rt? +ru® —r — %t — 2stu + 3 + tu® —
W3 Wa,

P = (r23u+r25 + 1202 + 12 4 2rst+4rtu — sPu — 3 — s2u? + 2 + st?u — st? — su® — su? + su+
s+ t2u? + 12 —ut 4 2u% — 1)W3Wy,

P = —(r3su + 7m3u? + r2st + 2r2tu — 72t — rsPu — rsPu? + 2rs?u + rst?u — rsu® + 2rsu? +rs
w4 rt?u? — 2rt2u — rut + ru? — s%t — 25%tu + %t + st® + stu® + 2stu — st — t3 — tu® + LYWWy,

O = —u(rd + 1%t —rs? + 2rs — rt? — ru? + 1 + %t + 2stu — t3 — tu? + t)WsW,

B9 = (r*u+r3tu+r3t —r2s?u+ 3r2su+r?s — r?t2u+ 22 — r2u® +r2u? + r?u+r? +rs?tu —
rs?t + 2rstu?® + drst — rtdu — rt3 — rtud — rtu? + Srtu + rt — s3u — % + %% — s2u? + % +
3st?u — st? — su® — su? 4 su+ s — t* + 2t2 —ut 4 2u® — 1) Wy W,

®og = —u(rdutrtu+2r2t —rs?u+2rsutrt>u+2rt? —rud +ru— s*tu— 25t 4+ 2st +t3u — tud +
tu) W1 W,

and

Uy = (13 + 7%t —rs? —rsu+ 2rs — rt? — ru® 4+ ru+ s* + 2stu — st — 3 — tu + )W72

Uy = (—r3s + r3u? — 2r2stu — r2st + r¥tu® + r?tu — r’t + rsu 4+ rs + rs?u? + rs?u — rs? —
rst?u—rst? —rsud +rsu? +rs+rt?u? —rt?u —rt?> —rut +rud 4+ s% + 2stu — st — 3 —tu + t)W3+3,

U3 = (r3u? — r2stu — r2st + r2tu® + r2tu — r’t — rs?u® — rst?u — 2rst? — rsud + 2rsu? + rt?
u? — rt?u — rt? — rut + rud + s3tu + 3t + s2tu? — s2tu — s%t — st3u + stud + stu — st — 3 —tu +t)
Wiia,

Uy = u?(r® +r?t —rs? — rsu+ 2rs — rt? — ru® 4+ ru + s*t + 2stu — st — 3 — tu + )W2 4,

Uy = (—rt =3t + 1252 +r2su—r2s + 122 —r2u+ 12 —rs?t + 2rst + 1t —rtu? +rt — s3u— 53 —
s2u? — s2u + st?u + st? + su® — su? — su+ s — t2u? + t2u+ut —ud —u? + wWWhpaWiss,

Vg = (—r3s— 13 —r2st —r?tu+7rs® + 2rs?u —rs? + rst? + 3rsu? —rs+rt? —ru?® +r — s3 — 352
tu + st3 — stu? + 2stu + st + t3u — tu® + tu) Wy aWhio,

U, = —(r3t+r2su+ris+r2t2 —rlu+r? —rs?t +4drst — rt3 — 3rtu® + 2rtu+ rt — s3u — 3 + 52
P4+ s2u+s2+3st?u—st2+sud —su—su+s—tr—t2u2 —tPu+ 22 — P +ui4u— DWhtaWhi1,

Vg = (r3tu — r3t — r2s2u — r2s% — r2su® — r2s + r2u? — r2u — rs?tu — rs?t + 2rstu® — 2rst —
rtdu 4+ vt + rtud — rtu® — rtu + 1t + stu + s + 3u? — 83 — s2H2u — s%2 — s2ud — s 4 st?u? +
st2 — su* + 2su® — 2su+ s — 2wl + utut —ud —u + wWWr3Wita,

Wg = u(rd3s—r3+rist —r?tu—rs® +3rs? —rst? +rsu® + 2rsu—rs+rt? —ru® +r+ 3t + s*tu —
252t — st® — stu? + 3st + t3u — tu + tu) W, 3Wy1,

Yig = u(r3t —1r2su—12s 4+ r2t2 +1r2u — 12 — rs?t — 2rstu — rtd + rtu? — rt + sSu+ s° + 22 — 52

u—82+st?u—st? —sut+su+su—s—tr 20 —tutud—u—u+ DWhioWhi1,
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Wi = —(r3 + 7% —rs? —rsu+2rs — rt? — ru® + ru+ s2t + 2stu — st — t3 — tu + )W3,

