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Abstract

Physical processes are usually described using four-dimensional vector quantities - coordinate
vector, momentum vector, current vector. But at the fundamental level they are characterized by
spinors - coordinate spinors, momentum spinors, spinor wave functions. The propagation of fields
and their interaction takes place at the spinor level, and since each spinor uniquely corresponds to a
certain vector, the results of physical processes appear before us in vector form. For example, the
relativistic Schrodinger equation and the Dirac equation are formulated by means of coordinate
vectors, momentum vectors and quantum operators corresponding to them. In the Dirac equation a
step forward is taken and the wave function is a spinor with complex components, but still
coordinates and momentum are vectors. For a closed description of nature using only spinor
quantities, it is necessary to have an equation similar to the Dirac equation in which momentum,
coordinates and operators are spinors. It is such an equation that is presented in this paper. Using the
example of the interaction between an electron and an electromagnetic field, we can see that the
spinor equation contains more detailed information about the interaction than the vector equations.
This is not new for quantum mechanics, since it describes interactions using complex wave functions,
which cannot be observed directly, and only when measured goes to probabilities in the form of
squares of the moduli of the wave functions. In the same way spinor quantities are not observable,
but they completely determine observable vectors. In Section 2 of the paper, we analyze the quadratic
form for an arbitrary four-component complex vector based on Pauli matrices. The form is invariant
with respect to Lorentz transformations including any rotations and boosts. The invariance of the
form allows us to construct on its basis an equation for a free particle combining the properties of the
relativistic wave equation and the Dirac equation. For an electron in the presence of an
electromagnetic potential it is shown that taking into account the commutation relations between the
momentum and coordinate components allows us to obtain from this equation the known results
describing the interactions of the electron spin with the electric and magnetic field. In the presence of
a potential the momentum components cease to commute with each other. To neutralize this effect,
the Schrodinger equation is supplemented by several equations with mixed derivatives on
coordinates. In section 3 of the paper this quadratic form is expressed through momentum spinors,
which makes it possible to obtain an equation for the spinor wave function in spinor coordinate space
by replacing the momentum spinor components by partial derivative operators on the corresponding
coordinate spinor component. Section 4 presents a modification of the theory of the path integral,
which consists in considering the path integral in the spinor coordinate space. The Lagrangian
densities for the scalar field and for the electron field, along with their corresponding propagators,
are presented. An equation of motion for the electron is proposed that is relativistically invariant, in
contrast to the Dirac equation, which lacks this invariance. This novel equation permitted the
construction of an actually invariant procedure for the second quantization of the fermion field in
spinor coordinate space. Furthermore, it is demonstrated that the field operators are a combination
of plane waves in spinor or vector space, with the coefficients of which being pseudospinors or
pseudovectors. Each of these pseudovectors or pseudospinors corresponds to one of the particles
presented in the theory of electrodynamics. Furthermore, each plane wave possesses an additional

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025 doi:10.20944/preprints202401.1032.v8

2 of 117

coefficient in the form of a creation or annihilation operator. In vector space, these operators
commute, whereas in spinor space they anticommutate. The paper presents the spinor and vector
representations of the field operators in explicit form, comprising sets of 16 pseudospinors or 4
pseudovectors corresponding to particles represented in electrodynamics. An explicit form of the
symmetric traceless tensor with spin two, zero mass and two polarizations is presented, which can
serve as a model of the graviton. The results obtained may prompt changes in some aspects of the
construction of Feynman diagrams.

Keywords: Dirac equation; Pauli matrices; Schrodinger equation; second quantization; path integral;
graviton

1. Introduction

Nowadays, the interest to study applications of the Dirac equation to different situations and to
find out the conditions of its generalization is not weakening. In particular, in [1] new versions of an
extended Dirac equation and the associated Clifford algebra are presented. In [2] a study of the
Schrodinger-Dirac covariant equation in the presence of gravity, where the non-commuting gamma
matrices become space-time-dependent, is carried out. In [3] an idea is discussed that the visible
properties of the electron, including rest mass and magnetic moment, are determined by a massless
charge spinning at light speed within a Compton domain. In [4] some aspects of conformal rescaling
in detail are explored and the role of the "quantum" potential is discussed as a natural consequence
of non-inertial motion and is not exclusive to the quantum domain. Author establishes the
fundamental importance of conformal symmetry, in which rescaling of the rest mass plays a vital
role. Thus, the basis for a radically new theory of quantum phenomena based on the process of mass-
energy flow is proposed. In [5] author has derived the covariant fourth-order/one-function equivalent
of the Dirac equation for the general case of an arbitrary set of y-matrices.

Supporting these search aspirations, in our work we propose a deeper understanding of the
Dirac equation with an emphasis on the direct use of the principles of symmetry and invariance to
Lorentz transformations. For the first time we present a formulation of the Dirac and Schrédinger
equations in spinor coordinate space.

2. Generalized Dirac Type Equation

Let us introduce notations, which will be used further on. The speed of light and the rationalized
Planck’s constant will be considered as unity.
Pauli matrices

(1 0 _ (0 1 _ (0 —i (1 0
00_(0 1) 01_(1 0) 02_(1' o) ”3_(0 _1)
Matrices constructed from Pauli matrices
_ (oo O _ (01 0) _(02 0) _(0'3 0)
SO_(O 00) 51_(0 o, S2= 0 o, S3 = 0 o3
A vector of matrices
ST = (51,5, 5)
A set of arbitrary complex numbers and a vector of its three components
XT = (Xo, X1, X5, X3)
XT = (X1, Xy, X3)

Let us define a 2x2 matrix of Lorentz transformations given by the set of real rotation angles
(a1, @z, a3) and boosts (By, B2, B3)
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i 1 i 1 i 1
n = exp (—Ealal) exp (E ,810'1> exp (— Eazaz) exp (Eﬁzdz) exp (— §a3a3) exp (5,8303>
and a similar 4x4 transformation matrix

i 1 i 1 i 1
N =exp (— Ea151) exp (E ,8151) exp (— 50(252) exp (E ,8252) exp (— §a353) exp (5,8353)

We also define a 4x4 matrix of Lorentz transformations A, where u and v take values 0,1,2,3

1
Ab = STr [o,no,nT]

A”=1T S,NS,NT
v 4T[u VNI

A" = %i i i i(su)gaNap(Sv)ﬁyN_sy

which can also be written explicitly using the 4x4 matrices of rotation generators (Ry, R,, R3) and
boosts (K1, K,, K3)

A = exp(a;Ry)exp(B1K,)exp(azR;)exp (B, Ky)exp(asRs)exp(B3Ks)
Let's define a 4x4 matrix
M? = (SoXg — S1X1 — S, X5 — S3X35)(SoXo + S1 X1 + S, X5 + S5X3) =
(SoXo — STX)(SoX, + S7X) =
S0X0SoXo — $1X15: X1 — S,X58, X, — S35 X35:X5 +
SoXo (81X, + S X, + S3X3) — S1X,(SoXo + S X, + S3X3) —

§2X2(SoXo + S1X1 + 53X3) = S3X3(SoXo + 51X + 5,X;)

In fact, we consider a quaternion with complex coefficients, which we multiply by its conjugate
quaternion (due to the complexity of the coefficients, these are biquaternions, but we still use
quaternionic conjugation, without complex conjugation).

Let us subject the set of complex numbers to the Lorentz transformation

X' =4X

Let us write a relation whose validity for an arbitrary set of complex numbers can be checked
directly

(SoXo' = S1 X1 — 5:X," — $3X3')(SoXo' + S1X1" + 5, X," + S3X37)
= (50X0 - SIXI - SzXz - S3X3)(50X0 + 51X1 + SzXz + S3X3) = M2

The matrix M? in the simplest case is diagonal with equal complex elements on the diagonal
equal to the square of the length of the vector X in the metric of Minkowski space, which we denote
m?. Both M? and m? do not change under any rotations and boosts, in physical applications the
invariance of m? is usually used, in particular, for the four-component momentum vector this
quantity is called the square of mass.

Since the matrices S, anticommutate with each other, for a vector X whose components
commute with each other, we have just the simplest case with a diagonal matrix with m? on the
diagonal. But if the components of vector X do not commute, the matrix M? already has a more
complex structure and carries additional physical information compared to m?. For example, the
vector X may include the electron momentum vector and the electromagnetic potential vector. The
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four-component potential vector is a function of the four-dimensional coordinates of Minkowski
space. The components of the four-component momentum do not commute with the components of
the coordinate vector, respectively, and the coordinate function does not commute with the
momentum components, and their commutator is expressed through the partial derivative of this
function by the corresponding coordinate. If the components of the vector X do not commute, the
matrix M? will no longer be invariant with respect to Lorentz transformations.

Assume that the complex numbers we are considering commute with all matrices, and consider
that the matrices are pairwise anticommutative and their squares are equal to the unit 4x4 matrix I

M? = (XoXo — X1 X1 — XX, — X3X)I +
(51 X0X1 + Sy XX, + S3XoX3) — (S1 X1 Xy + $18, X1 X, + 515:X,X3) —
(85,X,X0 + S35 XXy + S58:X,X3) — (S3X3Xy + S35 XX, + S35,X:X,) =
(XoXo — X1 X1 — X5X5 — X3X3)1 +
S1(XoX1 — X1 Xo) + S;(XoXz — X2Xo) + S3(XoX3 — X5Xo) —
($182X1 Xz + 5153X1X3) — (5251 X, X1 + $553X,X3) — (S35:1X3X; + 535, X3X,) =
(XoXo — X1 X1 — XX; — X3X3)1 +
S1(XoX1 — X1Xo) + S2(Xo Xz — X5 Xo) + S5 (XoX3 — X3X,) —
(S152X1 X5 + 5251 X2X1) — (S253X5X3 + S35, X3X;,) — (S35, X3Xy + $183X1X3) =
(XoXo — X1 X1 — X2X5 — X3X3)1 +
S1 (XoX1 — X1Xo) + S2(Xo Xz — X2Xo) + S3(XoX3 — X3X0)
—(8152X1 X, + 5,5 X1 X5 + 5,5, (X2 X1 — X1 X5))
—(8585X2 X5 + S35,X, X3 + S35, (X3 X, — X2X3))
— (8381 X3Xy + 51S3X5X; + $1S3(X1 X3 — X3X,)) =
(XoXo — X1 X1 — X5X5 — X3X3)1 +
S1 (XoX1 — X1Xo) + S2(Xo Xz — X5Xo) + S3(XoX3 — X3X0)
—83851 (X2 X1 — X1X3) — S35, (X3Xz — X2X3) — §185(X1 X3 — X3X1)
Taking into account the expressions for pairwise products of matrices, we obtain
M? = (XoXo — X1 X, — X2 Xo — X5X3)I +
S1 (XoX1 — X1Xo) + S2(Xo Xz — X2Xo) + S3(XoX3 — X3X0)
=551 (Xo Xy — X1X2) — S35, (X3 X, — XpX3) — $153(X1 X3 — X3X,) =
(XoXo — X1 X1 — XX; — X3X3)1 +
S1(XoX1 — X1Xo) + S2(XoX2 — X2Xo) + S3(XoX3 — X3X0)
+iS; (X, X1 — X1X) +iS1(X3X, — XoX3) +iS, (X1 X5 — X3X,) =
(XoXo — X1 X1 — XX, — X3X3)[ +
S1(XoX1 — X1Xo) + 151 (X3X, — XpX3) +
S2(XoXy — X5 Xo) + 1S, (X1 X3 — X3X,) +
S3(XoX3 — X3Xo) + iS3(X X1 — X1X3)
Consider the case when X is the sum of the momentum vector and the electromagnetic potential
vector, which is a function of coordinates
X=P+A
PT = (Py, Py, P, P;)
AT = (A, Ay, Ay, A3)
PT = (P1, P2, P3)
AT = (A1,42,43)

M? =1[(Py + Ap)(Po + Ag) — (P + A (Py + Ay) — (P + Ax) (P, + Ap) — (P3 + A3)(Ps + A3)] +
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S1[(Po + Ag)(Py + Ay) — (P + A1) (Py + Ag)] + iS1[(Ps + A3) (P + Ap) — (P, + A2)(Ps + A3)] +
S2l(Po + Ag)(Py + Az) = (P + A2)(Po + Ag)] + iSp[(Py + A1) (P3 + A3) — (Ps + A3) (P + A)] +
S3[(Po +Ao)(P3 + A3) — (P3 + A3)(Py + Ag)] + iS3[(P2 + A2)(Py + Ay) — (P + A1) (P2 + A7)]

For now, we'll stick with the Heisenberg approach, that is, we will consider the components of
the momentum vector Py, Py, P, P; as operators for which there are commutation relations with
coordinates or coordinate functions such as A4, 4, A,, 4. In this approach, the operators do not have
to act on any wave function.

Taking into account the commutation relations of the components of the momentum vector and
the coordinate vector, the commutator of the momentum component and the coordinate function is
expressed through the derivative of this function by the corresponding coordinate, e.g.

[(P; + A)(Py + Ay) — (P + A (P, + A)] =
(PoPy — PyPy) + (P, Ay — Ay Py) — (PyAz — AyPy) + (A4, — Ay 4p) =

(044 ( .aAz)

i
dx,

_la—xl
As a result, we obtain

M? = I[(Py + Ag)(Py + Ap) — (Py + A (Py + Ay) — (P, + A)(Py + Ay) — (P3 + A3) (P + A3)]

4S [ .6A1+.0A0 1S [ _6A2+.6A3

! laxo laxl P lax3 laxz

+S [ .6A2+.6A0 +iS [ .6A3+.6A1

z laxo laxz 2 laxl lax3

04, 04, 04, d4,
85 | i i | 0S| —i i =
3 laxo laxg 3 laxz laxl
I[(Py + Ag)(Po + Ag) — (Py + A))(Py + Ay) — (P, + Ap)(Pr + Az) — (P + A3)(P3 + A3)]
rdA 04,1 rdA 0A;]
—iS, el Sl ] +5; 272 s
[0xy  0xq] [0x3  Ox;,]
rdA 04,7 rdA 0A;]
—iS, 72 7770 +5, 3
[0x,  0x;] [0x;  Ox3]
rdA 04,7 rdA 04,]
—iS, 73 770 + S, el ’]
[0x, Ox3] [0x, 0xq]
I[(Py + Ag)(Po + Ag) — (Py + A))(Py + A1) — (P, + Ap) (P, + A3) — (P + A3)(P; + A3)]

_ile()l + 51F32 - iSZFOZ + 52F13 - iS3F03 + S3F21

I[(Py + Ag)(Po + Ag) — (Py + A))(Py + A1) — (P, + Ap) (P, + A3) — (P + A3)(P; + A3)]

_iS]_Ex + S]_Bx - iSzEy + Ssz - iS3EZ + S3BZ

where

5 = d
mT 9xH

0 E, E, E

; -E, 0 -B, B,

w=|-E, B, —B,

As a result, we have the expression
M2 = I[(Py + Ag)(Po + Ag) = (Py + A (Py + Ay) — (P, + A) (P, + Ap) — (Ps + A3)(Ps + 43)] + "B
—iSTE
B" = (B,,B,,B,) = (B, B,,Bs)
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E" = (Ey Ey E,) = (Ey, Ey Es)
The matrix
M? —{S"B - iSTE} =
H{(Py + Ag)(Py + Ag) = (Py + A) (P + A1) — (P + A) (P, + Ap) — (P + A3)(P3 + A3)}
= Id?
does not change under Lorentz transformations involving any rotations and boosts.
1d? = (So(Po + Ag) = S1(Py + A1) = Sy(Py + A) — S3(Ps + A3))(So (Po + Ao) + S1(Py + Ay)
+5,(P, + Ay) + S3(Ps + A3)) — {STB — iSTE}

Taking into account the electron charge we have
X=P—-cA

1d% = (Sy(Py — eAg) — 87 (P + &)) (So(Py — eAy) + 87 (P + &) ) + e{S"B — iSTE)

Let us summarize our consideration. There is a correlation
[1d? = M? + ¢{STB — iSTE}

where
M? = (S,(P — eAg) — 87 (P — eR) ) (So(P — o) + S7(P - eA))
1d? = I{(Py — eAy)* — (P, — eA1)? — (P, — ed3)* — (P3 — eA3)*} =

1[(Py = eAo)(Py — eAy) — (B — e&) (P - eA)| =

I {(PO —eAy)? — (l_'*‘) - ex)z}

Let's analyze the obtained equality
M? = [d? — e{S"B — iS"E}

Note that the quantity d? is invariant to the Lorentz transformations irrespective of whether
the momentum and field components commute or not. To solve this equation, we have to make
additional simplifications. For example, to arrive at an equation similar to the Dirac equation, we
must equate M? with the matrix Im?, where m? is the square of the mass of a free electron. Then

Im? = Id* — e{STB — iS"E}
Id? — Im? — e{S"B — iSTE} = 0

1{(Py — eAg)? — (P~ eA) "} - Im? — efS"B - i§7E} = 0

With this substitution the generalized equation almost coincides with the equation [6, formula
(43.25)], the difference is that there is a plus sign before eSTB, and instead of iSTE there is ia’E, in
which the matrices a have the following form

' = (ay, ay,a5)
_ (0 o (0 o (0 o3
al_(0'1 0) az_(az 0) 0!3—<0_3 0)
A similar equation is given by Dirac in [7, Paragraph 76, Equation 24]; he does not use the
matrices @, only the matrices S, but the signs of the contributions of the magnetic and electric fields

are the same.
Along with the original form

M? = (So(Py — eAo) — §7(P — eR) ) (So(P, — edy) + 87 (P — eA)) = d? — e{STB - iSTE)
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it is possible to consider the form with a different order of the factors. It can be shown that this leads
to a change in the sign of the electric field contribution

M? = (So(Py — eAo) + 87(P — eR) ) (So(P, — ed,) — 87 (P — eA)) = d? — e{STB + iSE}

Since Id? unlike M?, is invariant to Lorentz transformations, it would be logical to replace it by
Im?. At least both these matrices are diagonal, and in the case of a weak field their diagonal elements
are close. Nevertheless, the approach based on the Dirac equation leads to solutions consistent with
experiment.

