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Abstract: Let V be a vector space of dimension 1 over a field K and let w be a trivector of A3V.
For such trivectors, we can associate three invariants, the automorphism group Aut(w), the radical
polynominal P(w) and the commutant C(w). We use the classification of trivectors of rank < 9, we
give a general rule for the standard trivector ws; in dimension 3k, the trivector with the transitive
automorphism group and the trivector with an isotropic hyperplane wyy1 in dimension 2k 4+ 1. We
compute their radical polynomials and the sizes of the groups automorphisms. We demonstrate that
there exists a vector space V and a trivector w of A3V where C(w) is not a Frobenius algebra and
dimV < 3dim C(w). Finally, We give a classification of trivectors in dimension 8 over a finite field of
characteristic 2 and its applications in the theory of codes.
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1. Introduction

Let V be a K—vector space of dimension 7 and let A%V be the third-degree exterior power space
of V over the field K. Any element w of A3V is named trivector on V. By virtue of the canomical
identification A3V ~ (A3V)*, there is no diffrence between trivectors and trilinear alternating form.
The classification of trilinear alternating forms is the study of the action of GL(V) on A*V: f.w =
(A3f)(w). For n < 8, this classification was completed for any fields and the number of orbits is finite.
In dimension 9, the number of classes of trivectors over C is infinite (see [3]) and over I is finite (there
are 317 classes, see [6]).

In this paper we examine the general cause for the trivector ws; in dimension n = 3k, k > 1, called
standard trilinear alternating form, the form of the transitive automorphism group wy over L in which
L is the extension of the field K and the trivector in dimension n = 2k + 1,k > 3 with the isotropic
hyperplane. We computed their groups of automorphisms and their radical polynomials. The main
results are the Tables 1, 2, 3, 4 and 5 containing the trivectors ws; and wy 1 with the sizes of the
group of automorphisms, the radical polynomials and the number of orbits of trivectors in dimension
eight. The commutant of a trivector with a maximum rank of eight forms a Frobenius algebra with
dimV > 3dim C(w) (See [10] Theorem 2.8, p.49), we show that this result is not true for n > 9.

The motivation behind this research stems from the graph theory, complexity and cryptography,
in which they are interested in the alternating trilenear form equivalence (ATFE) problem and code
loops, see [12] and [15]. We note that Frobenius algebras are significant in the algebraic approach.

2. Preliminaries

Let w : V¥ — K be a trilinear alternating form on a vector space V over a field K, dimV = n. The
trivector w satisfies the equality w(x,(1), Xy(2), Xo(3)) =
sgn(o)w(xq, x2, x3) for every permutation o € S3. Two forms wy and wy are equivalent, wy ~ wy, if
there exists a homomorphism bijective ¢ of V verifying:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(4]2(4)(3(1),4)(.7(2),4)(X3)) = wl(xl, X2, X3) for every x1,x2,x3 € V

One of the possible approaches to the classification of trivectors is to use invariants. We recall three in-
variants of trivectors: the automorphism group Aut(w), the radical polynomial P(w) of w introduced
by J.Hora [6] and the commutant C(w).

Definition 1. The group of automorphisms of w, Aut(w), is defined by
Aut(w) ={¢p € GL(V)/p.w = w}
Example 1. Let w3 be the trivector w = e1ees, then Aut(wsz) = SL3(K).

Definition 2. The set Rad(w) = {v € V,w(v,.,.) = 0} is called the radical of w and denoted by Rad(w). If
Rad(w) is trivial (Rad(w) = {0}), then w is called non degenerate.

Fix v € V and define radical Rad,(v) of V as Rad,(v) = {u € V,w(u,v,.) = 0}. Rad,(v) isa
subspace of V. The rank of v € V, 1, (v) = n — dimRad, (v) is an even number.

Definition 3. Let K = I be a finite field. The polynomial P(w) defined by:

P(w) _ Z xr(v)yn—r(v)
veV
or

n—1 ) )
P(w) =Y aix'y"™
i=0

n—1

where a; € Nand Y5 a; = q", is the radical polynomial of w.

