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ABSTRACT. In the paper, by the Faa di Bruno formula, several identities for
the Bell polynomials of the second kind, and an inversion theorem, the authors
simplify coefficients of two families of nonlinear ordinary differential equations
for the generating function of the Catalan numbers and discover inverses of
fifteen closely related lower triangular integer matrices.

1. MOTIVATION

The Catalan numbers C,, for n > 0 form a combinatorial sequence of natural
numbers that occur in tree enumeration problems such as “In how many ways can
a regular n-gon be divided into n — 2 triangles if different orientations are counted
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separately? whose solution is the Catalan number C,_5”. See the monographs [5,
[43]. The Catalan numbers C,, can be generated by

2 o0
=) Cpa"=1+ux+22%+52% + 1da* +422° + - (1.1
1+v1—A4zx 7;] (L)
and can be explicitly and alternatively expressed as
1 2n 4"T'(n+1/2)
Cn = =F(1—- sy T 727 1) = ’
n+1<n) 2Pl =m, =% l) = =m0 15y

where the classical Euler gamma function I'(z) can be found in [3, 8 [12] 19, 29]
and the generalized hypergeometric series

G(x) =

oo

. N (@1)p--- (ap)n 2"
qu(al,...,ap7b1,...,bq,z) = Zmﬁ

is defined [T} B, 8] for complex numbers a; € C and b; € C\ {0,—-1,-2,...}, for
positive integers p,q € N, and in terms of the rising factorials

(LL‘)TL: 1:[(1'4_@):{‘f(x+1)"'($+n—l), Zi(l)’
£=0 ) = 0.

For more information on the Catalan numbers C,, and their recent developments,
please refer to the monographs [2, 5, 43], the papers [6] [7, 9, 10, 13} 14} [I5] 16,
20, 211 221, 23], 28|, 33}, 34}, [35], [36], [37, [41), [42], [44] [46], 47], 48], and the closely related

references therein.
In [4, Theorem 2.1], Kims established recursively and inductively that the family
of differential equations

G (x Z ai(n)(1 —4z)~@=92G* (2) neN (1.2)
has a solution G(z) = m, where a;(n) = 2""1(2n — 3)!! and
‘ n—i n—i—k;_1 n—i—k;_1—--—ko i—1
ai(n) =274 Y > Y <2n—22kj—2¢—1>!!
k}i71:0 k}7;72:0 k1—0 j=
X H<2n—2 Z kj— 2 —1+¢; 2> (1.3)
j=0{+1 ke

with (z;a) =1 and (z;a(,=z(z —«a) -+ [z — (n — 1)a] for n € N.
In [4, Theorem 3.1], by similar argument as in the proof of [4, Theorem 2.1],
they found that the family of differential equations
[n/2]
n!G" T (x Z bi( —4z)"?7 G (z), neN (1.4)

has a solution G(x) = m, where |¢] denotes the floor function whose value
is the largest integer less than or equal to ¢, the coefficients by(n) = 1 and

bi(n) = (~2) Susrois, 150 < BJ (1.5)
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with Sp,1=n+(n—1)+---+1 and
San = TLSn_;_l,j_l + (’fl - 1)Sn7j_1 4+ -4 1527j_1, j>2.

In [4l Theorems 2.2 and 3.2] and [4, Remark], they also used the coefficients
a;(n) and b;(n) respectively defined in and to express their other results
in [4]. In other words, the quantities a;(n) and b;(n) are the core of the paper [4].

It is obvious that the coefficients a;(n) and b;(n) respectively defined in
and can not be easily remembered, possibly understood, and simply computed.

The aim of this paper is the same one as in the papers [I11 [14] 17 [18] 24 25| 26,
27, 30, 311, [32], B8], [39, 40}, 411, [45] and closely related references therein. Concretely
speaking, our aim in this paper is to discover simple, significant, meaningful, easily
remembered, possibly understood, readily computed expressions for the coefficients
a;(n) and b;(n) in the families and respectively. Consequently and equiv-
alently, we further derive inverses of fifteen closely related lower triangular integer
matrices.

