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Abstract. In the paper, by the Faà di Bruno formula, several identities for

the Bell polynomials of the second kind, and an inversion theorem, the authors

simplify coefficients of two families of nonlinear ordinary differential equations
for the generating function of the Catalan numbers and discover inverses of

fifteen closely related lower triangular integer matrices.

1. Motivation

The Catalan numbers Cn for n ≥ 0 form a combinatorial sequence of natural
numbers that occur in tree enumeration problems such as “In how many ways can
a regular n-gon be divided into n− 2 triangles if different orientations are counted
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formula; Bell polynomial of the second kind; inversion theorem.
This paper was typeset using AMS-LATEX.

1

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 20 November 2017                   doi:10.20944/preprints201711.0120.v1

©  2017 by the author(s). Distributed under a Creative Commons CC BY license.

Peer-reviewed version available at Journal of Taibah University for Science 2019; doi:10.1080/16583655.2019.1663782

mailto: F. Qi <qifeng618@gmail.com>
mailto: F. Qi <qifeng618@hotmail.com>
mailto: X.-L. Qin <qxlxajh@163.com>
mailto: Y.-H. Yao <yaoyonghong@aliyun.com>
http://dx.doi.org/10.20944/preprints201711.0120.v1
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1080/16583655.2019.1663782


2 F. QI, X.-L. QIN, AND Y.-H. YAO

separately? whose solution is the Catalan number Cn−2”. See the monographs [5,
43]. The Catalan numbers Cn can be generated by

G(x) =
2

1 +
√

1− 4x
=

∞∑
n=0

Cnx
n = 1 + x+ 2x2 + 5x3 + 14x4 + 42x5 + · · · (1.1)

and can be explicitly and alternatively expressed as

Cn =
1

n+ 1

(
2n

n

)
= 2F1(1− n,−n; 2; 1) =

4nΓ(n+ 1/2)√
π Γ(n+ 2)

,

where the classical Euler gamma function Γ(z) can be found in [3, 8, 12, 19, 29]
and the generalized hypergeometric series

pFq(a1, . . . , ap; b1, . . . , bq; z) =

∞∑
n=0

(a1)n · · · (ap)n
(b1)n · · · (bq)n

zn

n!

is defined [1, 3, 8] for complex numbers ai ∈ C and bi ∈ C \ {0,−1,−2, . . . }, for
positive integers p, q ∈ N, and in terms of the rising factorials

(x)n =

n−1∏
`=0

(x+ `) =

{
x(x+ 1) · · · (x+ n− 1), n ≥ 1;

1, n = 0.

For more information on the Catalan numbers Cn and their recent developments,
please refer to the monographs [2, 5, 43], the papers [6, 7, 9, 10, 13, 14, 15, 16,
20, 21, 22, 23, 28, 33, 34, 35, 36, 37, 41, 42, 44, 46, 47, 48], and the closely related
references therein.

In [4, Theorem 2.1], Kims established recursively and inductively that the family
of differential equations

G(n)(x) =

n∑
i=1

ai(n)(1− 4x)−(2n−i)/2Gi+1(x), n ∈ N (1.2)

has a solution G(x) = 2
1+
√
1−4x , where a1(n) = 2n−1(2n− 3)!! and

ai(n) = 2n−ii!

n−i∑
ki−1=0

n−i−ki−1∑
ki−2=0

· · ·
n−i−ki−1−···−k2∑

k1=0

(
2n− 2

i−1∑
j=1

kj − 2i− 1

)
!!

×
i−1∏
`=1

〈
2n− 2

i−1∑
j=`+1

kj − 2i− 1 + `; 2

〉
k`

(1.3)

with 〈x;α〉0 = 1 and 〈x;α〈n= x(x− α) · · · [x− (n− 1)α] for n ∈ N.
In [4, Theorem 3.1], by similar argument as in the proof of [4, Theorem 2.1],

they found that the family of differential equations

n!Gn+1(x) =

bn/2c∑
i=0

bi(n)(1− 4x)n/2−iG(n−i)(x), n ∈ N (1.4)

has a solution G(x) = 2
1+
√
1−4x , where btc denotes the floor function whose value

is the largest integer less than or equal to t, the coefficients b0(n) = 1 and

bi(n) = (−2)iSn+1−2i,i, 1 ≤ i ≤
⌊
n

2

⌋
(1.5)
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GENERATING FUNCTION OF CATALAN NUMBERS 3

with Sn,1 = n+ (n− 1) + · · ·+ 1 and

Sn,j = nSn+1,j−1 + (n− 1)Sn,j−1 + · · ·+ 1S2,j−1, j ≥ 2.

