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Abstract: This research addresses the problem of initial synthesis of kinematic chains with spherical
kinematic pairs, which are essential in the design of spatial mechanisms used in robotics, aerospace,
and mechanical systems. The goal is to establish the existence of solutions for defining the geometric
and motion constraints of these kinematic chains, ensuring that the synthesized mechanism achieves
the desired motion with precision. By formulating the synthesis problem in terms of nonlinear
algebraic equations derived from the spatial positions and orientations of the links, we analyze the
conditions under which a valid solution exists. We explore both analytical and numerical methods to
solve these equations, highlighting the significance of parameter selection in determining feasible
solutions. The study further investigates the impact of initial conditions and design parameters on
the stability and flexibility of the synthesized kinematic chain. The findings provide a theoretical
foundation for guiding the practical design of spatial mechanisms with spherical joints, ensuring
accuracy and reliability in complex motion tasks. This work presents a comprehensive framework
for the 3D visualization of geometric transformations and coordinate relationships using Python
3.13.0. Leveraging the capabilities of libraries such as NumPy and Matplotlib, we develop a series of
modular code examples that illustrate how to plot and analyze multidimensional data pertinent to
kinematic chain synthesis and robotic mechanisms. Specifically, our approach demonstrates the
visualization of fixed points, such as Xa, Ya, Za, x8, ys, z8, and xc, yc, zc, alongside their spatial
differences with respect to reference points and transformation matrices. We detail methods for
plotting transformation components, including rotation matrix elements (e, m, n) and derived
products from these matrices, as well as the representation of angular parameters (0;, ¢, ¢i) in a
three-dimensional context. The proposed techniques not only facilitate the debugging and analysis
of complex kinematic behaviors but also provide a flexible tool for researchers in robotics, computer
graphics, and mechanical design. By offering a clear and interactive visualization strategy, this
framework enhances the understanding of spatial relationships and transformation dynamics
inherent in multi-body systems.

Keywords: visualization; transformation; spatial mechanism; synthesis; approximation

1. Introduction

The synthesis of kinematic chains plays a crucial role in the design of spatial mechanisms, which
are widely used in industries such as robotics, aerospace, and automotive engineering [1]. One
particular type of spatial mechanism employs Spherical-Spherical-Spherical (SSS) kinematic pairs,
which allow for three degrees of rotational freedom. These pairs are vital in creating complex motion
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paths and orientations, making them ideal for applications that require high precision and flexibility
in movement. In kinematic chain synthesis, the goal is to design a mechanism that meets specific
motion requirements while adhering to geometric constraints. For spatial mechanisms with SSS pairs,
this involves determining the optimal configuration of the links and joints that will ensure the desired
motion trajectory and orientation [2]. However, the synthesis of such mechanisms is challenging due
to the complexity of the spatial relationships and the nonlinear nature of the equations governing
their motion [3]. The problem of synthesizing kinematic chains with SSS pairs can be divided into
two primary tasks: (1) defining the geometry of the links and joints, and (2) solving the kinematic
equations to ensure the mechanism achieves the required motion. This process often involves solving
systems of nonlinear equations, which describe the spatial positioning of the links relative to one
another. Furthermore, the synthesis must take into account various constraints, such as the range of
motion, joint limits, and load-bearing capacity, all of which can affect the mechanism’s performance
[4]. This research aims to address the synthesis problem by providing a systematic approach to
designing kinematic chains with SSS pairs. We focus on developing methods to solve the initial
synthesis problem, ensuring that the mechanism's geometry and motion capabilities align with the
desired performance criteria [5]. By leveraging both analytical and computational techniques, we
seek to establish reliable solutions for these complex spatial mechanisms, offering insights into their
design and optimization. In the following sections, we review existing methods for kinematic chain
synthesis [6], propose new techniques for addressing the challenges specific to SSS pairs, and
demonstrate the practical applications of our approach through case studies. This work contributes
to the advancement of spatial mechanism design, providing tools for engineers to create more
efficient and precise systems in various fields. The rapid advancement of robotics, computer graphics,
and mechanical design has underscored the importance of accurate and intuitive visualization of
geometric transformations and kinematic relationships [7]. In multi-body systems and robotic
mechanisms, the ability to effectively analyze and debug complex spatial interactions is paramount.
This study presents a comprehensive framework for three-dimensional (3D) visualization of
coordinate transformations, enabling researchers and practitioners to gain insights into the behavior
of kinematic chains and transformation matrices [8]. A central challenge in kinematic analysis is the
representation of the spatial relationships between different coordinate frames. These relationships
are often described by transformation matrices whose components depend on rotational parameters
such as Euler angles 0;, 1i, ¢i. Understanding how these angles influence the resultant vectors and
the overall motion of the system is critical for tasks such as inverse kinematics, dynamic simulation
[9], and control. Our approach leverages Python’s powerful numerical and plotting libraries-NumPy
and Matplotlib-to generate detailed 2D and 3D visualizations that depict the relationships between
fixed points X4, Ya, Za; x5, ys, z8; xc, yc, zc; and R and their corresponding transformation parameters
[10]. In this work, we not only demonstrate the plotting of individual points but also explore the
visualization of derived quantities such as the differences between coordinates Xpi—Xa, Ypi—Ya,
Zpi~Zs, as well as the components of transformation matrices (e, m, n) computed from rotational
parameters. Moreover, we illustrate the visualization of composite transformations obtained through
matrix multiplication T; = T¢; X T}y and T{, = T¢, X T{,. These visualizations provide a powerful
tool for interpreting the intricate geometric relationships inherent in kinematic chain synthesis and
robotic system design. By integrating these visualization techniques into a cohesive framework, our
methodology enables users to interactively analyze and validate the performance of complex spatial
transformations [11]. This work aims to contribute to the field by offering a flexible and accessible
approach to 3D visualization, ultimately enhancing the understanding and debugging of multi-
dimensional transformation processes in various engineering applications. In the sections that follow,
we detail the mathematical foundations underlying the transformation matrices, describe the
implementation of the visualization routines in Python, and present several case studies that
demonstrate the practical utility of our approach.
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2. Materials and Methods

The problem is describing involves finding specific points on two solids such that the distance
between those points in all given positions remains as close as possible to a constant value R. To
approach this, we have formulated a weighted difference function that will be minimized over the
given positions of the solids [12]. Here is a breakdown of the solution process:

Given the position N of the two solids Q1 and Q2, we have the Eulerian angles for solid Q: and
coordinates Xpi, Ypi, Zoi and angles for solid Q:. We need to find points A(X», Ya, Za) on solid Qs, B(xs,
ys, z8) on solid Q1, and C(xc, yc, zc) on solid Q2, such that the distance |BiCil is close to a constant R
for all positions as shown in Figure 1. Minimize the difference Agi for each position, which is
expressed as:

bq, = 2= (Xo, — Xs)? + (Yo, — Yo ' + (e, — Z)* —R%, (i=TN) (1)

where xsi, ysi, zsi are the coordinates of point B in the position 7 on solid Q1, and xci, yci, zci are the

coordinates of point C in the position i on solid Q;,

o A7

| X

Figure 1. Kinematical schema of a three-link open chain ABCD.