The matrix M? in the general case has complex elements and is not diagonal, and in the Dirac
equations instead of it is substituted the product of the unit matrix by the square of mass m?, the
physical meaning of such a substitution is not obvious. Apparently it is implied that it is the square
of the mass of a free electron. But the square of the length of the sum of the lengths of the electron
momentum vectors and the electromagnetic potential vector is not equal to the sum of the squares of
the lengths of these vectors, that is, it is not equal to the square of the mass of the electron, even if the
square of the length of the potential vector were zero. But, for example, in the case of an electrostatic
central field, even the square of the length of one potential vector is not equal to zero. Therefore, it is
difficult to find a logical justification for using the mass of a free electron in the Dirac equation in the
presence of an electromagnetic field. Due to the noted differences, the solutions of the generalized
equation can differ from the solutions arising from the Dirac equation.

In the case when there is a constant magnetic field directed along the z-axis, we can write down

1 1
A0=0 Al =_EB3xZ AZ =EB3X1 A3=0

(SoPo)? — M2 — (P — eR)' (P — eA)l — eS3B; = 0

(Sopo)2 - M? - (P, —eA;)(Py —eAD] — (P, — eA;) (P, —eAy)] —eS3B; =0

(Sopo)z —M2 —POZI —P321 —P12 - (eA1)2 —P22 - (€A2)2 + eB3(x1P2 —x2P1 +x1 P2 _x2P1) —65333
=0

Pyl — M? — Py%I — P21 — P%1 — (eA;)%] — P,*1 — (eA,)?I + eBy(x; P, — x,P;)] — eS3B; = 0

Li+1 0 0 0
I(=P" = P,* = Py = (eA))? — (edy)?) = M? —eBs| o L,+1 o |70
0 0 0 Li—1

Here (x; P, — x,P;) = L3. Only when the field is directed along the z-axis, the matrix M? is diagonal
and real because the third Pauli matrix is diagonal and real. And if the field is weak, M? can be
approximated by the m?I matrix. This is probably why it is customary to illustrate the interaction of
electron spin with the magnetic field by choosing its direction along the z-axis. In any other direction
M? is not only non-diagonal, but also complex, so that it is difficult to justify the use of m?I.

When the influence of the electromagnetic field was taken into account, no specific
characteristics of the electron were used. When deriving a similar result using the Dirac equation, it
is assumed that since the electron equation is used, the result is specific to the electron. In our case
Pauli matrices and commutation relations are used, apparently these two assumptions or only one of
them characterize the properties of the electron, distinguishing it from other particles with non-zero
masses.

The proposed equation echoes the Dirac equation, at least from it one can obtain the same
formulas for the interaction of spin and electromagnetic field as with the Dirac equation, and in the
absence of a field the proposed equation is invariant to the Lorentz transformations. In contrast, to
prove the invariance of the Dirac equation even in the absence of a field, the infinitesimal Lorentz
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transformations are used, but the invariance at finite angles of rotations and boosts is not
demonstrated. The proof of invariance of the Dirac equation is based on the claim that a combination
of rotations at finite angles can be represented as a combination of infinitesimal rotations. But this is
true only for rotations or boosts around one axis, and if there are at least two axes, this statement is
not true because of non-commutability of Pauli matrices, which are generators of rotations, so that
the exponent of the sum is not equal to the product of exponents if the sum includes generators of
rotations or boosts around different axes. By a direct check we can verify that the invariance of the
Dirac equation takes place at any combination of rotations, but only under the condition of zero
boosts, i.e., only in a rest frame of reference, any boost violates the invariance.

A test case for any theory is the model of the central electrostatic field used in the description of
the hydrogen atom, in which the components of the vector potential are zero

(So(Py — eAo) = STP)(So(Py — eAo) +S"F) = I[(Py — eAg)® — P,* — P,” — Ps’| + ieS"E
If again we equate the left part with Im?, we obtain
I[(PO - er)z - P12 - P22 - P32] — Im?+ieSTE = 0

dx, 2 0x, 3 ox3)

Introducing the notations (4, = @(r) = Q/r, P, =E, r =1/ /x12 + x, 2 + x3 %), we obtain

eQ\? 5 ) ) | . dp(r) dp(r) dp(r)\ _
1[(15 r) R i B e e B

I[(Py — eAg)? — P2 — P2 — P2 — m?] —ie <51

2
e e
1[(15—7(2) - P> — P2 —Pp% — m2]+ir—g(51x1 + Sx; +S3x3) =0

If we substitute operators acting on the wave function instead of momentum components into
the equation, we obtain a generalized analog of the relativistic Schrodinger equation, in which the
wave function has four components and changes as a spinor under Lorentz transformations. Using
the substitutions

Poﬁla P1—>—l.a—361 P2—>—l.a—x2 P?)—)—l.a—x3

the equation for the four-component wave function (¢, x, x,, x3) before all transformations has the
form

d R - 0 R -
(So (E - eAO) +ST(v- eA)) (SO (E - eAO) —-ST(v- eA)) Y+MP=0
and after transformations
{(s0(Py — e40))* - (P - eR)’1 — e§TB + ieSTE} s = My

Once again, note that the matrix M? is not diagonal and real.

All the above deductions are also valid when replacing 4x4 matrices S, by 2x2 matrices g,
since their commutative and anticommutative properties are the same. The corresponding
generalized equation is of the form

(0o(Py — eAO))2 - M?—(P-— eK)ZI —e6"B+ied"E =0

where
6" = (0y,0,,03)

and the equation for the now two-component wave function looks like
d - d -
(00 (§ - er> +67 (V- eA)) (ao (& - eAO) -o7 (V- eA)) Y+ MY =0

In deriving his equation, Dirac [7, Paragraph 74] noted that as long as we are dealing with
matrices with two rows and columns, we cannot obtain a representation of more than three
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anticommuting quantities; to represent four anticommuting quantities, he turned to matrices with
four rows and columns. In our case, however, three anticommuting matrices are sufficient, so the
wave function can also be two-component. Dirac also explains that the presence of four components
results in twice as many solutions, half of which have negative energy. In the case of a two-component
wave function, however, no negative energy solutions are obtained. Particles with negative energy
in this case also exist, but they are described by the same equation in which the signs of all four
matrices S or o are reversed.

One would seem to expect similar results from other representations of the momentum operator,
e.g., [6, formula (24.15)]

(1 0 0) 1(0 1 0) 1(0 —i o> (1 0 0)
wo=[0 1 0) wy=—=(1 0 1] w,=—(i 0 —-i] w;=(0 0 0
00 1 VZ\o 1 o VZ\o i o 00 -1

under the assumption that this representation can describe a particle with spin one. But this
expectation is not justified, since the last three matrices do not anticommutate, and therefore the
quadratic form constructed on their basis is not invariant under Lorentz transformations.

If one consistently adheres to the Heisenberg approach and does not involve the notion of wave
function, it is not very clear how to search for solutions of the presented equations. The Schrodinger
approach with finding the eigenvalues of the M?matrix and their corresponding eigenfunctions can
help here.

(S0P — eAp))’ = (B — eK)"I - e8B + ie§TE} w = M?

In the left-hand side are the operators acting on the wave function, and in the right-hand side is
a constant matrix on which the wave function is simply multiplied. This equality must be satisfied
for all values of the four-dimensional coordinates (t,x;,,,x;) atonce. Then M? isnot fixed but can
take a set of possible values, finding all these values is the goal of solving the equation.

Thus, we have arrived at an equation containing a matrix M? which is non-diagonal, complex
and in general depends on the coordinates (t,x;, x,, x3). After the standard procedure of separating
the time and space variables, we can go to a stationary equation in which there will be no time
dependence, but the dependence the matrix M? on the coordinates will remain. It is possible to
ignore the dependence of M? on the coordinates and its non-diagonality and simply replace this
matrix by a unit matrix with a coefficient in the form of the square of the free electron mass. Then the
equation will give solutions coinciding with those of the Dirac equation. But this solution can be
considered only approximate and the question remains how far we depart from strict adherence to
the principle of invariance with respect to Lorentz transformations and how far we deviate from the
hypothetical true solution, which is fully consistent with this principle. To find this solution, we need
to approach this equation without simplifying assumptions and look for a set of solutions, each of
which represents an eigenvalue matrix M? of arbitrary form and its corresponding four-component
eigenfunction.

Let us return to the question of Lorentz invariance of the expression

(50X0 - SIXI - 52X2 - S3X3)(50X0 + 51X1 + SzXz + S3X3) = M2

As it was noted, this expression does not change at rotations and boosts in Minkowski space only if
the components of (X,, X1, X, X3) commute with each other. If they do not commute, the matrix M?
changes under Lorentz transformations. Two parts can be distinguished in this matrix
1‘42 = (X()XO - X1X1 - X2X2 - X3X3)I +
SI(XOXI - X1X0) + iSl(X3X2 - XZXS) +
52 (XOXZ - XZXO) + 1'52 (X1X3 - X3X1) +
S3(XoX3 — X3Xo) +iS3(X2 X1 — X1X3)
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The first row represents the unit matrix multiplied by a value that still does not change under Lorentz
transformations. All changes occur in the last three rows. In the particular case of electrodynamics,
we have
M2 = 1((Po + A0)(Py + Ag) = (P + A (Py + Ay) = (Po + A2) (P, + A3) = (Ps + A3) (Ps + 43))

+81((Po + Ap)(Py + A1) — (Py + A)(Py + Ag)) + Sy ((Ps + A3) (P, + Ay) — (P, + 4;)(Ps + 43))

+85((Py + Ag)(Py + Ag) — (Py + A3)(Py + Ag)) + iS,((Py + A)(Ps + A3) — (P53 + A3) (P + Ay))

+83((Py + Ag)(P3 + A3) — (Ps + A3)(Py + Ag)) + iS3((P, + A2) (Py + Ay) — (P + A (P, + Ay))
Here the first line is invariant, but the last three are not. The only way to ensure complete invariance
of M? is to require these three lines to be zero. Let us again consider the commutation relations, but
now we will not assume that the momentum components commute with each other, only the
potential components still commute with each other. Now we can write the relations of the form

((Po +A4p)(Py +A4;) — (P +A)(Py + Ao)) =
(PoPy — P1Py) + (PoAy — A1 Py) — (P1Ag — AoPy) + (AoAy — Ay4) =
op 04 ( . 6A0)

———i—— |-
dx, 0xg Jdxy

? . e .
Such values as f always enter M? asa sum with the component of the field, in this case the electric
0

one
0P 0A 0A 0P.
1 ( 1 0) 1 Ex

ax,  \dx, 0x) 0%,

If we formally define a new value

V,=—
T m
and suppose that m does not change at rotations and boosts, and we also take into account the
presence of charge at the electron, we can require for this and all other similar sums the fulfilment of
the condition
oV,

m
d0xg

+eE, =0

The value V; can be regarded as a component of velocity, and velocity not in the usual sense, as a
derivative of the spatial coordinate by time, but simply as a component of momentum divided by the
inertial mass m. Then the above equality can be interpreted in the spirit of Newton's law, namely,
that the acceleration multiplied by the mass is equal to the force acting on the side of the electric field.
If all such equalities are fulfilled, only the first line will remain in the quantity M?, and it will be
invariant under Lorentz transformations. It is possible to go further, and to assume equality of the
masses appearing here, namely

M? = Im?
As a result, we obtain a system of equations
(Py + eAg)(Py + eAg) — (Py + eA)(Py + eAy) — (Py + eAy) (P, + eAy) — (Ps + eA3)(P; + ed3) = m?
PP, — PP, + e(d,A, — 0,A,) = 0,P, + (9,4, — 0,4,) =0

In the general case it is necessary to take into account in the equations an external force, e.g. of
mechanical nature, defined at each point of the coordinate space. The equations then have the form

0,P, + f,y + (0,4, —0,4,) =0

The external force is taken as given, and the acceleration and field are mutually adjusted to nullify
the right-hand side. This is true for a charge in an electric field that is fixed stationary, for an electric
generator, for an electric motor, and so on.
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It is the fulfilment of these equations that causes the mass M? and m? to acquire the properties
we tend to expect of it, namely that the mass is not only invariant under Lorentz transformations, but
does not change under accelerations either.

We can introduce tensor notations

Gy +eF, =0
where
Gy = B,P, —P,B, = —0,P,

0 PoP, — PPy PyP, — PPy PyP; — P3P,
¢ [ PPo—PoPy 0 P,P, — P,P; P,P;— P3P,
w =\ PPy — PP, P,P, — PP, 0 P,P; — PP,
P;Py — PyP; P3P, — PPy  PyP, — P,Ps 0
0 —0pP, —3oP, —0yPs
c P, 0 —0,P, —0,Py

d - aopz alpz 0 _62P3
0oP;  04P; 0,P; 0

The resulting system of equations describes not only uniform but also accelerated motion. The
presence of an external field leads to a change in momentum, and vice versa, any change in
momentum under the influence of an external force perturbs the potential and generates an
electromagnetic field.

For quantum mechanics we can replace the momentum components in all equations by the
derivative operators

P0—>la—xo P1—>—l.a—361 PZ—)_ia_xz P3—)—l'a—x3

This also applies to equations from the second group, where mixed derivatives arise

PP+
o
wv 0x, 0x,

As aresult, we obtain for the wave function a system of equations with second order derivatives,
the innovation compared to the commonly used equations is the presence in the equations of mixed
derivatives on all components of the coordinate vector.

The equations proposed here initially take into account the non-commutability of momentum
components, their derivation relies only on the unconditional fulfilment (even in coupled systems)
of the requirement of invariance to Lorentz transformations for the product of conjugate quaternions
with arbitrary coefficients

(50X0 - S]_Xl - 52X2 - S3X3)(50X0 + S]_Xl + SZXZ + S3X3) = M2

Putting all equations together, we write a truly relativistic system of equations for the spinor

W (xg, X1, X2, X3)

0 . 0 -
o (——eA0>+3'T(V—eA) oo (——eAO)—(_r’T(V—eA) PY+MPp=0
axg axo
S(aa C”‘3)+'((?f1+(3f1) =0 k=123
K\\0x, 0x,  9x;, 9x, e dx, 0 ox, ° b= o
Y (LA PO IR P
! 0x30x, 0x, 0x5 e Ox; 2 0x, v=

(-2 ) (- La ) o
2 0xq 0x3 0x30x; e dx, 2 Oxg b=
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d 0 0o 0 . ] 0
5, ((a_a_ Yo a_xlAz)) =0

This system is a generalization of the relativistic Schrédinger equation. The essence of the
generalization consists not only in taking into account the spin of the electron, which takes place
already in the Dirac equation, but also takes into account the non-commutability of the momentum
components. It can be assumed that the solutions of this generalized system will give exact values for
stationary electron energy levels in the atom, for which no radiative corrections will be needed.

The conditions expressed by additional strings of our equations may be too strong, since they
require that each pair of brackets with derivatives is zero. But invariance can also be achieved with a
weaker requirement that only their sum as a whole is zero. That is, each pair of brackets can deviate
from zero; the main thing is that these deviations are compensated in the total sum. This can work
both in classical and quantum mechanics. A hint on the validity of this approach is given by
Maxwell's equations, in which conditions are imposed not on individual derivatives, but on their
sums. In addition, it is intuitively clear that the components having similarity to velocity should be
considered in the sum in order not to depend on the rotations of the coordinate system.

If not to substitute the coordinate derivative instead of the momentum component and to remain
in the framework of classical physics, the system of equations

(Po + eAg)? — (Py + eA;)? — (P, +edy)? — (Ps + eA3)* =m?
o,P, + e(auAv — avAu) =0

describes the motion of a macroscopic charged particle in the presence of an electromagnetic field.
By means of the antisymmetric Levy-Civita symbol we transform antisymmetric tensors into
dual tensors

Fr = %swp%;,cr Gw = %eﬂw"fcp(,

and we use Maxwell's equations written in compact form
0,F" =¥ 0,F* =0
Let us apply the derivative operator to our proposed equations
9,6 +ed,F* =0  9,G* +ed,F* =0
then taking into account Maxwell's equations, we obtain
9,6 =0
9,G* +ej' =0
9,0"P +ej’ =0

These formulas describe the behavior of field and charge that results from their mutual influence.

If in the presence of an arbitrary potential there is no particle in the moving point, then our
equations are the homogeneous Maxwell equations for an arbitrarily moving point. If a charge is
placed in the point, we obtain inhomogeneous equations for an arbitrarily moving charge. Let us
assume that the current is proportional to the momentum

e

ejV = EPV

e
9,0*PY +—PY =0
m

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025 doi:10.20944/preprints202401.1032.v8

13 of 117

The resulting equation resembles the equation of an oscillator. It is possible to additionally take into
account the influence of an external force.

e
0,(0"PY + fin) + —P" =0

Let us clarify our understanding of the interaction between the electromagnetic field and the
momentum of a charged particle.

The charged particle creates in the surrounding space lagging potentials and fields, which
depend on the nature of its movement - it is motionless, moves evenly or accelerated. In any case, we
are talking about the field at points not coinciding with the location of the particle itself. It's another
thing when we look at a field where the charged particle is. If there is an external electromagnetic
field at this point, the charge interacts with it and moves with acceleration, while the required
equality of the derivatives of the momentum and potential at the point where the charge is located is
observed, no additional field is created.