In [4, Theorems 2.2 and 3.2] and [4, Remark], they also used the coefficients
ai(n) and bi(n) respectively defined in (1.3) and (1.5) to express their other results
in [4]. In other words, the quantities ai(n) and bi(n) are the core of the paper [4].

It is obvious that the coefficients ai(n) and bi(n) respectively defined in (1.3)
and (1.5) can not be easily remembered, possibly understood, and simply computed.

The aim of this paper is the same one as in the papers [11, 14, 17, 18, 24, 25, 26,
27, 30, 31, 32, 38, 39, 40, 41, 45] and closely related references therein. Concretely
speaking, our aim in this paper is to discover simple, significant, meaningful, easily
remembered, possibly understood, readily computed expressions for the coefficients
ai(n) and bi(n) in the families (1.2) and (1.4) respectively. Consequently and equiv-
alently, we further derive inverses of fifteen closely related lower triangular integer
matrices.

2. Lemmas

To reach our aim in this paper, we recall the following lemmas.

Lemma 2.1 ([2, pp. 134 and 139]). The Faà di Bruno formula can be described in
terms of the Bell polynomials of the second kind Bn,k(x1, x2, . . . , xn−k+1) by

dn

d tn
f ◦ h(t) =

n∑
k=0

f (k)(h(t))Bn,k

(
h′(t), h′′(t), . . . , h(n−k+1)(t)

)
(2.1)

for n ≥ 0, where the Bell polynomials of the second kind, or say, partial Bell
polynomials, denoted by Bn,k(x1, x2, . . . , xn−k+1) for n ≥ k ≥ 0, are defined by

Bn,k(x1, x2, . . . , xn−k+1) =
∑

1≤i≤n,`i∈{0}∪N∑n
i=1 i`i=n∑n
i=1 `i=k

n!∏n−k+1
i=1 `i!

n−k+1∏
i=1

(xi
i!

)`i
.

Lemma 2.2 ([2, p. 135]). For n ≥ k ≥ 0, we have

Bn,k

(
abx1, ab

2x2, . . . , ab
n−k+1xn−k+1

)
= akbnBn,k(x1, x2, . . . , xn−k+1), (2.2)

where a and b are any complex numbers.

Lemma 2.3 ([23, Theorem 5.17] and [35, Theorem 1.2]). For n ≥ k ≥ 0, we have

Bn,k((−1)!!, 1!!, 3!!, . . . , [2(n− k)− 1]!!) = [2(n− k)− 1]!!

(
2n− k − 1

2(n− k)

)
, (2.3)

where the double factorial of negative odd integers −(2n+ 1) is defined by

(−2n− 1)!! =
(−1)n

(2n− 1)!!
= (−1)n

2nn!

(2n)!
, n = 0, 1, . . . .

Lemma 2.4 ([14, Theorem 12.1] and [41, Theorem 4.3 and Remark 6.2]). For
n ≥ k ≥ 1, let {sk}k∈N and {Sk}k∈N be two sequences which are independent of n.
Then

sn =

n∑
k=1

(
k

n− k

)
Sk if and only if (−1)nnSn =

n∑
k=1

(
2n− k − 1

n− 1

)
(−1)kksk.
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3. Main results and their proofs

Now we are in a position to state our main results and to prove them simply.

Theorem 3.1. For n ∈ N, the nth derivative and the powers of the generating
function G(x) defined in (1.1) satisfy

G(n)(x) =
(n− 1)!

(1− 4x)n

n∑
k=1

k

(
2n− k − 1

n− 1

)
(1− 4x)k/2Gk+1(x). (3.1)

Proof. This proof is a slight modification of the first part in the second proof of [35,
Theorem 1.1].

Taking f(u) = 2
1+u and u = h(x) =

√
1− 4x in the formula (2.1) and utilizing

the identity (2.2) yield

G(n)(x) = 2

n∑
k=0

(−1)k
k!

(1 + u)k+1
Bn,k

(
− 2

(1− 4x)1/2
,− 22

(1− 4x)3/2
,

. . . ,−2n−k+1[2(n− k + 1)− 3]!!

(1− 4x)[2(n−k+1)−1]/2

)
= 2

n∑
k=0

(−1)k
k!(

1 +
√

1− 4x
)k+1

(−1)k2n
(1− 4x)k/2

(1− 4x)n

× Bn,k

(
(−1)!!, 1!!, . . . , [2(n− k)− 1]!!

