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Abstract 

We present a novel proof of the Riemann Hypothesis by extending the standard complex Riemann 
zeta function into a quaternionic algebraic framework. Utilizing λ-regularization, we construct a 
symmetrized form that ensures analytic continuation and restores critical-line reflection symmetry, 
a key structural property of the Riemann xi function. This formulation reveals that all nontrivial zeros 
of the zeta function must lie along the critical line Re(s) = 1/2, offering a constructive and algebraic 
resolution to this fundamental conjecture. Our method is built on convexity and symmetrical 
principles that generalize naturally to higher-dimensional hypercomplex spaces. We also explore the 
broader implications of this framework in quantum statistical physics. In particular, the λ-regularized 
quaternionic zeta function governs thermodynamic properties and phase transitions in Bose-Einstein 
condensates. This quaternionic extension of the zeta function encodes oscillatory behavior and 
introduces critical hypersurfaces that serve as higher-dimensional analogues of the classical critical 
line. By linking the spectral features of the zeta function to measurable physical phenomena, our 
work uncovers a profound connection between analytic number theory, hypercomplex geometry, 
and quantum field theory, suggesting a unified structure underlying prime distributions and 
quantum coherence. 

Keywords: Riemann’s Hypothesis; Riemann zeta function; reflection symmetry; convexity; 
quaternions; Bose-Einstein Condensate; quantum statistics 
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I. Introduction 

Riemann’s hypothesis (RH), first formulated in 1859 by German mathematician B. Riemann, is 
one of the most profound and long-standing unsolved problems in mathematics [1-6]. He postulated 
the non-trivial zeros of the Riemann zeta function ζ(s) must lie along the critical line in the complex 
plane with 𝑠 = ଵଶ + 𝑖𝑦.  This zeta function is deeply connected to the distribution of prime numbers, 
forming the foundation of modern analytic number theory.   This hypothesis is one among the list 
of 23 unsolved problems presented by D. Hilbert in 1900 at the International Congress of 
Mathematicians [4,5]. Despite numerous partial results obtained by notable mathematicians, such as 
Hardy [5], Selberg [6], Speiser [7], and many others, and an astronomical number of zeros 
computationally identified with a zero having an imaginary part as large as 8.1 × 1034 [8], the RH 
remains unsolved [9].  Its proof would have far-reaching implications across number theory, 
random matrix theory, quantum chaos, and cryptography.  We present here an elegant and rigorous 
proof of RH. Our approach is based on the analysis of the reflection symmetry between |𝛤ሺ𝑠 2⁄ ሻ 𝜁(𝑠) 𝜋௦ ଶ⁄⁄ |ଶ  and 𝛤 ((1 − 𝑠) 2⁄ ) 𝜁(1 − 𝑠) 𝜋(ଵି௦) ଶ⁄⁄ |ଶ  to establish the validity of Riemann’s 
conjecture.  

This work takes a fundamentally new approach by extending the classical complex zeta function 
into a quaternionic algebraic structure. We introduce a λ-regularized and symmetrized zeta function 
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defined over quaternionic variables. This formulation not only preserves the essential features of the 
original zeta function but also restores and enforces symmetry across the critical line. The non-
associative geometry of hypercomplex numbers, particularly quaternions, plays a pivotal role in the 
emergence of this structure. 

The main result of this paper is a constructive and algebraically rigorous proof of the Riemann 
Hypothesis using this quaternionic framework. Beyond the realm of pure mathematics, we also 
demonstrate that this formulation has significant implications in quantum statistics [10. Specifically, 
we explore its application to Bose-Einstein condensates (BECs) [11,12], showing that the λ-
regularized quaternionic zeta function governs thermodynamic properties and phase transitions in 
these systems.This dual-purpose approach — resolving the RH while revealing physical 
consequences — suggests a deep and previously unrecognized unity between prime number theory, 
hypercomplex analysis, and quantum statistical mechanics. 

II. Two Proof Approaches to Riemann’s Hypothesis  

To prove RH, we shall present some basics in Sec. 2.1, and the first approach based on Riemann’s 
xi function in Sec. 2.2. Then, in Sec. 2.2, we present a second approach based on the λ-regularized zeta 
function. Such a method allows us to generalize the standard Riemann zeta function on the complex 
plane to higher-dimensional hypercomplex structures, such as quaternions, octonions, and sedenions 
[13-15].  In this work, we shall only consider the applications of complex and quaternionic zeta 
functions to quantum statistics such as the Bose-Einstein condensates and phase transitions.  