Ui = (7“35 — r3u? + 2r2stu + r2st — r2tu® — r?tu + 12t —rsdu —rsd —rs?u? —rsPu4-rs? +r
st?u +rst? +rsud — rsu? —rs — rt?u? + rt?u + rt? + rut —ru® — s%t — 2stu 4 st + 3 + tu — t)W2,

U3 = —(r3u? — r2stu — r2st + r2tu? + r’tu — r2t — rs?u? — rst?u — 2rst? — rsu® + 2rsu® + rt?
u? —rt?u — rt? — rut + rud + s3tu + 3t + s%tu? — s2tu — %t — st3u + stu® + stu — st —t3 —tu +t)
wE,

Uy = —u?(r® + 7%t — rs? —rsu+2rs — rt? — ru? + ru + s%t + 2stu — st — t3 — tu + t)W§,

Uy = (r4 + 3t — 1252 —r2su 4+ 12s — 122 + r2u — 12 4 rs?t — 2rst — rtd +rtu? — vt + sSu+ s° +
s2u? + s?u — st?u — st? — sud + su? +su— s+ t2u? —Pu—ut +ud +u? — w)W3Wa,

Vg = (7"33 + 73+ r2st+ 12ty —rs® — 2rs?u+rs? —rst? — 3rsu +rs —rt? +ru? —r 4+ 3t + 352
tu — st® + stu® — 2stu — st — t3u + tu® — tu) W3 Wi,

Uiy = —(r3tu — 13t — 12820 — 1252 — r2su? — r2s + r2u? — r?u — rs?tu — rst + 2rstu® — 2rst —
rtdu + 3 4 rtu® — rtu® — rtu 4 rt + stu + st s3u? — 83— 2 t2u — 22 — 52w — 5%+ stPu® +
st? — su* + 2sud — 2su + s — 2w + Pu+ut —ud —u + w)WoWy,

Uig = (r3t +r2su+1r2s+1r2t? —r2u 412 —rs?t +4drst — rt3 — 3rtu® + 2rtu + 1t — sSu— % + 52
t? + s2u + s% + 3st?u — st? + su® — su® — su—+ s — t* — t2u? — t2u + 2t2 —u3+u2+u—1)W3Wo,

Uig = —u(r3s —r34r2st—r2tu—rs3+3rs? —rst? +rsul+2rsu—rs+rt? —ru? +r+s3t+ s2tu—
25%t — st3 — stu® + 3st + t3u — tud + tu) W Wy,

WUoy = u(—r3t +r2su+1r2s —r2t2 —r2u+r2 +rs?t+ 2rstu+ 1t —rtu? +rt — sPu— 5 — s2t2 + 52

u+52—st2u—|—st2+su3—5u2—su+s—|—t4—t2u2—|—t2u—u3+u2+u—1)W1W0.

Proof. First, we obtain Z.Z:O W,? Using the recurrence relation

Whia =Wz + sWyio +tW,i1 +ulW,

or

uWy = Wyiq — TWn—H’) - 3Wn+2 —tWhp1
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we obtain

W2 = WE L+ Wh+ Wi, +2W2 = 2rWoaWois — 25WipaWigo
—2tWgaWhg1 + 2rsWo i aWiho + 2rtWo 4 aWih1 + 25tWy 4o Wit
WCWE L = WE+rWe, + SWE + W2 — 2rW sWiso — 25Wo s Wii

n—

—Qth+3Wn + QT'SWn+2Wn+1 + 2Tth+2Wn + 28twn+1 Wn

wEWE = W2+ Wi+ 2W3 + 2W5 — 2rWsWy — 2sW5Ws
—2tWsWo 4 2rsWiWs + 2rtW Wy + 2stW3Ws
WWE = Wi Wi+ SPWE + 2WE — 20 Wy Wy — 2sWyWs

—2tW4W1 + 2T8W3W2 + 2TtW3W1 + 2StW2W1

If we add the equations by side by, we get

(2.1) w?d Wy
k=0

(P4 2+ 1)Y W 2(-r+rs+st) Y Wi Wi
k=0 k=0
n n

+2(=s+ 7)Y WisaWe = 26> Wi aWi + W2y + (12 + W2
k=0 k=0

+(PP+ S W2 o+ (P2 + 2+ 2+ W2 — 2r Wy aWiis — 28Wo i aWiyo
—2tW 4 aWhi1 + 2r(s — D)Wy sWhao + 2(—s + rt) Wy 3Whia