Definition 4. Two vectors u,v € V* =V — {0} are orthogonal u L, v, if u € Rad(v). The subspaces Vy
and V of V are orthogonal V1 L V,,if vy L, vp forall vy € Vi and vy € Vs,

Definition 5. We say that a non degenerate trilinear alternating form w on V is decomposable if V. =
W1 @& Wo @ ... & Wy, m > 2, and W; L W, whenever i # j. The restrictions of w to W; are denoted by w;.
P(w) is compatible with the orthogonal decomposition:

if w=Y,w; then P(w) =TT; P(w;)
Example 2. Let wyg be the trivector we = e1exe3 + eqeseq. The radical polynomial of we is equal to
P(ws) = P(erezes) x Pleseses) = (y° +7x%y)? = y° + 14x%y* + 492"y
Definition 6. The commutant of w, C(w) is
Clw) ={f € End(V) :w(x, f(y),z) = w(x,y, f(z)),for every x,y,z € V}

Definition 7. Let A be an algebra of finite dimension over a field K. We say that A is a Falgebra if A ~
Hom(A, K) (isomorphic as A-modules).

Note that if A is finite-dimensional K—algebra over a field K. Then A is a Frobenius algebra if and
only if there is a non-degenerate symmetric bilinear form ¢ : A x A — K such that ¢(ab,c) = ¢(a, bc)
foralla,b,c € A.
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3. Invariants on Dimension 3k
Standard Trilinear Form

Definition 8. Let V be a 3k- dimensional vector space over K and let B = {eq, €2, €3, ....,€3r_1, e3x } be a fixed
basis of V. A standard trilinear alternating form wsy can be expressed as

_ _ vk
W3k = 16263 + e4€5€6 + 7€8€9 + ... + €3k_2€3k_1€3x = Yi_q €3;_2€3;_1€3;

Since wgy, is a decomposable form, then P(wsy) is compatible with the orthogonal decomposition and we have
P(wsi) = HP w;) ]/ +7x ]/)

Proposition 1. Let Aut(ws3) be the automorphism of wsy, then it satisfies the exact sequence
— [SLs(K)]F = Aut(ws) = Sp — 1

ie.
Aut(wsy) =~ [SLy(K)]* % S

k k
IfK =TFy, |Aut(ws)| = kg% (q® = 1)" (4> = 1)

Proof. The domain R(ws) = ViU VL U...UV} = UileVi where V; =< e3;_5,€3;_1,€3; >,i=1,...,kis
invarianti.e. if f € Aut(wsi), f(R(wsk)) C R(wsp). So that f(V;) C V,(;) for permutation o € Sy, we
can define a groups homomorphism.

Vi W W

@ is surjective, we deduce that the sequence

¢ : Aut(wsg) — Sk, ¢(f) = o where 0 =

1 — kerp — Aut(wszr) — Sp — 1

is exact.

Let f € kerg, then f(V;) C V;,i = 1,.,k and from the equality A3f(ws;) = ws, hence
flesizesi—1e3;) = ezizezi1€3;,i =1,...,k

We can write the matrix of f as follows

A1 0 0

0 A 0

M= . . :
0 0 Ag

with detA; = 1,i = 1,..., k then kergp ~ [SL3(K)]F. O

The first Galois cohomology H' (G, Aut(w)) where G = Gal(K/K), K is the algebraic closure of
K, distinguishes forms over K and wg ~ w.

We consider w = wgy. If L is the extension of K, there exists a trivector wy € A3V such that
wy, 2wy and w; @ L € A3(V @k L) is L-isomorphic to wsg. Let C be the set of orbits of the forms of
wsy. Since H'(G, SL3(K)) = 0. The exact sequence of Galois cohomology sets gives us C = H'(G, Sy).
Where H!(G, S;) ~ {Etale K — algebras of degree k}.

We obtain the following lemma

Lemma 1. The trivector wsy has a K-form wy, with the automorphisms group Aut(wy ) verify the following
exact sequence:
1— SL3(L) — Aut(wr) = Z — 1
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ie.
Aut(wp) ~ SL3(L) X Zy.

IfK=TF,, L =F;and |Aut(wr)| = kg (4% — 1) (g% —1).

Since Aut(wr) contain SL3(L) and Aut(SLy (}Fqk)) contain the finite cyclic group Gal(]Fqk /Fy) ~
Zy, then Aut(wy) is semi-direct product SL3(L) X Zg.