If the particle is additionally accelerated or slowed under the influence of external mechanical
force, then an additional field, either amplifying or attenuating it, arises to comply with the required
equality of derivatives. This additional field under some special conditions can be a source of
electromagnetic waves, which is the solution of a heterogeneous wave equation in the right part of
which as a source is just this additional field. But if an additional field at the point of a particle is
created at any acceleration of its external force, for example, it takes place in an electrical generator,
and then the radiation waves do not generally occur. To generate waves, the field at the point of the
particle’s presence must be variable, that is, its first derivative must be different from zero, for
example, in time, which corresponds to the second derivative of potential. So there must be different
from zero also a second derivative of the momentum of the particle, that is, a derivative of
acceleration, which is sometimes called a jerk. The fields in these waves have a different origin than
that inherent in the moving particle of the changing field of lagging potentials. Thus, in the vicinity
of a charged particle there is a superposition of three types of electromagnetic fields, if you take into
account the external field. Let us emphasize that the creation of electromotive force in an electric
generator is not a field in the vicinity of the particle, but at the point of its location. Finally, when we
mentioned the analog of the oscillator equation, we were talking about the interaction of the
momentum of a charged particle with the field created at its location by its own accelerated motion.

Note that the expression

G teF, =0
0 —0,P; —0,P, —0oP;3 0 E  E E
0Py 0 PP, — P,P; P;P; — P3P, +e —E, 0 —B, By =0
60P2 P2P1_P1P2 0 P2P3_P3P2 _Ey BZ 0 —Bx -
60P3 P3P1_P1P3 P3P2_P2P3 0 _EZ _By Bx 0

illustrates the possibility of controlling parameters, such as an electron for quantum computing. The
first line of the matrix shows that the pulse of the electric field along the x-axis changes the component
x of the particle momentum, that is, produces a boost along this axis. After this you can run a boost
along the y-axis, then a boost along the x-axis in the opposite direction and also a boost along the y-
axis, also in the opposite direction

exp (%ﬁlsl) exp (% 3252) exp (_ %3151) exp (_ %.3252)

F exp (% 3151) exp (%.[)’252) exp (_ %.3252) exp (‘ %.3151) #1

Since the boosts on different axes do not commute, this sequence of boosts leads to a rotation, so the
particle will rotate at some angle around the z-axis. Incidentally, we note that the commutator of any
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pair of boosts and/or rotations with different matrices S; and S; is equal to a matrix S, different
from them with some real or imaginary coefficient C, for example

1 1 1 1
exp (5 5151) exp (— 5“252) — exp (— 5“252) exp (E 3151) =CS;

Thus, with the help of a sequence of electrical impulses we can precisely turn the electron at
arbitrary angles around any axes. But we have three more components of the magnetic field standing
in the same positions of the Maxwell tensor as the derivatives of the pulse, if some of its components
are substituted by derivatives.

0 —0oP; —0yP, —0yP;
0o Py 0 0P, —0,P; 0,P; — 03P,
0oP, 0,P; — 0P, 0 0,P; — 03P,
00P; 03P —0,P; 03P, —0,P; 0
0 E, E, E,
_ —Ex 0 0,4, — 0,4, 0,45 — 054,
Tl -k, 0,4, - 0,4, 0 0,45 — 854,
—E, 03A;—0,4; 03A; — 0,4, 0

The magnetic field on the right-hand side of the equality is the curl of the electromagnetic potential,
and the corresponding positions in the tensor on the left can be interpreted as the curl of the
momentum, describing the internal rotations of the particle. The presence of a curl in the
electromagnetic potential leads to the appearance of a curl in the charged particle momentum. And
conversely, due to the presence of a momentum curl in a large number of charged particles, for
example, in a magnetosphere, there is a constant magnetic field.

Here we have Newton’s law already for rotations, that is the impulse of the magnetic field
directly performs the rotation of the electron around the corresponding axis. While the pulse of the
magnetic field rotates a particle at a fixed angle, the constant magnetic field rotates it at a constant
speed. In a quantum computer, you can use both precise control of the rotation angle of a particle by
an electric or magnetic field, and simplified control of its constant rotation by means of a magnetic
field. With the combination of four electrical pulses described above, it is also possible to change the
direction of rotation of the particle, and even to stop the rotation, for example to demagnetize a
permanent magnet. Because Newton’'s law works in both directions, by means of electrical or
magnetic pulses it is possible not only to initialize the state of the particle, but also to read the
parameters of this state after performing manipulations in a quantum computer.

Let us consider the matrix

D= (50X0 - 51X1 - SZXZ - S3X3)(50Y0 + S]_Yl + 52Y2 + S3Y3)
which includes sets of arbitrary complex numbers
X" = (Xo, X1, X2, X3)
YT = (Y, 1, Y5, Ys)
Let us subject these sets of complex numbers to the Lorentz transformation
X' =4X Y =AY
In this case, the matrix @ has invariant trace proportional to the scalar product of vectors

Tr[(SOXOI - Slxll - SZXZI - S3X3’)(SOYO’ + Slyll + SZYZI + SSYSI)] =

TT[(SOXO - Sle - SzXz - S3X3)(50Y0 + Slyl + Szy + S3Y3)] = 4XTgY

1.0 0 0
(0o -1 o0 o
8=lo0o 0o -1 o

0 0 0 -1
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Having made the same calculations that were made earlier, it is possible to check that

D = (SoXo — 51X1 — S, X, — S3X3)(SoYo + S111 + 5,Y, + S3Y3) =
(XoYo — X1¥; — XY, — X5¥3)1 +
S1(Xo¥1 — X1Yo) +iS:(X3Y, — Xp¥3) +
Sy (XoYz — X,Y0) + i8S, (X1 Y3 — X3Y1) +
S3(Xo¥s — X3Yp) +iS3(X2Y; — X, 13)
Let us consider a special case of the phase of a plane wave in Minkowski space in the presence
of an electromagnetic potential
o =
(Soxo — S1x1 — Spx5 — S3x3)(So(P0 +Ap) + S (P +Ay) + S,(P, + Ay) + 55(P; + A3)) =
(x0(Po + Ag) = x1(Py + Ay) = x5(Py + 43) — x3(P5 + 43))1 +
S1(xo(Py + A1) — x1(Po + Ag)) + iS; (x3 (P, + Az) — x,(Ps + 43)) +
Sy (x0(Py + Ag) = x2(Py + Ag)) + S, (x1(P3 + A3) — x5(Py + Ap)) +
53(x0(P3 + A3) —x3(Pp + Ao)) + iS3(x2(P1 +A4;) —x, (P, + Az))
We again apply the principle of absolute invariance and proceed from the assumption that the trace
@ must be invariant to the Lorentz transformations even in the presence of the field. The first line

satisfies this condition, and the trace of the other three must be equated to zero, which leads to the
equations for the momentum components. Let us perform the substitutions

P0—>i60 P1_>_ial P2_>_i62 P3_>_ia3

3
Z Sk((xoak + xkao) + ie(onk - xkAo))
k=1
Tr +51((X362 - xZas) + ie(X3A2 - x2A3)) lIJ = 0
+52((x163 - X361) + ie(x1A3 - X3A1))
+S3((x261 - xlaz) + ie(szl - xlAz))
We have obtained the equations for the wave function, which, together with the equations

(ao (i — eA0> + ET(V — eK)) (ao (aixo — er) — E’T(V - eK)) P+MPp=0

Jdx,
Se(( 890y — 0;00) + ie(BpAy + 0 A))P =0 k=1.3
S1((—830, + 0,05) + ie(—934, + 0,43))P = 0
S,((=0,05 + 930,) + ie(—8, 45 + 954, )P =0
S3((—8,0; + 0,0,) + ie(—0,4; + 8;4,))P =0

form a complete system that describes a charged quantum particle in the presence of an
electromagnetic field.

For the system with mixed derivatives we have applied the most stringent requirements
possible, equating to zero each of the expressions with matrices S,. But invariance can also be
achieved with less stringent requirements

( ((i8 + A)(—idy + Ay) — (—id, + A1) (i0y + Ay)) )
"\ 4i((=i0; + A3) (=i, + Ay) — (=id, + Ap)(—id5 + A3))

<
Il
)

<
Il
<)

( (10 + Ag)(—id, + A) — (=i, + A3)(i0, + Ay)) )
2\+i((=idy + A (=03 + As) — (=id5 + A3)(—id; + 4,))

0

( ((i8y + Ag)(—id3 + A3) — (—id5 + A3)(i0, + Ay)) )lll
3

+i((=i; + A)(—idy + Ay) — (—i0; + A1) (=i, + Ay))
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Let us conclude this section by formulating the essence of the proposed approach. For each point
of Minkowski space we have equations arising from the requirement of invariance of mass to Lorentz
transformations and to changes of momentum (simply speaking, to accelerations). They reduce to the
equality to zero of the set of differences between the derivatives of momentum and the derivatives
of some potential field with possible addition of an external force. In the conventional sense, these
are the equations of motion. If we want to obtain a complete picture of the behavior of the system in
the form of a trajectory in coordinate space, we must choose such a trajectory at each point of which
the equations of motion are satisfied. To do this, we have to integrate the mentioned differences over
some measure and choose the trajectory with the minimum of the integral. But we should not simplify
this approach by singling out one of the coordinates, for example, time, and using it as a measure of
integration. This is exactly what happens in Hamilton's principle of least action or in Feynman's
functional integration. Time is just one of the four coordinates in the scalar product of the coordinate
and momentum vectors in Minkowski space, which product is the phase of a plane wave. The
product of time over energy cannot be taken out from under the sign of the exponent in a plane wave
because energy and momentum components do not commute. The points of the trajectory must be
labelled by the total phase, not by time. In a sense, we can say that in formulating the principle of
least action, we must return from Hamilton's interpretation to that of Maupertuis. Formulating more
precisely - Hamilton integrates over the temporal part of the phase and Maupertuis over its spatial
part, instead it is proposed to integrate over the total phase, which is invariant with respect to Lorentz
transformations, which cannot be said, for example, about time.

It is imperative to emphasize that the equations of motion were not obtained from the principle
of least action; rather, they were derived from the requirement of invariance of mass to Lorentz
transformations and its invariance to accelerations.

Let us formulate the phase and mass invariance requirement in a more general form using the
metric tensor of the flat Minkowski space

d) = (50X0 - Sle - SZXZ - 83X3)(S()P0 + Slpl + SZPZ + S3P3)

10 0 0 Xo 100 0 /P
=G| G 0 G x s (5 0 §)| A )
0 0 0 -1/\Xg 0 0 0 1/ \P
= (Su8" X)) (SpIP7Fy)
Tr[(S.8""X,)(S,17°F,)] = 4X"gP
M? = (SyPy — S1P; — S,P, — S3P3)(SoPy + S1 Py + S,P, + S3P;) =
1 0 0 0 Py 1.0 0 0\ /P
T (M R | DA [CCEAES A S S DA
0 0 0 -1/\p, 0 0 0 1/ \P,

= (Suglwpv)(splpapa) = (PTgP)I

Tr[(S.g"'P,)(S,1°P,)] = 4P"gP

Let us note an important difference. In the absence of an external field the matrix M?is diagonal
and invariant to Lorentz transformations, while the matrix @ is not diagonal even in the absence of
an external field and it changes under Lorentz transformations. However, its trace is invariant and
equal to four invariant phases. So we can formulate the general principle as a requirement that at
addition of an external field the trace of matrices in both cases remains invariant to Lorentz
transformations.

If we replace the metric tensor of the Minkowski space by the metric tensor of the space curved
by the action of gravitation of the general theory of relativity, will the phase and mass remain
invariant to the Lorentz transformations? Since the curvature of space is caused only by the action of
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external masses, we can assume that the invariance principle is absolute. Then we have at our
disposal the equations imposing restrictions on the metric of curved space.
The matrix may be rewritten in another form

3 3
(Mz)uv = Z gaﬁ1y5 (Sa)up (Sy)pvPBP6 = Z gaﬁlys(sa)up (Sy)vaﬁS
p=0 p=0
where
Tﬁ5 = PﬁP5

has the meaning of the energy-momentum tensor. However, in this form it is not very clear how to
add the external field carefully. Earlier we added a vector field to the momentum vector, but perhaps
it makes sense to add at once some tensor field to the momentum-energy tensor. The tensor of this
field may have a more general form than the direct product of the sums of the electromagnetic
potential vector and the momentum vector. In this context the question arises whether it is possible
in this way to take into account the influence of the gravitational field, which is described by a tensor,
while requiring the conservation of mass invariance.
Let’s go back to our equation

PP, — PP, + e(9,A, — 0,A,) = ,P, + (9,4, — 9,4,) =0

and look at it from a different point of view, taking into account the correspondence of the
momentum component and the derivatives according to the coordinates

. a .10 . Y . -2 . +173
P0—>la—xo=la P1—>—la—x1 =—id P2—>—la—x2=—la P3—>—la—x3=—la

or, when using covariant derivatives instead of contravariant derivatives
Py—>idy, P —i0; P,—-id0, P;—ils
Then the previously obtained condition of absolute mass invariance will have the form
9,0, — 0,0, +e(9,4, —8,4,) =0
Add the vector field A, to the covariant derivative
V,.=0,+4,
and find the commutator component of a covariant derivative acting on the scalar field ¢
V.%o =A4,0,0 +A,A,¢ +0,0,0 +0,A,0 + A,0,¢
MRS Ava#q; +A,4,0+ 6v6#<p + avA,L(p + Auavq)
[Vw Vv](p =V%e -V, = 0,0, — 0,0, + 0, A,p — 0, A,

The commutator coincides exactly with the left part of our equation, providing absolute mass
invariance. Thus, in order for mass to be invariant, it is necessary that the covariant derivative
containing the vector field and acting on the scalar field has a zero commutator of its components.
This condition determines the equation of motion of a charged particle in an electromagnetic field,
and the commutator of the derivative includes a Maxwell tensor containing components of the
electromagnetic field voltage. This principle of commutability of a covariant derivative works as in

the classical interpretation for changing under the influence of the momentum force of a charged
particle

PP, — PP, + e(9,A, — 0,A,) = 9,P, + e(9,A, — 9,4,) =0

is the same in quantum interpretation when the scalar field ¢ is a scalar wave function, and the
operator equation of motion is an additional condition for the Schrédinger equation.
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It is sometimes assumed that the components of the ordinary derivative and the corresponding
components of the momentum are switched between each other. If this were true, then the
components of the momentum, for example, could not change over time, that is, the particle could
not accelerate, because the derivative of the momentum in time is equal to the momentum
commutator with the energy operator. In fact, the components of a generalized derivative that is
obtained after adding a compensating field are commutated. It is the addition of this field that
provides commutability of the derivative and mass invariance.

Extend the formulated principle to the gravitational field, for which we define a covariant
derivative including affine connectivity (affine connection) I3’ and active on vector field ®“

V,®° = 0,8% + [,z dF

Use familiar expressions to find the commutator of a covariant derivative
V. %,®° = 0,0,9° + 0,1, °®Y + I,,°0,dY + I,,70,9" + I, °I, s ®F — I,V 8,0° — I," I,z dF

%V,®° = 8,0,9° + 0,1, °®Y + I,,°0,9Y + I, 70,07 + I, ° I, ;Y &F — I,V 0, % — I, I, s  dF

[Vw VV]‘DG = (auav - avau)qbd +
O (Ol ® = 0Ty + [Ty = D"l ”) = 2" (8,87 + I7 )
[V W ]@° = (8,0, — 0,0,)®% + R%),, @ + T, V;,@°
Here used designations: torsion tensor
Tw' =2l =LY — L,
and Riemann tensor

Ry = 0,6,° = 0,1, 7 + ruﬁdniyﬁ - R/Bdrwﬁ

which plays the role of a gravitational field strength.
According to the proposed principle, components of a covariant derivative must commute, so

(8,0, — 8,0,)P7 + R, @7 + T,,Y (8,®° + I3 ®F) = 0

In the interpretation of quantum mechanics we have obtained an operator equation for the vector
wave function @°. In the classical interpretation, it is necessary to replace the components of the
operator derivative with the components of momentum, which in this case must have two indices,
that is to say, be in some sense energy - momentum tensor

i0,9° > B
(PFPY — PIPS)®% + Ry @Y + T,V (B + L,3°®F) =0

Again, let us consider that the commutator of the coordinate function and the operator of the
momentum is equal to a derivative of this function according to the corresponding coordinate

BPPJ — BPB] = —0,P7

0,PY®% + R, @ + T,  (BY 7 + [,,5°F) = 0

~9,P7®° =R,

@Y + T,V (B D + I,5°DF)

In the left part there is a derivative momentum, in particular, for the time coordinate it gives
acceleration, and in the right part the force of gravity that causes this acceleration. This expression is
an analogue of Newton’s law and represents the equation of motion when a particle interacts with
the gravitational field, the tension of which is described by Riemann’s tensor. Unlike the case of the
electromagnetic field, in the right part there is also a component of the momentum that is Newton’s
law contains non-linearity. The formula works in the opposite direction. If the particle is exposed to
external influences, such as electromagnetic nature, then it accelerates, so at this point an additional
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gravitational field is created that adds to the external one. If the second derivative of the momentum
is not zero, the source appears in the right part of some wave equation. Then gravitational waves are
generated.