+2(—r 4 1rs + st) Wy oWyt — Wi — (12 + D)WZ — (2 + 52 + )W}

—(r? + 82 + 2+ D)W + 20W3 Wy + 2sWa Wy — 2r (s — 1) WolWy

+2tW3s Wy — 2(—s + rt)WoalWy — 2(—r + s + st)W1 W,
Next we obtain Y)'_ Wj1Wj. Multiplying the both side of the recurrence relation
uWy = Wygpa — Wiz — sWyyo —tWia

by W41 we get

'UJWn-i-an = Wn+4Wn+1 - TWn+3Wn+1 - 3Wn+2Wn+1 - tW3+1
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Then using last recurrence relation, we obtain

uWoiaWy = WypaWost — Wi sWig — sWygaWigr — tW2
uW, W1 = WyusW, — W oW, — sWy (1 W, — tW2
uWo i Wiho = WppoaWh1 — Wi W1 — sW, Wy —tW?2_ |
uWsWy = WeWs — rWsWs — sWyWs — tW3
uWoWy = WsWo — Wy Wy — sWaWy — tW
uWiWy = WaWy — rWsWy — sWoWy — tWE

If we add the equations by side by, we get

(2.2) U Z Wi Wy = (Wn+4Wn+1 — W3sWy + Z Wk+3Wk)
k=0 k=0

n
—r(WhsWhp1 — WolWWo + Z Wi 2 W)
k=0

—5(WhaWhypr — Wiy + Z Wi 1 W)
k=0

n
—t (Wi — W3+ Z W)
k=0

Next we obtain ZZ:O Wi2W). Multiplying the both side of the recurrence relation
uWn = Wn+4 - TWn+3 - 5Wn+2 - thJrl

by Wi+2 we get

uWo oWy = WigaWiio — tWisWigo — sW2 Ly — tWa oWy

Then using last recurrence relation, we obtain

UWn+2Wn = Wn+4Wn+2 - 7"VVn—‘,-3I/Vn-‘,-Q - 5W5+2 - th—i—QWn—i—l
UWn-i-l Wpot = Wn+3Wn+1 - TWn+2Wn+1 - 5W7%+1 - th+1 Wy
uW,Wy_o = Wy oW, — Wy W, — sW2 —tW, W, _4
uWsWy = WsWs — rWyWs — sW3 — tW3 Wy

uWoWy = WiyWy — rWsWso — sW2 — tWo W)
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If we add the equations by side by, we get

(2.3) wY WioaWe = (WopaWaio + WoisWiiy — WsWi — WaWo + ) WiaWh)
k=0 k=0

n
—r(WhtsWhto + WipoWyp — WoWy — Wi Wy + Z W1 W)
k=0

(W2 + W2, —WE W5+ > W)
k=0

n
—t(Wh2Whni1r — Wil + Z Wi 1 Wi).
k=0

Next we obtain Y_;_ Wy43Wj. Multiplying the both side of the recurrence relation
uWy, = Wn+4 - TWn+3 - 3Wn+2 - th+1

by W, 43 we get
U’WTL+3W’I’L = Wn+4Wn+3 - TW7%+3 - 3Wn+3Wn+2 - th+3Wn+1

Then using last recurrence relation, we obtain

uWoisW, = WiugaWiys — Wi g — sWihisWigs — tWsWiia
UWnpoWinot = WigsWigo — W2y — sWiiaWipq — tW, oW,
UWns1Wooo = WapaWisr — W2 — sWi Wy, — tW i Wiy
uWsWo = WeWs —rW2 — sWsW, — tWsWs
uWaWy = WsWy — W2 — sWyWs — tW,Ws
uWsWy = WaWs — Wi — sWaWy — tWs W,

If we add the equations by side by, we get

&Y WipsWie = (WaraWays + WaiaWara + WagaWoga — WaWo — WolWy — WiWo + Y Wi Wy)
k=0 k=0

—r(Wiis + Wiy + Wiy — W3 =W —Wg + Z i)
k=0

—s(Whn13Whio + Wy oWy — WoWy — Wi Wy + Z Wit1 W)
k=0

(Wi sWasr — WaWo + > Wiy We).
k=0

Solving the system (2.1)-(2.2)-(2.3)-(2.4), the results in (a), (b), (c) and (d) follow.
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3. Specific Cases

In this section, we present the closed form solutions (identities) of the sums Y ;_o W2, > "1 _y Wip1 Wy
D opeo Wig2Wy, and Y7 Wi3W), for the specific case of sequence {W,, }.