)
=

2n+1

(1− 4x)n

n∑
k=0

k!
(√

1− 4x
)k(

1 +
√

1− 4x
)k+1

Bn,k

(
(−1)!!, 1!!, . . . , [2(n− k)− 1]!!

)
for n ∈ N. Further making use of the formula (2.3) and simplifying arrive at

G(n)(x) =
2n+1

(1− 4x)n

n∑
k=1

k![2(n− k)− 1]!!

(
2n− k − 1

2(n− k)

)
(1− 4x)k/2(

1 +
√

1− 4x
)k+1

=
2n+1

(1− 4x)n

n∑
k=1

k
(2n− k − 1)!

2n−k(n− k)!

(1− 4x)k/2(
1 +
√

1− 4x
)k+1

=
(n− 1)!

(1− 4x)n

n∑
k=1

k

(
2n− k − 1

n− k

)
(1− 4x)k/2Gk+1(x)

=
(n− 1)!

(1− 4x)n

n∑
k=1

k

(
2n− k − 1

n− 1

)
(1− 4x)k/2Gk+1(x).

The proof of Theorem 3.1 is complete. �

Remark 3.1. Comparing (1.2) with (3.1) derives

ak(n) = (n− 1)!

(
2n− k − 1

n− 1

)
=

(2n− k − 1)!

(n− k)!
, n ≥ k ≥ 1.

This expression is quite simpler, more easily remembered, more possibly under-
stood, more readily computed, more significant, and more meaningful than the one
in (1.3)!!!
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Theorem 3.2. For n ∈ N, the power to n and the derivatives of the generating
function G(x) defined in (1.1) satisfy

Gn+1(x) =
(−1)n

(1− 4x)n/2

n∑
k=1

(−1)k

k!

(
k

n− k

)
(1− 4x)kG(k)(x). (3.2)

Proof. The derivative formula (3.1) can be rearranged as

(−1)nn

[
(4x− 1)n

n!
G(n)(x)

]
=

n∑
k=1

(
2n− k − 1

n− 1

)
(−1)kk

[
(−1)k(1− 4x)k/2Gk+1(x)

]
, n ∈ N.

Considering Lemma 2.4 leads straightforwardly to

(−1)n(1− 4x)n/2Gn+1(x) =

n∑
k=1

(
k

n− k

)
(4x− 1)k

k!
G(k)(x), n ∈ N.

The proof of Theorem 3.2 is complete. �

Remark 3.2. Comparing (1.4) with (3.2) reveals

bi(n) = (−1)i
n!

(n− i)!

(
n− i
i

)
, 0 ≤ i ≤

⌊
n

2

⌋
.

This expression is rather simpler, more easily remembered, more possibly under-
stood, more readily computed, more significant, and more meaningful than the one
in (1.5)!!!

4. Inverses of lower triangular integer matrices

Every inversion theorem in combinatorics corresponds to a lower triangular in-
vertible matrix and its inverse. Conversely, every lower triangular invertible matrix
and its inverse correspond to an inversion theorem. Generally, it is not easy to
compute the inverse of a lower triangular invertible matrix.

Lemma 2.4 is equivalent to that the lower triangular integer matrices An =(
ai,j
)
1≤i,j≤n and Bn =

(
bi,j
)
1≤i,j≤n with

ai,j =


0, i < j(

j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and bi,j =

0, 1 ≤ i < j

(−1)i−j
j

i

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other. See [14, Thorem 8.1] and [41, Theorem 4.1] also.

Theorem 4.1. For n ∈ N, the lower triangular integer matrices Pn =
(
pi,j
)
1≤i,j≤n

and Qn =
(
qi,j
)
1≤i,j≤n with

pi,j =


0, i < j

(−1)i−j
i

j

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and qi,j =

0, 1 ≤ i < j(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.
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Proof. This follows from rewriting the equations (3.1) and (3.2) as

(1− 4x)n

(n− 1)!
G(n)(x) =

n∑
k=1

(
2n− k − 1

n− 1

)[
k(1− 4x)k/2Gk+1(x)

]
and

n(1− 4x)n/2Gn+1(x) =

n∑
k=1

(−1)n−k
n

k

(
k

n− k

)
(1− 4x)k

(k − 1)!
G(k)(x).

This also follows from rearranging Lemma 2.4 as

(−1)nnsn =

n∑
k=1

(−1)n−k
n

k

(
k

n− k

)[
(−1)kkSk

]
if and only if

(−1)nnSn =

n∑
k=1

(
2n− k − 1

n− 1

)
(−1)kksk,

The proof of Theorem 4.1 is complete. �

By similar argument as in the proof of Theorem 4.1, we derive the following
conclusions about lower triangular integer matrices and their inverses.

