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Abstract: Recently several papers have been published on the Liénard equation ¥ + £x + mx3 + nx> = 0, where
the authors studied their explicit solutions and their applications. Here we describe the complete dynamics of
these differential equations in the Poincaré disc. The Poincaré disc is the closed disc centered at the origin of
coordinates of radius one, the whole plane R? is identified with the interior of this disc, and its boundary, the
circle S! is identified with the infinity of R2.
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1. Introduction and Statement of the Main Result

The differential Liénard equation of second order
i+ lx 4+ mx® +nx® =0, (1)
or its equivalent differential system of first order

X=y,

y=—0lx—mx

- @
with 1 # 0 has been studied in [4-6,11]. Kong in [6] was the first in consider the differential equation
(1) in 1994. He studied their explicit solutions and applies these to the Rangwala-Rao differential
equation, the Ablowitz differential equation and the Gerdjikov-Ivanov differential equation.

Later on Feng in [4,5] and Sun et al. in [11] continue studying some explicit solutions of the
differential equation (1) and they apply them to the nonlinear Schrodinger differential equation and
the Pochhammer-Chree differential equation.

The objective of this paper is to describe the complete dynamics of the differential system (2) in
the Poincaré disc, see subsection 2.3 for details on the Poincaré compactification.

We note that the differential system (2) is invariant under the symmetries (x,y,t) — (—x,y, —t)
and (x,y,t) = (x, —y, —t). The first symmetry says that the phase portrait of the system is symmetric
with respect to the y-axis, and the second one with respect to the x-axis. Therefore knowing the phase
portrait of the differential system in the closed positive quadrant of the plane R?, it is sufficient for
determining the whole phase portrait of the system.

Our main result is the following theorem where we describe all topological distinct phase portraits
of the differential system (2) in the Poincaré disc.

Theorem 1. The differential system (2) has eight non-topological equivalent phase portraits on the Poincaré
disc described in Figure 1.

See subsection 2.4 for the definition of topologically equivalent phase portraits of two polynomial
differential systems in the Poincaré disc.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 1. The eight non-topologically equivalent phase portraits in the Poincaré disc of the differential
system (2). Here s denotes the number of separatrices and r denotes the number of canonical regions of

the phase portrait.

We remark that in the proof of Theorem 1, given in section 5, we provide the explicit conditions
on the coefficients ¢, m and n of system (2) that determine each one of the eight distinct topological
phase portraits of that differential system.

The paper is organized as follows. In section 2 we recall the basic definitions and known results
that we need for proving our Theorem 1, this section is divided in six subsections dedicated to the
equilibrium points, the vertical blow ups, the Poincaré compactification, the phase portraits on the
Poincaré disc, the topological index of an equilibrium point, and the Hamiltonian systems. The
local phase portraits at the infinite and finite equilibria of system (2) are studied in sections 3 and 4,
respectively. Finally in section 5 we prove Theorem 1.

2. Preliminary Results

2.1. Equililbrium Points

Let (x9, ) be an equilibrium point of system (2), and denote by X the vector field associated to
system (2). Let A1 and A be the eigenvalues of the Jacobian matrix DX (xg, yo). It is said that
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(@) (xo0,y0) is hyperbolic if A1 and A, have no zero real parts;

(b) (x0,yo) is semi-hyperbolic if AA; = 0and A3 + A3 # 0;

(c) (x0,Y0) is nilpotent if Ay = A, = 0 and the matrix DX (xg, o) is not the zero matrix;
(d) (xo0,y0) is linearly zero if the matrix DX (xg, yo) is the zero matrix.

The hyperbolic and semi-hyperbolic equilibrium points are also called elementary equilibrium points,
and their local phase portraits are well-known, see for instance Theorems 2.15 and 2.19 of [3]. Also the
local phase portraits of the nilpotent singular points are well-known, see for example Theorem 3.5 of

[3].

2.2. The Vertical Homogeneous Blow-Up

In the following we present a technique for determining the local phase portrait around an
equilibrium point when it is linearly zero. This method determine the local phase portrait of an
equilibrium point using changes of variables called vertical blow-ups. The idea of a blow-up is to turn
an equilibrium point into the whole vertical axis and study the phase portrait in a neighborhood of this
axis instead of studying it in the neigborhood of the equilibrium point, and repeating this process as
many times if linearly zero equilibria appear on the vertical axes. In general, such equilibrium points
are less degenerate. For more details see [3, chapter 3].