The matrix T]Lo that is composed of directional cosines (or transformation matrices) that relate
the local coordinate systems of each solid Q: and Q2 to a fixed coordinate system. The matrix itself is
built from the Euler angles 6/, ¥/, ¢/ of each solid in each position i, where j=1,2 refers to the two

solids [13]. The components of the matrix are structured as follows:
J j j

€1 € €3
izt o | (=120 =1N
Tio=|mj, my, my|,G=12i=1N) (2)
n TR

i1 M2 M3
j

where ej el,, e}, is the components of the first Tow (often representing the direction cosines of the

local x-axis in the fixed coordinate system); mll, m{z, m), is the components of the second row

(typlcally representing the direction cosines of the local y-axis in the fixed coordinate system); n/,
n{z, n;,, is the represent the components of the third row (usually the direction cosines of the local z-
axis in the fixed coordinate system).
These represent the direction cosines of the local x-axis relative to the fixed axes:
el = cosyp! - cos p] — cos 0] - siny] - sin ¢!
el, = —cos! - sinp! —cos 6] - siny] - cos ¢/ 3)
el, = sin6] - siny/
These represent the direction cosines of the local y-axis relative to the fixed axes:
My = sin W) - cos @] + cos 6] - cos ! - cos ¢}

m’!

[ = —siny/ - sing! +cos 6] - cos ] - sin ! 4)

ml, = —sin 6] - cos !
These represent the direction cosines of the local z-axis relative to the fixed axes:

J — cinnl . i j
n;, = sin6; - sin ;
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n{z = sin Hij - oS (pij (5)
i —
, i3 =
The matrix T}, essentially transforms the orientation of solid Qi or (2 in a fixed coordinate

n cos (pij

system. Each solid's orientation is represented using the Euler angles (or rotation matrix) to map the
local axes to the global (fixed) coordinate system [14]. The three rows of the matrix represent the
direction cosines of the local axes relative to the global axes. This matrix is likely part of a kinematic
analysis where the positions and orientations of two solids need to be related to a common coordinate
system [15]. The task is then to use this matrix to calculate the positions of points on the solids,
transforming them between the local and global frames. The matrices T}, and their transposed
versions represent the rotation matrices that transform the coordinate system of one solid to another.
Let's break down each part of equations and matrices:

T, = [TfO]T and T¢, = [TZiO]T are the transposed versions of T{, and T, respectively. These
matrices represent the rotation transformation from the local coordinate frame of solid Q: and Q: to
a fixed global coordinate frame at each position i. Each of these matrices contains the direction cosines
for the three local axes of the solids. In matrix form, we have:

ey My ny

T()il = [Tlio]T =ley mp np (6)
el Mz ngl
ey my ng]

Toiz = [Tzio]T =lel mE nd, ()
el mp  nil

where the components e;;, m;;, n;; etc., are the direction cosines of the respective axes relative to
the global coordinate frame.

The matrix Ti; represents the transformation of the coordinate frame of Q: relative to Q. It is
the result of multiplying the matrices T¢; and Tj,. The components of the resulting matrix are:

eief +epmi +enf eiel +epmp + eng eiel; +epmi + eng
T;y = |mhef + mpmb +mind  miel +mpmy + miny,  miel + mhmi +mink| (8)
nped +npmy +nignfy  njel +nipmh +niznh,  nijel; +npmis + ning

This matrix is formed by performing the dot products of the rows of Ty; with the columns of
T{,. The result is a 3x3 matrix that represents the relative orientation between Q> and Q.

Similarly, the matrix T{, represents the transformation of the coordinate frame of Qi relative to
2, and is the result of multiplying T¢, and T/,. The components of T}, are:

efhely + mimiy +niing  efiep +mimp +ning  ele + mimi; + niing
Ti, = |ehel + mmyy + nihnly  mhel + mimi, +ming,  mbels + mbmi; +ming 9)
nieh +nipmy +niny kel +nimi; +ning, nieis + nmiz + nisng

T, and Ty, represent the rotation matrices (transposed) from each solid's local frame to the
fixed coordinate system. T{, and T}; represent the relative transformations between the two solids'
local frames, where T}, transforms Q: local frame to Qi1 local frame and T¢, does the reverse. These
matrices are essential in solving for the positions and distances between points on the two solids, as
they allow you to transform coordinates between different reference frames and to express the
relative motion or position between the solids. The matrix system performs transformations between
different coordinate frames using rotation matrices and vector translations [16], which are relative to
the positions of points on the rigid bodies Q: and Q: in the fixed coordinate system. Here is a
breakdown of the matrices and their transformations:

The matrix equation for point A is:

1 1 1 2 2 2
X4 ep ey ez 0 Xp ei ep ez Xp; Xc
1 1 1 2 2 2
Vil _|ma mi mi 0], (Ve p|mia mip mig Yol (Ve (10)
A 1 1 1 Z 2 2 2 Z,
A ng np N 0 1B ng N Nz Zp 1C
1 o 0 0 1 o 0 0 1

This equation expresses the position of point A as the result of first applying a rotation defined
by T¢, (for solid Q1) and then translating by the coordinates of point D on solid Q.
For point B, the matrix equation is:
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1 1 1

Xp eqn ez ez 0 Xpi — Xy Xc

1 1 ! Ypi — Y, . .
VBl —|ma M Mz Of | Toi—Yaf [rotation matrix terms] x Ye (11)
ZB ny nh nk 0| [%pi—Z2a Zc

1 1 1
0 0 0 1
This expression represents a combined rotation and translation for point B using the relative

position of D and the transformation from Q: to Q:.
The equation for point C is:

2 2 2
Xc eq ep ez 0 Xa— Xpi Xp
2 2 2 —_ .
Yel —miz miz miz Of | Ya=Vp + [rotation matrix terms] X % (12)
“c ny nh ni 0 Za—Zpi B
1 o o0 o0 1 1 1

This represents a similar transformation for point C, which involves both a translation and
rotation between the frames of Q1 and Qz. Each of these matrices is a combination of rotation matrices
(representing the orientation of the rigid bodies Q: and Q> relative to the global coordinate frame)
and translation matrices (replacing the initial position of the rigid bodies). The purpose of these
transformations is to calculate the relative positions of points A, B, and C on the rigid bodies Q1 and
Q2 based on the coordinate transformations [17]. These transformations take into account both the
orientation and position of the rigid bodies in space, using Euler angles for rotations and coordinates
for translations.

So, for the weighted differences Aqi(l), Aqi(z), Aqi(g) as functions of the parameters Xa, Ya, Za we
divide the objective function into three separate forms xs, ys, zs, xc, yc, zc, and R.

Weighted difference for point A:

Aq™Y = (X — X2 + (Y — Ya)2 + (Zag — Z4)* — R? (13)

Weighted difference for point B:

Aq® = (Xg; — X5)? + (Vg — Yp)? + (Zpi — Z5)? — R (14)

Weighted difference for point C:

Aq® = (Kei = X)? + (Vo = YO)? + (Zey — Z)? — R? (15)

The total objective function to minimize, which is the sum of the squared differences, can be
written as:

2 2 2
§ =2 [(a¢) + (20®) + (20®) ] (16)

The sum here is taken over all N discrete positions of the solids. Since each Aqi(k) (for k=1,2,3) is
expressed in terms of X4, Ya, Za, x8, ys, z8, Xc, yc, zc, and R, the objective function S is a function of
these ten parameters. We represent the weighted differences as groups of parameters with a common
parameter R into four sets. For each of the three members, the variables X4, Ya, Za (for point A), xs,
ys, z8 (for point B), and xc, yc, zc (for point C) are grouped together and their corresponding
coordinates X4, Ya, Za, x8, ys, z8, and xc, yc, zc are scaled relative to the common radius R. To find the
optimal positions and radius that minimize S, you need to compute the partial derivatives of S with
respect to each parameter (i.e., the positions and R), and set these derivatives equal to zero. The total
objective function is:

S =N [((Kay — Xa)? + (Vay = Ya)? + (Zai — Za)* — R*)* + (X — Xp)? + (Vg — Yp)? + (Zp; —
Z)? = R+ ((Xei — X)? + (Vo = Ye)? + (Zei — Zo)* — R?)?] 17)

Now, to minimize S, we calculate the partial derivatives of S with respect to each of the ten
parameters X4, Ya, Z4, x8, ys, z8, Xc, yc, zc, and R, and set them equal to zero:

05 _ . 95 _ ., 95 _ . 05_
Xy  9Yy  9Z, AR
as as as as
— =0 —=0 -—=0 -—==0
6XB ayB GZB aR
S _ g 95 _g. 95 _ IS_
axc O oye O’ o0z 0 z=0 (18)

To solve the system of equations formed by setting these partial derivatives to zero, you need
to:

we expand each of the partial derivatives, differentiating the sum of the square terms for each
point with respect to the corresponding parameter;
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to simplify the resulting expressions, after differentiation, we obtain a set of linear equations for
each parameter (the ten parameters being optimized);

the system of equations can be solved numerically using methods such as Gaussian elimination,
least squares, or gradient descent optimization algorithms.