Similarly, as the equation of motion of a charged particle is an addition to the Schrodinger
equation that includes mass, so the equation of motion of particles in a gravitational field is an
addition to some equation that also includes mass. Suppose that in the case of gravity this equation
has the following form, including a diagonal matrix with a square mass on the diagonal

(9"V,V, + M*)®° =0

The invariance of this mass to changes in the momentum is provided precisely by meeting the
commutability requirement of the generalized covariant derivative.

Strong and weak interaction theories also use covariant derivatives with corresponding
compensating fields. It is logical to extend to them the principle of the vanishing commutator of
covariant derivatives. Then we will get the equations of motion for these theories not on the basis of
the principle of least action, but ultimately on the basis of the requirement of absolute mass
invariance.

3. Equation for the Spinor Coordinates Space
Let us consider the set of arbitrary complex numbers, for simplicity we will call it a vector
XT = (%%, %, %)
and let us consider arbitrary four-component complex spinors

P" = (Do, P1, P2/ P3)
x1T = (31,21, x1,,x13)
x2T = (x2¢,%321,%2,,%23)
Among all possible vectors, let us select a set of such vectors for which there is a representation of
components through arbitrary complex spinors

1 t
%# = Exl S#xz
and there is another way to calculate them
1 t
X, = ETr[xle Sul

Let's narrow this space to the Minkowski space, for what further we will assume both spinors to
be identical, then the vector constructed from them

PT = (Py, Py, P, P3)

has real components, and we will assume that this is the electron momentum vector constructed from
the complex momentum spinor p

Consider the complex quantity

0 1 0 0y /% X
_ 1.0 0 0)\[x —x
%) =P Zuux = @o.p1 P22 5 o0 o 1llx = @ pupapd| g
0 0 -1 0/ \x3 —X2

= PoX1 — D1Xo T P2X3 — D3X;
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where we introduce one more complex spinor, which in the future we will give the meaning of the
complex coordinate spinor

xT = (o, X1, %2, X3)

and
0 1 0 0
_(on OY_([-1 0 0 O (0 1
EMM_(O oM)‘ 0 0 0 1 ”M‘(_1 0)
0 0 -1 0

Coordinate vector of the four-dimensional Minkowski space
X" = (Xo, X1, X2, X3)
is obtained from the coordinate spinor by the same formulas

1 t
X# =Ex Sux

1 t
X, = ETr[xx Sul

Thus, the vector in the Minkowski space is not a set of four arbitrary real numbers, but only such
that are the specified bilinear combinations of components of completely arbitrary complex spinor

Xo = E(x_oxo + X% + X%, + X3x3)

1
X = E(%M + X1x0 + X3x3 + X3X3)

1
X, = E(—lx_ox1 + X% — iXgzx3 + iX3x;)

X3 = %(x_oxo — X1X1 + XX — X3X3)

Accordingly, the components of the vector in Minkowski space are interdependent, from this
dependence automatically follow the relations of the special theory of relativity between space and
time. For the same reason, the coordinates of Minkowski space cannot serve as independent variables
in the equations. From the commutative properties of S, matrices, which are generators of
rotations and boosts with respect to which the length of vectors is invariant, quantum mechanics
automatically follows. Indeed, the commutation relations between the components of momenta are
related to the noncommutativity of rotations in some way, and from them the commutation relations
between the components of coordinates and momenta are directly deduced. And from these relations
the differential equations are derived.

And since we do not doubt the truth of the theory of relativity and quantum mechanics, we
cannot doubt the reality of spinor space, which by means of the simplest arithmetic operations
generates our space and time.

The quantity p’Zyyx is invariant under the Lorentz transformation simultaneously applied to
the momentum and coordinate spinor, which automatically transforms both corresponding vectors
as well

p'=Np
1 1 1 IT
P u= zTT[p P Sﬂ]

! 1 IT I
Pu =zp Sup

P' = AP

x' = Nx
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' 1 11T
XﬁzzTr[xx Sul

! 1 l'r !
Xu =§x Sux
X' =/AX

This quantity does not change for any combination of rotations and boosts

p,TZMMX, = p"Zyux
Accordingly, the exponent
exp(p” ZyuX) = exp(PoXx; — P1Xo + P2X3 — P3X2)
characterizes the propagation process of a plane wave in spinor space with phase invariant to Lorentz
transformations.
Let us apply the differential operator to the spinor analog of a plane wave
0o 0 d 0
(—— - ——> exp(PoXy — P1Xo + P2X3 — P3X2)
= (Po(—p3) — (—=P1)p2) exp(Pox1 — P1Xo + P2X3 — P3Xz) =
= (p1P2 — Pop3) exp(PoX1 — P1Xo + PaX3 — P3X2)
Applying this operator at another definition of the phase gives the same eigenvalue
0o 0 0o 0
(6—9&@ - 6_3606_363> exp(pPoXo + P1X1 + DaXz + P3xs) = (P1P2 — PoPs) exp(PoXo + P1X1 + D2Xz + P3xs)
that is, two different eigenfunctions correspond to this eigenvalue, but in the second case the phase
in the exponent is not invariant with respect to the Lorentz transformation, so we will use the first
definition.
Since

(Po,p)" and (pz,p3)"
are complex spinors, which, under the transformation

p=np=(7 J)p

is affected by the same matrix n, then the complex quantity

m = p1P2 — PoP3
is invariant under the action on the momentum spinor p of the transformation N. m is an
eigenvalue of the differential operator, and the plane wave is the corresponding m eigenfunction,
which is a solution of the equation

Jd 0 a 0
(__ - a_xoa_x3)lp(xm X1, X2, X3) = mYP(Xo, X1, X2, X3)

0x, 0x,
Here ¥(x¢,x1,x,,%3) denotes the complex function of complex spinor coordinates.

When substantiating the Schrédinger equation for a plane wave in four-dimensional vector
space, an assumption is made (further confirmed in the experiment) about its applicability to an
arbitrary wave function. Let us make a similar assumption about the applicability of the reduced
spinor equation to an arbitrary function of spinor coordinates, that is, we will consider this equation
as universal and valid for all physical processes.

Let us clarify that by the derivative on a complex variable from a complex function we here
understand the derivative from an arbitrary stepped complex function using the formula that is valid

at least for any integer degrees

az*
— = kzF1
0z

In particular, this is true for the exponential function, which is an infinite power series.
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It is very important to emphasize that we consider the complex variable and the variable
conjugate to it to be independent, so when finding the derivative of a complex variable from some
function, we treat all the quantities which are conjugate to our variable and which are included in
this function, as ordinary constants.

It is not by chance that we denote the eigenvalue by the symbol m, because if we form the
momentum vector from the momentum spinor p included in the expression for the plane wave

1 t
PMZEP Sup

then for the square of its length the following equality will be satisfied
P02_P12_P22_P32 =TTlm=m2
That is the square of the modulus m has the sense of the square of the mass of a free particle, which
is described by a plane wave in spinor space as well as by a plane wave in vector space. For the
momentum spinor of a fermionic type particle having in the rest frame the following form
P’ = (Po, P1,P1, —Po)
quantity
M = Pp1P2 — PoPs = P1P1 + PoPo

is real and not equal to zero, and for the bosonic-type momentum spinor having in the rest frame the
following form

p" = (Po, P1,Po, P1)
it is zero

m = p;P, — PoP3 = P1Po — PoP1 = 0

i.e., the boson satisfies the plane wave equation in spinor space with zero eigenvalue.
For the momentum spinor of a fermion-type particle we can consider another form in the rest
system

pT = (pOI P1, _Et %)

then the mass will be real and negative

m = piP, — PoP3z = —P1P1 — PoPo

This particle with negative mass can be treated as an antiparticle, and in the rest frame its energy is
equal to its mass modulo, but it is always positive

1 1 1
Py = EPTSOP = E(%Po + p1ip1 + (—p1) (—P1) + PoDo) = > (Popo + P11 + P1P1 + PoPo)

To describe the behavior of an electron in the presence of an external electromagnetic field, it is
common practice to add the electromagnetic potential vector to its momentum vector. We use the
same approach at the spinor level and to each component of the momentum spinor of the electron
we add the corresponding component of the electromagnetic potential spinor. For simplicity, the
electron charge is equal to unity.

Further we need an expression for the commutation relation between the components of the
momentum spinor, to which is added the corresponding component of the electromagnetic potential
spinor, which is a function of the spinor coordinates

(po + ao(x1:x2))(p1 + a1(x1'x2)) - (P1 + a1(x1:x2))(po + ao(xpxz))

Let us replace the momenta by differential operators
d d 0 0
- — - —— - — - ——
Po 0x4 P 0xg P2 dx3 P3 0x;

and find the commutation relation
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d a
{(0_361 + ao (X9, X1, X2, x3)> <_ a_xo + a1 (xg, X1, X7, x3)>

0 0
- <_ FPR + a; (%9, X1, X3, x3)> <— + ao((xo; X1, X2, xs)))} PY(xo, X1, X2, X3)
0

0xq

0 (@) ay 4 a ay
- axl allp a’O axO axo (aolp) al axl
_0ay N a Y Odag P oY 0day da,
C0x; % dx, %o dx, 0xg Go dx, % ox, 0x, dx,

da, (xg, X1, X2, X3) n 0ay(xg, X1, X3, X3)
dx, dx,

} Y (xg, X1, X2, X3)

Thus
da, 0da,
(Po + ao)(p1 + a1) — (p1 + a)) (o + o) = %, + %,
Let us apply the proposed equation to analyze the wave function of the electron in a centrally
symmetric electric field, this model is used to describe the hydrogen-like atom. For the components

of the vector potential of a centrally symmetric electric field it is true that

1 1 _ _ _ 1
AO = _aTSOa = _(aoao + aaq + a,a, + a3a3) = —
2 2 R
1 1 _ - -
A1 = Eafsla = E(aoal + a;ag + a,as + a3a2) =0

1 1
A, = Eaﬁsz:an = E(—ia—oa1 + iaja, — iaya; + iaza,) = 0

1
Az = 53T53a = E(a_oao —aa; + aza; —azaz) =0

agag + a,a, = a;a, + azas

1
apay + aza; = R

a_0a1 + a_2a3 = a_lao + a_3a2

1
E(a_och +@a0 + @ya3 + a3a;) = AQoay +azaz =0

a_0a1 = _a_2a3
@ = ia;
apg = —la,

1
Toay + aza, = ia, * (—iay) + aza, = 2a,a, = 2a,% = A

As a result, it is possible to accept

a, =

-
=

1 1

apay = i— =
" "V2RV2ZR 2R

|
-y~

1 1 i
aa; =—| —i =——
27 \/ZR( \/2R> 2R
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R= /Xlz +X+ X =

2 2
J (3 s + w0 + s + To0) )+ (5 iy + iy — s + %))+ (3 Ggwo — Ty + 7%, — o))

2

2 2 2
\/(% (Xox1 + X120 + Xpx3 + Exz)) - (% (=Xpx1 + X1x9 — Xpx3 + x—3x2)> + (% (Xoxp — X1x1 + XX — E’%))
We are looking for a solution of the spinor equation; we do not consider the electron's spin yet
( Jd 0 Jd o0

Er e - Eax ) (x0, X1, X2, X3) = m @(x, X1, X2, X3)
10X, 0

This equation can be interpreted in another way. Let us take the invariant expression
(P1P2 = Pop3) = m
And let's do the substitution

0 0
Po 25— + ag(x, X1, %2,X3)  P1 BEPR + a; (xo, X1, %2, %3)
1 0

a 0
P2 =5~ + ay(xo, X1, %2,X3)  pP3 > PR + as(xg, %1, %2, %3)
3 2

(=2 + ) G+ o2) = (o - 00) (- + o) -
0x, o1 0x3 %2 0x; %o dx, G )j¢ =me

We will consider this equation as an equation for determining the eigenvalues of m and the

corresponding eigenfunctions

Ja 0 Ja a da, OJdaj do do do do _
" %y 0 (p+6_x1E(p+<_6_x0_6_x1>(p_aza_xo+ala_x3_a3a_x1+a°a_xz+(alaz_a°a3)(p_mq)
i 1 1 i
g = —— a; = — a, = — ay = ———
" V2R YT VZR " V2R " V2R
_ 1 + 1 _ 1
M = G =5 TR TR

e T ) 5 )~ Ve ) T )

=_i<_l 1 )i(R2)+li _1_1 i(RZ)_
V2\ 4 (p2ys) 0% VZ\ 4 (gayz) 0%

2 a RZ
( )—la—xl( )

=i<l L )[_(Rz)_ 2 @) -
V2\* (p2yz/ 10%0 (\/_)

R= /Xlz + X7+ X357 =

2
1 o o _ 1 _ _ _
\/(E (x0x1 + X1Xo + X2X3 + X3x2)> - (E (_.xo.x1 + X1Xg — X2X3 + X3x2)>

2 2
+ <E (Xoxo — X1x1 + X% — x_sxs))
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] 2 ((1 > n 2
a—xo R*) = 6_x0<<§ (Xox1 + X1xg + Xpx35 + Exz)) - <E (=Xox1 + X1x9 — X3x3 + x_3x2)>

2
1
+ <E (Xoxo — Xyx; + X, — x_3x3)> )
e e, O
= Z 2(x0x1 + xlxo + XZX3 + X3x2) W (xoxl + xlxo + XZX3 + X3x2)
0

d
- 2(_x_0x1 + x_1x0 - E.xé + x_3x2) a (_x_()xl + .x_lx() - X_ZX3 + x_3x2)
Xo

+ 2(Xoxg — X1X1 + X3X; — X3X3) e (Xoxo — X1x1 + X%, — x_3x3)>
Xo

1
= 2 (2(xox1 + X1xg + XpX3 + X3x3)X1 — 2(—XoX; + X1Xo — XzX3 + X3X2) X7

+ 2(Xoxo — XXy + XX, — X3X3)Xg)

1 e

= E((xl)xl + xle + XZX3 + X3XZ)X1 - (—x0x1 + xle - xe3 + x3x2)x1
+ (Goxo — %12y + XX, — M3X3)%o)

1, o _ e _ _ N
=5 ((xoxl + X5x3)%; — (—Xox1 — X3x3)%7 + (Xoxg — X1Xq + XX — x3x3)xo)

1, e e _ _ o
= E((xox1 + Xx3)%; + (Xox; + Xx3)%7 + (XgXo — X1X; + XX, — x3x3)x0)

1, e _ o
= E((xox1 + Xx3)%; + (X2x3)%1 + (Xoxo + X3x5 — x3x3)x0)
= 2 (Xox1 X7 + 2X5x3%1 + (XgXo + XzX; — X3X3)Xg)
=5 (2x3x3%1 — 2X3x3%0 + (XoXo + X1 X1 + XX, + X3X3)%0)

1 _ _ o o
=5 (2x3 (031 — X3%) + (XoXo + X1 X1 + XX, + X3X3)%0)

=5 (2x3 (0521 — X3%g) + (XoXo + X1 X1 + XX, + X3X3)%g)

0

1
5o (B = 5 ((xs + Xixo + s + X32,)%0 + (%%, + Faxo — BoXs + Fax2)%o
1

— (XoXo — XyX; + XXy — X3X3) %7 )

1, e e _ _ o
= 7 ((x1x0 + X3%2)%0 + (X1X0 + X3X,)%g — (Xoxg — X1x1 + XXy — x3x3)x1)
= 2 (X1x0Xo + 2X3x,X + (X114 — X5 + X3X3)%7)

1 _ o _ o
= 2 (2x, (3% — X2%1) + (XoXo + X1x1 + XX, + X3X3)%7)

Let's introduce the notations

xel - X3x0 = l

this quantity does not change under rotations and boosts and is some analog of the interval defined
for Minkowski space and
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> (xX0Xg + X1x1 + XX, +X3x3) =t

this quantity represents time in four-dimensional vector space.

An interesting fact is that time is always a positive quantity. As an assumption it can be noted
that since we observe that time value goes forward, i.e. the value of t grows, and it is possible only
due to scaling of all components of spinor space, such scaling leads to increase of distance between
any two points of Minkowski space. As a result, with the passage of time the Minkowski space should
expand, herewith at first relatively quickly, and then more and more slowly.

[0 — i)
s i
dx, dx,
1 o _ o o
=5 (2x3 (%1 — X3%,) + (XoXo + X1 X1 + X%, + X3%X3)X)
1 o _ _ o
—iy (2%, (3% — X%1) + (XoXg + X1X1 + XX, + X3X3)%7)
.1 _ e
= x3(6X] — X3%) + ) (Xoxo + x1X71 + Xzx, + X3X3)Xy — ix,(X3X0 — XzX1)

1

= 1(x3 + ixy) + t(Xp — iX7)

As a result, we have an equation for determining the eigenvalues of m and their corresponding
eigenfunctions ¢ (xg, x4, X, X3)

( 0 9 ii) 1 (_3_‘P+"’_‘/’ 00 _ 00

0x( 0x3 + 0x41 0x; ¢

+ [E—
V2R
Instead of looking for solutions to this equation directly, we can first try substituting already
known solutions to the Schrodinger equation for the hydrogen-like atom. If ¢ (X, X1, X5, X3) is one
of these solutions, we need to find its derivatives over all spinor components
dp 0 0X,
dx, 0X, dx,

1 , - 1
0x, O0x3  0x; laxz) + (—/ﬁ)s (U + ix2) + £ — 7)o + R¥=me

Xo = E(x_oxo + X1x1 + XX, + X3X3)
X = E(%’ﬁ + X1x0 + XpX3 + X3X3)

1
X, = E(—ix_ox1 + X% — iX3%x3 + iX3x;)

1 _ _ _ _
X3 = Z(xoxo — X1Xx1 + XX, — X3X3)

For example

dp 0o Xy O0pXi Opix; 09X,
ox, 0X,2 08X, 2 0X, 2  0X3 2

Let’s pay attention to the shift in priorities. In the Schrédinger equation one looks for energy
eigenvalues, while here it is proposed to look for mass eigenvalues, it seem more natural to us. The
mass of a free particle is an invariant of the Lorentz transformations, and in the bound state the mass
of the particle has a discrete series of allowed values, each of which corresponds to an energy
eigenvalue, and the eigenfunction of these eigenvalues is the same. But these energy eigenvalues are
not the same as the energy eigenvalues of the Schrodinger equation, because the equations are
different. When an electron absorbs a photon, their spinors sum up and the mass of the electron
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changes. If the new mass coincides with some allowed value, the electron enters a new state. The kay
idea here is the assumption that the interaction of spinors occurs simply by summing them.