Consider the following analytical differential system

x=Py)=Pulxy)+...,  y=0xy)=Qulxy)+..., (3)

where Py, and Q,, are homogeneous polynomials of degree m > 1 and n > 1 respectively, and the dots
mean higher order terms in the variables x and y of m in P(x,y) and of n in Q(x,y). Consider the

polynomial
XQm(x1,x%2) —yPm(x1,x2) ifm=n
F(x1,x%2) =< —yPu(x1,x2) ifm<n .
xQn(x1,x2) ifn<m

The homogeneous polynomial F is called the characteristic polynomial at the origin of system (3) and
the straight lines through the origin defined by the real linear factors of the polynomial F are called
the characteristic directions at the origin. It is known that if there are orbits starting or ending at the
origin of coordinates of system (3) these at the origin are tangent to a characteristic direction. see for
more details [1].

The vertical blow-up is the change of variables (x1, x2) — (11, u2) where (x1,x2) = (u1, ujuz). The
new system in the variables 11 and u; is

QUuy, uguz) — upP(uy, uruz)

Lll = P(u1,u1u2), ué = ™ . (4)

We only do a vertical blow-up when the vertical axis x; = 0 is not a characteristic direction of
system (3), otherwise we can loss information on the orbits of system (3) tangent to the vertical axis.

The following result establishes relationships between the equilibrium at the origin of system (3)
and the equilibrium points on the vertical axis u; = 0 of system (4), for more details see [1].

Theorem 2. Let ¢ be an orbit of the differential system (3) tending to origin when t — 400 (or t — —o0)
tangent to one of the two directions 6 determined by tan @ = w # foo. Assume that F % 0. Then

(i) the straight line (x1,wx1) is a characteristic direction;
(ii) the point (uq,uy) = (0, w) is an equilibrium point of system (4) and
(iii) an orbit ¢ as in the hypothesis is in biunivocal correspondence with an orbit of system (4) tending to the
equilibrium point (0, w).
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2.3. The Poincaré Compactification

In order to study the dynamics of a polynomial differential system in the plane R? near infinity
we need its Poincaré compactification. This tool was created by Poincaré in [10].
Consider the polynomial differential system

x=P(xy), y=Qxy) )

where P and Q are polynomial being d the maximum of the degrees of the polynomials P and Q.

We consider the plane R? = {(x1, x2,1); x1,x2 € R}, the 2-dimensional sphere S? = {(x1, x2,x3) €
R3; x2 4+ x3 + x3 = 1}, the northern hemisphere H; = {(x,x2,x3) € S% x3 > 0}, the southern hemi-
sphere H_ = {(x1,x2,x3) € S?; x3 < 0} and the equator S' = {(x1,x2,x3) € S%; x3 = 0} of the sphere
S2.

In order to study a vector field over S? we consider six local charts that cover the whole sphere S?.
So, fori=1,2,3, let

Ui = {(x1,x2,x3) € §% x; > 0} and V; = {(x1, %2, 33) € §% x; < 0}

Consider the diffeomorphisms ¢; : U; — R? and ¢; : V; — R? given by

Xi x
q)i(xll-XerS) = 1pi(X1,Xz,X3) = (] k)

7
Xi X

with j,k # iand j < k. The sets (U;, ¢;) and (V;, ;) are called the local charts over S?.
Let f* : R2 — H. be the central projections from R? to S? given by

£ (x1,32) = i(A( x1 X2 1 >

x1,X2)" A(x1,x2)" Ax1,x2)

where A(x1,x2) = (/x2 +x3 4 1. In other words f*(x1,x7) is the intersection of the straight line

through the points (0,0,0) and (x,x2,1) with H. Note that f* = ¢; ! and f~ = ¢ '. Moreover, the
maps f* induces over Hy vector fields analytically conjugate with the differential system (5). Indeed,
f* induces on Hy = Us the vector field X1 (y) = Df " (¢3(y))X(¢3(y)), and f~ induces on H_ = V3
the vector field Xo(y) = Df~ (¥3(y))X(3(y)). Thus we obtain a vector field on S?\S! that admits an
analytic extension p(X) on S?, see for more details [3, chapter 5]. The vector field p(X) on S? is called
the Poincaré compactification.