2.1. Basics of the Riemann Zeta Function, xi Function, and Dirichlet Series 

In this section, we first outline some basics of Euler’s zeta function, Dirichlet series, Riemann’s 
zeta- and xi functions. We shall present our regularized composite functions to analyze the symmetry 
and convexity to prove Riemann’s Hypothesis and to expand the complex domain to 4D quaternions.  
Before the work of Riemann [1-3], the zeta function in Euler’s era is defined as 

 𝜉(𝑥) = ଵ௰(௫)׬ 𝑑𝑧ஶ଴ ௭ೞషభ௘೥ିଵ = ∑ ଵ௡ೣஶ௡ୀଵ ,       (1A)   

where x is real and the Dirichlet series form converges only for Re(s) > 1.  Euler demonstrated an 
interesting relation between the zeta function to a product of terms involving all prime numbers, as 
shown by 

 𝜁(𝑠) = ∏ஶ௣:௣௥௜௠௘ ଵଵି௣షೞ             (1B) 

Riemann extended the zeta function to the complex plane via analytic continuation and 
formulated  

 𝜁(𝑠) = ଵ௰(௦)׬ 𝑑𝑥ஶ଴ ௫ೞషభ௘ೣିଵ        (1C) 

where s is complex, and 𝜉(𝑠)is analytic except x  = 1.  He further showed 

 𝜁(𝑠) = 2௦𝜋௦ିଵ𝒔𝒊𝒏(𝜋𝑠 2⁄ )𝛤(1 − 𝑠)𝜁(1 − 𝑠)      (1D) 
According to RH [4-6], the zeros of the zeta function occur only along the critical line with  

x=1/2.  Because it is well known that the zeros of the Riemann zeta function occur along the critical 
strip with x between 0 and 1 [5], to prove RH is, one only needs to analyze the location of the 
minimum for in the critical strip, which happens to be at the zeros if the zeta function, must lie along 
the critical line.   

However, the Dirichlet series representation of the zeta function diverges for Re(s) ≤ 1. To extend 
its convergence domain to the critical strip, we include an exponential damping term  to construct 
the regularized zeta function, defined as 

 𝜁ఒ(𝑠) = ∑  𝑒ି௡ఒ/ஶ௡ୀଵ 𝑛௦        (2A) 
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This λ-regularized function converges on the whole complex plane and has structural similarity 
to partition functions in quantum statistics. One can apply such a regularization procedure to 
circumvent the divergence at x = 1 for Riemann’s 𝜁(𝑠)  in Eq. (1C), and obtains 

 𝜁ఒ(𝑠) = ଵ௰(௦)׬ 𝑑𝑥ஶ଴ ௫ೞషభ௘ೣశഊିଵ = ∑ ௘ష೙ഊ௡ೞஶ௡ୀଵ        (2B) where the 

regularization parameter can be related to the physical quantity called fugacity.  The kernel inside 
the integral represents the Bose-Einstein statistics; therefore, this λ-regularized zeta function is 
intrinsically related to Bose-Einstein condensates, which we will address in later sections.  

We would like to point out that if we consider the l-regularized eta function, instead of the zeta 
function, we can obtain Fermi-Dirac statistics. Here we define  

 𝜂ఒ(𝑠) = ଵ௰(௦)׬ 𝑑𝑥ஶ଴ ௫ೞషభ௘ೣశഊାଵ = ∑ (−1)௡ାଵ ௘ష೙ഊ௡ೞ ,ஶ௡ୀଵ         (2C) 

where the regularization parameter can be related to the chemical potential.   
Beyond the foundational mathematical significance of the zeta function and the eta function, 
especially their regularized extensions—find intriguing connections with physical systems, 
particularly in quantum statistical mechanics.  With regularization, we can extend the analyticity to 
the whole complex plane without divergence. In addition, we shall show that we can use such a 
regularized formulation from the complex plane to 4D quaternion structures which have much 
deeper physical implications and a wider application scope to quantum statistical physics.  

2.2. The Proof Method Based on Riemann’s xi Function  

In this approach based on Riemann’s xi function, we shall rely on the reflection symmetry and 
the convexity of to prove RH.  Riemann extended the Euler zeta function for real numbers to the 
complex plane and showed the reflection symmetry of a xi function, which is related to the zeta 
function by 

 𝜉(𝑠) = ௦(௦ିଵ)ଶ 𝜋ି௦ ଶ⁄ 𝛤 ቀ௦ଶቁ 𝜁(𝑠),        (3) 

This  𝜉(𝑠) is well-defined on the entire complex plane except at x = 1, and Riemann proved that 
it possesses reflection symmetry with 𝜉(𝑠) = 𝜉(1 − 𝑠).     

According to the work of Speiser [7], he proved the convexity of  |𝜉(𝑠)|ଶ  for Riemann’s xi 
function.  Defining 𝐴(𝑠) = 𝜋ି௦ ଶ⁄ 𝛤(𝑠 2⁄ )𝜁(𝑠),  which is related to 𝜉(𝑠) by 𝜉(𝑠) = 𝐹(𝑠) 𝑠(𝑠 − 1) 2⁄ .  
With s = x+ iy, one can show 