The only non trivial trivector over [F; with a transitive automorphisms group is the trivector
arising from the three dimensional determinant over F i (see J. Hora[6], page 11). So wy is the only
trivector in dimension 3k with the transitive automorphisms group.

The trivector wy is the only trivector with equal ranks of all non zero vectors v, rg(v) = 2k =
3k — dimRad(v),v # 0. Its radical polynomial is equal to

P(CUL) _ y3k + (22k _ 1)x2kyk
We get the following Table 1.

Table 1. Automorphisms group and radical polynomial of ws.

dimV = 3k Aut(w)
k>1 Trivector P(w),K =T, Aut(w) K=Fy; L="Fgx
3 w3 = ereze3 v +7x%y SL3(K) P -1)(g* 1)
3 2.\2 2 6(.3 202 2
we = e1ee3 + ege5eq (yé +7x 4y)2 [SL3(K)]” > Sa 2‘16(q6 -1) (Z -1)
6 wr y° + 63x%y SLs(L) X Zy  29°(q°—1)(g* — 1)
3 2.3 3 9(.3 3.2 3
Wy = e1e9e3 + eseseq + e7egeg (v +7x%y) [SL3(K)]” % S5 6q°(q° —1)" (4" — 1)
9 wr y? +511x%y3 SL3(L) x Z3 35°(¢° —1)(¢° - 1)
(v +72%) SLa(K)F x5 kg™ (® = 1) (g = 1)
Wak = €1€2€3 + ... + €3k 263,163k 3 koo™
3k wL yF+ @F -1yt SLy(L) % Ze k(g - 1)(9* - 1)

Remark 1. If K =y, L = Fy3, we have

For dimV =3, w3 = f3_1 and |Aut(w3)| = 168

For dimV =6, wg = fe_1, |Aut(we)| = 56448 and wi = fo_3, |Aut(wr)| = 120960

For dimV = 9, wg = fo_qo7, |Aut(we)| = 6.27(23 —1)3(2%2 — 1)3 = 28449792 and w; = fo_go04,
|Aut(wp)| = 3.27(2% — 1)(2° — 1) = 49448448. (See ]. Hora [6] Appendix A and B page 12-13).

Remark 2. The trivector wqg has three K-forms wq, wy and wys in which L = K(t),? = aand L' =
K x K, K' = K(«) where a® = d(d ¢ K*°).

Proof. Let L be an extension of degree 3 of K and F is a space of dimension 3 over L. We consider a
standard basis {e1, e, e3} of F, the determinant form is defined by: ¢ : A3F — L where ¢(e; A ex A
e3) = 1. The trace formis Tr : L — K, we put wy = Trp o ¢ : F3 — K, wy is a trivector of rank nine
onV =F.

We take L = K(t) with t> = a in this case, the basis of V is

{61, ey, e3,e4 = teq, tes = tepteg = testey = i’2€1,68 = t2€2, eg = t3€3}.

We can calculate: wy(eq Aex Aes) = 3,wp(es Aes Aeg) = 3a,wr(e; Aeg Aeg) = 3a%,wr (e Aes A
e9) = 3q,wr(e; Neg Neg) = —3a,wp(ex Neg Neg) = —3a,wp(ex Neg Ney) = 3a,wp(eg Neg Neg) =
3a,wr(e3 Nes Aey) = —3a and wi (e; Aej Aex) = 0 otherwise. We obtain

ng = e1epe3 + aeyeseq + a2e7ege9 + aejeseg — ae1egeg + aexe 9 — Aexeply + aezeseg — ae3esey
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and it follows that
w) = e1epe3 + aegeseq + [12(376‘86‘9 + ae1es5e9 — Ae1€6e8 + Aepe 9 — Aexepey + Ae3eseg — 1e3e5ey

If L' = K' x K, K’ = K(«) where a2 = d(d ¢ K**), is a quadratic extension of K, in this case, the basis
of Vis {e1, ez, e3,e4 = wey, e5 = aey, e = wes, ey,es,¢9}. Then,

wr(egNep Neg) =3, wr ey NegANeg) = 3,wr(egr ANexNes) = 3d, wi(ea NegNeg) = —3d, wp(e3 NegNes) = 3d,

and wp (e; A ej A ex) otherwise.
We obtain

1
ng = e1epe3 + deqeseg + desegeq + deseges + eyegeg

and it follows that
wys = e1eges + dejeseq + deyeges + deseges + eyegeg = we 1 4 + e7egeg

If L = K x K x K = K3 then F = L3 = K, by the same method we obtain wy. [J

If K = I, finite field of order g, L = F s and L' = F» x Fy.
We get the following Table 2.