2. LEMMAS
To reach our aim in this paper, we recall the following lemmas.

Lemma 2.1 (|2, pp. 134 and 139]). The Fad di Bruno formula can be described in
terms of the Bell polynomials of the second kind By, (z1, 2, ..., Tn_ky1) by

dn . ! 4 n—
@foha):];)f“)(h(t))Bn,k(h(t),h(t>,...,h< o) 2

for n > 0, where the Bell polynomials of the second kind, or say, partial Bell
polynomials, denoted by B, (z1,%2,...,Tn—k+1) for n >k >0, are defined by

n—k+1

n! X\ b
B k(T1, 22, Tnopp1) = ‘ Z W H (j) .
1<i<nge{oyun Lli=1 %0 =1
iy ii=n
Yo ti=k
Lemma 2.2 (|2 p. 135]). Forn >k >0, we have
Bk (abxl, ab’zs, ... ,abn_k“xn,kﬂ) = akb"Bn’k(xl, Xoyeeoy Tnky1), (2.2)

where a and b are any complex numbers.

Lemma 2.3 ([23] Theorem 5.17] and [35, Theorem 1.2]). Forn >k > 0, we have
By (=11, 11,31, . [2(n — k) — 1]1) = [2(n — k) — 1)1 (2;‘(;f ;)1)7 (2.3)
where the double factorial of negative odd integers —(2n + 1) is defined by
(-nm (—1)" 2"
(2n — )N (2n)!’
Lemma 2.4 ([I4, Theorem 12.1] and [41, Theorem 4.3 and Remark 6.2]). For

n>k>1, let {sg}ren and {Sk}ren be two sequences which are independent of n.
Then

Sp = Zn: (n ﬁ k) Sk if and only if (—1)"nS, = z": (an_kl_ 1) (—1)*ksy,.

k=1

(=2n -l =

n=0,1,....
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3. MAIN RESULTS AND THEIR PROOFS

Now we are in a position to state our main results and to prove them simply.

Theorem 3.1. For n € N, the nth derivative and the powers of the generating

function G(z) defined in satisfy
G (z) = mik(%;k; 1)(1 4G (). (3)

k=1

Proof. This proof is a slight modification of the first part in the second proof of [35]
Theorem 1.1].

Taking f(u) = I-%u and u = h(xz) = /1 — 4z in the formula and utilizing
the identity yield

= k! 2 22
M) (x) =2 _Hr—" B — —
G (x) g( ) (1+u)htt "”“( (1—4z)1/27 (1 —4z)3/2’

k=0
20—k HL2(n — k + 1) — 3)!!

e (1 — 4z)ROr—k+D)-1]/2 >
oSk k! ke (1 —4@)k/
_2;:()( ) (1+m)’““( D Ty

X By ()11, [2(n — k) — 1]11)

et N R(VI-a)” Br o (=DM 1 200 — k) = 1]1)

(I—do)" = (14 VT —4z)"

for n € N. Further making use of the formula (2.3) and simplifying arrive at

g = 2 N e A 1
G = Gy 2 MR ””(2<nk>>(1+m)’““

oot IS 2n—k—1) (1 4dx)k/?
= ;k n_k(n_k)! (1+m)k+1

(1 _ 4$)k/2Gk+1(1‘)

)
_ (- ank<2” —k- 1) (1 = dz)/2GH 1 (z).