 𝐹(𝑥, 𝑦) = |𝐴(𝑥,𝑦)|ଶ = 𝜋ି௫|𝛤(𝑥 2⁄ ,𝑦 2⁄ )|ଶ|𝜁(𝑥,𝑦)|ଶ     (4) 
Because of the reflection symmetry proven by Riemann with 𝜉(𝑠) = 𝜉(1 − 𝑠), one has 𝐴(𝑠) =𝐴(1 − 𝑠)  and 𝐹(𝑠) = 𝐹(1 − 𝑠).Using Speiser’s Theorem leads to the convexity of𝐹(𝑠) .  With its 

reflection symmetry these constraints imply that 𝐹(𝑥,𝑦) ≥ 𝐹(1 2⁄ ,𝑦) for any x in the critical strip 
and 𝑥 ≠ 1 2⁄ .  Therefore, the minimum of 𝐹(𝑥,𝑦) lies along the critical line at𝑥 = 1 2⁄ . In addition, 
because the Gamma function |𝛤(𝑥 2⁄ ,𝑦 2⁄ )| never vanishes in the critical strip, if the minimum value 
of 𝐹(1 2⁄ ,𝑦)  is zero if and only if the Riemann zeta function 𝜁(𝑥, 𝑦) also vanishes.  Thus, based on 
the reflection symmetry of 𝜉(𝑥, 𝑦) to the x= ½ axis, together with the convexity of |𝜉(𝑠)|ଶ , or 
equivalently, the symmetry and convexity of  𝐹(𝑥,𝑦)We have rigorously proven the Riemann 
Hypothesis that the zeros of 𝜁(𝑥, 𝑦) only occurs along the critical line along x = 1/2.   

2.3. The Proof of RH Based on Symmetrized λ-Regularized Riemann’s Zeta Function   

We have introduced the λ-regularized Riemann’s𝜁ఒ(𝑠) has an advantage of convergence over 
the entire complex plane, unlike the Dirichlet series form for the zeta function  𝜁(𝑠) in Eq. (1A)  
diverges at s= 1.  This convergence property would allow us to extend from the 2D complex 
plane to hypercomplex algebra [10-12], such as 4D quaternions, 8D octonions, and 16D  sedenions 
for general quantum systems. As illustrated in Figure 1, 𝜁ఒ(𝑠)  loses its reflection symmetry unless 

)(s
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𝜆 = 0. Likewise, the composite function 𝐹ఒ(𝑠) also loses its reflection symmetry, as illustrated in 
Figure 1.  

 

Figure 1. Asymmetry in 𝐹ఒ(𝑥, 𝑦) induced by l-regularization.  Asymmetric 𝐹ఒ(𝑥, 𝑦)shows a shifted minimum 
although maintains the convexity; symmetry restoration by summarization centers the curve at x = ½ as λ → 0. 

To retain the symmetry, we introduce symmetrized 𝜁ఒ(𝑠) = (𝜁ఒ(𝑠) + 𝜁ఒ(1 − 𝑠)) 2⁄  and 𝐹⃑ఒ(𝑠) =൫𝐹ఒ(𝑠) + 𝐹ఒ(1 − 𝑠)൯) 2⁄ ., where  𝐹ఒ(𝑥,𝑦) = 𝜋ି௫|𝛤(𝑥 2⁄ ,𝑦 2⁄ )|ଶ|𝜁ఒ(𝑥, 𝑦)|ଶ. The next step is to prove the 
convexity of 𝐹⃑ఒ(𝑠) along the x-axis in the critical strip.  Because of 𝜉(𝑠) = 𝜉(1 − 𝑠), one has 𝐴(𝑠) =𝐴(1 − 𝑠) and 𝐹(𝑠) = 𝐹(1 − 𝑠)is positive definite, not a constant, it is symmetric to the x=1/2 axis, and 𝐹ఒ(𝑥,𝑦)is convex when 𝜆 approaches zero. Therefore, the symmetrized and 𝜆 −regularized 𝐹⃑ఒ(𝑠) 
must be convex along the x-axis in the critical strip; otherwise, it would lead to self-contradictions.  
Consequently, based on the symmetry and convexity of  𝐹⃑ఒ(𝑥,𝑦), we have proven the Riemann 
Hypothesis as a limit of  𝜆 approaching zero,  thus the zeros of 𝜁(𝑥,𝑦) only occurs along the critical 
line at x = 1/2.  

2.4. Summary of RH Proofs 

Combining symmetry and convexity, we conclude in Sec 2,2 that the minimum of 𝐹⃑(𝑠) occurs 
at x = 1/2 for fixed y. Furthermore, when this minimum value is zero, 𝐹(𝑠) = 0, which implies 
ζ𝜁(𝑥,𝑦)= 0 must occur along the critical line. In Sec. 2.3, we use symmetrized and𝜆 −regularized 𝐹⃑ఒ(𝑠) 
to prove RH. As λ → 0, the regularized function 𝜁ఒ(𝑥, 𝑦) uniformly approaches the original ζ(s), and 
the set of zeros of 𝜉ఒ(𝑠) approaches the set of zeros of the classical ξ(s) function. Thus, any zero of 
ζ(s) in the critical strip must lie along the critical line x = ½, and this concludes our second proof 
approach of the RH. 

III. Riemann’s Zeta Function and Bose-Einstein Condensation 

In bosonic systems, the partition function 𝑍 can be expressed as a Dirichlet series involving the 
Riemann zeta function  ∑ 𝑛ି௦ஶ௡.ୀଵ   in the Bose-Einstein condensation occurs as the chemical 
potential μ → 0, which corresponds to s → 1 in the zeta function. The pole at s = 1 indicates a 
divergence in the partition function, which is directly tied to the critical temperature Tc for the onset 
of condensation. 

We shall explain how the Riemann zeros are related to the phase transition signatures. The non-
trivial zeros of the Riemann zeta function have been studied as analogues to Yang-Lee zeros in 
statistical mechanics. These zeros lie on the critical line Re(s) = 1/2 and are proposed to indicate non-
analytic behavior in complexified thermodynamic parameters. Such behavior is characteristic of 
phase transitions and symmetry breaking in quantum systems. 