Table 2. Automorphisms group and its size of wy

Notation of Hora Aut(w) Aut(w)
w K=T, K=TF, Aut(w) K=TF,
wy  fr [SL3(Fy)]® x S3 —1)%(g2—1)° 28449792
wp fy SL3(F3) % Zs 3q (q —1)(g°—1) 49448448
29°(7° = 1)(q* = 1)
wy i SL3(Fp2) x SL3(Fg) xZy (4> —1)(g* —1) 20321280

Remark 3. In dimension 3k, the expression of the trivector wy, seems to be a difficult problem (see Table 1.).

4. Invariants on Dimension 2k + 1
4.1. General Rule for the Non Trivial Forms with an Isotropic Hyperplane

Let V be a vector space of dimension n, n = 2k + 1 and let wyi, 1 be a trivector of rank 2k + 1.
There exists a basis B = {eq, e, €3, ..., 3, €ox1 } such that

wWop+1 = e1(exe3 + eges + ... 4 enxors1)

It is the only trivector in dimension 2k + 1,k > 2 with an isotropic hyperplane (Hyperplane W such
that the restriction on W is the zero form).

Proposition 2. Let Aut(ws3) be the automorphism of wsy, then it satisfies the exact sequence

1A A=K =1
1—K¥* 5 A" — Spy(K) — 1

Aut(wp 1) = Spoi(K) x K* x K

IfK =y, then |Aut(wyr41)| = qk +2k( )H ( —1)
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Proof. We consider the set V| = {x € V/x.w =0}. If x = Z%if w;e; € Vi, we have x = aqeq, then
Vi =< ey >and A*f(xw) = f(x) A3 f(w) = f(x)w =0, for f € A = Aut(wyry1). Then f(Vy) C V;
and there exists A € K* / f(e1) = Aej. The matrix of f with a basis {ey, ..., e3x} must have the form

3 };] , this we define a group of homomorphism surjective ¢ : A — K*, ¢(f) = A.

Let f € A" = Kerg: e1 A2 f(epe3 + ... + expenpi1) = €1(€263 + ... + eporsq ), which means A2 f(epe3 +
e F CokR 1) = €263 F ... + ppor 1 + Xey withx € V, =

< e, ..., 041 >. We consider g : Vo — V; the linear application with the matrix B : N2 g(ezes + ... +
ekeor 1) = €263 + .... + epreor 1. The homomorphism

¥ : A’ — Spyr(K) defined by ¢(f) = B, is surjective and keryp ~ K*. [

While observing the radical polynomial P(w) of ws, w7 and wy, we deduce
The radical polynomial of wy 1 is equal to

Plwysq) = 251 4 (226 — 1)1 4 02k y2ky,
We get the following Table 3.

Table 3. Automorphisms group and radical polynomial of wyy1

dimV =2k +1 Aut(w) Aut(w)
k>2 Trivector P(w), K =T, K arbitrary field K=TF,

5 ws = e1(esez +eges)  y° + 15223 + 163ty Spa(K) x K* x K* g% — 1)1, (g% - 1)
w7 = e1(exe3 + eses

7 +e6e7) v+ 63x2y° + 64x%y Spe(K) x K* x K® ¢ —1) [T, (4% — 1)
wy = eq(e2e3 + eses

9 “+eger + eseg) y° + 255x2y7 + 256x8y Sps(K) x K* x K& ¢?(q—1)TT, (g% — 1)
Worsr = e1(eges + e YT (22— 1)aZyH

2k+1 +eaxer+1) +2%%y Spak(K) x K* x K ¥ 42 (g — 1) T (4% — 1)

Remark 4. If K = IF; finite field of order 2, we have:

For dimV =5, ws = f5_5 and |Aut(ws)| = 11520

For dimV =7, wy = f7_4 and |Aut(wy)| = 92897280

For dimV =9, wg = fo_1 and |Aut(we)| = 224(2 — 1) [TH, (2% — 1) = 12128668876800, it is the class
with the largest group of automorphisms. (See J. Hora [6] Appendix A and B page 12-13).