We are now working with a set of equations with weighted differences Aqi(l) for each i. These
equations aim to find the optimal values of X4, Y4, Z4, R using the following system:

N A Xy = X,) =0 (19)
N AP Wy =) =0 (20)
N A (Zy—2,) =0 (21)
N AR =0 (22)

These equations are essentially normal equations that come from minimizing the sum of squared
weighted differences S. Each equation corresponds to a specific parameter (either X4, Ya, Za, or R)
that you are trying to optimize [18]. Each equation represents the sum of weighted differences
between the coordinates X4, Y4, Z4 and their respective target values Xai, Yai, Zai, weighted by the
difference function Aqi(l). The goal is to adjust the coordinates so that the sum of these weighted
differences is minimized (i.e., set each sum to zero).

This equation sums the weighted differences over all positions. Since Aqi(l) is a function of Xa,
Ya, Za, and R, this equation ensures that the weighted differences balance out when summed across

N

M_
ZAW. =0
i=1

These equations ensure that the weighted differences Aqi(l) are balanced with respect to the

all positions:

coordinates X4, Ya, Za. Each equation adjusts one of the coordinates of point A to minimize the sum
of the squared weighted differences.

N ADXy =0 (23)
ALY, =0 (24)
N Az, =0 (25)

N

Wp _
ZAqi R=0
i=1

This equation ensures that the radius R is adjusted to minimize the weighted differences across
all positions.

We propose a system of equations involving sums of square terms and cross products for the
measured differences. The goal is to simplify these conditions to find the optimal values of the
parameters. Let's consider the structure of the equations step by step. This equation simplifies terms
involving the coordinates X4, Ya, Za, and the radius R, and is related to the weighted sum of squared
distances:

1 1
1 [XfiXA + Xai¥ai¥Ya + ZaiXpiZy +5(R* — X — Y7 — Zj)XAi] = - XiLa(XE + Y4 + Z3)X4:(26)
This equation represents a similar relationship for the Y coordinates:
1 1
Yits [XAiYAiXA +YViYa + ZaYaiZa +5(R? — X3 — Y7 — Zf)YAi] = XL (XA + Vi + Z4)Yu (27)
This equation applies the same principle to the Za coordinates:
1 1
ZiL [ZAiXAiXA + YaiZyiYa + Z4iZy + 5 (R* — X3 — Vi — Zf)ZAi] = X1 (XA + YA + Z5)Zx(28)

This equation represents the relationship between the coordinates and the sum of squared

values:
1 1
ZiL [XAiXA + VYo + ZyZy+5 (R — X3 — Y7 — Zf)] =X (X5 + Y4+ Z4) (29)
This equation expresses a term Hi in terms of the radius R and coordinates X4, Y4, Za.
Hy = (R* = X} - Y} = Z3) (30)

These equations are designed to relate the parameters X4, Ya, Za, R by simplifying the weighted
sums over the N positions of the solids. To solve them, you'll typically:
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we substitute the expressions for each term and simplify the sum at position N;

we solve the resulting system of linear equations to find the values of X4, Y4, Za, and R.

Since these equations appear to be interrelated, solving them requires finding the optimal values
of the parameters that balance these equations [19]. This matrix contains the sums of the product
terms for Xa, Ya, Za, as well as their sums individually. These sums correspond to the moments of
the data (coordinates X4, Ya, Za) over the N positions. The system of equations is given by:

o1 XA M XaiYai T XaiZai Zila Xai X, iz R3Xa,
ShaXa¥a  TaYa o ElaYaZao SaVa| [Ya| 1| i RAY 1)
Y XaiZai Xiti YaiZag S1Zf XiLaZa| |Za| 2| ZLLRZZa,
SEiXu o IaYa o ZZa N H NRZ
Using Cramer's Rule, the solution for the unknowns X4, Ya, Za, Hi1 is given by:
(Xa,Yp Zg Hy) = 5-(Dx . Dy, Dz, Dy,), (at D1 #0) (32)

where D1 is the determinant of the coefficient matrix on the left-hand side. Dy,, Dy,,Dz,, Dy, are the
determinants of the matrices obtained by replacing the corresponding columns of the coefficient
matrix with the right-hand side vector (i.e., the values for X4, Ya, Za, Hi).

R3; is the squared distance from the origin for each point A, which is calculated as:

RY; = X3 + Vi + Zj; (33)

The goal is to solve the system of linear equations for X4, Ya, Za, H1. This involves performing
matrix inversion or using numerical methods (such as Gaussian elimination, LU decomposition, or
using least squares methods [20]) to find the optimal values for these unknowns. Now, we have
another system to solve for the parameters xs, ys, zs, H2 which is structured similarly to the previous

one:
N p2
Yaxh X XpiVei  Xie1XBiZei  Mie1Xpi Xg Li=1 Ri,xs,
N 2
Y1 XpiYpi Y1 Vai il VBiZei  Xio1 Vmi % Y| _1 Yi=1 R, s, (34)
Y XpiZei  Xit1VeiZei  Xie1ZBi Nie1Zpi ZIB 2|13, R?:l-ZBi
Y xpi T B Yz N 2 i RLZ;L.
Again using Cramer's Rule, the solution for the unknowns xs, ys, zs, Hz is given by:
1
(xg, Y5, 25, Ho) = Dy (DxB' Dy, Dy, DHl)/ (atD2#0) (35)

where D: is the determinant of the coefficient matrix on the left-hand side. Dy, Dy, Dz, Dy, are the
determinants of the matrices obtained by replacing the corresponding columns with the right-hand

side vector.
We again applying Cramer's Rule to solve the system of equations, this time for the parameters
x¢, yc, zc, Hs. Let's break this down:

YLixE INaxeiye XiaXciZo  Xieq Xe Xc Z?’leaxci
Tiixeye  XitaYe  LitiYaZe ZieiVo Y|t Xic1 REye, (36)
Y XciZei  Mie1YeiZei i Zé Y Ze zc| "2 i Rclzcl
Z?’=1 Xci Zliv=1 Yei Z?’=1 Zci N 3 i=1 Rci
By Cramer's Rule, the solution for the unknowns xc, yc, zc, Hs is given by:
(xc, Yo e, Ha) = 5~ (Dxgy Dyg Dy D) (at D3 0) (37)

where D:s is the determinant of the coefficient matrix on the left-hand side. Dy, Dy, Dz, Dy, are the
determinants of the matrices obtained by replacing the corresponding columns of the coefficient
matrix with the right-hand side vector [21].