Denote (u,v) = @;(x1,x2,x3) = ¥;(x1,x2,x3). Then the expression of the differential system
associated to the vector field p(X) in the chart Uj is

o-ofoftt) ()} v ()
(/) () [

The expression of p(X) in Uj is
u' = P(u,v), v = Q(u,v).

For i = 1,2,3 the expression of p(X) in the chart V; differs of the expression in U; only by the
multiplicative constant (—1)%~1.

Note that we can identify the infinity of R? with the circle S!. Two points for each direction in R?
provide two antipodal points of S!. An equilibrium point of p(X) on S! is called infinite equilibrium point
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and an equilibrium point on S?\S! is called a finite equilibrium point. Observe that the coordinates of the
infinite equilibrium points are of the form (u,0) on the charts U, V3, Up and V;. Thus, if (x1,x2,0) € St
is an infinite equilibrium point, then its antipode (—x1, —xp,0) is also a infinite equilibrium point.

The image of the closed northern hemisphere of S under the projection (x1, xp, x3) — (x1,x2,0)
is the Poincaré disc, denoted by D?.

2.4. Phase Portraits on the Poincaré Disc

For the definition of separatrix of a differential system see for instance [8]. The separatrix of a
vector field p(X) are all the orbits of the circle at the infinity, the equilibrium points, the limit cycles and
the orbits which lie in the boundary of a hyperbolic sectors, i.e. the two separatrices of the hyperbolic
sectors.

Neumann in [8] shown that the set of all separatrices S(p(X)) of the vector field p(X), is closed.

When there is an orientation preserving or reversing homeomorphism which maps the trajectories
of p(X) into the trajectories of p(Y) we say that the two differential systems defined by p(X) and p(Y)
in the Poincaré disc are topologically equivalent.

The canonical regions of p(X) are the open connected components of D? \ S(p(X)). The set
formed by the union of S(p(X)) plus one orbit chosen from each canonical region is called a separatrix
configuration of p(X). When there is an orientation preserving or reversing homeomorphism which
maps the trajectories of S(p(X)) into the trajectories of S(p(Y)) we say that the two separatrices
configurations S(p(X)) and S(p(Y)) are topologically equivalent.

The next result is mainly due to Markus [7], Neumann [8] and Peixoto [9].

Theorem 3. The phase portraits in the Poincaré disc of two compactified polynomial differential systems p(X)
and p(Y) with finitely many separatrices are topologically equivalent if and only if their separatrix configurations
S(p(X)) and S(p(Y)) are topologically equivalent.

2.5. The Differential System (2) is Hamiltonian

In all papers that we have found on the differential system (2) and that appear in our references is
not mention that system (2) is Hamiltonian, i.e. that it can be written into the form

with the Hamiltonian
H=Hxy) =%+—+—+—. (6)

We must mention that the first integral 6H also appears in the papers [11] of Sun et al. (2003), and also
in the paper [5] of Feng (2004), but these authors did not mention that the differential system (2) is
Hamiltonian.

The fact that the flow of the Hamiltonian systems preserves the area (see for details [2]) implies
that system (2) has no limit cycles, and that its finite equilibrium points are either centers, or union of
hyperbolic sectors.

2.6. On the Topological Indices of the Equilibrium Points

It is known that the local phase portrait of any equilibrium point of an analytic differential system
in the plane R? is either a focus, a center, or finite union of hyperbolic, elliptic and parabolic sectors,
see [1] or [3].

The topological index or simply the index of an equililbrium point of an analytic differential system
is an integer number which can be computed using the Poincaré Index Formula, i.e. if i, e and p are

d0i:10.20944/preprints202405.1626.v1
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the number of hyperbolic, elliptic and parabolic sectors, respectively, of the local phase portrait of an
equilibrium point its index is given by the formula

e—h
2

+ 1

For a proof of this formula see for instance [3, Chapter 5]. Thus the index of a saddle is —1, the index
of a center is 1 because it has no sectors.

The next theorem shows that the sum of the indices of all equilibria of a compactified polynomial
vector field p(X) in the Poincaré sphere S?, having finitely many equilibria, does not depend on the
polynomial vector field X.

Theorem 4 (Poincaré-Hopf Theorem). The sum of the indices of all equilibria of a compactified polynomial
vector field p(X) in the Poincaré sphere S?, having finitely many equilibria, is two.

For a simple proof of the Poincaré-Hopf Theorem on the sphere S? see [3, Chapter 5].