4.2. General Rule for the Form of the Type w11 = e1€2e3 + e3eqes + €5e687 + ... + €op_1€2k2k11
Let V be a vector space of dimension n, n = 2k + 1 and let wyy4 1 be a trivector of rank 2k + 1. There
exists abasis B = {ey, e, €3, ..., €ox, €11 } such that wyr 1 = e1epe3 + e3eqes5 + e5e6e7 + ... + eop 160k 41

Proposition 3. Let Aut(ws) be the automorphism of wsy, then it satisfies the exact sequence
1A A7) —1

15 A" 5 A= (KHFT 51
1— K3+ 5 A" 5 SLy(K) % SLy(K) — 1

ie.
A = Aut(woi1) = (SLa(K))? x (K*)F1 x K¥FH x 7,

IfK = Fg, |Aut(wasr)| = 2073 (g% = 1)*(g = 1)
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Proof. We observe the domain (linear span) R =< e3,e5,¢7,...,e0011 = Kez U Kes U ... U Kegg_q is
invariant. We obtain

1A A% 7, 51

1 iff(€3) C 63,f(€5) C es,..., f(52k+1) C k41
0 otherwise

o(f) =

Then A’ = {f/f C A, f(e3) C e3, f(es) C es,..., f(exs1) C eps1} therefore, NK1f stabilizer each of
the two subspaces F; = {e3, e5,¢7, .., €a_1, €k, €ox 11 } and
F, = {e1,e,e3,¢€5,¢€7, ..., e0¢_1}. We can define a group homomorphisms

Y A — (KL y(f) = (f(es)/es, f(es) /s, .., fleax—1)/eax—1)

Then
1= A" A = (K1 51

If f € A” = kerp, f acts on eep and epepp i1 as SLy(K) x SLy(K).
We obtain the exact sequence

1— K1 5 A" 5 SLy(K) x SLy(K) — 1

If f is the identity over ey, €5, ex; and ey, 1 (modulo P = {e3, es, ..., e2¢_1}),
fle;) =e;+v;,i€{1,2,2k2k+ 1} where v; € P, then

fles) = es+ 04, f(e6) = €6 + Vg-rrrf (€2k—2) = €h—2 + V22

A" is an additive group isomorphic to K3+1 [

We get the following Table 4.

Table 4. Automorphisms group and its size of wyy 1

dimV = 2k + 1
k>3 trivector Aut(w), K arbitrary field |Aut(w)|, K =Ty

7 w7 [SLy(K)]? x (K*)2 x K10 x 7Z, 2¢12(42 —1)%(g —1)?

9 wo [SLy(K)]? x (K*)3 x K13 x Z, 293 (4% —1)2(g —1)3

2k+1 Wok+1 [SLy(K))? x (K*)K1 5 K341 5 7, 2743 (g% — 1)2(q — 1)k

Remark 5. Remark 4. If K = Fy, we have

For dimV =7, w; = f;_1, |Aut(wy)| = 73728

For dimV =9, wg = fo_p3, |Aut(wg)| = 2.215(22 — 1)?(2 — 1)® = 589824 (See J. Hora [6] Appendix A
and B page 12-13).

5. Commutant of a Trivector and Frobenius Algebra

Proposition 4. There exists a vector space V of dimension nine and w € A3V in which C(w) is not a Falgebra
and dimV < 3dim C(w).