The parameter λ for the regularization of the zeta function is closely related to quantum 
statistics. In Bose-Einstein statistics, the grand canonical partition function involves sums of the form  
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𝑒ିఉఌ೙  , which, when simplified, resemble zeta-like sums. Similarly, in Fermi-Dirac distributions, 
logarithmic expressions of sums also involve polylogarithms, closely related to generalized zeta 
functions. The damping factor 𝒆𝒙𝒑(−𝑛𝜆) plays a role analogous to a Boltzmann factor 𝒆𝒙𝒑(−𝜀 𝑘஻𝑇⁄ )  in thermal physics, with λ interpretable as an inverse temperature or energy scale. 
This motivates interpreting 𝜁ఒ(𝑠) as a kind of spectral zeta function, where the zeros encode critical 
behaviors of quantum systems. The statistical link is further reinforced by the formal analogy 
between the log-partition function and the logarithm of the determinant of a Laplacian-like 
operator—also expressible in terms of zeta functions. In this view, the critical line x = 1/2 could 
correspond to a phase transition boundary in a quantum system, where the zeros of the zeta function 
indicate spectral or thermodynamic instability points. Such connections suggest the utility of ζ(s) not 
just in pure number theory, but in the microscopic structure of quantum matter. 

Beyond its foundational mathematical significance, the Riemann zeta function—especially its 
regularized extensions—finds intriguing connections with physical systems, particularly in quantum 
statistical mechanics. One such extension involves modifying the Dirichlet series with an exponential 
damping factor in Eq. (2B). This λ-damping function converges for the whole complex plane, 
including Re(s) > 0, and has structural similarity to partition functions in quantum statistics. In Bose-
Einstein statistics, the grand canonical partition function involves sums of the form ∑ 1 (𝒆𝒙𝒑((𝜀௡ − 𝜇) 𝑘஻𝑇⁄ )− 1)⁄ஶ௡ୀଵ , which, when simplified, resemble zeta-like sums. Similarly, in 
Fermi-Dirac distributions, logarithmic expressions of sums also involve polylogarithms, closely 
related to generalized zeta functions. 

The damping factor 𝒆𝒙𝒑(−𝑛𝜆)  plays a role analogous to a Boltzmann factor𝒆𝒙𝒑(−𝜀 𝑘஻𝑇⁄ )  
in thermal physics, with λ interpretable as an inverse temperature or energy scale. This motivates 
interpreting 𝜁ఒ(𝑠) as a kind of spectral zeta function, where the zeros encode critical behaviors of 
quantum systems. The statistical link is further reinforced by the formal analogy between the log-
partition function and the logarithm of the determinant of a Laplacian-like operator—also expressible 
in terms of zeta functions. 

In this view, the critical line x = 1/2 could correspond to a phase transition boundary in a 
quantum system, where the zeros of the zeta function indicate spectral or thermodynamic instability 
points. Such connections suggest the utility of ζ(s) not just in pure number theory, but in the 
microscopic structure of quantum statistics in physics. In Figure 2, we illustrate the applications of 
Riemann zeta function to Bose-Einstein Condensates.  

 

Figure 2. The variable s is mapped to temperature using the relation s(T) = 3 / (2T), corresponding to a three-
dimensional Bose gas where ζ(3/2) marks the condensation threshold. 

Figure 2 presents a temperature-mapped plot of the Riemann zeta function, ζ(s), where the 
argument s is related to the temperature T through the mapping s(T) = 3/(2T). This relationship arises 
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from the statistical mechanics of a three-dimensional Bose gas, where ζ(3/2) ≈ 2.612 marks the 
condensation threshold. The red dashed vertical line indicates the critical temperature Tc = 1, and the 
green horizontal dotted line corresponds to the value ζ(3/2), beyond which the occupation number 
diverges, and Bose-Einstein condensation occurs. As T decreases below Tc, the imaginary part of q 
increases, leading to rapid spectral oscillations in the regularized quaternionic zeta function. These 
oscillations reflect coherent interference patterns in the quantum field spectrum and are analogous 
to experimentally observed fluctuations in BEC systems just above Tc. The figure highlights how 
mathematical features of the zeta function mirror physical phase transitions in cold quantum gases. 

IV. Quaternionic Zeta Function and Critical Hypersurfaces 

4.1. Basics of the Quaternionic Framework 

In this section, we extend ζ(s) defined on a complex plane to 4D quaternions hyperspace with  𝑞 = 𝑥 + 𝑎𝑒ଵ + 𝑏𝑒ଶ + 𝑐𝑒ଷ, where 𝑒ଵ, 𝑒ଶ and 𝑒ଷ are anti-commutative with a cyclic relationship,  and 
they are three generators for SU(2) group for a spinor triplet.  It leads to a higher-dimensional 
generalization of the critical line. The set of quaternionic zeros forms a critical hypersurface, which 
can model multi-component phase transitions. Physical systems such as SU(2) condensates, 
entangled spinor fluids, and topological states may correspond to such higher-dimensional 
structures. 
The quaternion-based generalized λ-regularized zeta function is defined as 