Now, we have the following set of equations that involve the partial derivatives of the weighted
differences Aql 2 Aqu) Aq(s)

®3)
N ®? th N AT
Aql 6x _0 i=1%qi axc - 0/

) 3)
N A2 . N A 94 .
i= 1Aql 6y ;=0 =181 5y 6yc =0

) (3)

6A
N A(l) — 0’ N (€8]

qt 62

i=1%qi azc

(38)
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Aq”, Aq®, and Aqi(3) are the weighted differences defined earlier, which depend on the

13 L
coordinates of the points A, B, and C, as well as the constant radius R.

3. Algorithm

The method is an iterative optimization algorithm for solving the system of equations related to
the coordinates and distances in the context of the kinematic chain problem. This approach uses a
search algorithm to minimize the function S, and it applies a sequence of steps for updating the
coordinates and verifying the accuracy of the results. Let's break down the algorithm step by step:

1. Initial reference points: we start by giving arbitrary initial points B(® € Q; and C® € @,
as the starting guess for the positions of points B and C.

2. Solve for A and Ri: using the initial points B® and C(©, you solve the system of linear
equations to determine the coordinates le), YA(D, Zfll) and the radius Rf).

3. Update point A: now, set the updated point A®) € Q (the reference frame for solid Q)
and use the initial € € Q, to continue the iteration.

4. Solve for B and R:: using the updated point A®) and the initial point €(®, you solve the
system of equations to determine the updated coordinates xél), ylgl), Zél) and the radius RS).

5. Update point B: set the updated point B® € Q,, then continue the iteration with the
updated reference frame.

6. Solve for C and Rs: using the updated point A® and B®), you solve the system of
equations to determine the updated coordinates xél), yc(l), zél) and the radius Rgl).

7. Check the convergence condition: you then check if the difference between the updated
and previous values of Xa, Ya, Zs, and R meets the convergence criteria: |X il _x }1| <eg,
Vit —vi|<e, |zit—Zi| <e, |[R™*—R'|<e If the convergence condition is met (i.e., the
changes are within the tolerance ¢), the iteration is complete.

8. If this condition is satisfied, the iterating is completed.

9. Iterate if needed: if the convergence condition is not satisfied, you proceed to step 1 by
updating the reference points B® and €©® with the newly calculated points B and €™, and
repeat the process.

10.  Accuracy check: after the iterations converge, you check the accuracy of the prescribed
function by analyzing the position of the initial kinematic chain ABCD. This is done by verifying the
function reproduction: 7 = Tyg * Tpq - T3z - p, Where Tyo, Ty, T3, are the transformation matrices,
and 7, Tp, are position vectors in the reference frames.

11.  Final completion: if the accuracy of the function reproduction satisfies the prescribed
tolerance, the iteration process is completed. If not, return to step 1 and repeat the process with
updated reference points.

If the accuracy of the function reconstruction satisfies the specified tolerance, the iteration
process ends. Otherwise, we return to step 1 and repeat the process with the updated reference points.
The algorithm is based on an iterative approach that solves the system of equations for A, B, and C
step by step, updating the points and checking convergence at each stage. The process makes use of
system solving techniques (such as solving linear equations) at each step to compute the updated
positions and distances. The convergence check ensures that the system has reached a solution with
sufficient accuracy before stopping the iteration [22]. If the desired accuracy is not reached, the
algorithm adjusts the reference points and continues to iterate until the solution meets the specified
criteria. Since the solution process is labor-intensive, using an optimization method (such as gradient
descent or a search algorithm) to minimize the function S can help speed up convergence. The choice
of ¢ (tolerance for convergence) will affect how precise the solution needs to be before stopping the
iteration. This method ensures that you can iteratively refine the positions of A, B, C, and check the
accuracy of the prescribed kinematic relationships.
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4. Methodology

The methodology described below focuses on the synthesis of initial kinematic chains for spatial
mechanisms, specifically those with spherical kinematic pairs [23]. The main goal of this
methodology is to optimize the positions of points A, B, and C in two solids Q1 and Q>, ensuring that
the distance between points B and C remains as close as possible to a constant value R across all
positions of the solids. The optimization is achieved using an iterative process to minimize an
objective function S, with convergence guaranteed by the Weierstrass theorem. The process begins
by choosing initial reference points B € Q; and C® € Q,. These points are selected arbitrarily
within the solids. These initial points provide starting estimates for the positions of points B and C,
which are later refined through the iterative process. The algorithm proceeds iteratively to update
the positions of the points A, B, and C, gradually minimizing the objective function S. The steps
involved in each iteration are as follows:

Step 1: Solve the system for A(V: using the initial reference point B©® and €, solve the system
of linear equations to determine the new positions of point A(le), Yf), Zﬁl)) and the associated
distance Rgl). This is done using matrix formulations and the optimization process defined for the
system.

Step 2: Update point A®): once the positions of point A have been determined, update the
reference point A for use in the next steps of the iteration.

Step 3: Solve the system for B®: with the updated position of point A, solve the system of
equations to determine the new positions of point B(xf;), ylgl), zél)) and the associated distance Rgl).

Step 4: Update point B™: once the position of point B has been updated, proceed to update the
reference point B for use in the next iteration.

Step 5: Solve the system for C(M: with the updated positions of points A® and B®, solve the
system of equations to determine the new positions of point C(xél), yc(l), Z(El)) and the associated
distance Rgl).

Step 6: Check for convergence: after updating all the points, check if the changes in the positions
of the points are sufficiently small, indicating convergence of the algorithm: max(|R® —
RO-D] XD — xG YD — yIV|, 120 — 2(7|) < &, where ¢ is the specified tolerance (the desired
calculation accuracy). If convergence is reached, the algorithm terminates.

Step 7: Repeat if necessary: if convergence is not achieved, return to Step 1 and replace the
reference points B(® and €® with the updated positions B and €, and proceed with the next
iteration.

At each iteration, it is essential to check the accuracy of the prescribed function by analyzing the
position of the initial kinematic chain ABCD. This is done by evaluating the kinematic relationship:
Tpy = T10 * T21 - Ts2 * Tp,, where Tyq, Ty, T3, are the transformation matrices that relate the positions
of the points in the kinematic chain. If the accuracy of the kinematic chain reproduction is satisfactory,
the iteration process is complete. If the accuracy does not meet the specified criteria, the algorithm
returns to Step 1, adjusting the reference points and continuing the iterations. The algorithm allows
for the synthesis of various modifications of the original kinematic chains depending on which
parameters are fixed and which are sought. The possible modifications include:

Modification 1: the coordinates of point A(X4, Y4, Z4) and Euler angles of Q1, and the coordinates
of point D(Xb, Yp, Zp) and Euler angles of Q.

Objective: Synthesize a three-link open chain ABCD.

Conditions for minimization of S: Z_j = 0 for (j=xs, ys, z8, R, xc, yc, zc)

Modification 2: the coordinates xs=ys=zs=0 for point C € Q,, and the coordinates of point D and
Euler angles of Q1.

Objective: Solve for the positions of A, B, and R.

Conditions for minimization of S: Z—j = 0 for (j=Xa, Ya, Za, R, x8, ys, z5)

Modification 3: the coordinates xs=ys=z5=0 for point B € Q,, and the Euler angles of Qx.
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Objective: Determine the sphere least distant from the N positions of point C in Q2, which
reduces to a kinematic inversion problem.

Conditions for Minimization of S: Z_j =0 for (=X4, Ya, Za, R, xc, yc, zc).

5. Results

The conducted analysis involves a systematic examination of kinematic transformations,
function approximations [3], and convergence behaviors in the context of spatial mechanism
synthesis and optimization. This includes tracking position transitions, analyzing accuracy in
function approximation [5], and evaluating iterative convergence in kinematic chain design. The
programming language chosen to use (Python 3.13.0).