The advantages of considering physical processes in spinor coordinate space may not be limited
to electrodynamics. It may turn out, for example, that the spinor space is not subject to curvature
under the influence of matter, as it takes place in the general theory of relativity for the vector
coordinate space. On the contrary, it can be assumed that it is when the components of vector
coordinate space are computed from the coordinate spinor that the momentum spinor with a
multiplier of the order of the gravitational constant is added to this spinor. This results in a warp that
affects other massive bodies.

To account for the electron spin, we will further represent the electron wave function as a four-
component spinor function of four-component spinor coordinates

Yo (X, X1, X2, X3) Uy
_ P41 (xg, X1, X2, X3) O
P(xg, X1, X5, X3) = Wy (Xo, X1, Xz X3) = u, @(Xo, X1, X2, X3)

Y3 (X, X1, X2, X3) Us

where the coefficients u, are complex quantities independent of coordinates. In fact, as shown at the
end of the paper, the wave function is a linear combination of such right-hand sides with operator
coefficients.

We will search for the solution of the wave equation considered in the first part of this paper

(SoPo — S1Py — S,P, — S3P3)(SoPy + S1Py + S, P, + S3P)Y = M* Y

Let's express the left part through the components of the momentum spinor

1 T
B = Ep S,p
. . 1 0 0 0\ /Po . Po
. 1 _
P, = Ep*Sop =5 (o, P1, P2, P3) % 0 f 8 52 =5 (Po, D1, P2, P3) 52
0 0 O 1 P3 D3
1 o _
= E(Popo + P11 + D202 + P3P3)
. ) 0 1 0 0\ /Po . P1
————[1 o 0o ol\(r _— ___.[p
P = Estlp =3 (Po, P1, P2, P3) o o0 0 1 p; ) (o, 1, P2, P3) p(3)
0 0 1 0 P3 P2
1 _ _ _ _
= E(popl + D1Do + P2p3 + P3p2)
. . 0 —i 0 0\ /Po . —ip;
I I
P, = Ep-rszp =3 (Po, P1, D2, P3) lo % é) _? g; =3 (Po, P1, P2, P3) _Ii);;g
0 0 i P3 ip;

1
= 2 (—ipop1 + iP1Po — D203 + iD3D2)
. . 1 0 0 0 Po L Po
_ 4 I p—— (] -1 0 0 Pr)_ 2oy [ P2
P = 2 p'S;p = 2 (Do, D1, P2, P3) 0 0 1 0 D2 2 (Do, D1, P2, P3) D2
0 0o 0 -1 D3 —Ps3

1 _ _ _ _
=5 (Popo — D11 + D2P2 — P3D3)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025

doi:10.20944/preprints202401.1032.v8

1 . o o 1 o .
Py—P; = E(%Po + P1p1 + D202 + P3p3) — 2 (Popo — P1P1 t+ D22
1 _ _ _ _ _ _
= E(popo + D1D1 t+ P2P2 + D3P3 — PoPo + P1P1
1 _ _ _ _ _ _
= E(P1p1 + P3ps + Pip1 + DP3p3) = Dip1 + D3Ps
1 . . . 1 . _
Po+P;= E(Popo + Pip1 + D202 +P303) + > (Popo — P11 + D22

28 of 117

— D3D3)

— P2p2 + P3P3)

— P3P3) = PoPo + D22

. 1 _ _ _ _ 1 — — —
—P +iP, = _E(Pom + D1bo + D2P3 + D3p2) + lz(_lpopl + ip1po — iP2p3 + iP3P2)
1 _ _ _ _ _ _ _ _
= = (Dop1 + P1Po + P2Ps + P3P2 + DoP1 — P1Po + P2Ps — DP3P2)
2
1 _ _ _ _ _ _
= = (Dop1 + D2p3 + DoP1 + D2P3) = Dop1 + D23
2
. 1 _ _ _ _ 1 — — —
—P, —iP, = _E(polh + P1Po + D203 + P3p2) — 15(—%191 + ip1po — iD2p3 + iD3D2)
1 _ _ _ _ _ _ _ _
=5 (Pop1 + P1po + P2p3 + PsP2 — PoP1 + P1Po — P2Ps + P3D2)
1 _ _ _ _ _ _
=5 (P1Po + P3p2 + P1po + P3P2) = P1po + Dsp;
50P0 _S1P1 _SZPZ —5'3P3
0 0 0 0 1 0 0 0 —-i O 0
_ 1 0 0 1 0 0 0 i 0 0 0
_< 0 1 O)PO 0 0 0 1 & 0 0 0 —i P,
0o 0 1 0 0 1 0 0 0 i 0
0 0 0 Po— Py =P +iP, 0 0
_ -1 0 0)p _ —P, —iP, Py + P 0 0 _
0 1 03~ 0 0 Py — P, —P, +iP, |
0 -1 0 0 —P, —iP, Py + P;
P1P1 + D3DP3 %_191 + @3 0 o
_ [ PiPo + P3P2 PoPo + D2P2 - 0 0 .
0 P1b1 +P3P3 PoP1 T P2Ps3
0 P1Po t D3P2 PoPo t D2p2
1 0 0 0 0 1 0 0 0 —i O 0
_[0 1 0 0 1 0 0 0 i 0 0 0
={o 0o 1 0>P0+0 oo 1/t (0 o 0o —i|P
0 0o 0 1 0 0 1 0 0 0 i 0
1 0 0 0 Po+P; P —iP, 0 0
+ 0 -1 0 0 P = P +iP, Py —P; 0 0
0 0 1 0 /"3 0 o0 P,+P; P —iP,
0 o 0 -1 0 0 P, +iP, Py, — P
Popo + Pap2 b~ s 0 0
—P1Po — P3P2 p1p1 + P3D3 . 0 0 .
0 0 PuPo +Pab2  —Pupr ~ Paps
0 0 —P1Po — D3Pz p1p1 + P3D3

Let's distinguish the direct products of vectors in these matrices
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PoPo +P2P2  —PoP1 — P2P3
_ | —P1Po — D3D2 P1b1 + D33
0 0 P, +iP,
p_lpo _P_—0p1 0 0 Pz_pz _Pzpz 0 0
_ | ~P1Po P1P1 0 0_ —DP3D2 P3Ps 0 0
0 0 P_ipo ~PoP1 0 0 _i 2 _Em
0 o0 —P1Po P11 0 o0 —pP3p P3Ds3
7 0 . 0
= P |- 0,0 0 10,0, - Ps | (- 0,0 9 10,0,
0 (=po,1,0,0) + P (0,0, —po, p1) + 0 (—p2,13,0,0) + -7, (0,0, —p2, p3)
0 2 0 P3
P1iP1 +D3P3  DobP1 + P2P3 0
P1bo + P3p2 PoPo + D2P2 0 0
SoPy — S{P; — S,P, — S;P;, = — __ _ _
) 107 20> 363 0 0 ﬂp1+ﬁp3 pipl-l-pim
0 0 P1Po + D3D2 PoDo + D2P2
Pip1 Pobs 0 0 P3Ps  P2b3 0 0
— | PiPo PoPo 0 g P3Pz P22 0 2
0 0 PiP1 PoP1 0 0 P3P Da2Ds
0 0 P1Po PoPo 0 0 P3Pz D2D2
P01 — [P1P1 —Dip1]l  P1Po — [P1Do — Popi] 0 0
_ PoP1 — [PoP1 — P1Pol  PoPo — [PoPo — PoPol 0 0
0 0 p1P1 — [P1Pr — PPl P1Po — [P1Po — Popil
0 0 poP1 — [PoP1 — P1Po]  PoPo — [PoPo — PoPol
p3Ps — [PsPs — Psps]l  psbz — [psPz — P2psl 0 0
+ D2P3 — [P2P3 — P32l 02Dz — (P22 — P2P-] 0 0
0 0 PsPs — [psPs —Psps]l P3Pz — [psP2 — P2psl
0 0 p2P3 — [P2P3 — P3p2] 02Dz — [D2D2 — P2P-]
P1 0
= B ) @75.00) +{ ) | (0.0,75.70)
0 Po
[p1P1 —P1p1]  [P1Po — Dop:] 0 0
[PoP1 — P1Do] [PoPo — Popo] 0 0
0 0 [p1P1 —P1p1]  [P1Po — Dop:]
0 0 [PoP1 — P1p0] [PoPo — PoPo]
D3 0
+| P2 #,5,0,0 010,077
0 P3, D2, Y, ) + p3 ( U, D3, pZ)
0 D2
[psPs —Paps]  [psbz — P2psl 0 0
[p2P3 — P3p2] [p2D2 — P2p2] 0 0
0 0 [psPs —P3ps]  [p3D2 — P2psl
0 0 [p2Ps — P3p2] [p2D2 — D2p2]
Let's introduce the notations
- 0 - 0
Pt ) (—p0,ps 00) +{ _2 00, —pop) +| B3 | (=pops00) +{ _2 ] (0,0, —pops) =57
O oMY __po Y 0rM1 0 2 M3, Y __pz Y 2 M3
0 P1 0 3
P1 0 P3 0
Po |, — — 0 — P2\, — — 0 —— —
o |®P0P00.0) +{ p 100,0,p1,80) +| 7 | (P5,92,00) +| p, |(0,0,P5,P2) =S
0 Do 0 D2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025

30 of 117
/[mﬂ —P1p1]  [P1Po — Pop:] 0 0 \
[PoP1 — P1ipo]l  [PoPo — PoPol 0 0
\ 0 0 [pP1 — Pipal  [p1Po — Popl /
0 0 [PoP1 — P1P0] [PoPo — Popol
[psPs — Psps]l  [psPz — P2psl 0 0
+ [p2Ps — P3p2] [p2P2 — D2p2] 0 0 =K
0 0 [p3Ps — P3ps]  [p3D2 — D2ps]
0 0 [p2P5 — D3p2] [p2P2 — D2p2]
Let us substitute differential operators instead of spinor components
d a a
Po_’a—xlza1 p1_’_a—xoz_ao Pz_’a—x3583 P3_’_a—25_az
Po P 1 P 0%, = o D2 X, =03 %] % 2
Then the quantities included in the wave equation
(S_ - K)S+¢(x0fx1fx2fx3) = Mzw(x01x11x21x3)
will have the form
—d, 0 -0, 0
s = % |(=35,3,00) +| _2 |00 -7 a@)+| % |(-3,3,00)+| _% |(0,0,-7,3)
0 0ovY1, Y, _ao W, 0Y1 0 2,Y3, Y, _62 ", 23
0 al 0 63
-0, 0 —0s
—_— 0 —_—
S+ = _go (_ali _aOJ 010) + _6_1 (0505 _ali _60) + _062 (_63' _62’ 0’0)
0 —0, 0
0
0
+ -7, (0,0,—d5,—0,)
~0,.
606_0 - 6_060 (_60)6_1 - 6_1(_60) 0 0
K= 01(=9,) — (—9,)d, 0,0, — 0,0, 0 0
0 0 090 — 090q (—00)9; — 9,(—0,)
0 0 01(-35) - (-3)a, 9,0, — 0,0
0,0, = 0,0, (=02)03 — 05(=02) 0 0
63(_62) - (_62)63 6363 - 6363 O 0
0 0 0,0, — 0,0, (=0,)03 — 05(—095)
0 0 95(—9,) — (—0,)0; 0303 — 0504

Let us consider the case of a free particle and represent the electron field as a four-component
spinor function of four-component spinor coordinates

Yo (X, X1, X2, X3) Uy
_ Y1 (xg, X1, X2, X3) W

lp(xo,x'1,xz' x3) B lpZ(in xll xz,X3) B uz (p(xo’ xl’xz,x3)
Y3 (xg, X1, X3, X3) Us

For a free particle, the components of the momentum spinor commute with each other, so all
components of the matrix K are zero.

Let us use the model of a plane wave in spinor space

@ (Xo, X1, X2, %3) = exp(PoX1 — P1Xo + P2X3 — P3X3)

Substituting the plane wave solution into the differential equation, we obtain the algebraic equation
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U Uo
S-s* Z; @ (Xg, X1, X2, X3) = M? Z; @ (xq, X1, X2, X3)
Us Us
—Po 0 )
%1 (=pouo + pruy) + —Py (=pouz + prus) + "
§74 EE P10 r (X, X1, Xz, X3) = m? Z; @ (xg, X1, X2, X3)
p03 (=pauo + p3uy) + <_g—2 (—=p2uz + p3us) e
0 Ps3 J
P1 0 p3 0
) (1 7s,0,0) + (,,‘i 00,7570 +| ¥ | 75.52,0,0) + | 5 | (00,7552
0 Po 0 1)
—_% 0
If(’)1 (=Pouo + p1us) + _g_o (=Pouz + prus) + U
] EE p10 F 9 (xo, %1, Xa, X3) = M? Z; @ (xo, %1, X2, X3)
%3 (—=p2uo + psus) + _g_z (—=p2uz + psus) u3
0 p3
21 0 p3 0
0| @00 +| 5 |0 F) +| | @ 5200 +( ) | 00,755
0 D1 0 b3
0 Po 0 %)
—_% 0
%1 (=pouo + pruy) + _20 (=pouz + p1us) + "
u
) SE p10 = M? u;
%3 (=p2uo + p3uy) + _0—2 (—=p2uz + p3us) e
0 3
D1 D3
(i’;’) (—PiPo + Bapn) (—potto + pytwy) + <’3> (~PaPo + 2P0 (—potto + pytty) +
0 0
0 0
(,2) (=PiPo + PoPD) (—Pottz + pyita) + <p2> (=PPs + PaPD)(~Pottz + prtts) +
Po P2
p1 p3
< T(’)o) (—=P1P2 + Dop3) (—P2Uo + P3uq) + <T())2> (=D3D2 + D203) (—P2uo + P3uq) +
0 0
0 0
<p2) (=P1P2 + PoP3) (—P2uz + pP3us) + 0) (=P3Pz + P2P3) (—pauz + p3us) =
Po

Let us take into account the commutativity

introduce the notations

= M?

;
|

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

of the momentum components, besides, let us


https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025

—P3Po + PP =M

—P1P; + PoPs = —M

doi:10.20944/preprints202401.1032.v8

32 of 117

for the quantities which are invariant under any rotations and boosts, then we obtain

D3 0
P2 | = 0\ _
0 M(—poUp + P1uy) + Ds M(—poU, + pruz) + Uy
0 D2 _ 2| WM
P1 0 =M Up
p _ 0 _ u
00 (—m)(—pouo + P3uq) + D1 (—m)(—pau, + P3u3) 3
\\ o Po
D3 P1 D3 P1
D2 |~ Po | - P2 | — Do\ _
Ug | — 02 mpo + 00 mp; |+ uy 02 mp; — 00 mp; |+ %
0 0 0 0 L _ 2 Uy
0 0 0 0 Uz
(o]}~ 0~ 0 )= _[0])= s
U, ps |MPo T <P1 mpy [+uz| | p, |MP1 py |MP3
\ D2 Do D2 Po
P1P2 — P3Po P3P1 — P1P3
o PoP2 (; P2Po + i P2D1 0_ PoP3 + ”
0 0 _ 2| W™
0 0 (=M,
_ 0 _ 0 Us
um P1P2—P3Po +usm P3P1 — P1P3
PoP2 — P2Po DP2P1 — PoP3
Additionally, introducing notation for Lorentz invariant quantities
D1iP2 —P3Po =M P2pP1 —PoP3 =M
we obtain
m 0 0 0 Up
U 8 +u M Bn + u,m 191 + uzm 8 =m? Z;
0 0 0 m Us
m? 0 0 0 U
0 m? 0 0 _ Uy
U o | Tl g |Fue| 2 | tus| o =m? U
0 0 0 m? Uz
m? 0 0 0 Ug U
0 m? 0 0 U | _ M2 Uy
0 0 mz 0 U, U,
0 0 0 m?2 Uz Uz

We see that in the case of a plane wave in spinor space, the matrix in the left part of the equation
is diagonal and remains so at any rotations and boosts, the diagonal element also does not change.