The proof of Theorem [3.1] is complete. O

Remark 3.1. Comparing (1.2)) with (3.1]) derives

ak(n>=(n—1);<2n—’f—1) _@n—k-1)

n>k>1.
(n—Fk)" ~’ -

n—1
This expression is quite simpler, more easily remembered, more possibly under-
stood, more readily computed, more significant, and more meaningful than the one

in (L3)!
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Theorem 3.2. Forn € N, the power to n and the derivatives of the generating

function G(z) defined in ) satisfy
(@) = MWQEI L a-wreve. e

Proof. The derivative formula (3.1)) can be rearranged as

(=1)"n [(433_1)(;(71)( )]

n!

n—1

— Z <2n -1 1) (—=DFk[(=D*(1 - 42)*G"(2)], neN.

Considering Lemma leads straightforwardly to

N . = ko (4z — 1)k
(~1)"(1 —4a)" 20 (@) = Y (n B k) %G(’“)(x), neN.
k=1 ’
The proof of Theorem [3.2]is complete. O

Remark 3.2. Comparing (1.4) with reveals

This expression is rather simpler, more easily remembered, more possibly under-
stood, more readily computed, more significant, and more meaningful than the one

in (L5)!!

4. INVERSES OF LOWER TRIANGULAR INTEGER MATRICES

Every inversion theorem in combinatorics corresponds to a lower triangular in-
vertible matrix and its inverse. Conversely, every lower triangular invertible matrix
and its inverse correspond to an inversion theorem. Generally, it is not easy to
compute the inverse of a lower triangular invertible matrix.

Lemma [24] is equivalent to that the lower triangular integer matrices A4, =

(ai’j)lgi,jgn and B,, = (bi’j)lgi,jgn with
0, i< o
j 0, 1<i<y
o i< 9 d b — /9
0§ () sesy ma (M 2) ez
0, i>2j A
are inversive to each other. See [I4, Thorem 8.1] and [41] Theorem 4.1] also.
Theorem 4.1. Forn € N, the lower triangular integer matrices P, = (pivj)lgi,jgn
and Q.,, = (qi’j)lgi,jgn with
0 < j
PN 0, 1<i<j
R _1i7j7 <1< 2q . = ;4 —
ni= U 1) ssisa md e, GRS IEETEY
0, i>2j L

are inversive to each other.
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Proof. This follows from rewriting the equations (3.1)) and (3.2) as
1 —4a)” ~(2n—k—1
Egggggfl,(;ow(aﬂ ::ji: ( " )[k&l—-4x)k/2(;k+1(x)}

and

n n — Az k
k=1

This also follows from rearranging Lemma [2.4] as
_ - xn( k k
s, =3 (L F ) (vt

if and only if

G&Wﬂ&fzﬁi(ml_k_l>@4ﬁk%7

n—1
k=1
The proof of Theorem [£.1]is complete. O

By similar argument as in the proof of Theorem we derive the following
conclusions about lower triangular integer matrices and their inverses.

Theorem 4.2. Forn € N, the lower triangular integer matrices U,, = (Ui,j)

1<i,j<n
and V,, = (vi’j)1<ij<n with
0, i< j
Ui j = GM%QfJ,jSiSM
0, i>2j
and
0, 1<i<y
T (lﬂ(%~J1v’izjzl
i

are inversive to each other.

Theorem 4.3. Forn € N, the lower triangular integer matrices C,, = (Ci,j)

1<ij<n
and D,, = (di»j)lgi,jgn with
0, i<
Cij = PU%QJJ,jSiSM
0, i>2j
and

are inversive to each other.
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Theorem 4.4. Forn € N, the lower triangular integer matrices Y, = (y”)

1<i,j<n
and Z,, = (Zi’j)1<ij<n with
0, 1<y
—1)¢ ;
vij = (.)(7.) j<i<?
J t—=]
0, 1> 25
and
0, 1<i<j
Zij = 1) /2i—j—1
7 (.)(Z.] >, i>j>1
1 1 —1

are inversive to each other.

Theorem 4.5. Forn € N, the lower triangular integer matrices E,, = (ei’j)
and F,, = (fivj)lgi,jgn with

1<i,j<n

0, i<
—1)J ]
eij= (.)<7‘> j<i<2j
J 11— ]
0, i > 2j
and
0, 1<i<j
fog =y ) (22._3_1)7 i>ji>1
1 1 —1

are inversive to each other.