Taking r = s =t =wu =1 in Theorem 2.1, we obtain the following proposition.

PrOPOSITION 3.1. Ifr =s=t=wu=1 then for n > 0 we have the following formulas:

(@) Yo W2 =3(—W2 = 3W2 s — AWy — AW +3W aWo 34+ 2Wo s W o + Wi Wi yg —
WisoWoar + W2 4+ 3W2 + AW2 4+ AW2 — 3WaWa — 2Wa Wy — WsWo + Wi Wo).

(b): S0 Wi Wi = L(W2,  +3W2, W2, o4 W2, — 3 W Wi st Wiy a W2 — Wiy a Wi g1 —3
WinrsWosa + 3Wasa Wit — 5WasaWry — W2 — 3W2 — W2 — W2 + 3WsWa — WalWy + WaWo +
3WoWy — 3Wa Wy + 5W Wy).

(c): Zk o Wi Wy = ,(Wn+4 + 4W? o T W — Wy aWiyo + 2WpaWii1 + 3WpsWyio —
OW, 45 W1 + AWy oWyt — W2 — 4W2 — W2 4 51/(/31/1/1 —OWaWo — 3Wa W, + 9Wa Wy — AW, Wp).

(d): Yo WiasWie = §(W2, — 2W2 5 + W2 + WaraWago — AW Wiy — 3WoisWoio +
3Wo s Wit — 2Wora Wit — W2 4 2W2 — W2 — W W, + AW Wo + 3WaW) — 3WaWy + 2W, W),

From the above proposition, we have the following corollary which gives sum formulas of Tetranacci

numbers (take Wn = Mn with MO = O,Ml = 17M2 = 1,M3 = 2)

COROLLARY 3.2. For n > 0, Tetranacci numbers have the following properties:

(a): Yopoo ME = 5(=M2,, —3M2 5 —4M2 o —4M2  +3M, s My 3+2My Mo+ My a M,y —
MyyoMpi1 +1).

(b): Yoo Myy1 My = §(M2, 4 4+3M2 3+ M2 o+ M2 —3My 4Myy 3+ My My o— My My —3
My Myvo + 3Myas Moy — 5MypoMpiq — 1).

(©): 0o MisoMy = L(M2,, +AM2, 5 + M2, — 5My 4 My s + 2My Moty + 3Myy5M,y 5 —
OMyss Myt + 4My oMy gy — 1).

(d): Dop_o MipaMy, = (Mg y — 2M7 o + M2y + MysaMyir — AMyyaMigy — 3Myys Moo +
3My a5 Moy — 2My oMy sy — 1).

Taking W,, = R,, with Ry =4, R; = 1, R, = 3, R3 = 7 in the above proposition, we have the following

corollary which presents sum formulas of Tetranacci-Lucas numbers.

COROLLARY 3.3. For n > 0, Tetranacci-Lucas numbers have the following properties:
(a): Yp o R} = 2(-R%2,, —3R2,3 —4R2 , — 4R% | + 3Ry 44Rpis + 2Ry 4Rnyo + RyjaRny1 —
RyioR, 11+ 43).
(b): Yo Ri1Re = §(R%, 4 +3R% 5+ Ro o+ R2y —3RuaRuys3 + RuyaRnyo — RopaRpg — 3
Rn+3Rn+2 + SRn-i-BRn—i—l - 5Rn+2Rn+1 - 16)
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(€): Yp_o ReroRy = (R2 4+4R2 ) +R2 | —5Ry 4Ry 2+2Ry 4Ry 1+3Rn 4 3Rns2—9R 3 Ry +
4Ry 2Ry — 7).

(d): 0o RiyaBi = L(R2,—2R2 ,+R2,\+RyyaRny2—4Rn s aRns1—3Rn 3R y2+3R0 3R i1 —
2Ry io Rt +23).

Taking r =2,s =1,t = 1,u = 1 in Theorem 2.1, we obtain the following proposition.