In this case we can consider the matrix M? in the right part to be diagonal with the same
elements on the diagonal m?, then the equation can be rewritten as an equation for the problem of

finding eigenvalues and eigenfunctions

5_5+'~|’(x0, Xp,Xp,X3) = mzlll»'(xo; X1, X2, X3)

5_5+'~|’(x0; Xy, X2, X3) = mzll»'(xo; X1, X2, X3)

Let us compare our equation with the Dirac equation [6, formula (43.16)]
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Py + M 0 Ps P, —iP\ suq
0 Po+M P +iP, P \[w)_,
P, P,—iP, Py—M 0 U,
P, +iP, —P; 0 Py—M ] \us
In the rest frame of reference, the three components of momentum are zero and the equation is
simplified
Po+M 0 0 0 u,
0 Py +M 0 0 U | _ 0
0 0 P—-M 0 U,
0 0 0 Py — M/ \u3

That is, in the rest frame the Dirac equation and the spinor equation analyzed by us look
identically and contain a diagonal matrix. The corresponding problem on eigenvalues and
eigenvectors of these matrices has degenerate eigenvalues, which correspond to the linear space of
eigenfunctions. In this space, one can choose an orthogonal basis of linearly independent functions,
and this choice is quite arbitrary. For example, in [8, formula (2.127)], solutions in the form of plane
waves in the vector space have been proposed for the Dirac equation in the rest frame

ut(0) exp(—iMt)
v%(0) exp(+iMt)
and the following spinors are chosen as basis vectors
1 0

w©@=(9] @@=(5] v'©=
0 0

= o o

v?(0) =

= oo O

0

For transformation to a moving coordinate system in [8, formula (2.133)] the following formula

is used
' (X) = u'(P) exp(—iPX)
Y (X) = vi(P) exp(+iPX)
where
1 1
0 0
P,+M Ps Py+ M| PL—iP,
wip) = |2 > | W) = [ I
2M | Pot M 2M | Pot M
P1 + lPZ _P3
P+ M Py +M
P3 P1 - lPZ
P+ M P+ M
P+ M ; Po+M| —
pipy = [T Pt il | apy 10 Ps
2M | py+M 2M | py+M
1 0
0 1

The basis spinors form a complete system, that is, any four-component complex spinor can be
represented as their linear combination and this arbitrary spinor will be a solution to the problem on
eigenvalues and eigenfunctions in a resting coordinate system. The choice of the given particular
basis has disadvantages, because if to find a four-dimensional current vector from any of these basis
functions

1
Ju = 5 (@) "5, (0)

then this current in the rest frame of reference
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1 1
iT
=15 0,0, _)
"= (3003
has non-zero components, and the square of the length of the current vector is zero. It turns out that
a resting electron creates a current, which contradicts physical common sense.

Since we have freedom of choice of the basis, it is reasonable to choose the spinor for the wave
function as some set of momentum spinor components, for example

P2

_ |&|[ P

u(0) = \/; Po

D1
An exhaustive list of 16 spinors of this kind, each corresponding to some particle of the fermionic
field, is given in the last section of the paper. The proportionality factor is chosen so that in the rest
frame the zero component of the current is equal to the charge of, for example, an electron or a

positron.
The mass of electron m = p;p, — p3p, and the phase of the plane spinor wave

exP(PTZMMX) = exp(PoX; — P1Xo + D2X3 — P3X2)

do not change at rotations and boosts. The matrix on the left side of the equation does not change
either, remaining diagonal with m? on the diagonal.

For a fermion, which can be an electron or a positron in the rest frame takes place p’ =
(Po, P1, P1, —DPo), so the quantity

m = Pp1P2 — P3Po = P1P1 + PoPo

which, unlike the mass M in the Dirac equation, is complex in the general case, is also real for the
fermion and can be positive or negative. For simplicity it is possible to consider the mass of the
electron as negative and that of the positron as positive.

For the momentum spinor of a boson, such as a photon, it is true that pT = (p,, p1, po, P1), S0 its
mass is zero

m = p1P; — P3Po = P1Po — P1Po =0

The given constructions are not abstract, but describe the physical reality, since the results of the
processes occurring in the spinor space are displayed in the Minkowski vector space. In particular,
the momentum vector corresponding to the momentum spinor has the following parameters

1 t
Pll = ET?"[pp S”]
the square of the length is equal to the square of the mass of the electron or positron
Py? — P? — P, — Py* = m?

A spinor wave function P(xy, x1, X, x3) at some point in spinor space can be given a probabilistic
interpretation by establishing its correspondence with the vector wave function W(Xy, X1, X3, X3)

¥, = 2Tr[Wwts,]
2 U

taking its values in the corresponding point of physical space with coordinates

1
Xy =3 Trixx's,]

We act within the classical concepts of quantum mechanics, simply to describe the state of a
physical system we use spinor coordinate and momentum representations along with vector
coordinate and momentum representations. Both types of representations equally have the right to
be more substantial and in principle there is no need to express the wave function in one
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representation through the wave function in the other, both wave functions equally describe the same
physical state. Moreover, since vector coordinates and momenta are simply expressed through spinor
analogues, we would prioritize the spinor representations as the more fundamental ones.

Let us summarize the relations between quantum-mechanical quantities for the spinor space

X' = (xg, %1, %2, %3) KT = (R, %1, %2, %3)
p" = (0o, P1, D2, P3) p" = (Do, P1, P2, P3)

(P, X) = poXx1 — P1Xo + P2X3 — D3X;

(P, X) = PoX1 — P1Xo + P2X3 — P3X;
The complete orthonormalized system of eigenvectors of the momentum operator

plp) = plp)
ﬁa|p> = Pa|P)
(plp") = (2m)*s(p — p")

d*p
J oy P Ple) = oo
- d*p
Pro) = f@lphx)p(m(x')
A d*p
Pago(x') = f Wlm(x)l’a(pl(x')

d*p
|m=f65;wmm>

o(p) = (plg)

The complete orthonormalized system of eigenvectors of the coordinate operator

R|x) = x|x)
X |X) = x4|X)

(x|x") =8(x —x")

fd“x X)) (Xl (p) = Lepy(p')
S0 = | 4 sl
S = | 4% Rl

|w=fwxmmm

@x) = (x|¢p)

The relation between wave function in momentum and coordinate representations and the relation
between eigenvectors of the coordinate operator and the momentum operator

d* . —
o(x) = fﬁ q,(p)el((p.XH(p,x))
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d4 . —
) = [ d*x 9@l = [ dx ( 5 m(p)el(@"‘)*(""‘))) %)

2
- | % o(p) (| avx (@ E0) )

_ (4
) = f G O®IP)

Ip) = J-d‘*x ei((P.XH(PT))lX)

x|p) = ei((p,X)+(p.x))
09(x)
s — 4
ol = [ atx T 1)

Rol@) = f d*x %@ (X) |x)

The wave function in coordinate or momentum spinor representation has the classical
interpretation adopted in quantum mechanics; the square of its modulus represents the probability
density of a measurable quantity taking a particular eigenvalue.

The arbitrary choice of the basis of the linear space of the eigenvectors of the matrix takes place
only for a free particle. In the general case the matrix K is not zero, the wave equation has no solution
in the form of plane waves in spinor space and ceases to be invariant with respect to Lorentz
transformations, and the eigenvalues become nondegenerate.

We propose to extend the scope of applicability of the presented equation consisting of
differential operators in the form of partial derivatives on the components of coordinate spinors to
case of a nonzero matrix K

(S_ - K)S+¢(x01x11x21x3) = lelj(xo,xl,xz,x3)

that is not only to the case of a plane wave, but to any situation in general. This transition is analogous
to the transition from the application of the Schrédinger equation to a plane wave in vector space to
its application in a general situation. The legitimacy of such transitions should be confirmed by the
results of experiments.

This equation will be called the equation for the spinor wave function defined on the spinor
coordinate space. Here the matrix M? is, generally speaking, neither diagonal nor real, but it does
not depend on the coordinates and is determined solely by the parameters of the electromagnetic
field. Only in the case of a plane wave it is diagonal and has on the diagonal the square of the mass
of the free particle. We can try to simplify the problem and require that the matrix M? is diagonal
with the same elements m?on the diagonal, then the equation can be rewritten in the form of the
equation for the problem of search of eigenvalues and eigenfunctions for any quantum states

(5™ = K)S*™P(xg, X1, X3, x3) = m*Y(xo, Xy, X7, X3)

This approach is pleasant in the Dirac equation, where the mass is fixed and equated to the mass
of a free particle, and at the same time results giving good agreement with experiment are obtained.

We are of the opinion that the spinor equation is more fundamental than the relativistic
Schrédinger and Dirac equations, it is not a generalization of them, it is a refinement of them, because
it describes nature at the spinor level, and hence is more precise and detailed than the equations for
the wave function defined on the vector space.

Let us consider the proposed equation for the special case when the particle is in an external
electromagnetic field, which we will also represent by a four-component spinor function at a point of
the spinor coordinate space
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ay (xo, X1, X2, X3)
ay(xo, X1, X2, X3)
az(xo, X1, X2, X3)

/ao (X0, X1, X2, X3)

a(xg, xq, X2, Xx3) = \

We will apply to the wave function of the electron the operators corresponding to the components of
the momentum spinor, putting for simplicity the electron charge equal to unity

> —+ ay(xg, X1, %5, X - ——+4a,(xg, X1, X5, X
Po 9%, o (X0, X1, X2, X3) P1 9%, 1 (X0, X1, X2, X3)
- — 4 a,(xy, X1, X0, X - —— 4 as(xg, X1, %5, X
D2 9% 2 (X0, X1, X2, X3) D3 9%, 3 (X0, X1, X2, X3)
- o

Do = — + ay(xg, X1, X5, X PL— ——+ a,(xg, X1, X5, X
Po o, 0 (X0, X1, X2, X3) P1 9% 1 (X, X1, X2, X3)
p_—>Q+a(xxxx) p_e—m+a(xxxx)
2 6E 2\A0 A1y A2, A3 3 a@ 3\A0 A1y A2, A3

Note that the electromagnetic potential vector can be calculated from the electromagnetic
potential spinor by the standard formula

1
=-a’S,a

Au2

The advantage of the spinor description over the vector description is that instead of summing
up the components of the momentum and electromagnetic potential vectors as is usually done

1 t 1 +
B+4,= Ep S,p +Ea S,a
now we sum the spinor components and then the resulting vector is

1 . 1o . Lieoly
E(p+a) S#(p+a):§p WP+ pSa+ a's p+ a's,a

in addition to the usual momentum and field vectors, contains an additional term
1 1
—pTS a+- a’r Sup

taking real values and describing the mutual influence of the fields of the electron and photon.
After the addition of the electromagnetic field the components of the momentum spinor do not
commute, the corresponding commutators are found above

[+ o) (- ) = () el

da, OJda
52

dx, 0Ox,
(G o) (v o)~ (v o) G o) o = (5 + 5
o, 2)\Tox, 7B 9%, o, 2)8% T ox, T ox,

Let's find commutators for other operators

ol _\( o[l __ a1\ (o[l __
(G =) (-5 @)~ (-5 +a) (G @ )fe -
a[] a[] a[] af]

(2 m)(- (D) (oo
o[l _\/ ¢  __ o[l _\(op __
(6_x_1+ 0)(—6—%+a1<p>—<—a—x_0+a1><a—x_1+ao<p>=
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6_ﬂ(_a—ﬂ> + aga, @ + O_x_lcal(p) + ag (—%) + 3_%(6_361) —aapp + —(ao(P) — T — a— _
ofl _ .y @y  oll 05
a—x_1 @) +a ( a—) a— (@p) — a1 =— 6_ =
afp_+6a:1 _( aq‘;) 0p__ 0T  _0p
ittt o) et Y T Yo

ax;  dx,

(o))
o))
(5 o) (o) (G ) (5 o) =

S8 o2 G2 - -

doa; da, {aal aao}
axl"’ 0% =9 = @

ovs) T w \ax,) T W% + gz (G09) — @ g
a a5y 0[] o _
= _0x1 (@) +ag (_ _Ox_()) + _Ox_ (app) —a; — 9%,

dp _  om aG\ 0p  dag 0
PRI P a"( ax—> M R T Al T

dJda; Ja, da; Ja,
2o ={24 22y

6_x1 Jdx, dxq a_x_o

Further we will use these and analogous relations
[+ o) (o)~ (g o) o v anlbo = (5t + 52
d0x; %o 6x0 % 0xq @ 0x; G )§¢ = dx; 0x, A4
0 [l _ 6[] ( ) B {aa_l aa_o}
{(6x1 + a")( oz “1> < oz ")\ oz, T %)% = ox, Tox) ¢
d [l __ [l __ ( d ) B { da, aa_l}
{( 6x0+a1)<6x_1+a°) <6x_1+a0 0x0+a1 Q= —(®

ox, 0%
o)) (2o - ()25
(o a0) (R4 0) - (2 ) (o + o) o = {(52) -
(D)D) (22 ) (R -
(D) (D) (D) ) - s

Earlier, by giving absoluteness to the requirement of invariance of the mass squared to the
Lorentz transformations, we obtained a system of equations for interacting fields in electrodynamics

in the case when these fields exist in vector space. But we can apply this approach to interacting fields
in spinor space as well. Let us analyze again the formula

a1 da,
(Po + ag)(py + a1) — (p1 + a)(po + ag) = + EPR
0
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If we deal with the field of a free particle, then

Pob1 — P1Po =0

But since we want to make the invariance principle absolute, we require commutability also in the
presence of the electromagnetic field

(o + ag)(P1 + a1) — (p1 + a)(po + ap) =0

This can be achieved if we take into account the dependence of the momentum spinor components
on the coordinates and impose the condition

o(p; +ay) + a(po + ao) _ (% %) (3‘11 3“0) —0

Jdxy 0xg dx;  0x, a_xl m

As in the case of vector space, we can treat in the spirit of Newton's law equations of the form

d d da da
()G 2)

dx; 0x, 6—x1 m

If an external field is applied, the momentum of the electron field changes, if the momentum of the
electron changes for some reason, the electromagnetic potential is perturbed and an electromagnetic
field is generated.

Earlier we defined a matrix of commutators

[p1D1 —P1ip1]  [P1Po — Pop:] 0 0
K = [PoP1 — P1ipo]l  [PoPo — PoPol 0 0
0 0 [P1Pr —Pip1]l  [P1Po — Popil
0 0 [PoP1 — P1po]  [PoPo — Popol
[psPs —Pspsl  [psPz — P2ps] 0 0
+ [p.D5 — P3p2] [p2D; — D2p-] 0 0
0 0 [psPs — P3ps]  [p3P2 — P2psl
0 0 [p.P3 — D3P-] [p2D; — D2p-]

and noted that for a free particle it is equal to the zero-point matrix. We can require that this matrix
is zero also in the presence of an arbitrary field. Absolutization of this requirement gives us an
additional set of equations, besides the main one (for example, the Dirac equation), to describe the
interaction between the field and the charged particle in the presence of spin. It is guaranteed that
the basic equation remains true both for a free particle and for a particle in an external field.

We will not use the given considerations further in the paper, leaving them as an idea requiring
a separate consideration.

Let's solve the equation

(ST = K)STW(xg, x1, %2, %3) = lel’(xo:x1:x2:x3)

Yo (X0, X1, X2, X3) Yo (X, X1, X2, X3)
S_ - K S+ ¢1(x01x11x21x3) — M2 ¢1(x01x11x21x3)
( ) P, (X, X1, X2, X3) Y, (X, X1, X2, X3)

Y3 (X, X1, X2, X3) Y3 (X, X1, X3, X3)

_ao + al 0
_ 0, + — N\ [ 0 = N A, —
st=| *? Y | (=9 + @), (3; + ), 0,0) + o+ (00,(=35 + @), (3; +a5))
0 01 + ag
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_62 + a3 0
d;+a ) (A 4 0 4\ + A
+ 3 0 2 ((—62 + a3), (63 + az), 0,0) + _az + a3 (0,0(_82 + a3)(a3 + az))
0 03 +a,
—(0; +a,)
st=| (=00 +@) | (= (3, + ap), (=0 + a),0,0)
0
0
0
0
+ _(6_1 + a—o) (0,0, — (01 + ag)o, (=0p + ‘11))
(-0, + @)
—(0s + @)
+| (F0+@) | (=8, + ap), (=0, + a3),0,0)
0
0
0
0
+ _(a_3+a_2) (0,0, _(63 + az), (_62 + a3))
\(—6_2 + )
K =
(0o — a1)(a_0 - a_l) - (6—0 - a_l)(ao —ay) (=0 + al)(a_l + a_o) - (3_1 + a_o)(_ao +ay) 0 0
_| O+ a)) (=00 + @) = (=0 + @) (0, +ap)  (0y+ap)(0; + @) — (91 + @) (9; + ap) 0 0
0 0 [p1p1 — Pip1l  [P1Po — Popil
0 0 [poP1 — P1Po]l  [PoPo — Dopol
0, -a3)(0;— ) — (0, — @) (0, —az) (=0, +a3)(0; +T;) — (05 + @) (—0, + a3) 0 0
+ 03+ a,) (=0, +a@3) — (-0, + T3) (95 + a,) 03+ a,)(0; + @) — (05 + @) (35 + az) 0 0
0 0 [psps —P3psl  [psbz — P2psl
0 0 [p.P5 — D3] [p2P; — P22l
Jda; Jdag da, da;
dx, 0xy dx, O0xq 0 0
da; Jda, da, da, 0 0
| 0xy  9x dx, 0x;
- da; 0a; da, Ja;
0 0 dx, 0X, dx, 0x
0 0 da; Jda, da, OJa,
dx, 0x, dx, 0x;
da; Odag da, Odas
dx, 0Jx, dx, 0x3 0 0
da; Oda, Jda, Jda, 0 0
+ dx; 0Jx, 0x; Ox3
da; OJagz Jda, OJda;
0 0 dx, 0Jx; dx, 0x3
0 0 da; Oda, da, OJa,
dx; 0Ox, 0x; 0Jx;

Since the second factor S* in the left-hand side of the equation has a simpler structure than the first
factor, perhaps as a first step we should find the eigenvalues and eigenfunctions of the equation