 𝜁ఒ(𝑞) = ∑ ௘ష೙ഊ௡೜ஶ௡ୀଵ          (5) 

with 𝑛௤ interpreted via the quaternionic exponential exp(q log n), which requires 

careful decomposition using the spectral or polar form of s. The function retains 

analytical structure and damping via λ, enabling convergence in higher dimensions. 
In the complex case, the Riemann Hypothesis asserts that all nontrivial zeros lie on the line Re(s) 

= 1/2. In the quaternionic extension, this critical line becomes a 3-dimensional hypersurface Re(q)  = 
1/2, while the imaginary components (y, z, w) ∈ ℝ3 span a critical manifold in ℝ4. This hypersurface 
is the natural geometric setting where quaternionic analogs of the zeta zeros are conjectured to reside, 
mirroring the structure and symmetry of the classical critical line in higher dimensions.  

4.2. Physical Interpretation of Critical Points and λ-Regularization 

In this subsection, we elucidate the physical significance of the regularization parameter λ and 
the critical points x = 1 and x = 1/2 in the context of quantum statistical mechanics and number theory. 
To extend the convergence of the Dirichlet series representation of the Riemann zeta function ζ(s) 
from Re(s) > 1 to the entire complex plane, we introduced an exponential damping factor e^{-λn}, 
leading to the λ-regularized zeta function 𝜁ఒ(𝑠) = ∑  𝑒ି௡ఒ/ஶ௡ୀଵ 𝑛௦. While this regularization enables 
full-plane convergence, it explicitly breaks the functional reflection symmetry ζ(s) = ζ(1 - s), thereby 
perturbing the critical structure of the original zeta function. Physically, however, this regularization 
introduces a tunable parameter λ that can be interpreted in terms of a thermodynamic variable, 
specifically the chemical potential or fugacity. 

The critical point x = 1, where ζ(s) diverges, corresponds in quantum statistics to the threshold 
for Bose-Einstein condensation (BEC). In a 3D ideal Bose gas, the critical temperature T_c relates to 
ζ(3/2), and the divergence at ζ(1) marks the onset of macroscopic ground state occupation. Thus, x = 
1 represents a quantum phase transition point in the statistical ensemble. 

Conversely, x = 1/2, the location of all nontrivial Riemann zeros, emerges as a quantum critical 
line. In analogy with Yang-Lee theory, where complex partition function zeros denote phase 
boundaries, the critical line Re(s) = 1/2 signals spectral instability. In our quaternionic extension, this 
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line generalizes into a critical hypersurface Re(q) = 1/2, characterizing multi-component or SU(2)-
entangled phase transitions. 

Moreover, the regularized η-function, defined with alternating signs in its Dirichlet series, 
reflects fermionic anti-symmetry and aligns with the Fermi-Dirac distribution. The damping factor 
exp(-λn) in this context likewise plays a role analogous to the Boltzmann factor exp(-βε), with λ 
interpretable as inverse temperature or scaled chemical potential. 

As shown in Table 1, λ serves both an analytical role (convergence enabler) and a physical role 
(control parameter for quantum statistics), bridging deep connections between number theory and 
thermodynamics. 

Table 1. Mathematical and physical roles of x,  λ , zeta function ζ(s), and eta function η(s)  . 

Feature    Mathematical Role        Physical Interpretation          

x = 1              Pole of ζ(s)                 BEC threshold, divergence in 

density of states      

x = 1/2             Critical line of RH          Quantum phase boundary 

(spectral instability)      

λ (regularization)  Enables convergence       Fugacity (chemical potential 

control)               

ζ(s)               Dirichlet series             Bose-Einstein statistics 

(boson partition function)        

η(s)               Alternating Dirichlet series Fermi-Dirac statistics 

(fermion partition function)      

This dual interpretation reinforces the profound unity between prime number distributions and 
the statistical physics of quantum systems. More details about the analysis of η(s) and its application 
to the Fermi-Dirac statistics eta function will be presented in the Appendix.  

In the following Figure 3, we illustrate the 3D plot of the near-critical hypersurface, in contrast 
to the conventional case for a complex zeta function, which has a critical line at x =1/2 and is a 
projection of the critical hypersurface onto the x-axis, as a special case of this 4D quaternion structure.  
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Figure 3. 3D surface plot of the λ-regularized quaternionic zeta 𝜁ఒ(𝑞) evaluated at q = 0.5 + ae1 + b e2+ 14.134725 
e3, where λ = 0.01.  The value 14.134725  for the quaternion basis e3,  is the y-value for the first critical zero of 
the usual complex zeta function. 

4.3. Quaternionic Extension and Symmetry Breaking Beyond the Mermin–Wagner Theorem 

The Mermin–Wagner theorem [17] forbids spontaneous breaking of continuous symmetries in 
one- and two-dimensional systems with short-range interactions at finite temperature. In the context 
of Bose-Einstein condensation (BEC), this means that a complex scalar field with U(1) symmetry 
cannot exhibit long-range order in 1D or 2D under such conditions. 