Proof. Let w be a trivector of rank nine (See [3] Table 1):

W = e160€9 + e16365 + 16464 + €263€7 + €xe4e8 + €3€469
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We consider f, an element of the commutant and Mp, the matrix of f, where B is the standard basis,
then by direct competitions we have:

w(f(e1),e2,e9) = wler, f(e2),e9) = w(ey, e, f(e9)) = ary = ax = agy
w(f(e1) e3,e5) = w(er, f(e3),e5) = w(en, e3, f(es)) = an = as3 = ass
w(f(e1) ea,e6) = wlen, fles), e6) = wler, eq, f(e6)) = a11 = Aaa = ae6
w(f(e2) e3,67) = w(e, f(e3),e7) = w(ea, e, f(e7)) = a0 = a33 = ary
w(f(e2),eq,e8) = w(ea, f(es), e8) = w(ea, ey, f(eg)) = Az = asy = asg
w(f(es) ea e9) = w(es, f(ea), e9) = w(es, eu, f(e9)) = a3z = Asa = a9

Then,
a11 = App = A33 = 44 = 455 = dee = Ay77 = 088 = 99 = K&

Also we have,

w(f(e1), e2e3) = wley, flea), e3) = wley, ez, f(e3))

= a71 = —asy = dg3 = f5
w(fler) ez, e4) = wle, flez), e4) = w(er, ez, f(es))
= ag1 = —de2 = dgg =Y
w(f(e2),e3,e4) = w(ea, f(e3), e4) = w(ez €3, f(es))
= a9y = —ag3 = a74 =T
w(f(e1) es,ea) = wler, f(e3), ea) = wler, e3, f(ea))
= 91 = —063 = d54 = Y

w(f(ei) ejex) = w(ei fej), ex) = w(ei e, fex)) = 0 = aj; = 0, for the other cases.

Mpg(f) has the form

a 0 0 0 0 0 0 0 O
0 «a 0 0 0 0 0 0 O
0 O «a 0 0 0 0 0 O
0 0 0 o 00 0 0 O
Mg(f)=| 0 =B 0 u a«a 0 0 0 0 |,
0O -y - 0 0 «a 0 0O
B0 0 7T 00« 00
vy 0 —1t 0 0 0 0 a O
u v B v 00 0 0 «
thus C(w) = K@ V3 @ Vo, ® V3@ Vy with V; = Ke;, i = 1, ...,4 and the matrices of €1, €5, €3 and ¢4 are
presented by
044 O4x5
Mp(er)=| 0 -1 0 0 ,
0 0 0 o0
1 0 0 o0 O5x5
0 0 0 o0
0 0 1 0
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0454 O4x5
Mpe2)=| 0 0 0 0 /
0 -1 0 0
0 0 0 0 0O5x5
1 0 0 0
0 0 0 1
04times4 04><5
Mpes)= 0 0 0 O ,
00 0 0
00 0 1 0545
00 -1 0
0 1 0 0
and
O34 03x5
0 0 0 1
Mp(es)=| 0 0 -1 0
0 0 0 0
0 0 0 0 Oex5
0 0 0 0
1 0 0 0

By computation we prove that €1, €3, €3 and ¢4 satisfy:

8% = €% = 8% = Ei = €18p = €1€3 = €18y = €2€1 = €381 = €4€&1 = €2€3 = €2€y = €3Ep = &4&p =
€3E84 = €4€3 = 0.

If C(w) is a Frobenius algebra, there exists a non-degenerate symmetric bilinear form ¢ : C(w) x
C(w) — Kin which ¢(fg,h) = ¢(f,gh) where f,g,h € C(w). We put C = Mp(¢) = (c;;) the matrix
of ¢ in the basis B = {1, €1, ¢, €3,€4}, then
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P(e1,€2) = P(leg, e2) =
= ¢(eg.e1,82) =
Plez,€1) = P(leg, 1) =
= ¢(eg.e0,81) =
P(e1,63) = p(l.eg, e3) =
= ¢(eg.e1,83) =
P(e3,€1) = p(l.es, e1) =
= ¢(eg.e3,81) =
P(e1,€4) = P(lier, 4) =
= ¢(e3.e1,84) =
P(es, 1) = P(leg, 1) =
= P(ez.e4,€1) =
P(e2,€3) = P(l.ez,83) =
= ¢(es.e2,63) =
P(es, €2) = Pp(l.ez, e2) =
= ¢p(eq.3,€2) =
P(e2,e4) = Pp(lieg, e4) =
= ¢(e3.e2,64) =
P(es, €2) = Pp(leg, &2) =
= P(e3.4,82) =
P(es e4) = Pp(liez, e4) =
= P(er-€3,€4) =
P(es,e3) = Pp(lueg, e3) =
= P(er-e4,83) =
P(e1,e1) = ¢(leg, 1) =
P(e2,e2) = P(lgg, €2) =
P(e3,e3) = P(l.eg, 3) =
P(es,e4) = P(lieg, e4) =