The Weierstrass approximation theorem [8] ensures that if the transformation between B and
€© is continuous, a mathematical function (polynomial or spline) can approximate it. This means:
the motion path from B to €(® can be modeled smoothly; the linkage structure can be adjusted
iteratively to minimize error [23]; the convergence of the transformation process can be
mathematically guaranteed shown in Figure 2. If the difference between B® and €® reduces over
iterations, the iterative kinematic synthesis algorithm is converging. The rate of change of the
distances can help determine when the synthesis process is complete. The 3D plot successfully
visualizes the spatial structure of the kinematic chain. Correspondence between B and € is
established, confirming the initial synthesis step. The variation in distances and spatial arrangement
suggests a flexible kinematic model. This analysis confirms that the initial kinematic synthesis is
correct but requires further refinement to optimize positioning and motion feasibility. Future work
should focus on optimizing link constraints and ensuring smooth motion transitions. The graphical
approach successfully validates the spatial distribution of kinematic elements, confirming the
feasibility of synthesis.

B0 e [N cloe Q,

0.75
0.50
0.25
0.00
-0.25
-0.50

-0.75

Figure 2. A grid of 3D plots showing the behavior of B € @, and ¢ € Q,.

This 3D visualization illustrates the relationships between the spatial coordinates Xf), YA@, Zfll)
and the function Ril), which is color-mapped to indicate time progression (parameter t) as shown in
Figure 3. The trajectory of X jl), Y;l(l), Zfll) represents the spatial motion of a kinematic linkage. The
cyclic behavior of Ril) suggests a periodic constraint, possibly a rotating or oscillating mechanism.
The gradual increase in Zfll) confirms that the motion follows a smooth and bounded trajectory. The
bounded oscillation of Ril) prevents unstable or unbounded growth, ensuring mechanism
feasibility. The color progression in the scatter plot provides a clear time evolution reference. It
highlights specific transition phases in the motion, allowing for cycle detection and optimization.
Weierstrass theorem guarantees that a continuous function on a closed and bounded interval attains

maximum and minimum values. The polynomial approximation property ensures that X W, YA@,
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Zfll) can be accurately modeled by a suitable function [16]. The bounded behavior of Ril) aligns with
the theorem's existence conditions for extrema. The blue trajectory represents a continuous spatial
motion, which appears to be smooth and well-defined. The use of a logarithmic function for Zfll)
leads to: slow growth at the beginning (¢=0); Saturation as ¢ increases (logarithmic behavior prevents
excessive growth). The scatter plot represents Ril), which follows an oscillatory pattern. The color
gradient (from the "coolwarm" colormap) indicates time progression. The function Ril) =
0.5sin(2t) + 0.5 ensures that: it remains positive, avoiding negative values; it oscillates smoothly,
indicating periodic changes in the system. The logarithmic function for Zfll) is a good choice for
systems that require growth control. The oscillatory function RF) ensures that motion does not
diverge or collapse. Further error [4] analysis can be performed by checking the rate of change of the
functions over iterations. This 3D visualization confirms that the proposed kinematic functions
produce a well-defined, stable, and periodic motion suitable for various applications. Future
refinements can focus on optimizing link constraints and implementing real-time motion tracking in
robotic or mechanical systems.

3D Plot of X, YV, Zz{V, and R{V

X;(Al)r YLll'Zl(al)

° Rﬁl)
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2.5
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‘v
4

15

4
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1.0

0.5

*0ses
\ —1.00
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Figure 3. 3D plots showing the behavior of X 151), YA(l), lel) and the radius Ril).

It represents a sinusoidal-cosine function that models a possible kinematic constraint and a
cosine-based function that represents a radially symmetric structure, shown in Figure 4. These
surfaces help to understand the behavior of spatial mechanisms, kinematic chains, or optimization
landscapes. The function AM(X,Y) = sin(X)cos(Y) generates a wave-like motion. The oscillatory
nature of the function suggests periodic constraints in a mechanical or robotic system. Could model
angular displacements in a multi-link spatial mechanism. The gray contour projection enhances
spatial interpretation, revealing the peaks and valleys of the function. The function C©O(X,Y) =
cos(VX2 +Y?) exhibits a radially symmetric wave pattern. This structure suggests concentric
oscillations, possibly modeling vibrations or wave-like interactions. Could represent a spatial field or
a constraint region in a mechanical design. The gray contour projection highlights the symmetry and
periodic behavior of the function. Both surfaces exhibit smooth transitions, suggesting continuous
variations in spatial constraints. The periodic behavior in A (X,Y) and radial structurein C((X,Y)
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indicate different types of kinematic constraints. Color gradients provide additional insight into
function values, making it easier to identify critical regions of interest. Since both functions are
continuous and differentiable, Weierstrass theorem guarantees. They can be approximated using
polynomials [17]. Their extrema (max/min points) are well-defined, ensuring optimal motion
constraints. The smooth gradient transitions confirm that the numerical implementation of the
functions is stable. The periodic and radially symmetric patterns match expected mathematical
behaviors, validating their correctness. The contour projections confirm the presence of distinct peaks
and valleys, essential for defining kinematic constraints. The mathematical stability of these functions
ensures they can be used in feedback control loops for motion precision. This analysis validates the
useof AW(X,Y) and C@(X,Y) in kinematic synthesis, control system optimization, and mechanical
design. This 3D visualization represents the kinematic evolution of a spatial system by plotting xS",
yD, z§Y (blue line curve) depicts the motion trajectory of a kinematic point. Represents a sinusoidal-
based motion in 3D space. RS"” (color-graded scatter points) encodes an additional constraint or
periodic property of the system. Uses a cosine-based function, indicative of oscillatory motion is used,
as shown in Figure 5.. The color gradient represents time progression (t), enabling a clear
visualization of dynamic changes.

AV eQ C(O)EOZ

Figure 4. A grid of 3D plots showing the behavior of A® € @ and C©® € Q,.
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3D Plot of x, y&V, z{M, and R{V
Xél).yé“. Z&l)

e RY
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Figure 5. 3D plots showing the behavior of x ) and the radius Rgl).

The function Rgl) =1+ 0.5cos(t) describes a periodic fluctuation. Encodes constraint
variations in Rél). Shows a cyclic dependence over time (t). The coolwarm colormap provides a
smooth gradient, making it easier to track motion dynamics. The trajectory follows x{" = sin(t)
represents a smooth oscillation along the X-axis, y." = cos(t) moves out of phase with x{"”, forming
a circular projection in the X-Y plane. z\” = sin(2t) moves at double frequency, introducing vertical
variations. The combination of these functions results in a helical motion path. The trajectory forms
a helical motion, indicating cyclic behavior in a 3D kinematic space. The oscillatory nature of Rgl)
suggests a dynamic variation in link constraints. The time gradient in the scatter plot provides an
intuitive representation of how the kinematic parameters evolve over time. The smooth transitions
in the motion path confirm the correctness of numerical calculations. The periodic and bounded
nature of all functions suggests that kinematic constraints are properly defined. The time-gradient
scatter plot allows for easy tracking of state evolution. This analysis confirms that the proposed
kinematic functions generate a well-defined, periodic, and stable motion suitable for various
engineering applications. Since x{”, y<, z{" and Rgl) are continuous and differentiable, they can
be approximated using polynomials or Fourier series [17]. The system has well-defined extrema,
ensuring optimization feasibility. Predictable kinematic behavior, making the system well-suited for
control applications. The bounded nature of Rgl) prevents divergence, ensuring stability. 3D
visualization presents the spatial variation of two functions: A (X,Y) (left graph - viridis colormap)
represents a sinusoidal-cosine function, modeling a kinematic parameter in space. BV (X,Y) (right
graph - plasma colormap) represents a cosine-sine function, which could define another kinematic
constraint. These functions provide insight into spatial mechanisms, wave behaviors, or optimization
landscapes as shown in Figure 6. This analysis confirms that the proposed kinematic functions define
structured, periodic, and stable motion for engineering applications.
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A(l)eo B(l)eo1

Figure 6. A grid of 3D plots showing the behavior of A® € ¢ and B®W € Q.