2.7. The Roots of a Polynomial of Degree 4
Consider the polynomial of degree 4

p(x) = b0x4 + b1x3 + b2x2 + ng + b4,
so by # 0. Define

Dy = 3b% —8byby,
D3 = 16b3byby — 18b2b3 — 4bob3 + 14boby babs — 6bb2by + b3b3 — 3b3bs,

Dy = 256b3b; — 27b2b3 — 192b3b1b3b? — 27b1b2 — 6bgb?b3by + b2b2b3
—4bob3b% + 18b3bybsby + 144bgb2byb2 — 80byby b3bsby + 18bybibyb3
—4b2b3by — 4b3b3 + 16bb3by — 128b3b3b7 + 144b3byb3by,

E = 8b3bs + b3 — 4bobyby.
Then the polynomial p(x) has the following roots:

e four simple real roots if Dy > 0, D3 > 0 and Dy > 0;

¢ noreal rootsif Dy < 0and D3 < 0or D, <0;

¢ two simple real roots and two complex roots if Dy < 0;

¢ two simple real roots and one double real root if D4y = 0 and D3 > 0;

¢ one double real root and two complex roots if D4y = 0 and D3 < 0;

e two double real roots if Dy = D3 = E = 0and D, > 0;

¢ one simple real root and one triple real root if Dy = D3 =0, D, > 0 and E # 0;
¢ noreal roots if Dy = D3 = 0and D, < 0;

¢ one quadruple real root if Dy = D3 = D, = 0.

For a proof see [12].

3. The Infinite Equilibria

From subsection 2.3 the expression of the differential system (2) in the local chart U; is

i = —n—mov* — (ot — uPot, 0 = v(n + mo? + (o).

Since n # 0 there are no infinite equilibria on the chart Uj. Then the unique possible infinite equilibria
can be the origins of the local charts U, and V5.

d0i:10.20944/preprints202405.1626.v1
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Again from subsection 2.3 the expression of the differential system (2) in the local chart U, is
i = vt nub + muto® + (utot, 0= —0°. (7)

Hence the origin of the chart U is an infinite equilibrium. In the next proposition we characterize the
local phase portrait at this equilibrium.

Proposition 1. The following two statements hold.

(a) If n > O then the local phase portrait at the origin of the local chart U, is formed by two hyperbolic sectors,
whose two separatrices are contained on the circle of the infinity, see Figure 2( f).

(b) If n < O then the local phase portrait at the origin of the local chart U, is formed by two elliptic sectors
separated by two parabolic sectors, the line of the infinite pass through the two parabolic sectors, see Figure

3(f)-
V3 V3
o L
_—4——47 =
[ ) " us
(@) (b) ()
v, vy ¥
A\ |
u, >t _=—uy ————u
NN T

() (e ®
Figure 2. The blow up of the origin of the local chart U, when n > 0.
Proof. The origin of the local chart U is a linearly zero equilibrium point, see system (7), we shall
study its local phase portrait doing the changes of variables called vertical blow ups, see subsection

2.2. Since u = 0 is not a characteristic direction at the origin of system (7) we do the vertical blow up
(u,v) = (u1,u1v1), then system (7) writes

A2 4 2.2 2 4
i = uf (Lufo] + mudv] + nuj +o7),

(8)
01 = —udvr (Cudv} + mudo? + nu? + uyof +07).
Rescaling the time by u3 the previous differential becomes
i = uy (Cuof + muto? 4+ nut +of), o)
9

5 — 2,4 2,2 2 4 4
01 = —oq (Cudo] + mudv] + nuf + uyof + 07).
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The unique equilibrium point of this differential system on the straight line u; = 0 is the origin, that
again it is a linearly zero equilibrium. Since u; = 0 is a characteristic direction at the origin of system
(9) we do the following twist (u1,v1) = (up, up — v2). Thus in the variables (u,, vp) system (9) writes

iy = up(nuj+ (1+ m)u2 + 0u§ — 2(2 + m)u3v, — 4luSvy + (6 + m)udov+
60u5v3 — 4upv3 — 4u303 4 v5 + (u303),

Oy = 2nu3 +2(1+m)uj + ub + 2€u2 — nudvy — (9 + 5m)usvy; — Suzv,— (10)
9£u2z72 +4(4+ m)u202 + 1014202 + 160u303 — (14 + m)uzvg — 10u303—