Theorem 4.2. For n ∈ N, the lower triangular integer matrices Un =
(
ui,j
)
1≤i,j≤n

and Vn =
(
vi,j
)
1≤i,j≤n with

ui,j =


0, i < j

(−1)ii

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and

vi,j =

0, 1 ≤ i < j

(−1)jj

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.3. For n ∈ N, the lower triangular integer matrices Cn =
(
ci,j
)
1≤i,j≤n

and Dn =
(
di,j
)
1≤i,j≤n with

ci,j =


0, i < j

(−1)ji

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and

di,j =

0, 1 ≤ i < j

(−1)ij

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.
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Theorem 4.4. For n ∈ N, the lower triangular integer matrices Yn =
(
yi,j
)
1≤i,j≤n

and Zn =
(
zi,j
)
1≤i,j≤n with

yi,j =


0, i < j

(−1)i

j

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and

zi,j =

0, 1 ≤ i < j

(−1)j

i

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.5. For n ∈ N, the lower triangular integer matrices En =
(
ei,j
)
1≤i,j≤n

and Fn =
(
fi,j
)
1≤i,j≤n with

ei,j =


0, i < j

(−1)j

j

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and

fi,j =

0, 1 ≤ i < j

(−1)i

i

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.6. For n ∈ N, the lower triangular integer matrices Gn =
(
gi,j
)
1≤i,j≤n

and Hn =
(
hi,j
)
1≤i,j≤n with

gi,j =


0, i < j

(−1)i
i

j

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and

hi,j =

0, 1 ≤ i < j

(−1)j
(

2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.7. For n ∈ N, the lower triangular integer matrices Kn =
(
ki,j
)
1≤i,j≤n

and Ln =
(
`i,j
)
1≤i,j≤n with

ki,j =


0, i < j

(−1)j
i

j

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j
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and

`i,j =

0, 1 ≤ i < j

(−1)i
(

2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.8. For n ∈ N, the lower triangular integer matrices Mn =
(
mi,j

)
1≤i,j≤n

and Nn =
(
ni,j
)
1≤i,j≤n with

mi,j =


0, i < j

(−1)j
(

j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and

ni,j =

0, 1 ≤ i < j

(−1)i
j

i

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.9. For n ∈ N, the lower triangular integer matrices On =
(
oi,j
)
1≤i,j≤n

and Rn =
(
ri,j
)
1≤i,j≤n with

oi,j =


0, i < j

(−1)i
(

j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and

ri,j =

0, 1 ≤ i < j

(−1)j
j

i

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.10. For n ∈ N, the lower triangular integer matrices Tn =
(
ti,j
)
1≤i,j≤n

and Wn =
(
wi,j

)
1≤i,j≤n with

ti,j =


0, i < j

(−1)i−ji

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and wi,j =

0, 1 ≤ i < j

j

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.11. For n ∈ N, the lower triangular integer matrices Λn =
(
λi,j
)
1≤i,j≤n

and Θn =
(
θi,j
)
1≤i,j≤n with

λi,j =


0, i < j

(−1)i−j
1

j

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j
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and

θi,j =

0, 1 ≤ i < j
1

i

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.12. For n ∈ N, the lower triangular integer matrices Φn =
(
φi,j
)
1≤i,j≤n

and Ψn =
(
ψi,j

)
1≤i,j≤n with

φi,j =


0, i < j
1

j

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and

ψi,j =

0, 1 ≤ i < j

(−1)i−j
1

i

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.13. For n ∈ N, the lower triangular integer matrices An =
(
αi,j

)
1≤i,j≤n

and Bn =
(
βi,j
)
1≤i,j≤n with

αi,j =


0, i < j

i

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and βi,j =

0, 1 ≤ i < j

(−1)i−jj

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.14. For n ∈ N, the lower triangular integer matrices Pn =
(
µi,j

)
1≤i,j≤n

and Qn =
(
νi,j
)
1≤i,j≤n with

µi,j =


0, i < j

(−1)i−j
(

j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and νi,j =

0, 1 ≤ i < j
j

i

(
2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.

Theorem 4.15. For n ∈ N, the lower triangular integer matrices Tn =
(
τi,j
)
1≤i,j≤n

and Kn =
(
κi,j
)
1≤i,j≤n with

τi,j =


0, i < j
i

j

(
j

i− j

)
, j ≤ i ≤ 2j

0, i > 2j

and κi,j =

0, 1 ≤ i < j

(−1)i−j
(

2i− j − 1

i− 1

)
, i ≥ j ≥ 1

are inversive to each other.
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