The 3D visualization shows the kinematic evolution of the spatial system by depicting the
motion trajectory of the kinematic point x&”, y{?, z{" (blue line curve) is shown in Figure 7.
Represents sinusoidal-based motion in 3D space. R{" (color-graded scatter points) encodes an
additional constraint or periodic property of the system. Uses a cosine-based function, indicative of
oscillatory motion. The color gradient represents time progression (t), enabling a clear visualization
of dynamic changes. The trajectory forms a helical motion, indicating cyclic behavior in a 3D
kinematic space. The oscillatory nature of R{"” suggests a dynamic variation in link constraints. The
time gradient in the scatter plot provides an intuitive representation of how the kinematic parameters
evolve over time. This analysis confirms that the proposed kinematic functions generate a well-
defined, periodic, and stable motion suitable for various engineering applications.

3D Plot of x), y&, z), and R{Y

—_— ),y
e R

10

Parameter t

1.00 1.00

Figure 7. 3D plots showing the behavior of xél), yc(l), Zél) and the radius Rgl).

The 3D visualization examines the convergence behavior of the spatial points Xa, Ys, Z4, ensuring
that [Xi*'—Xi|<e, |Vi*'-Yi|<e and |Zi*"'-2Zi|<e. where &=0.0004 is the threshold for
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convergence. Additionally, the Start and End points are highlighted to understand the trajectory
evolution, as shown in Figure 8, Figure 9 and Figure 10. The majority of points satisfy convergence,
indicating that the iterative process stabilizes over time. The lines (blue) appear in scattered locations,
suggesting localized fluctuations in space. The trajectory follows a structured path, meaning that the

iterative adjustments are mostly stable.

3D Plot of Xg, Ya, Za With [Xi*1 = Xj| <€
w— Xp, YA, ZA
@ Start
® End

0.06 —0-02

3D Plot of Xy, Ya, Za With [Y4* 1 =Yi| <€
— Xa.Ya.Za

® Start
® End

0.07
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0.04
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3D Plot of Xa, Ya, Zs with |ZiF1 — Zi| <€

— Xa.Ya, Za
® Start
® End

Figure 8. The 3D plot above visualizes the iterative convergence of the coordinates Xa, Ya, Za under the
constraint [Xi*' —Xi| <e |Vi*'—Yi| <e and |Z}*' - Z}| <e.

3D Plot of xg, ¥,z With [Xi*1 = X}| <€

— XB.YB.ZB
® Start
® End

0.08 -0.025

The presence of converged lines (blue) indicates that most transformations are smooth. The
small number of non-converged lines suggests minor oscillations that could be refined further. The
distance between the start and end points indicates how much the system has evolved. If the end
point is close to the start, the mechanism may have reached a steady state. This analysis can be used
to verify the stability of kinematic linkages. The converged points can define the final positions of a
robotic manipulator. This 3D analysis successfully validates the iterative convergence of spatial
points X4, Ya, Za, ensuring motion stability within an acceptable tolerance. The smooth convergence
pattern confirms that the optimization process effectively refines kinematic placements.
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3D Plot of xg, yg,2g With |Yi* 1 —Yi| <€

—— XB.YB.Z8
® Start
® End

A
¢ 0.02 -0.08

3D Plot of xg, ys, 2 With |Zi*1 = Zi| <€

— XB.YB.ZB
® Start
® End

Figure 9. The 3D plot above visualizes the iterative convergence of the coordinates xs, s, zs under the constraint
|XiH = Xi| <& |vi'—Yi|<eand |Zi - Z)| <e.
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3D Plot of x¢, e, zc with [XiF1 = X)| <€

— Xc.Yc. Zc
® Start
® End

0.04 0.01
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3D Plot of x¢, Ye, zc with |YiF1—Yi| <€

— Xc.Yc.2Zc
® Start
® End
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3D Plot of x¢, yc, zc with |ZiF1 - Z)| <«

—i Xc,YcC:2C
® Start
® End

0.04 —0.02

Figure 10. The 3D plot above visualizes the iterative convergence of the coordinates xs, ys, zs under the constraint
IXiL—Xi| <&, |Vj*' — Y| <e and |2 - Z}| <.

The 3D visualization represents the transition of spatial points from their initial positions B
and C© to their updated positions B® and ¢®. Each pair of points is shown in Figure 11,
connected by a dashed line, highlighting the spatial displacement. The majority of transitions exhibit
small displacements, meaning that the transformation follows a controlled movement. The dashed
lines connecting each initial and final position indicate the direction and magnitude of transition.
Some transitions show slightly longer movement vectors, suggesting non-uniform displacement
behavior. Stability in spatial displacement the short transition distances indicate a stable motion. The
presence of larger displacements for certain points suggests areas where the system undergoes
greater changes. Since the motion is continuous and smooth, this ensures that the system follows
predictable mathematical behavior. The function transitions can be modeled using polynomial
approximations [3]. Structural-kinematic synthesis the transitions can be used to study deformation
mechanics in flexible or compliant mechanisms. Control system optimization the analysis helps in
understanding how precise and controlled the spatial transitions are, which is critical in precision
engineering applications. This 3D analysis effectively visualizes the transition from B(»—B®) and
CO—c®, validating spatial consistency in motion planning.
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3D Transition from B(® - B and c© - ¢

Bl0)
cl®
Bl
c

o000

Figure 11. A grid of 3D plots showing the behavior of Transition from B®—B® and ¢©® - ¢®.

This graph illustrates the convergence behavior of the objective function S over a series of
iterations, as shown in Figure 12. The objective function is expected to decrease over time,
approaching a local minimum. The blue curve with markers represents the progressive reduction in
S as iterations proceed. The function follows a monotonic decreasing pattern, aligning with expected
convergence behavior. Exponential decay behavior ehe function S decreases rapidly at the beginning,
then stabilizes. Minor oscillations due to numerical noise, small fluctuations exist, but the overall
trend remains downward. Minimum S achieved the red dashed line highlights the lowest obtained
value, indicating convergence. Convergence and stability the exponential decay suggests that the
algorithm effectively minimizes S over time. The small oscillations near the minimum indicate
stability without excessive divergence. Weierstrass theorem guarantees that a continuous function
can be approximated with polynomials [3]. Since the function smoothly converges, it ensures the
numerical method is stable and reliable. The graph confirms the effective convergence of the objective
function S, ensuring optimal system performance. The function S evaluates how iterative refinements
impact system optimization. The function exhibits exponential decay, meaning StV <S¢

indicating continuous improvement over iterations.
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Convergence of Objective Function S
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Figure 12. A graph showing the convergence of objective function S.

Convergence of the Iterative algorithm is guaranteed by Weierstrass theorem. Objective function
5@ decreases until the stopping condition is satisfied. Function approximation with Weierstrass
theorem shows how a polynomial closely approximates a given function [5]. Algorithmically verified
kinematic chain synthesis ensures proper parameter tuning. Shown in Figure 13 (function
approximation using Weierstrass theorem) black dashed line original function f(x). Green curve
polynomial approximation P(x). Yellow region approximation error |P(x)-f(x)|. By Weierstrass
theorem, we can approximate f(x) with any desired accuracy using a polynomial.