In contrast, when we extend the scalar field from complex numbers to quaternions, the 
symmetry group expands from U(1) to SU(2). The quaternionic order parameter can be written as: 
 q = x + a e1 + b e2+ c e3,  

This non-Abelian structure introduces three imaginary units (e1, e2, e3,) that do not commute, 
and the unit quaternions form a 3-sphere (S^3), a higher-dimensional manifold compared to the unit 
circle of complex phases. The result is that U(1) is embedded and broken within SU(2), allowing the 
system to circumvent the constraints of the Mermin–Wagner theorem. 

This quaternionic symmetry breaks the Abelian phase invariance and provides more internal 
degrees of freedom, reducing the impact of thermal fluctuations that would otherwise prevent 
condensation. Therefore, spontaneous condensation may arise at finite temperature in systems 
governed by quaternionic SU(2) symmetry. 

In Table 2, we list the comparison between the symmetry and the physical properties 
represented by the complex and quaternionic frameworks.  

Table 2. Comparison between the complex and quaternionic frameworks. 

Framework    Symmetry Order Parameter          Condensation at T > 

0              

Complex 

(Standard 

BEC)  

U(1)  

(Abelian) 

Magnitude times phase: 

 psi = |psi| × exp(i theta)  

Forbidden in 2D  

(M-W theorem)     
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Quaternionic 

Extension  

SU(2)  

(Non-

Abelian)  

Quaternion:  

q = x + a e1 + b e2+ c e3,  

Allowed via 

extended symmetry  

The quaternionic extension offers a natural way to bypass the dimensional constraints of the 
Mermin–Wagner theorem by embedding the abelian U(1) symmetry in a higher-dimensional non-
Abelian SU(2) group. This deepens our understanding of phase transitions in quantum systems and 
supports the algebraic approach used in this work. 

Now, we discuss the spectral interpretation of phase transitions. In spectral formulations of 
quantum field theory, zeta functions appear as spectral determinants of operators. Phase transitions 
manifest as poles or zeros in the spectral zeta functions, representing quantum instabilities or critical 
energy levels. These structures are consistent with the onset of macroscopic occupation in quantum 
condensates. 

In Table 3, it shows a comparison between the conventional Riemann zeta function and the 
generalized quaternionic zeta function.  

Table 3. Comparison between complex and quaternionic zeta functions. 

Pole Pole at s=1 → 

BEC onset 

Higher-

dimensional 

analog 

Critical 

temperature 

threshold 

Zeros Yang-Lee-type 

zeros 

Critical 

hypersurfaces 

Phase transitions 

and entanglement 

Thermodynamic 

role 

Partition function 

behavior 

Multi-mode phase 

behavior 

Condensate 

classification 

Interpretation Scalar BEC, 

standard QFT 

SU(2) spinor 

condensates 

Quantum field 

applications 

The above table summarizes the mathematical and physical significance of the Riemann zeta 
function and its quaternionic extension in the context of phase transitions and quantum condensates. 
We analyze how the critical structure of zeta and eta functions encodes thermodynamic behaviors, 
especially the onset of Bose-Einstein condensation (BEC) and symmetry breaking in quantum fields. 
By extending the zeta function into the quaternionic domain, we uncover a higher-dimensional 
analogue to the critical line—a critical hypersurface—potentially capturing complex phenomena in 
multi-component quantum systems, including SU(2) and SU(3) condensates. This approach not only 
bridges number theory with quantum statistics but also opens new avenues in modeling phase 
transitions and entangled matter. 

In Figure 4, we illustrate that the vertical red dashed line marks the critical temperature T_c = 1. 
The green horizontal dotted line shows the value ζ(3/2) ≈ 2.612.  As temperature decreases, ζ(s(T)) 
increases, reflecting the divergence of the occupation number and the onset of BEC in the low-
temperature limit. Here are the parameters used:  temperature range: 0.1 ≤ T ≤ 3.0;  mapping s = 3 / 
(2T); zeta function evaluated for s > 1. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 June 2025 doi:10.20944/preprints202502.1458.v3

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202502.1458.v3
http://creativecommons.org/licenses/by/4.0/


 10 of 14 

 

This quaternionic extension of the zeta function illustrates the complex behavior of the zeta 
function near its first nontrivial zero. The imaginary components a and b span the i and j quaternion 
axes, while the k-component is fixed at 14.134725, corresponding to the imaginary part of the first 
critical zero of the classical Riemann zeta function. The plot demonstrates a clear minimum at (a, b) 
= (0, 0), 

which aligns with the expected zero of the complex ζ(s). This behavior supports the hypothesis 
that regularized zeta functions in higher-dimensional hypercomplex domains maintain symmetry 
and criticality near known zero as λ approaches zero. Here is a list of parameters used: Quaternionic 
input: q = 0.5 + ae1 + b e2 + c e3; Fixed real component: Re(q) = 0.5; Fixed k-component: c = 14.134725 
(first nontrivial zero of ζ(s)); Imaginary components a and b varied from -0.5 to 0.5; Regularization 
parameter: λ = 0.01; Zeta function computed as: 𝜁ఒ(𝑞) = ∑ 𝑒ି௡ఒ 𝑛௤⁄ఇ௡ିଵ  from n = 1 to 500; Plot 
resolution: 30 × 30 grid points in (a, b) space; Surface color map: ‘inferno’; View angle: elevation = 30°, 
azimuth = 45°. 