14&1202 + 6u202 + 5u202 + 6€u202 - vg - uzvz Euzvz

Now we do the blow (uy,v;) = (u3, u3v3) to system (10) obtaining the system
lig = u3(n + (1 + m)u3 + €u3 (2 + m)u3vs — 4lutos + (6 + m)u3vi+
60u5vs — 4udvl — 40ukol + udvh + (uivd),

U3 = _”3( 3—1)(2n+2(1+m)u3+u3+2€u3 (2+m)u3v3—4u3v3— (11)
8&1303 + 2(6 + m)udv} + 6u3v3 + 120ulol — 8udvl — 4u3v3 — 8lufvi+
2ufv} + udv§ + 20ujo}).

Now rescaling the time by 13 system (11) writes

i3 = uz(n+ (1 + m)u3 + luf — (2 + m)u303 — 40ufvy + (6 + m)udv3+
60ujvs — 4udvl — 40u3ol + udvl + (uivl),
3= —(v3 —1)(2n+2(1+m)u3+u3+2€u3 (2+m)u3vg —4u303— (12)
88143713 + 2(6 + m)u3v3 + 6u3v3 + 120ujvl — 8udo3 — 4udv3 — 8lusv3+
2u30% + udv} + 20ufvl).

The unique equilibrium point of system (12) on the straight line u3 = 0 is the (0, 1), whose linear part
has eigenvalues n and —2n, so it is a hyperbolic saddle.

O

i e

"

(a) (b) ©

(d (e ®

Figure 3. The blow up of the origin of the local chart U, when n < 0.
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(a): n > 0. The local phase portrait of system (12) in a neighborhood of the straight line 3 = 0 is
shown in Figure 2(a). Hence the local phase portrait of system (11) in a neighborhood of the straight
line u3 = 0 is shown in Figure 2(b). Going back through the blow up (u3,v,) = (u3, u3v3) and taking
into account that vy|,,—0 = 2nu3 + h.o.t. we obtain the local phase portrait at the origin of system (10)
in Figure 2(c), as usual “h.o.t.” denotes higher order terms. Undoing the twist (u1,v1) = (up, up — v3)
we get the local phase portrait at the origin of system (9) in Figure 2(d). Therefore the local phase
portrait at the origin of system (8) is given in Figure 2(e). Undoing the blow up (u,v) = (11, u1v1) and
taking into account that 11|,—o = v* we obtain the local phase portrait at the origin of the local chart U,
in Figure 2(f).

(b): n < 0. The local phase portrait of system (12) in a neighborhood of the straight line u3 = 0 is
shown in Figure 3(a). Hence the local phase portrait of system (11) in a neighborhood of the straight
line u3 = 0 is shown in Figure 3(b). Going back through the blow up (uy, v2) = (u3,u3v3) and taking
into account that 9;|,,—¢ = 2nu3 + h.0.t. we obtain the local phase portrait at the origin of system (10)
in Figure 3(c). Undoing the twist (11, v1) = (up, up — v3) we get the local phase portrait at the origin of
system (9) in Figure 3(d). Therefore the local phase portrait at the origin of system (8) is given in Figure

4

3(e). Undoing the blow up (u,v) = (u1,u1v1) and taking into account that #|,—y = v* we obtain the

local phase portrait at the origin of the local chart U, in Figure 3(f). O

4. The Finite Equilibria

The finite equilibria of the differential system (2) are the points (xo, 0) being x( a real root of the
polynomial
Ox +mx® + nx® = x(£ 4+ mx® 4+ nxt) = xp(x).

Applying the results of subsection 2.6 to the polynomial p(x) we obtain
Dy = —8mn, D3 = —4mn(m®* —4fn), Dy = 16fn(—m>+4fn)?, E=0.

Then it is easy to prove the following ten paragraphs.

We have that Ds > 0, D3 > 0 and D; > 0 if and only if
either (i) £ < 0, m > 0and m?/(4¢) < n <0,
or (ii) £ > 0,m < 0and 0 < n < m?/(4¢).

We have that Dy < 0 and D3 < 0if and only if
(iii) either £ < 0, m < 0 and m?/(4¢) < n < 0,
(ivior{ <0,m>0and n < mz/(4£),

(v)or ¢ >0,m < 0andn > m?/(4();
(viyor £ >0,m >0and 0 < n < m?/(4¢).