Theorem 4.6. Forn € N, the lower triangular integer matrices G, = (giyj)

1<i,j<n
and H, = (hivj)1<ij<n with
0, i<y
N
ig =4 (=)=, . <i<2
wi= 02 ( 1) sisy
0, 1> 2]
and
0, 1<i<y
hij = -7 =
J ( )]<22-31 1>’ s>
i

are inversive to each other.

Theorem 4.7. Forn € N, the lower triangular integer matrices K,, = (k”)
and Ln = (Zi’j) with

1<i,j<n

1<i,j<n

0, i<j
Qi g .
kis= (== 7 ), j<i<2
=1 )]<z—]> J<i<2j
0, i>2j
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and
0, 1<i<y
b= (2i—j—1
i,J (_1)1(7’.] >7 i>j>1
i—1
are inversive to each other.
Theorem 4.8. Forn € N, the lower triangular integer matrices M, = (mi’j)1<i i<n
and N, = (”iaj)lgi,jgn with
0, 1< ]
mi; = (—1)J'<. ’ ) j<i<?y
1=
0, > 2j
and
0, 1<i<y
M =Y il (BT s
i\ i-1 ) =)=
are inversive to each other.
Theorem 4.9. Forn € N, the lower triangular integer matrices O,, = (Oivj)1<i i<n
and R,, = (ri’j)lgi,jgn with
0, 1< ]
0ij = (—1)Z(Z._j)7 J<i<2j
0, i>2j
and
0, 1<i<y
Tij = j(20—35—1 .
’ —1)7= >45>1
(=1) Z< P ) i>j>

are inversive to each other.

Theorem 4.10. Forn € N, the lower triangular integer matrices T, = (ti’j)1<i i<n

and W, = (wivj)1§¢,j§n with
" A e 0, 1<i<y
tij = (—1)l_3i<ij>, j<i<2) and w;; = j(Qi.—j— 1>7 i>i>1
0, i> 2 i—1
are inversive to each other.
Theorem 4.11. Forn € N, the lower triangular integer matrices A, = (Aivj)lgi,jgn
and ©,, = (eivj)lgi,jgn with
0, 1<j
1 j L .
Aij = (=1 Jj(i_j) J<i<2j

0, i>2j
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and
0, 1<i<y
0; ;=< 1/(21—7—1
A I ) W S
) i1—1

are inversive to each other.

Theorem 4.12. Forn € N, the lower triangular integer matrices ®,, = (¢i,j)
and V,, = (¢i»j)1§i,jgn with

1<i,j<n

0, i<j
L
bij = (‘7) j<i<2j
J\i—j
0, > 2j
and
0, 1<i<j
Yij = o 1/2—j5-1 o
: —1)ii 2 >i>1
()= ) izaz

are inversive to each other.

Theorem 4.13. Forn € N, the lower triangular integer matrices A,, = (ai,j)

1<i,j<n
and By, = (ﬂivj)1<ij<n with
0 o
- v 0, 1<i<j
= (i) asisa e (M) iz
0, i>2j L

are inversive to each other.

Theorem 4.14. Forn € N, the lower triangular integer matrices P, = (Ni,j)

and Q, = (Vi,j)1gi,jgn with

1<ij<n

0, < J .
a P 0, 1<i<y

s = Hw(i—j)’ JEis and vig = 7<2i.j11>, i>j>1

0, i>2j AN
are inversive to each other.
Theorem 4.15. Forn € N, the lower triangular integer matrices T,, = (Ti’j)lsi,jsn
and IC,, = (Hi*j)lgi,jgn with

0 1<j

Ll J 0, 1<i<j
R T B TR ) NE SR

, . t—1
0, 1> 2j

are inversive to each other.
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