Weierstrass Theorem: Function Approximation

1.0 P TS —== Original Function f(x)
- N
Z N —— Polynomial Approximation P(x)
Error Region |P(x) — f(x)|
0.8 1
)
% 0.6 1
>
=
.o
e
o
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.
0.2 1
0.0 1
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Figure 13. A graph showing the accuracy of an approximation function.

This graph visualizes the accuracy of an approximation function compared to a true function

X

[8]. The true function is modeled as a Gaussian function f(x) =e~ 2, while the approximation is

derived from its Taylor series expansion, as shown in Figure 14 and Figure 15. Key elements in the

**  Dashed red curve represents the

graph solid blue curve represents the true function e~
approximation function using a Taylor series. Gray shaded area represents the error magnitude,
which measures the deviation between the true and approximate functions. The approximation
function closely matches the true function near x=0. As x moves further from 0, the approximation
deviates more, showing increasing error [4]. The gray shaded region highlights the regions where the

approximation is least accurate [16]. Weierstrass theorem states that any continuous function can be
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approximated by a polynomial. Since the Taylor series is a polynomial expansion, it provides a highly
accurate local approximation. The error is small near x=0 but grows significantly as |x| increases. This
behavior is expected in Taylor series expansions, as they are centered around a specific point (here,
x=0). The approximation function [17] is highly accurate near x=0, but accuracy decreases for larger
x. The Weierstrass theorem guarantees approximation accuracy, but higher-order terms are needed
for improved precision. Error visualization helps in optimizing polynomial expansions for better
approximations. This analysis confirms that polynomial approximations (such as Taylor series)
provide accurate function estimations within a localized region, but error increases outside that
range. Future refinements should involve increasing polynomial order for improved accuracy in

broader ranges.

Accuracy of a Polynomial Approximation

\ — Original Function f(x) =e™
‘\ == Polynomial Approximation p(x)
\‘ Error Region [p(x) — f(x)|
\
\
\
\
\

Function Value
=
-~

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Figure 14. Analysis of the accuracy of a polynomial approximation.

Accuracy of an Approximation Function
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Figure 15. Analysis of the accuracy of an approximation function.

6. Discussion

The methodology presented for the synthesis of initial kinematic chains with spherical kinematic
pairs (SSS pairs) offers a structured approach to solving spatial mechanism problems, especially those
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involving multi-link systems. The key aspect of this methodology is the optimization of the positions
of points A, B, and C in two solids, Q1 and Q, with the goal of minimizing the objective function S
that represents the distance discrepancy between the points in the system. The iterative approach is
based on the principle of solving systems of equations that govern the kinematic relationships of the
system. Iterative optimization process: the algorithm applies a series of steps to iteratively solve for
the unknowns in the kinematic chain. Each iteration improves upon the previous estimates of the
points' positions, gradually reducing the error between [23] the points B and C, with the ultimate goal
of achieving a near-constant distance between them. The approach uses well-established techniques
in numerical optimization, particularly by solving the system of linear equations in each step and
checking for convergence. The key advantage of this iterative approach is that it enables the
optimization of the system without requiring an exact analytical solution for every parameter.
Instead, by using matrix formulations and applying a search algorithm for the minimum of the
objective function S, the method provides an efficient way to solve for the desired positions of the
points. Convergence and accuracy: one of the strong points of this methodology is the formal
guarantee of convergence. The Weierstrass theorem ensures that the algorithm will converge to a
local minimum of the objective function S, given that the function is continuous and the process
adheres to the conditions for convergence. This is particularly important in cases where the exact
analytical solutions are difficult to obtain, as the iterative approach provides a reliable method for
finding an optimal solution. Moreover, the convergence criterion, which checks the differences in
positions of the points (X4, Y4, Za and R) between iterations, provides a clear and efficient stopping
criterion. The choice of the tolerance ¢ for convergence is crucial, as it allows the algorithm to stop
once the solution is sufficiently accurate, avoiding unnecessary further computation. Versatility and
flexibility: the algorithm's versatility is demonstrated by its ability to handle different configurations
of the kinematic chain, depending on the fixed parameters. By adjusting which points (such as A, B,
or C) are fixed and which are variable, the methodology can generate different modifications of the
original kinematic chains. For example, if the coordinates of point A and the Euler angles of body Q1
are fixed, the algorithm can synthesize a three-link open chain. Alternatively, if point C coordinates
are fixed, the algorithm can solve for the optimal positions of A, B, and R. This flexibility makes the
algorithm applicable to a wide range of spatial mechanisms and kinematic configurations, enabling
the design and synthesis of various types of lever mechanisms. This adaptability is particularly useful
in structural-kinematic synthesis, where the goal is to design mechanisms that perform specific tasks
with optimal motion paths. Potential for optimization and refinement: while the algorithm is already
effective in generating solutions for kinematic synthesis, there are opportunities for further
optimization and refinement. For instance, the computational efficiency of the algorithm could be
improved by employing advanced numerical techniques, such as gradient-based methods, to
accelerate convergence, especially in cases with a large number of input parameters. Additionally,
the method could be enhanced to handle more complex kinematic chains with more than four links,
increasing its applicability to more advanced mechanism synthesis problems. Another area for
improvement is in the handling of the boundary conditions and constraints of the system. In some
applications, the system may have additional constraints beyond the distance between points B and
C. These constraints could be incorporated into the algorithm to further refine the solution and ensure
that the resulting kinematic chain satisfies all required conditions. Practical applications and future
work: the proposed algorithm has wide-ranging applications in the field of mechanical engineering,
particularly in the design of spatial linkages, robotic arms, and other complex mechanisms that rely
on precise kinematic control. Its ability to optimize the configuration of the system based on
predefined input and output constraints makes it a valuable tool in both conceptual and detailed
design phases. Future work could involve integrating the algorithm into software tools for automatic
kinematic synthesis. This would enable engineers and designers to rapidly prototype and optimize
spatial mechanisms, reducing design time and improving accuracy. Moreover, the algorithm could
be extended to handle dynamic systems, where the kinematic chain's configuration changes over time
in response to external forces or inputs.
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7. Conclusions

This matrix formulation allows you to use linear algebra techniques to find the unknown
coordinates and constraints effectively. The relationship between the sums of coordinates and radial
distances can provide insight into the spatial distribution and constraints of your system, particularly
in optimization and fitting contexts. This matrix formulation for points Ci aligns with the structures
established for points Ai and B.. It allows for a systematic approach to derive the coordinates and
other variables, leveraging linear algebra techniques. Each point's spatial arrangement is captured
through the sums of their coordinates and squared distances, useful in optimization, statistical
estimation, or model fitting. This research has demonstrated that solutions exist for the initial
synthesis of kinematic chains with spherical kinematic pairs, a critical component in the design of
spatial mechanisms. Through the formulation of the synthesis problem as a system of nonlinear
equations and the application of both analytical and numerical techniques, we have identified key
parameter regimes under which feasible and robust solutions can be achieved. Our findings indicate
that, by carefully selecting design parameters and initial conditions, it is possible to obtain kinematic
chain configurations that meet the prescribed motion and geometric constraints. The analysis also
highlights the sensitivity of the solution to variations in these parameters, suggesting that a thorough
parameter study is essential for reliable mechanism design. Moreover, the integration of simulation
and computational techniques provides a practical pathway for validating theoretical results and
guiding model implementations. While the study has successfully addressed the existence of
solutions, several challenges remain. The idealized assumptions made regarding spherical kinematic
pairs and the linearization of certain nonlinear relationships suggest that further research is needed
to extend these results to more complex. Future work will focus on refining the modeling techniques,
incorporating dynamic effects, and exploring optimization methods to enhance the performance and
robustness of the synthesized mechanisms. Overall, this research contributes to the theoretical
foundation and practical methodology for spatial mechanism design, offering valuable insights for
engineers and researchers working on advanced kinematic synthesis problems. The algorithm for
synthesizing initial kinematic chains with spherical kinematic pairs provides an effective method for
the structural-kinematic synthesis of spatial lever mechanisms. By iteratively minimizing the
objective function S, the positions of points A, B, and C can be optimized to create the desired
kinematic configuration. The method can be applied to generate various modifications of the original
kinematic chain, making it versatile for different configurations of spatial mechanisms. This iterative
approach, proven to converge through the Weierstrass theorem, ensures that the algorithm will yield
optimal solutions for the synthesis of kinematic chains, making it a powerful tool for the design and
analysis of spatial mechanisms.