We have that D4y < 0 and D, < 0if and only if
(vii) either / < 0,m < 0and n < mz/(4ell),

(viii) or £ < 0,m < 0and m?/(4¢) < n <0,
(ix)or £ >0,m>0and 0 < n < m?/(4(),
(x)or ¢ >0,m=0andn > m?/(40).

We have that D4 < 0 if and only if
(xi) either £ < 0 and n > 0;

(xii)or ¢ > 0and n < 0.

We have that Dy = 0 and D3 > 0 if and only if
(xiii) either =0, m < 0and n > 0;
(xiv)or £ =0,m > 0and n < 0.

We have that Dy = 0 and D3 < 0 if and only if
(xv) either / =0,m < 0and n < 0;

(xvi)or{ =0,m > 0and n > 0.
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We have that Dy = D3 = E = 0 and D, > 0if and only if
(xvii) either £ < 0, m > 0and n = m?/(4();
(xviii) or £ > 0, m < 0 and n = m?/(4¢).
We have that the conditions Dy = D3 = 0, D, > 0 and E # 0 do not hold.
We have that D4y = D3 = 0 and D, < 0 if and only if
(xix) either £ < 0, m < 0 and n = m?/ (4¢);
(xx)or £ >0,m > 0and n = m?/(4/).
We have that Dy = D3 = Dy = 0 if and only if
(xxi) either { =m =0and n < 0;
(xxii)or { =m = 0and n > 0.
The next proposition classifies all finite equilibrium points of the differential system (2).

Proposition 2. The finite equilibrium points of the differential system (2) under the assumptions:

d0i:10.20944/preprints202405.1626.v1

(i) are (—x—,0), (0,0), (x—,0) hyperbolic saddles and (—x.,0), (x., 0) centers, where x+ = \/ (—m F \/m? —4n)/(2n)
with —x_ < —x4 <0 < x4 < x_, see Figure 1(a);

(ii) are (—x4,0),(0,0), (x4,0) centers and (—x_,0), (x_,0) hyperbolic saddles with —x; < —x_ < 0 <
x_ < x4, see Figure 1(b);

(iii)-(iv)-(vii)-(viii)-(xv)-(xix)-(xxi) is a saddle at (0,0), see Figure 1(c);
(V)-(vi)-(ix)-(x)-(xvi)-(xx)-(xxii) is a center at (0,0), see Figure 1(d);

(xi)-(xiii) are (—x4,0), (x4,0) centers and (0,0) a saddle, see Figure 1(e);

(xii)-(xiv) are (—x_,0), (x—,0) hyperbolic saddles and (0,0) a center, see Figure 1(f);

(xvii) are (—x_ = —x4,0), (x— = x4,0) formed by two hyperbolic sectors and the (0,0) is a hyperbolic saddle,
see Figure 1(g);

(xviii) are (—x_ = —x4,0), (x— = x4,0) formed by two hyperbolic sectors and the (0,0) is a center, see
Figure 1(h);

Proof. Under assumptions (i) an easy computation shows that system (2) has the five equilibria stated
in statement (i) of the proposition. Due to the symmetry (x,y,t) — (—x,y, —t) the local phase portraits
of the equilibria (—x_,0), (x_,0) and (—x4,0), (x4, 0) are the same. By Theorem 2.15 of [3] it follows
that (—x_,0) and (0,0) are hyperbolic saddles because the determinant of its linear parts is negative.
Since the eigenvalues of the linear part of the differential system (2) at the equilibria (—x4,0) are
purely imaginary, these equilibria are either weak foci or centers, but since system (2) is Hamiltonian
they are centers, see subsection 2.5.

Under the assumptions (ii) the proof of the proposition follows in a similar way than under the
assumptions (i).

By subsection 2.7 under the assumptions either (iii), or (iv), of (vii), or (viii), or (xv) we have that
n < 0. So the origins of the local charts U, and V; are formed by two elliptic sectors separated by two
parabolic sectors, consequently by subsection 2.6 their indices are 2. Since the origin of coordinates is
the unique finite equilibrium point, by the Poincaré-Hopf Theorem (see subsection 2.6) its index must
be —1. Therefore, since the differential system (2) is Hamiltonian the origin is a saddle.