PRrROPOSITION 3.4. Ifr=2,s=1,t =1,u =1 then for n > 0 we have the following formulas:

(a): Dop o W2 = a5 (—9W2, , —BTW2 5 — 68W2, 5 — 65W2,, + 42Wp uWiis + 20W, s Wy o + 6
W aWis1 =AW, 4 3Wiy 10 4+2W,, s Wi 1 — 12W,, 1o Wiy 1 +OWE+5TWE +68W 2 +65W3F —42W5 Wo —
20W3 Wy — 6WasWy + AW Wy — 2WoWy 4 12W, Wy).

(b): Yo Wia 1 Wi = 2 BW2, 4 + 19W2 g+ AW2 5 + 3W2 | — 1AW,y aWiys + 12Wo paWipo — 2
W aWi1 —36Wiy sWi s o - 18W, s s Wi 1 —52Wy oWy —3W3 —19W3 —4W 2 —3W 3+ 14W3Wo —
12Ws Wy + 2Ws Wy + 36Wo Wy — 18Wo Wy + 52W1 Wy).

(€): pmo WiaWi = (W g+ Wi s +AWR o+ Wiy —2Wo Wi =AW g a W2 +-2Wi  a Wi+
AW, 3Wyo = 10W, 4 sWo o +4W,, oWy — WE = W3 —AWE — W3+ 2WsWo +4Ws W, — 2Ws Wy —
AWo Wy + 10Wo Wy — 4W, Wo).

(d): S p o WiaaWh = & (11W2,, —5W2, 5 —AW2 , + 11W2 | — 1AW, s Wiy 3 — 12W,, Wi 0 — 26
Wn+4Wn+1fQOWn+3Wn+2+10Wn+3Wn+174Wn+2Wn+1—11W32+5W22+4W12—11W02+14W3W2+
12Ws Wy + 26W3Wo + 20Wo W — 10Wo Wy 4 4W, Wy).

From the last proposition, we have the following corollary which gives sum formulas of fourth-order Pell

numbers (take W,, = P, with Py =0,P; =1, P, =2, P; =5).

COROLLARY 3.5. For n > 0, fourth-order Pell numbers have the following properties:
(a): Yop_o P2 = 25(—9P2 ,—57TP2, 4—68P2, ,—65P2 | +42P, 4Py 5+20P, 4Py +6Py 4Py —
4Pn+3Pn+2 + 2Pn+3Pn+1 - 12Pn+2Pn+1 + 9)
(b): >F_o Per1 Py = 5—%(3P3+4+19P2 3+4P2, +3P3+1 14P, 44 Pyy3+12P, 14 Pyyo—2P, 14 Ppi1—
36P;4+3Pn12 + 18P, 3P, 11 — 52P,19Pn11 — 3).

(€): YpeoPrroPr = §(P2y+ P23 +4P2 5+ P2 — 2P 4Pyy3 — 4P, 4Poys + 2P, 4Poy +
APy 3Pors — 10Pys3Past + 4Py ioPoir — 1).
(d): S5 PessPy = L(11P2,, — 5P2,4 — 4P2,, + 11P2,, — 14P, 4 Poys — 12Ps 4Py — 26

PriaPni1 —20P, 43P0 +10P, 43P 11 — 4P 40P — 11)~

Taking W,, = @, with Qp = 4,Q1 = 2,Q2 = 6,Q3 = 17 in the last proposition, we have the following

corollary which presents sum formulas of fourth-order Pell-Lucas numbers.

COROLLARY 3.6. For n > 0, fourth-order Pell-Lucas numbers have the following properties:
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(@) Yo @i = 56(—9Qn4s — 57Q 45 — 68Q0 15 — 65Q0 1 + 42Qn14Qn+3 + 20Qn14Qni2 + 6
Qn+4Qnt1 — 4Qn+3Qn+2 + 2Qn43Qn+1 — 12Qn12Qn+1 + 689).

(b): Yo Qu1Qr = 25(3Q2 4 + 19Q2 5 +4Q2 5 + 3Q2 1 — 14Qn+4Qnis + 12Qn14Qni2 — 2
QniaQni1 — 36Qn13Qn12 + 18Qn13Qn11 — 52Qn12Qn 1 — 43).

(€): Do Qi2Qr = 5(Q2 4+ Q2 s +4Q2% o + Q21 —2Qn+4Qn+3 — 4Qn+4Qni2 +2Qn14Qpi1 +
4Qn+3Qn+2 — 10Qn+3Qn+1 + 4Qn12Qn+1 + 7).