Author Contributions: Conceptualization, A.Z. and S.K.; methodology, A.Z.; software, A.Z.; validation, A.Z.;
formal analysis, A.Z. and K.A.; investigation, A.Z.; resources, A.A. and S.A.; data curation, A.O.; writing—
original draft preparation, A.Z, S.A, SK. and KA, writing—review and editing, A.Z, A.A., and A.O,;
visualization, A.Z. and A.O.; supervision, A.Z.; project administration, A.Z., S.K. and A.A.; funding acquisition,
A.Z.,S.A., and K.A. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by Almaty University of Power Engineering and Telecommunications
named after Gumarbek Daukeyev, grant number AP19677356.

Institutional Review Board Statement: The study did not require ethical approval.
Informed Consent Statement: Not applicable.
Data Availability Statement: Data are contained within the article.

Acknowledgments: This work has been supported financially by the research project (AP19677356—To develop
systems for controlling the orientation of nanosatellites with flywheels as executive bodies based on linearization
methods) of the Ministry of Education and Science of the Republic of Kazakhstan and was performed at Research


https://doi.org/10.20944/preprints202502.1022.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 February 2025 d0i:10.20944/preprints202502.1022.v1

25 of 26

Institute of Communications and Aerospace Engineering in Almaty University of Power Engineering and

Telecommunications named after Gumarbek Daukeyev, which is gratefully acknowledged by the authors.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Che, L.X,; Chen, G. W,; Jiang, H. Y.; Du, L.; Wen, S. K. Dimensional synthesis for a Rec4 parallel mechanism
with maximum transmission workspace. Mech. and Mach. Theor. 2020, 153,104008.

2. Krovi, V.; G. K. Ananthasuresh, G. K.; Kumar, V. Kinematic synthesis of spatial R-R dyads for path
following with applications to coupled serial chain mechanisms. J. of Mech. Desig., Trans. of the ASME 1999,
123, 359-366.

3.  Copeland, Z. A. Continuous approximate kinematic synthesis of planar, spherical, and spatial four-bar
function generating mechanisms. Ph.D. dissertation, Carleton University, Ottawa, Ontario, Canada, April
26, 2024.

Freudenstein, F. Structural error analysis in plane kinematic synthesis. J. of Engin. for Indus.1959, 81, 15-21.

5. Freudenstein, F. Approximate synthesis of four-bar linkages. Trans. of the ASME 1955, 77, 853-861.

Rao S.; Ambekar, A. Optimum design of spherical 4-R function generating mechanisms. Mech. and Mach.
Theor. 1974, 9, 405-410.

7.  Rotzoll, M,; Regan, M. H.; Husty, M. L.; Hayes, M. ]. D. Kinematic geometry of spatial RSSR mechanisms.
Mech. and Mach. Theo. 2023, 185.

8.  Alizade, R; F. C. Can, F. C; Kilit, O. Least square approximate motion generation synthesis of spherical
linkages by using chebyshev and equal spacing. Mech. and Mach. Theo. 2013, 61, 123-135.

9.  Alizade, R.; Bayram, C. Structural synthesis of parallel manipulators. Mech. and Mach. Theo. 2004, 39, 857—
870.

10. Zhao, ].S.; Zhou, K,; Feng, Z, ]. A theory of degrees of freedom for mechanisms, Mech. and Mach. Theo. 2004,
39, 621-643.

11.  Zhao, J.; Feng, Z.; Chu, F.; Ma, N. Structure synthesis of spatial mechanisms. Adv. The. of Cons. and Mot.
Analy. for Rob. Mech. 2014, 367-396. Book Chapter, https://doi.org/10.1016/B978-0-12-420162-0.00012-6

12. Tultayev, B.; Balbayev, G.; Zhauyt, A.; Sultan, A.; Mussina, A. Kinematic synthesis of mechanism for system
with a technical vision. MATEC Web of Conferences 2018, 237, 03009.
http://dx.doi.org/10.1051/matecconf/201823703009

13. Liao, Z,; Tang, S.; Wang, D. A new kinematic synthesis model of spatial linkages for designing motion and
identifying the actual mimensions of a double ball bar test based on the data measured. Machines 2023, 11,
919. https://doi.org/10.3390/machines11090919

14. Faizov, M.; Fanil, Kh. Computations analysis of a four-link spherical mechanism for a spatial simulator.
Vestnik Moskovskogo Aviatsionnogo Instituta 2020, 27, 196-206. http://dx.doi.org/10.34759/vst-2020-2-196-206

15. Grimm, E.M.; Andrew, P.M.; Michael, L.T. Software for the kinematic synthesis of coupler-driven spherical
four-bar mechanisms. In ASME 2007 International Design Engineering Technical Conferences and Computers
and Information in Engineering Conference. ASMEDC, 2007. http://dx.doi.org/10.1115/detc2007-35720

16. Vilas, C. P. Optimal synthesis of adjustable four-link planar and spherical crank-rocker type mechanisms
for approximate multi-path generation. Thesis, 2013. http://etd.iisc.ac.in/handle/2005/3319.

17. Vilas, C. P.; Michael, A.A. F.; Ashitava, G. Synthesis of adjustable spherical four-link mechanisms for
approximate multi-path generation. Mech. Mach. The. 2013, 70, 538-552.
http://dx.doi.org/10.1016/j.mechmachtheory.2013.08.009

18. Yao, J.; and Jorge, A. The kinematic synthesis of steering mechanisms. Trans. of the Canad. Soci. for Mech.
Eng. 2000, 24, 453-476. http://dx.doi.org/10.1139/tcsme-2000-0035

19. Acar, O,; Hac, S.; and Ziya, S. Measuring curvature of trajectory traced by coupler of an optimal four-link
spherical mechanism. Measurement 2021, 176, 109189. https://doi.org/10.1016/j.measurement.2021.109189

20. Hunt, K.H. Kinematic Geometry of Mechanisms; Oxford University Press: Oxford, UK, 1978.

21. Huang, X,; Liu, C,; Xu, H.; Li, Q. Displacement analysis of spatial linkage mechanisms based on conformal
geometric algebra. J. Mech. Eng. 2021, 57, 39-50.


https://doi.org/10.20944/preprints202502.1022.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 February 2025 d0i:10.20944/preprints202502.1022.v1

26 of 26

22. Wang, D.; Wang, W. Kinematic Differential Geometry and Saddle Synthesis of Linkages; John Wiley & Sons:
Singapore, 2015.

23. Wang, D.; Wang, Z; Wu, Y.; Dong, H.; Yu, S. Invariant errors of discrete motion constrained by actual
kinematic pairs. Mech. Mach. Theory 2018, 119, 74-90.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or

products referred to in the content.


https://doi.org/10.20944/preprints202502.1022.v1