By subsection 2.7 under the assumptions either (v), or (vi), or (ix), or (x), or (xvi), or (xix), we
have that n > 0. So the origins of the local charts U, and V, are formed by two hyperbolic sectors,
consequently by subsection 2.6 their indices are 0. Since the origin of coordinates is the unique finite
equilibrium point, by the Poincaré-Hopf Theorem its index must be 1. Therefore, since the differential
system (2) is Hamiltonian the origin is a center.

By subsection 2.7 under the assumptions either (xi), or (xiii), the unique finite equilibrium points
are (—x,0), (0,0), (x4,0). Since for (xi) the eigenvalues of the linear part of the differential system at
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(0,0) are v/ —¢ and ¢ < 0, by Theorem 2.15 of [3] it is a hyperbolic saddle. But for (xiii) the linear part
of the differential system (2) at (0, 0) is the matrix

(55)

so the equilibrium (0, 0) is nilpotent, and by Theorem 3.5 it follows that it is saddle. By the symmetry
(x,y,t) = (—x,y, —t) the two equilibria (—x,0), (x+,0) have the same local phase portrait. Since
n > 0 the two infinite equilibria at the origins of the local charts U, and V; have index 0, and the saddle
(0,0) has index —1, by the Poincaré-Hopf Theorem it follows that the two equilibria (—x,0), (x4,0)
have index 1. Since the system is Hamiltonian, both are centers.

By subsection 2.7 under the assumptions either (xii) or (xiv), the unique finite equilibrium
points are (—x_,0), (0,0), (x_,0). Since the linear part of the differential system at the equilibria
(—x_,0), (x—,0) have negative determinant, by Theorem 2.15 of [3] they are hyperbolic saddles, and
consequently their indices are —1. Since n < 0 the two infinite equilibria at the origins of the local
charts U, and V;, have index 2, by the Poincaré-Hopf Theorem we get that the equililbrium (0, 0) has
index 0. Therefore, since the system is Hamiltonian, it is a center.

By subsection 2.7 under the assumptions either (xvii), the unique finite equilibrium point are
(—=x— = —x4,0),(0,0), (x— = x,0). Since the eigenvalues of the linear part of the differential system
at (0,0) are +v/—¢ and ¢ < 0, by Theorem 2.15 of [3] it is a hyperbolic saddle with index —1. Since
n < 0 the origins of the local charts U and V, have index 2. By the symmetry (x,y,t) = (—x,y, —t)
the indices of (—x_ = —x4,0) and (x_— = x,0) are equal. Then, by the Poincaré-Hopf Theorem
these two indices are 0. Hence, since the differential system (2) is Hamiltonian these two equilibria are
formed by two hyperbolic sectors.

By subsection 2.7 under the assumptions either (xviii), again the unique finite equilibrium points
are (—x— = —x4,0),(0,0), (x- = x4,0). Since the eigenvalues of the linear part of the differential
system at (0,0) are +v/—/ and ¢ > 0, the equilibrium (0, 0) is either a weak focus or a center, due to
the fact that the differential system is Hamiltonian it is a center, so its index is 1. Since n > 0 the origins
of the local charts U, and V, have index 0. By the symmetry (x,y,t) — (—x,y, —t) the indices of
(—=x— = —x4,0) and (x_ = x,0) are equal. Then, by the Poincaré-Hopf Theorem these two indices
are 0. Hence, since the differential system (2) is Hamiltonian these two equilibria are formed by two
hyperbolic sectors. [

5. Phase Portraits in the Poincaré Disc

From Propositions 1 and 2 we know all local phase portraits at the infinite and finite equilibria
of the differential system (2). Moreover, since system (2) is Hamiltonian with the Hamiltonian H =
H(x,y) given in (6). Evaluating H(x,y) on the finite equilibria having hyperbolic sectors, we know
the behaviour of their separatrices, and consequently using Theorem 3 we can determine the phase
portraits of system (2) in the Poincaré disc.

In summary, we obtain that the phase portraits of the differential system (2) under the assumptions
(i) is given in Figure 1(a);
(ii) is given in Figure 1(b);
(iii)-(iv)-(vii)-(viii)-(xv)-(xix)-(xxi) is given in Figure 1(c);
(V)-(vi)-(ix)-(x)-(xvi)-(xx)-(xxii) is a given in Figure 1(d);
(xi)-(xiii) is given in Figure 1(e);
(xii)-(xiv) is given in Figure 1(f);
(xvii) is given in Figure 1(g);
(xviii)is given in Figure 1(h).

This completes the proof of Theorem 1.
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