5+l|’(x0; Xy, Xz, X3) = lelj(xo, X1, X2, X3)
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and use them when solving the equation as a whole.
_60 + al 0
= =\ (A, — 0 =\ (A, —
61 ;)l_ aO ((—60 + al); (61 + ao), 0,0) + _ao + (11 (0,0, (—60 + al), (61 + ao))
S™STY =+ —62+a3 61+g°
=, =\ (A — 0 =\ A, —
+ 63 ;)l_ aZ ((—62 + a3); (63 + az), 0,0) + _62 + a3 (0,0, (_62 + a3)(a3 + az))
0 0; +a,
-0, +ap 0
(_(a_—1+a—°g o , o, 0 o, oy
o0 = (G + aotn) + <_W+ at) | +| -@; + ) ~(Ge aotz) + (- e+ avs)
0 (=3 + )
—(0; +az 0
(_(a—3+a—2§ o, oy, 0 o, s
) (-t (28w (B o) (20
0 (-0: + @)
_60 + a1
oty = P¥ao (9%, 9% 9o _0%
R S (6x_1+0x_0>< (ax +a°"’°) ( 9%, +a1¢1)
0
_62 + a3
A N =\ L (A 4 =\ A L — 9y P
+ % 3_ “ (—(—62 +3) (0, + @) + (05 + @) (0o + a1)) <_ (a_o + a(ﬂ/)o) <_6—xl + a1¢1)>
0
0
0 da,  day a‘l’z 03
o G ) (- (G vanme) (- 52 4 an))
d, + ag
0
0 N e — oy oy
| -0, + a, (—(—32 +@3)(0; + @) + (05 + @) (=9 + a1)) (‘ (0_2 + aolpz) (_B_x3 + a1¢3)>
d; +a,
—60 + a1
| 2t (T @)@ @)+ @) (T +m) |~ (S ane) + (—ﬂm v.)
0 0 1 3 2 1 0 2 3 ax3 270 dx 3%1
0
-0, +a
NN (2501998 (- (254 ) (- 2224 )
0 ox; 0x, d 42¥o ox 371
0
0
0 N L N L (A 4 =\ A L Y oy
T -0, + a (—(—30 +@)(0; + @) + (0, + @) (-0, + a3)) (‘ (6_x32 + azlpz) (_a_xj + a3¢3)>
0, + ay
0
0 da; da, 0y, 05
| o+ |GR*55) (‘ (G + aave) + (‘a—+“3¢3)>
d; +a,

Let's calculate the expressions included in the equation
(-0 + @)@+ @) + (@ + @) (0 +@)) 0 =
(05 +@)(=00 +@)e = (=0, +@)(0, + D)o =

(63 + az) ( (p + a1(p) ( 62 + a3) ( + ao(p)
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_ do - . 3J7) _ —_ _dp
03 (_ a—%> + 05(a ) + @, (_ a_x_o) + aap + 0, _—) - (_32)(‘10‘P) - a36_x_1 — azqop =

dx;
—( 0@ da, _dp —(0p __0p Oday _odp ___
63< a—x_o) a—x_3(p aza—x_0+a2a1<p+62(a—x_1)+aoa—x_2+a—x_2(p a3a—x_1 asaogp =
—(0p —(0p da, OJdag _dp _0p _0p _0p _
f’z(a—x—l) a3(a_x—0) [ﬁ*a—zq’ R T o L

It would be interesting in this context to consider for the presented spinor model the case of a
centrally symmetric electric field and to find solutions of the spinor wave equation for the hydrogen-
like atom, taking into account the presence of spin at the electron. For such a model we can take

a():_i_ a, = a, =

8-
=

1
V2R

2

2 2
1 1 1
R= \[(E (Foxy + %1%0 + Xp%3 + x_3x2)> - (E (=2xx1 + X1x0 — X33 + x_3x2)> + <E (Xgx0 — %11 + X%, — x_3x3)>

As mentioned above, we can substitute into the equation the already known exact solutions of
the Dirac equation for the hydrogen-like atom by expressing the components of the coordinate vector
and derivatives on them through the components of the coordinate spinor and derivatives on them.
It is likely that the solution of the Dirac equation would not make the spinor equation an identity; it
would be evidence that more arbitrary assumptions are made in the Dirac equation than in the spinor
equation, and that the latter claims to be a better description of nature.

We can also consider the case of a constant magnetic field directed along the z-axis

1 1
AO = 0 Al = _EB3X2 AZ = EB3X1 A3 = 0

X = E(%M +X1x0 + X3X3 + X3X7)
1 - - -

X, = E(—lxox1 + (X% — iXgzx3 + iX3x;5)
A = E(a_och +aa0 + azaz + aza,)
A, = > (—imga, + ia;ay — iaza; + iaza,)
Ay = > (@ao + aya, + @za,; + azas)

1 _ _ _ _
Az = E(aoao —a;a, + aya, — azaz)

Let's say

ay = iX1/B3/2 a; = —Xo/B3/2
a, = ix3+/B3/2 az = —Xz/B3/2

Ay = ZBs (ix1Xg — iXgXy + iX3X, — X5X3) = _§B3X2
1 _ . _ 1
A2 = ZB3 (xle + XoX1 + X3Xp + x2x3) = §B3X1
1 _ . _ _ 1
AO = ZB3(x1xl + XoXo + X3X3 + xeZ) = §B3t

Az = ZB3(x1x_1 — XoXg t X3X3 — XpX3) = EB3X3
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We see that the scalar potential 4, grows with time, but does not depend on spatial coordinates, and

the vector potential does not depend on time, so that there is no electric field. In this case
da; Oa; Oa, Oay

dx, 0xy dx, Oxq 0 0
da; Oda, da, da, 0 o0
co| Ww T
da; Jda; da, OJa;
0 0 S ox, 0% 0x, 0%
0 0 da; Ja, da, OJa,
ox, 0% Ox 0%
da; daz da, OJaz
C0x, 0% 0x, 0% 0 0
da; da, da, da, 0 o
JmtEm T _
da; Jdaz da; OJag
0 0 Cox, 0%, Ox, 0%
0 o0 da; Oa, da, OJda,
ox; 0%,  Ox; 0%
B 1 0 0 O 1 0 0 O 1 0 0 O
2% 0 (s 0 2)-vm(s
0 0 0 —i 0 0 0 —i 0 0 0 —i

The equation considered up to now is rather cumbersome, therefore we would like to have a
simpler and compact relativistic invariant equation for the fermion, taking into account the presence
of a half-integer spin. Such equation really exists; its derivation is given in section 4 of the paper. Here
we will give its form for the electron in the presence of the electromagnetic field

(SR + SR+ Sp + Sg — 4(m + m)I)p(x) = 0

where
—(=0; + a3)
—(03 + a3)

(=0 + a;)
(9, + ao)

SR = ((61 + ap), —(=0y + a,), (05 + ay),— (=0, + a3))

(=0, +a3)

( 60 + a1)
< ~(0190) ) (@, + ay), —(=0, + az), (@ + ag), —(~, + @)
(03 + ay)

(=0, +

(—0y + ay)
( 2 aO) ((05 + @), —(=0; + a3), = (9, + ao), (=0, + a1))
(0; + az)

(=00 +ay)

(=0, + a3)
< (63 + a2) (01 + o), =(=0o + a1), =(95 + a3), (=0 + a3))
(01 + ao)

(03 +ap)

(9, + ao)
SR — <_(_ao + al) (_(_62 + a3)’ _(63 + az), (—ao + al), (61 + ao))
—(=0, +a3)
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(03 + az)
—(=0; + a3)
(0, + ao)
—(=0o + a;)

(=(=0y + ay),—(01 + ap), (—0; + a3), (95 + a;))

(05 + ay)
—(=0; + a3)
—(0, + ao)
(=00 + a;)

+ ((—50 + ay), (0; + ao), (=0, + a3), (95 + az))

(01 + ap)
- _60 1
B _((63 ++ai)) ((—=0; + a3), (05 + a3), (=0 + a4), (01 + ay))

(=02 + a3)

Let's return to the relations

Py? — P2 — P2 — P* = iim = m?

P1D2 — PoP3 =M P12 —PoPs =M

(P1Pz — Pob3) (0102 — Pobs) = Po? — P2 — Py* — P3* = mm = m?
In this form they are equivalent, but if an external field is added, a difference arises, since in one
case the field is added at the vector level and in the other at the spinor level

(PO_AO)Z_(Pl_AOZ_(Pz_Az)z_(Ps_As)z = m?

((P1 —a;)(p2 —az) — (po — ag)(ps — a3))((p1 —a)(p2 — az) — (Po — ap) (P — a3)) = m?
These relations correspond to differential equations including the relativistic Schrodinger

equation

( 92 92 9? 9?

- - - Xo, X1, X5, X3) = m?0(Xy, X1, X,, X
6X02 6X12 6X22 6X32)(p(0 1, X2, X3) o (Xo, X1, X5, X3)

O_Jcla_xz - 6_3606_363) @(Xg, X1, X2, %3) = m @(xg, X1, X2, X3)
a—ﬂa—ﬂ - a—ﬂa—n (p(XOi xll xZ) x3) = m <p(x0) xl) x2) x3)
0x; 0x, 0%, 0x%3

a[1a[]1 af]o Ja 0 Jd 0
<[] L L []><6_x16_x2_6_x06_x3)(p(x0'x1'x2'x3):mz(p(xo'xl'xz'x3)

0x, 0x, 0%, 0x3
The corresponding inhomogeneous equation is

(a[]a[] a[] [])(ii_ii)_mz P(x) = 5(%)

0x, 0x, 0xy0xs

0%, 0%, 0x,0%;

where the delta function can be represented as

4
S(X) = d p ei(p0x1—p1x0+p2x3—p3x2+(p0x1—p1x0+p2x3—p3x2))
(2m)*

has a solution

d4p e i(pox1—-P1X0+P2x3—P3X2+(PoX1—P1X0+P2X3—P3X2))

() = ———
2m)* (P1P2 — Pop3) (P12 — Pop3) —m?

For a free particle the eigenfunctions and eigenvalues solving these equations should coincide,
but in the presence of an external field the eigenvalues and the corresponding eigenfunctions will
differ because of the above mentioned difference in summation in one case of vector components and
in the other case of spinor components.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025 doi:10.20944/preprints202401.1032.v8

45 of 117

While the Dirac equation is sometimes referred to as extracting the square root of the Klein-
Gordon equation, here we see a different way of doing it.
Let us check the truth of the relation

(P1Pz — PoP3) (P1P2 — PoP3) = Poz _Plz _Pz2 _P32
4(PoPy — PyP; — P,P, — P3P3) =
= (Pobo + P1P1 + D2P2 + P3P3) (PoPo + P1P1 + P2P2 + P3P3)
— (Pop1 + P1Po + P2p3 + P3p2) (Pob1 + P1Po + D2P3 + P3P2)
+ (=PoP1 + P1Po — P2P3 + D3P2) (—DoP1 + P1Po — P2P3 + P3D2)
— (Popo — P1P1 + D2P2 — P3P3) (PoPo — P1P1 + P22 — P3P3)
(PoPo + P1p1 + P2p2 + P3p3) (Popo + P1p1 + D2P2 + P3p3)
— (PoPo — P1P1 + P2P2 — P3P3)(PoPo — 1Py + P2P2 — P3P3) =
= PoPo(P1p1 + D22 + P3ps) + Dip1 (oo + D22 + P3P3) + D2p2(PoPo + PiP1 + P3P3)
+P3p3(PoPo + P1P1 + P2P2) — PoPo(—P1P1 + P2P2 — PaP3) + P1P1(oPo + D2p2 — P3P3)
— D202(PoPo — P1P1 — D3P3) + P33 @oPo — P1p1 + P2P2)
= DoPo(P1P1 + P3p3) + P11 (DoPo + P2p2) + P2p2 (P11 + P3p3) + P3p3(Popo + P2P2)
— DoPo(—=P1P1 — P3P3) + P1P1 (PoPo + D2P2) — P2p2(—P1P1 — D3Ps3)
+ P3p3(PoPo + P2P2)
= PoPo(P1P1 + P3p3) + P1p1(Bobo + P2p2) + D202 (P1p1 + P3p3) + P33 (Bopo + P2p2)
+ Popo(P1P1 + P3p3) + P1p1 (Bobo + P2P2) + D202 (P1p1 + P3Ps) + P33 (Bobo + P2P2)
—(@op1 + P1Po + P2P3 + P3p2) (Pop1 + P1Po + D2P3 + P3p2)
+ (=PoP1 + P1Po — P2P3 + P3P2) (—PoP1 + P1Po — P2P3 + P3p2) =
= —PoP1(P1Po + P2P3 + DsP2) — Pipo(Pop1 + P2p3 + P3P2) — P23 (DoP1 + PiPo + Psp2)
— P3P2(Pop1 + P1Po + P2P3) — PoP1(P1Po — P2P3 + PaP2) + PiPo(—PoP1 — P23 + P3P2)
— P2p3(—Pop1 + P1Po + P3P2) + P3p2(—PoP1 + P1Po — P2P3)
= —PoP1(P1Po + P3P2) = P1Po(PoP1 + P2P3) — D203 (P1Po + P3P2) — PaP2(PoP1 + P2P3)
— PoP1(P1Po + P3P2) + P1po(=Pop1 — D2p3) — P23 (+P1Po + P3P2)
+ P3Pz (=Pop1 — P2p3)
4(PyPy — PyP; — P,P, — P3P;) =
= Dobo(P1p1 + P3p3) + P1p1(Popo + P2P2) + P22 (P1p1 + P3p3) + P3ps(Popo + P2p2)
+ Popo(P1P1 + P3p3) + P1p1(PoPo + D2p2) + P2P2(P1p1 + P3p3) + P33 (Popo + D2p2)
— PopP1(P1Po + P3p2) — P1Po(Pop1 + D2P3) — P2P3(P1Po + P3p2) — P3p2(Pop1 + D2P3)
= PoP1(P1Po + P3P2) + PiPo(=PoP1 — P2P3) — P23 (P1po + P3P2)
+ P32 (—Pop1 — P2P3)

To obtain this result, we did not have to make assumptions about commutability of the spinor
components among themselves. Accordingly, a similar expression takes place for the phase of a plane
wave in vector space

4(PoXo — P1X1 — P,X; — P3X3) =
= PoPo(X1x1 + X3x3) + P1p1 (XoXo + Xzx3) + PPz (X1X1 + X3x3) + Paps (Foxo + Xzx2)
+ Popo (X1x1 + X3x3) + Drp1 (Xoxo + X2X2) + P2p2 (X1x1 + X3x3) + P3ps (Xoxo + X2x2)
— Pop1 (41 xg + X3x2) — P1Po(Xox1 + X2X3) — P2p3(X1xe + X3x2) — P3p2 (Xox1 + X2x3)
— Dop1 (%o + X3x2) + D1po(—Xox1 — Xzx3) — P2p3(X1Xo + X3x3)

+ P3p2 (—Xox; — X3X3)
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Further we assume that the components of the momentum spinor commute, which takes place
for a free particle, then we obtain
4(PoPy — PPy — PP, — P3P;) =
= PoPo(P1P1 + P3P3) + P11 (Pobo + P2P2) + P22 (P1p1 + Psps) + Psps(@opo + P2p2)
+ Popo(P1P1 + P3ps) + Prp1(Popo + D2P2) + D2p2(P1p1 + P3p3) + P33 (Popo + D2P2)
— Pop1(P1Po + P3P2) — PrPo(Pop1 + D2P3) — P2P3s(P1Po + PsP2) — P3p2(Popb1 + D2P3)
— Pop1(P1Po + P3P2) + P1Po(—Pop1 — P2P3) — P23 (P1Po + P3P2)
+ D3p2(—Pop1 — P2P3)
= 2PoPo(P1P1 + P3P3) + 2P1P1(PoPo + P2P2) + 2D2p2(P1p1 + P3p3) + 2Psp3(Popo + P2p2)
— Dop1(P1Po + P3P2) — P1Po(Pop1 + P2P3) — P2P3(P1po + P3P2) — Psp2(Pop1 + P2Ps)
— Pop1(P1Po + P3P2) + P1Po(—Pop1 — P2P3) — P23 (P1Po + P3P2)
+ P32 (—PoP1 — P2P3)
= 2PoPo(P1p1 + P3p3) + 2D1p1 (DoPo + P2p2) + 2P2p2 (P11 + P3p3) + 2P3p3(Popo + P2P2)
= 2pop1 (P1po + P3P2) — 2P2p3(P1po + P3p2) — 2Pop1 (Pipo + P3p2)
— 2p2p3(P1Po + P3P2)
= 2Popo(P1p1 + P3p3) + 2pip1(PoPo + D2p2) + 2P202 (P11 + PaPs) + 2P3p3 (Popo + P2p2)
= 2pop1 (P1po + P3P2) — 20203 (B1po + P3p2) — 2Pop1 (B1po + P3p2)
— 2p2p3(P1Po + P3D2)
= 2Popo(P3p3) + 20101 (B202) + 20202 (B1p1) + 2P3P3 (BoPo) — 200P1 (B302) — 20205 (P1po)
— 2pop1 (P3P2) — 2P2P3(P1Po)

= 4Popo (P3p3) + 4P1P1(P2P2) — 4Pop1 (P3P2) — 4P2p3(P1Po)
On the other hand, we can write

mm = (p1p2 — PoP3)(P1P2 — PoP3) = D1D2P1P2 — P1P2PoPs — PoP3P1P2 + DoP3PoP3

Thus, the results of calculations coincide.