(d): Yo QuasQr = o (11Q2 1, —5Q% 5 —4Q% 1, + 11Q2 | — 14Qp14Qnt3 — 12Qp14Qnp2 — 26
Qn+4Qn+1 — 20Q1+3Qn+2 + 10Q143Qn+1 — 4Qn1+2Qn4+1 + 477).

From the last proposition, we have the following corollary which gives sum formulas of modified fourth-

order Pell numbers (take W,, = E,, with Eg =0,E, =1,Fy =1,E5 = 3).

COROLLARY 3.7. For n > 0, modified fourth-order Pell numbers have the following properties:

(a): Yy o Ff = o(—9E2, ,—5TE2 3—68E2  ,—65E2 ,+42F, 1 4Fy 3420, 4 By 0 +6Ey yaFpy1 —
4E, 3Fn 0+ 2By 3E, 11 — 12E, 2 E, i1 + 24).

(b): Y o Eri1Be = (3E%,, + 19E2, 4 + 4E2,, + 3E2,, — 14E,14Ep s + 12E, 4By o — 2
EniaEni1 —36E,13Fn 12+ 18F, 3,11 — 52E, 2 F, 11 — 8).

(©): Yp_oBri2Er = 2(E2 ,+ E2 g +4E2 , + E2 | — 2B, 4By 5 — AE, (4Epio + 2E, 4 Eny +
4B, 3By 9 — 10E, 3F, 1 + 4B, 2F,11).

(d): Yo BrisBr = 55(11E2 , — 5E2 3 —4AE? , + 11E2, | — 14E,4Fny3 — 12E, 4 Ep s — 26
EniaEni1—20E, 3,2 + 10E,13E, 1 — 4E, 2By 1 + 8).

Taking r = 2,s = 3,t = 5 in Theorem 2.1, we obtain the following Proposition.

PROPOSITION 3.8. Ifr =2,s=3,t =5 then for n > 0 we have the following formulas:

(a): Sp_ o WP = = (2909W2, , + 2155W2, 5 + 2608W2, 5 + 6683W2, 1 — 1526W,,4.4W, 45 — 1048
Wit aWoio — 2310W, 1 aWi i1 4 1560W,, 4 s Wy o + 5222W,, 4 s Wy i1 + 4T60W,, oW,y 4y — 209W2 —
2155W2 — 26082 — 6683W2 + 1526 W3 TWs + 1048W3 W7 + 2310W3 W, — 1560W, W, — 5222W, W, —
47600, Wo).

(b): Y7o Wis 1 Wi = 5ies (—55W2,  —503W2, s —80W2, 5 —2695W2, | +334W,, 1 a Wiy s 3+ 24 Wi 1 a Wi 0+
T98W i aWig1 — 56Wiy3Wigo — 2142W,0 4 s Wi i1 — 920W, oWyt + 55W2 + 503W2 + 80W2 +
2695W2 — 334W3 Wy — 24Ws Wy — TO8W3 Wy + 56Wo Wy + 2142Wa W + 920, Wo).

(€): h_o WipaWi = =ee (43W2, 4 + 683W2, 5 — 5008W2 5 + 210TW2, | — 406W,, 1 4Wiyp3 + 1768

Wit aWiio — 1638Wy s s Wi i1 — 3240W,, 3 Wi + 6214W,, 4 s Wy g — 8456W,, oW,y 4y — 43W2 —
683W2 + 5008W2 — 2107TW2 + 406W5 Wy — 1768W3 W, + 1638W5 W, + 3240Wo Wy — 6214Wa Wy +
8456, Wy).
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(d): Do Wit sWi = 505 (—23W2, ,—983W2, g +208W2, , —112TW2 | +526W,, 4 a Wy 15— 328W, s Wi g2+
382W,, 1 a W1 — 120W,, 4 3 W0 — 3262W,, 3 Wi 1 + 1064W,, 1 oW, 1 + 23W2 +983WF — 208W32 +
1127WE — 526W3Wa + 328W3 Wy — 382Ws Wy + 120Wa Wy + 3262Wo Wy — 1064W1 Wp).

From the last proposition, we have the following corollary which gives sum formulas of 4-primes numbers

(take Wn = Gn with GO = 0,G1 = O,GQ = 1,G3 = 2)

COROLLARY 3.9. Forn >0, 4-primes numbers have the following properties:

(a): Dop_o Gi = =92 (299G2  ,+2155G2 | 3+2608G2 | ,+6683G2 | —1526G 014Gyt —1048G 1 4Ghpo—
2310G,+4Gni1 + 1560G 413Gt + 5222G 4 3Gpi1 + 4T60G, 12Gr 1 — 299).