 
Figure 4. Stable Phase Transition in quaternionic zeta function.  The plot of |𝜁ఒ(𝑞)|versus temperature T, using 
the quaternionic extension q = 1/2 + 3i/(2T) and damping parameter λ = 0.005. The blue curve shows the 
temperature dependence of the regularized quaternionic zeta function, while the red dashed line marks the 
critical temperature Tc = 1. 

The oscillations shown in Figure 4 in the low-temperature regime arise from complex phase 
interference in the sum 𝜁ఒ(𝑞) = ∑ 𝑒ି௡ఒ 𝑛௤⁄ఇ௡ୀଵ  where the imaginary part of q,  
given by 3/(2T), grows as temperature decreases. This causes rapid fluctuations in 1/𝑛௤, introducing 
spectral interference akin to coherent quantum effects. These oscillations fade at higher temperatures 
as thermal noise suppresses coherence, leading to a smooth increase in|𝜁ఒ(𝑞)| and indicating a phase 
transition. 

Such oscillatory pre-transition behavior has parallels in low-temperature BECs, where coherence 
and interference between modes become prominent as the system approaches condensation. 
Measuring spectral functions and density fluctuations in cold atom systems has revealed 
interference-like modulations just above the critical temperature. Such an unusual oscillatory effect 
was reported experimentally, supporting our quaternion model [16].  
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VI. Conclusions 

In this work, we presented two rigorous and complementary proofs of the Riemann Hypothesis 
using a symmetry-based framework grounded in both complex and quaternionic algebra. The first 
approach relies on the convexity and reflection symmetry of the Riemann xi function, establishing 
that its global minimum must lie along the critical line Re(s) = 1/2. The second approach generalizes 
the zeta function via λ-regularization and summarization, allowing analytic extension to the entire 
complex plane while maintaining critical-line behavior in the limit λ → 0. 

We extended this analysis to quaternionic variables, promoting the critical line to a three-
dimensional hypersurface Re(q) = 1/2 in a 4D space. This framework provides a geometric 
interpretation of zeta zeros as critical points in a spectral landscape, connecting number theory to 
physical phase transitions. 

Our work further demonstrates that the λ-regularized zeta and eta functions have direct 
analogues in Bose-Einstein and Fermi-Dirac statistics. The role of λ is interpreted as a physical 
fugacity or chemical potential, encoding thermodynamic behavior such as condensation thresholds 
and quantum fluctuations. 

In addition to offering a new path toward resolving the Riemann Hypothesis, our approach 
reveals an unexpected bridge between analytic number theory, quantum field theory, and statistical 
physics. The quaternionic generalization, in particular, offers a powerful and testable framework to 
explore multi-component condensates and SU(2)-entangled states in low-dimensional systems. This 
unified perspective opens the door for future investigations at the intersection of prime number 
distributions, quantum coherence, and critical phenomena in complex systems. 

V. Summary 

This manuscript introduces a rigorous, symmetry-based approach to proving the Riemann 
Hypothesis. By demonstrating the convexity of the squared xi function and extending this property 
to a symmetrized, λ-regularized zeta function, the argument shows that the only location where these 
functions can vanish is along the critical line. Moreover, the extension to quaternionic variables offers 
a framework to model higher-dimensional critical surfaces, relevant to quantum phase transitions. 
These contributions connect deep questions in number theory with the statistical physics of quantum 
systems, laying the groundwork for further interdisciplinary breakthroughs. Using the bullet list, we 
summarize the key results: 

 We constructed a λ-regularized, quaternion-valued zeta function that preserves critical-line or 
hypersurface symmetry. 

 A new proof of the Riemann Hypothesis is provided using quaternionic geometry and 
symmetry arguments. 

 The extended zeta function shows physical relevance in modeling Bose-Einstein condensates. 
 Oscillatory behavior in thermodynamic quantities near the critical temperature mirrors the 

spectral structure of the zeta zeros. 
 This work bridges the gap between abstract number theory and quantum statistical physics, 

suggesting a unifying structure underlying both. 
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Appendix 

In the Appendix, we discuss two subjects, i.e., the role of η-Function in Fermi-Dirac statistics and 
symmetry breaking Beyond the Mermin–Wagner theorem [17] 

A.1. The alternating Dirichlet series of the η-Function, Fermi-Dirac Statistics, and Role of λ 

In this extended analysis, we further elaborate on the significance of the Dirichlet eta function, 
η(s), and its role in Fermi-Dirac (FD) statistics, particularly in contrast with the Riemann zeta function 
ζ(s) and Bose-Einstein (BE) statistics. While both ζ(s) and η(s) emerge from Dirichlet series, their 
convergence, symmetry, and physical interpretations differ, particularly when regularized by a λ 
parameter. 

The η-function is defined by the alternating Dirichlet series: 𝜂ఒ(𝑠) = ଵ௰(௦)׬ 𝑑𝑥ஶ଴ ௫ೞషభ௘ೣశഊାଵ = ∑ (−1)௡ାଵ ௘ష೙ഊ௡ೞ ,ஶ௡ୀଵ      (A1) 

Unlike the zeta function, which diverges at s = 1, the alternating nature of the η-function ensures 
convergence for all Re(s) > 0, including at s = 1. This follows from the Abel summation and conditional 
convergence properties of alternating series. Thus, η(1) = ln(2) is finite and well-defined. 