The matrix C is represented by

¢(1,e182) = P(ez.e1,€2) = ¢p(e3,e1€2)
¢(eq,€1€2) = 0imply that c3 =0
P(1 e2e1) = ¢p(e3-€2,€1) = ¢(e3,2¢1)
¢(eq,€1€2) = 0imply thatczp =0
$(1,e163) = Pp(e.e1,€3) = P(ea,€1€3)
¢(eq,€1€3) = 0imply that cps =0
$(1,e3e1) = Pp(en.e3,€1) = P(ea,€3€1)
¢(eq,€3¢1) = 0imply thatcgp =0
P(1,e184) = Pp(e2.€1,€1) = P(e2, €1¢4)
¢(e3,€1€4) = 0imply that ¢35 =0
P(1,e481) = P(e2.€4,€1) = P(e2, €4¢1)
¢(e3,e4e1) = 0imply that csp =0
$(1,e2e3) = Pp(eq.€2,€3) = P(e1,€2€3)
¢(eq,€2e3) = 0imply thatczs =0
$(1,e362) = Pp(e1.€3,€2) = Pp(e1,€3€2)
¢(eq,€3¢2) = 0imply that cg3 =0
$(1,e0eq) = Pp(e1.€2,€4) = P(€1,€2€4)
¢(e3,€2e4) = 0imply that cz5 =0
$(1,e482) = Pp(e1.€4,€2) = P(e1,€4€2)
¢(e3,e4e2) = 0imply that cs3 =0
$(1,e3e4) = Pp(e1.€3,€4) = Pp(e1,€3€4)
¢(e2,€3e4) = 0imply that cg5 = 0
$(1,e483) = Pp(e1.€4,€3) = Pp(e1,€4€3)
¢(e2,€4e3) = 0imply that cs4 =0

o1, €] ) = 0 imply thatcy, =0

= 0imply that c33 = 0

:) =
1,8%) = 0 imply that cgy =0
i) = 0 imply that cs5 =0

[}
—
—_

[}
—
N

(o}
—
[68]

(o}
—
'y

(o}
—
[6)}

C21 0 0 0 0
C31 0 0 0 0
C41 0 0 0 0
C51 0 0 0 0

10 of 13

The rank of ¢ = 2, different from 5, hence this contradicts the non-degeneracy of ¢. We conclude that
C(w) is not a Falgebra and dim C(w) = 5. We deduce that dimV < 3dim C(w). O
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6. Classification of Trivectors in Dimension 8 over a Finite Field of Characteristic 2

For n = 8, the classification of trivectors over finite fields, except for characteristic 2 or 3, and over

a finite field of two elements has been done in [7] and [5] respectively. More recently a classifications

have appeared for a finite field of characteristic 3 [9]. We give the following classification over Fom.

Theorem 1. Let V be a vector space of dimension eight over a finite field ¥, of characteristic 2, ¢ = 2™. If m is

odd, there are 20 inequivalent trivectors in A3V which are of a full rank.

Table 5. The cardinality of the automorphisms groups Aut(w;) for trivectors w; of rank 8 over Fon. d € (F,’;)Z,

*\3
a ¢ (Fy)

Notation |Aut(ws,)|
wg i Trivector of Hora |Aut(ws,;)| over IF, over [,
ws1 e1(exes + eges) + eseres fo—o1 g (gt -1 (P -1)(g* - 1)*(q-1) 1935360
wsp e1(exes + eses + ese7) + eseqes fo-02 78(¢% —1)%(g —1)? 2359296
ws3 e1(eses + eseq) + e2(eses + ezes) fs-03 g (P —1)%(g —1)? 18432
wsg 4 ey (6263 =+ 8465) + e ((3267 =+ €4€8> fg,()4 2q14 (I]Z — 1)2 (q — 1)2 294912
wsaq  e1(exes +eser) +eq(ezes + esey +-deyes )+ fo-12 24" (g* —1)(4* — 1) 1474560