(b): >p_o Gr1Gk = 5555 (—55G2 4, —503G2 | 3—80G2  ,—2695G2 | 1 +334G 4Gy 3+24G 1 4Gryo+
798G 4 4Gni1 — 56Gn+3Gn+2 —2142G4 3Gyt — 920G+ 2Ghp1 + 55).

(d): Y40 Gr2Gr = =555(43G2 4 + 683G?% 3 — 5008G2 5, + 2107G2 | — 406G +4Grys + 1768
GraGryo — 1638G,,14Gri1 — 3240G,,43Gpio + 6214G, 1 3G i1 — 8456G ,12Grp1 — 43).

(©): Yo Gir3Gr = 5555(—23G2 ,—983G2  3+208G2 5 —1127G2 | | +526G, 4Gt 3—328G, 14Grpo+
382G +4Grt1 — 120G, 43G 12 — 3262G, 413Gyt + 1064G,, 1 2Gpq + 23).

Taking W,, = H,, with Hy =4, H, = 2, H, = 10, H3 = 41 in the last proposition, we have the following

corollary which presents sum formulas of Lucas 4-primes numbers.

COROLLARY 3.10. For n > 0, Lucas 4-primes numbers have the following properties:

(a): Dop_ o HE = =55 (299H2 4 +2155H2  3+2608H2  ,+6683H2, | —1526H,, 4 Hyp o 5—1048Hyy 4 Hyy o —
2310H,, 4 Hy i1 + 1560H,,, 3H,y 1o + 5222H,,  3H,, 11 + 4760H,, o H,, 1 — 23203).

(b): > o His1Hi = 5555 (—55H2, ,—503H2, s—80H2  ,—2695H2 | +334H, 44 Hyio5+24H, 14 Hp o+
T98H,, 4 H, 1 — 5)(3111,L+9,1L1n+2 —2142H,, 3H,,+1 — 920H,, o H,, 1 + 10575).

(©): Yp—oHisoHy = =gog (43H2, 4 + 683H2, 5 — 5008H2, 5 + 210TH?2 | — 406H 4 Hp 3 + 1768
HyyaHy o — 1638H, 4 Hy1 — 3240H,, 1 3Hp, 2 + 6214H,, 3 H,, 1 — 8456 H,, o H, 1 + 19741).

(d): Y i o HevsHy = 5g5 (—23H2 ,—983H?2 s+208H2  ,—112TH?2 | +526H,, 1 4H, 1 3—328H s Hypy ot
382H, qHp 1 — 120H,,  3H, o — 3262H,,  3H, 1 + 1064H,, o H, 11 + 27119).

From the last proposition, we have the following corollary which gives sum formulas of modified 4-primes

numbers (take W,, = E,, with Fy =0,F, =0,E, = 1,E3 = 1).

COROLLARY 3.11. For n > 0, modified 4-primes numbers have the following properties:

(a): Dop_o B} = =55 (299E2 4 +2155E2  34+2608E2, ,4+6683E2, | 1526 Ey 4 Epy3—1048F, 4 4 By o —
2310E,, 44 Ep i1 + 1560E, 1 3E, 1o + 5222E,,  3E, 1 + 4760E, 2 F, 1 — 928).

(b): Yo Er1Er = 555 (—55E2 4 —b03E2 s —80E2, ,—2695E2 | +334F, 4 Eyy3424F, (4 Ey o+
T98E, 1 4Ey 1 — 56E, 3B, 1o — 2142E, 3E, 1 — 920E, 12 E, 1 + 224).
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(€): Yr_o Eri2Er = =5e5(43E2 4, +683E2, ;—5008E2  ,+2107E2% | —406E,, 4 Ey 1 3+1768E, 14 Fp 40—
1638E,, 4 4Ey 1 — 3240E,,, 3F, 12 + 6214, 3F, 1 — 8456, 1o E, 11 — 320).

(d): Y 4o Eri3Br = 5055 (—23E2, ,—983E2 g +208E2 | ,—112TE2 | 1 +526 Ep 4 By y3—328F s Bryot
382E, 4 4Fy 1 — 120, 13E, 2 — 3262E,,,3F, 1 + 1064F,, 2 F, 1 + 480).
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