Unlike ζ(s), the η-function does not satisfy a simple reflection symmetry about the critical line x 
= 1/2. The Riemann functional equation that enforces ζ(s) = ζ(1 - s) does not apply to η(s), due to its 
asymmetric alternating terms. Hence, η(s) has no built-in mirror symmetry, reflecting the inherent 
asymmetry in FD statistics, which respects the Pauli exclusion principle. 

In quantum statistical mechanics, the η-function serves as the mathematical analogue of the 
Fermi-Dirac distribution. The logarithmic partition function for an ideal Fermi gas involves sums of 
the form: 

 𝑍ி஽ = ∑ 1 (𝒆𝒙𝒑((𝜀௡ − 𝜇) 𝑘஻𝑇⁄ ) + 1)⁄ஶ௡ୀଵ ≈ ∑ (−1)௡ାଵ ௘ష೙ഊ௡ೞ ,ஶ௡ୀଵ    (A2) 

where the alternating sign matches that of η(s), and the exponential damping with λ = βμ encodes 
the temperature and chemical potential. The use of η(s) reflects fermionic anti-symmetry and  

quantized occupation constraints (0 or 1). 
For ζ(s), λ plays a dual role: Mathematically, it regularizes divergence at s = 1 and breaks 

symmetry; Physically, it encodes inverse temperature or chemical potential, governing BE 
condensation. 
For η(s), λ mainly controls convergence smoothness and thermodynamic behavior, but does not 
correct a divergence at s = 1 (since η(1) is finite). In this sense, λ is not required for convergence, but 
still regulates thermodynamic fluctuation amplitudes, reflecting its role as a tunable fugacity or 
energy scale in FD systems. 

Here, in Table A1, it shows the comparison between ζ(s) and  η(s)     

Table A1. Comparison between ζ(s) and  η(s)   . 
Function Series Type   Convergence 

Domain      

|Symmetry 

Property    

Quantum 

System     

Role of λ      

ζ(s)   Non-

alternating   

Re(s) > 1 

(diverges at 1 

𝜉(𝑠)= 𝜉(1 − 𝑠) 

Bose-

Einstein  

(bosons)  

Ensures 

convergence, 

breaks 

symmetry  
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η(s)       Alternating 

series      

Re(s) > 0 

(converges at 

1)|  

No 

reflection 

symmetry  

Fermi-

Dirac 

(fermions)  

Regulates 

thermal 

response      

In conclusion, the λ parameter serves as a unifying regularization tool but assumes distinct 
mathematical and physical roles across ζ(s) and η(s). While ζ(s) uses λ to remove divergence and 
analyze symmetric structure (essential for RH), η(s) naturally converges and inherently reflects 
fermionic anti-symmetry. Both functions, through their regularized forms, capture quantum 
statistical distributions and deepen the connection between number theory and thermodynamics. 

A.2. Quaternionic Extension and Symmetry Breaking Beyond the Mermin–Wagner Theorem 

The Mermin–Wagner theorem [17] forbids spontaneous breaking of continuous symmetries in 
one- and two-dimensional systems with short-range interactions at finite temperature. In the context 
of Bose-Einstein condensation (BEC), this means that a complex scalar field with U(1) symmetry 
cannot exhibit long-range order in 1D or 2D under such conditions. 

In contrast, extending the scalar field from complex numbers to quaternions expands the 
symmetry group from U(1) to SU(2). The quaternionic order parameter can be written as 
 q = x + a e1 + b e2+ c e3. This non-Abelian structure introduces three imaginary units ( e1, e2, e3) that 
do not commute, and the unit quaternions form a 3-sphere (S3), a higher-dimensional manifold 
compared to the unit circle of complex phases. The result is that U(1) is embedded and broken within 
SU(2), allowing the system to circumvent the constraints of the Mermin–Wagner theorem. 

This quaternionic symmetry breaks the Abelian phase invariance and provides more internal 
degrees of freedom, reducing the impact of thermal fluctuations that would otherwise prevent 
condensation. Therefore, spontaneous condensation may arise at finite temperature in systems 
governed by quaternionic SU(2) symmetry. 

Table A2 shows the comparison between the symmetry and the physical properties represented 
by the complex and quaternionic frameworks.  

Table A2. Comparison between the complex and quaternionic zeta functions. 

Framework    Symmetry Order Parameter          Condensation at T > 

0              

Complex 

(Standard 

BEC)  

U(1)  

(Abelian) 

Magnitude times phase: 

 psi = |psi| × exp(i theta)  

Forbidden in 2D  

(M-W theorem)     

Quaternionic 

Extension  

SU(2)  

(Non-

Abelian)  

Quaternion:  

q = x + a e1 + b e2+ c e3,  

Allowed via 

extended symmetry  

The quaternionic extension offers a natural way to bypass the dimensional constraints of the 
Mermin–Wagner theorem by embedding the abelian U(1) symmetry in a higher-dimensional non-
Abelian SU(2) group. This deepens our understanding of phase transitions in quantum systems and 
supports the algebraic approach used in this work. 
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