e6(eses) + es(eses) + es(esey)
wss e1(exes + eses) + eg(eaes + eres) fs—20 6q°(4> —1)%(g—-1) 82944
wgsd  es(erea +eqer +eges) +es(eres + esex +deger) fs-19 20°(q* = D)(P? -1 1) 46080
wssa e1(aeses + aeses + e7es) + ex(eses + eser + eqes) fs-13 37°(4° = 1)(g — 1) 96768
ws e e1(e2e3 + eses + ese7) + es(eses + eseq) fo—o7 74 (¢* - 1)(g—1)? 49152
ws7 e1(eaes + eseq + ese7) + ea(eses + ezes) fs—o05 97 (¢ —1)(g — 1)? 393216
ws s e1(ees + e3es 4 ese7) + egeres + eseses fs—06 7 -1)(g-1)? 3072
wso e1]ex(es + es) + ese] + eseser + eqeqes fs-18 69°(q—1)% 3072
wWsod e1(eses + deseg) + e (e3eq + eses + eseg)+ fs-17 20°(g> = 1)(qg - 1) 3072
e3(e1e2 + eqes)
W89,0 ex[(e3 +es)er + ezeq] + eglales + e7)er + eses] fo 14 3¢%(4° — 1) 10752
+es(eze7 + eqeq)
ws,10 e1(exes + eqe7) + exeses + ezeacs + eseser fo-16 297 (g% —1)(qg — 1)? 768
w04 e2(eres +dejes) + es(eres + eges) + eseger fo—o08 247 (g* — 1)? 2304
ws 11 e (ese7 + 6534 +eger) + es(eqes + egey) + ezeses fs—00 PP -1)@g-1) 24576
ws 12 e1[(es —e7)(es — eg) + esez] + ex(eaes + eseq)+ fs—10 qb(qz -1(g-1) 192
egeyes
ws 13 e1les(es — e7) + eses] + ex(eses + eseq) + egeres fo-11 2¢°(¢® - 1)(g* = 1) 336
wsisa  e1(exes + ezer) + ex(eres + esez + deyes)+ fs-15 2¢%(¢° +1)(q* — 1) 432

eg(eses) + es(ezes) + e (eses + egeq)

Remark 6. This classification was done over Iy (see table 2 page 3468 in [5] or see Appendix A page 12 in [6]).

7. Weight Varieties of a Non-Degenerate Form

We can use the classification of trivectors in the theory of codes (See [13]).

Some undefined terms can be found in [13, page 426-429].

Similar arguments applied in [13] are used for determining the varieties X (wg ;) and Xp(wsg ;) for

some trivectors and we have:

Proposition 5. The varieties X1 (wg ;) and Xp(wg ;) for 7 < i < 11 are given by:
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ws i X1 (ws,i) X>(ws,i)
{s=xy=x=x=
wg 7 x1xg + x2 = 0} {x5 = x; =0}
ri=x=xy=x=x=
x;=x3=0}U{xp =x3 = X5 = Xg = X4X¢ — Xpx7 = 0}U
wgg X4 = X5 = Xg = X7 = xg = 0} {x4 = x7 = x& — x;x3 = 0}

{x3x5 + X% + x7x8 = X1 =
x4 =0} U{xjxg +x% =
X1X3 — XgXg = X1X2 + X5Xg =

ri=n=xn=xy=x= X4Xe + X3X8 = X4X5 — X2Xg =
wsg9 X = X8 20} X3X5 + X2X¢ 20}

{x1=x4=x5=x¢ =x7 = {xs —x6 =x7 —x3 =

Xg=1x—x3=0}U{x; = X4Xe — X2X7 + X3X7 =

X4 = X5 = Xg = X7 = Xg = 0} U{xs+x6 = x7 +xg3 =

Xo+x3=0}U{xy =x3= X4X — XoX7 — X3x7 = 0}U

e a R, _
wg1y) X4 =2Xx5=2xc=2x7=2x3=0} {x7=1x4=2xf—x{—x7x3=0}

{X1:x2:x3:x4:x5:
“e 11 X6 = X7 = 0} {x3 = x5 = xyx4 — x5 = 0}

8. Conclusions

In this paper, by using the invariants of the trivectors, we deduce the general rule for some
trivectors. As a future work, one can calculate the cardinalities of X;(wg ;) and X5 (wg ;) and use them
to fully determine the spectrum of C(3, 8).
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