Let us compare the phases of plane waves in vector and spinor spaces. Let us hypothesize that
the plane wave in spinor space has a more complicated form than it was supposed earlier in the
paper, namely, it contains an additional conjugate multiplier

exp (_i (PoX1 — P1Xo + D2X3 — P3X2) (PoX1 — P1Xo + P2X3 — P3x2))

The phase of the wave in this form is closer to the generally accepted phase of a plane wave in
vector space. But the phases calculated by two methods do not coincide with each other, although
both of them are invariant under Lorentz transformations

(PoX1 — P1Xo + P2X3 — P3X2) (PoX1 — P1Xo + D2X3 — P3Xz) # PoXo — P Xy — P,X; — P3X5

Let us slightly modify the expression for the phase of the plane wave
( 0 0 0 0

dx, 0x, a_xoa_x3) exp[(poxy — p1xo + P2X5 — P3Xz) (PoX1 — Pi¥Xo + PaXs — P3Xz)] =

((—p3)pg (Pox1 — P1Xo + P2X3 — P3X3) (DoX1 — D1Xo + D2X3 — P3X2) + Do
= D2 (=) PoX1 — P1Xo + P2X3 — P3X3) (PoX1 — P1Xo + D2X3 — D3X3) — P1)
exp[(Pox1 — P1Xo + P2X3 — P3X2) (PoX1 — D1Xo + P2X3 — P3X2)]

= ((_P3)P0f(x)m +Ppo — D2 (_pl)fo)f(X) - P1)

exp[(PoX; — P1Xo + D2X3 — P3X3) (PoX1 — D1Xg + P2X3 — D3X2)]
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= ((P2p1 — P3po) f(Of () +po — P1)

exp[(Pox1 — P1Xo + P2X3 — P3X2) (DoX1 — D1Xo + P2X3 — P3X2)]
where
f(X) = (pox1 — P1Xo + P2X5 — D3X2)
Let’s change the order of derivatives
( Jd 0 Jd 0

ox, 0%, - 6_3630_%) exp[(pox1 — P1xo + D2X5 — D3%2) (PoX1 — P1Xo + P2X3 — P3X2)] =

(Po(—P3)(PoX1 — DP1Xo + P2X3 — P3x2) (PoX1 — P1Xo + P2X3 — P3Xz) — P3
— (=p1)P2(Pox1 — P1Xo + P2X3 — P3X2) (PoX1 — P1Xo + P2X3 — P3Xz) + P2)
exp[(pox1 — P1Xo + P2X3 — P3X2) (PoX1 — P1Xo + P2X3 — P3X2)]
= (Po(=P3)ff () = p3 — (=P)P2f K)F () + p2)
exp[(pox1 — P1xo + P2X3 — P3X2) (PoX1 — P1Xo + P2X3 — P3X2)] =

= ((pﬂ’z - P0p3)f(x)m —p3+ pz)

exp[(pox1 — P1Xo + PaXz — P3X2) (PoXy — P1Xo + P2Xs — P3X2)]
and write the difference of the two equations

( ad o0 ad d ) ( ad 0 ad d )
0x; 0x, 0xy0x3 0x,0x; 0O0x30x,

exp[(PoX; — P1Xo + P2X3 — P3X2) (PoX1 — P1Xo + D2X3 — P3Xz)] =

[((pzm ~ p3po) fOF () +po — pl) - ((plpz —popa) fOOf () — ps + Pz)]

exp[(Pox1 — P1Xo + P2X3 — P3X2) (PoX1 — D1Xo + P2X3 — P3X2)]
= [po — P2 + 3 — P41l
exp[(PoXy — P1Xo + D2X3 — P3X3) (PoX1 — D1Xg + P2X3 — D3X7)]
Add an imaginary unit to the phase

( a o0 a d ) ( ad o0 Jd d )
0x, 0x, 0xy0x3 0x,0x; 0x30x,

exp[—i(pox1 — P1Xo + D2X3 — D3Xz) (DoX1 — P1Xo + P2X3 — P3X2)] =

= [(=@2p1 = P3P fRF &) = o + iP1) = (=(P1p2 = PoP3) R F (X) + ips — ip, )]
exp[—i(poxy — P1Xo + PaX3 — P3X2) (PoXy — P1Xo + P2X3 — P3Xa)] =
= i[p — po + 1 — Ps]
exp[—i(pox1 — P1%o + P2X3 — P3X3) (PoX1 — P1Xo + P2X3 — P3xa)]
Thus, we obtained a differential equation with an eigenvalue independent of coordinates
i[p, —po + 1 — psl

to which corresponds the eigenfunction

exp[—i(poxy — P1Xo + D2X5 — P3X2) (PoX1 — P1Xo + P2X3 — P3x2)]
which is a plane wave with imaginary phase and bounded amplitude.

Now we can define the function

d4p exp[—i(pox1 — P1Xo + DP2X3 — P3X2) (PoX1 — D1Xo + P2X3 — P3X2)]
(2m)* i[p, — po +p1 — D3]
which satisfies to equation

(66 66) (66 BG)D()_6
axlaxZ aanx3 axZ axl ax3 axo X = (X)

D(x) =
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where

d*p .
0(x) = J‘WEXP[—l(Po% — P1Xo + D2X3 — P3X2) (PoX1 — DP1Xo + P2X3 — D3X2)]

thus, D(x) has the properties of the Green's function.

4. Path Integral and Second Quantization in Spinor Coordinate Space

Based on the above, we can modify the theory of the path integral. We will consider it in the
notations in which it is presented in [9]. For a free scalar field with sources J(X) the path integral has
the form

20) = [ o) exps (o) = [ D) exp (i [ *x(Le(00) + /000D
_ eyl a‘pz_a_‘pz_a_‘pz_a_‘pz_z 2
= oo e (e[ ax{3((55) - (5) - () ~(5) —meco?)
+] (X)<P(X)}>
It includes the action of
S = [ dXLE) +IXpX)
and the Lagrangian density for the free field

o0 =3((50) ~(5e) () ~(G) o)

For convenience and clarity, the following notations are introduced
(99)? = 0,00"p = 0" 9,03y = (B0p)* = (0190)* — (290)* — (939)°

() -G -G -G
—\ax, X, X, 90X,
]

d, = —
® X,

For the general case the Lagrangian density has the form
1
L(e®) = 5 (00 X)" ~V(p(X)

where V((p (X))-polynomial over the field ¢(X).
Substituting the Lagrangian into the Euler equation

, 8L 8L
“58(0,0) 6o

the field equation of motion is obtained.
The free field theory is developed for a special kind of polynomial

1
V(pX)) = Sme?

1
L(p) = 5[(0p)* —m?¢?]

0L _16(09)* _ 161(0s9)” = (019)* = 029)* = 039)*) _ , 18(3up)” _
50.9) 26(0,0) 2 5(0.9) T F25@e) M
5L 1 ,60° 5
o]

In summary, Euler's equation defines the equation of motion

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025 doi:10.20944/preprints202401.1032.v8

49 of 117

09 (0p) — 05(0g ) — 0 (3pp) — 09 (B ) + m?p =0
05 —0fp — 059 — 03¢0 +m?p =0

0%¢p = 05 — 07 — 03¢ — 0%
2o +mip=0
02+ m?)p =0

The notations used here are
0%¢p = 05 — 07 — 03¢ — 0Fp
02 = 02 — 02 — 82 — 02

Thus, there is a correspondence of the Lagrangian and the equation of motion for the free field

£(p®) = 5[(8:0(0)’ - (210 ®0)" - (220 (%))° ~ (3:0X0)" ~m2p(X)?]
£(9) = 5[09)* ~m*?]

1
L(p) = 5[(60@2 — (0,90)% — (0,9)* — (039)* — m?¢?]

A p(X) — 07 p(X) — 079 (X) — 03p(X) + m*@(X) = 0
Our proposal is to replace the Lagrangian in vector coordinate space by the Lagrangian in spinor
coordinate space. For this purpose, we use the equation of motion in spinor coordinate space and we
want to find the Lagrangian for which the Euler equation defines this equation of motion
( d 0 0

0
- - =0
0x,0x, 0xq 6x3> () +me(x)

(0,0, — 0¢03)(x) + mp(x) =0
, oL 5L
“5(0,0() Sp(x)

For the sake of clarity, we use the same notation for the spinor coordinate derivative as for the vector

coordinate derivative; the context allows us to distinguish between them

0xy

Let us write the Lagrangian plus sources in the form

1
Lipx)) = 71010009000 — 8,9 ()39 ()] = V(9 () + (X))

And let's substitute the Lagrangian into the Euler equation
5 5L +3 5L +3 5L +2 8L oL
°8(0)  18(3)  78(d) T 8(3;) b

0

1 oL
2 [_60(63‘17()()) + 0,090 (X)) + 0, (01 9(%))— 63(60(1’(’())] - % =0
For the case of a free field the derivative operators commute, so we can write

00,00 - 005900~ (3) =0

(aixlaiz aio ai3>"’( )= <_) =0
(aixlaiz aioai ) () - ((W—E?) =0

It is pleasant that the Euler equation in invariant form works also in this situation, so that we obtain
the desired form of the equation of motion in the spinor coordinate space. It is important that the
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proposed Lagrangian has a relativistically invariant form, even in the general case, and not only at
commuting derivatives. The polynomial has the form

V) = 3mp0* + 5 9 + T o +
2 3! 4!
In the case of a free field we restrict ourselves to the first term of the polynomial
1
V(p) =5 me(x)*

Then the Lagrangian density and the equation of motion for the scalar field in spinor coordinate space
have the form

1
[0, 0(x)0, 9 (x) — 0y (X) 039 (x))] — 3 me(x)?

N| =

Llpx)) =

1
5(6162 + 0,0, — 0903 — 0300)(X) + mp(x) =0
For a free field when the derivative operators commute, we obtain
(010, = 0903)9(x) + mo(x) = 0

In the spinor equation of motion there is a plus sign before the mass, although in the rest of the
paper there was a minus sign. To return to the minus sign it is enough to put a plus sign in front of
the polynomial V(¢) in the Lagrangian.

Now we have to find the path integral, which, along with the Lagrangian, includes the sources

2G) = [ Do exp (i [ a*x(2ip@) + 7090 00))
_ 1 1
= [ o) exp (i | a*x{510:0000,00 - 2000500 - 5 mp(?

+/ 00 })

The components of spinors are complex, and we have already noted that the derivatives on
complex variables are applied to the degree functions, which, most likely, can describe physical fields,
respectively, the finding of an indefinite integral for the function of a complex variable can be treated
similarly, i.e. as an indefinite integral from the degree function.

It is possible to recover Planck's constant, which provides a transition to the classical limit

2) = [ Do e (5 [ 220 )

One of the steps in computing the path integral in [9] is to find the free propagator from Eq.
—(0*+m*))DX-Y) =6(X-Y)
the solution of which has the form
d4p e IPX-Y)

DX-Y) =
( ) (2m)* P2 —m? +ic

herewith
d‘p .
§X-Y) = [ ——eP&M
=¥ = [ Ge
In our case, we want to find

. [ 1 .
2G) = [ Do exp (i [ @*x {5 10000000 — 200 (306N - 5 me ) + 9]

After integration by parts by analogy with [9, Chapter 1.3] we obtain for the special case of a free field
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1
2) = [ Do exp (i [ @*x = 50001010, - 2,0,) + mlp() + /0]
In the process of calculation, it is necessary to find the solution of the equation
—(0,0; = 0003 + m)D(x—y) = 6(x—y)

For this purpose, we pass to the momentum space by means of the integral transformation

4
p(x) = f ((217:;4 (p(p)ei(P0x1—P1x0+P2x3—P3x2+(P.X))

The assumed propagator has the form

d4p e i(Po(x1=y1)—P1(X0—Y0)+P2(X3—¥3)—P3(x2—¥2)+(P.Xx~Y))

D(x~—y)=
(2m)* (p1p2 — Pop3) —m
which is verified by substitution into Eq. Here it is assumed that the representation of the delta
function
5( ) = f d*p i(po(x1=y1)~P1(¥0=Y0) +P2(*¥3~¥3)~P3(x2~¥2)+ (PX~Y))
X—y)= ) e

We added a conjugate phase to the exponent

(P, X) = DoX; — D1Xo + D2X3 — P3X;

which, on the one hand, provides convergence of the integral, and on the other hand, it does not affect
the result of differentiation on variables x,.

We note at once that there is no simple correspondence between the so defined phase of a plane
wave in spinor space and the phase of a plane wave in vector space, e.g.

— 2
(Po(xl = ¥1) —p1(xo — ¥o) + P2 (x3 —¥3) —p3(x2 —¥2) + (P, X — Y)) # PoXo — P Xy — P,X; — P3X5

but both parts of the inequality are invariant under Lorentz transformations.
One can see the difference between the propagators, since in one case m? is real and positive,
while in spinor space m is complex in general. We can use the relation

1 _ (P1p2 —Pop3) + M _ (P1p2 —Pop3) + M
(P1p2 —Pop3) =M  ((p1p; — Pop3) + M )((P1p2 —Pops) —m ) P2 —m? + (M —m)(p1p2 — PoPs3)

_ (p1p2 —pops) + M
- P2 — 2

where
P? =p2—P?—PpP}—P2

in which it is taken into account that the fermion mass is real. Now the propagator has the form

4 -_ m [Era———
D(x) = d'p 1P, —pops) + ei(Pox1—P1xo+p2x3—p3x2+(P,X))
(2m)* P2 —m?

The derivatives of the scalar field on spinor coordinates can be expressed through the derivatives
on vector coordinates

dp(x) _ 9p(X()

dop(x) = oxq %,
3 o (X(x)) 90X, (%) N dp(X(x)) 90X, (%) N p(X(x)) 0X,(x) N 0o (X(x)) 0X5(%)
TaX, ax, X, dx, X, dx, 90X, dx,

09Xy O0px; 0@ ix; 09X
T 09Xy 2 09X, 2 09X, 2 0X3 2
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dp Xy Op X  0¢ix; 09X

9 I i S it 1 9 %o
W™ =ax 2 ax, 2 Tax, 2 Tox, 2

he® =55 VYax,2 ox, 2 ox, 2

0px; 0p X3 0@ iX3; 09 X;

020 = 5% 2 Tax, 2 Tax, 2 T ox, 2

0p x5 0pX; 0@ ix; 09 X3

00 = 5% 2 Tax, 29X, 29X, 2

If in the right part to represent the wave function as a plane wave in vector space
p(X) = exp(PoXo — P1X1 — PX; — P3X3)

then in the left part it should be represented as a plane wave of a special form in spinor space

p(x) = exp ((pox1 — P1Xo + P2X3 — P3X2) (PoX1 — P1Xo + P2X3 — p3x2))

Only in this case the left and right parts will be dimensionally consistent, e.g.

0190(xX) = (PoX1 — P1Xo + D2X3 — P3X2)Do

dp Xy X

T
X2 Poo = Z(Popo + D1p1 + D2p2 + P3P3)%0

In any case, a complete coincidence will not be obtained due to the mismatch of dimensionless

exponents of the exponents

(Pox1 — P1xo + PaX3 — P3x2) (PoX1 — P1Xo + PaXz — P3x2) # PoXo — PiXy — P, X; — P3X3

Since we call the field under consideration a scalar field, we expect its value to be invariant to
Lorentz transformations. But how to formalize this statement and to what exactly does this
transformation apply? We propose to consider that the value of a scalar field is the scalar product of
the representatives of a spinor field, which is the most fundamental field in nature, and vectors,
tensors and, among others, scalars are formed from the spinors representing it. The scalar product is
defined by means of the metric tensor of the spinor space. From any two spinors we can obtain a
scalar, in general the complex case. But if we want to obtain a scalar with real values, we must impose
some restrictions on the original spinors. For example, to any spinor u we can correspond a scalar U
taking real values, whose value does not change under the action of the Lorentz transformation on
the spinor and the action of the same transformation on the conjugate spinor

U=—i(u"Z,0) =u’S,u = (N *u)'S,(N *u)

U=—i(ug*U; — Uy *Uy + Uy *Uz — Uz * Uy)

When a spinor and its conjugate spinor are simultaneously rotated or boosted by some angle,
the scalar undergoes a rotation or boost by zero angle.
We can find the derivatives of the scalar by the components of the coordinate spinor

U(x) <6u(x) aﬁ)

0x, dx, 0x,

T
) S, u+uXx)7Ts, <

The components of the coordinate spinor are complex quantities, the derivative on them is taken
formally, since physical fields can be represented by power functions of the components of the
coordinate spinor and its conjugate.
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What are the advantages of the transition from path integral in vector space to path integral in
spinor space? A possible answer is that there are new conditions for working with divergent integrals.
Now integration is performed over spinor space, so that in the numerator there is a four-dimensional
differential element d*p instead of element d*P in the case of vector space. The spinor element has
the order of magnitude P? instead of P* for the vector element, whish decreases the order of
magnitude of the numerator, while the order of magnitude of the denominator does not change.

If the spinor coordinate space is indeed more fundamental, and the vector coordinate space is
an offspring of it, then we ma y benefit from this transition in any case.

Now let us move from the scalar field to the field of an electron, that is, the field of a particle
with half-integer spin. We will use gamma matrices in the Weyl basis

00 1 0 00 0 1
v_[0 0 0 1 v_[ 00 10
Yo =11 0 0 o £ 0 -1 0 0
010 0 -1 0 00
00 0 —i 00 1 0
v_[0 0 i o0 v_[0 0 0 -1
2o i 0 o 3110 0 o
- 0 0 0 0 1 0 0

Let us consider the linear combination of these matrices with components of the momentum vector
as coefficients, substituting the expressions of the vector components through the components of the
momentum spinor

YoPo+viPi+viP +yiPs =

0 0 1 0 0 0 0 1 0 0 0 —i 0 0 1 0
0 0 0 1 0 0 1 0 0 0o i O 0O 0 0 -1 _
1000/ o Z100/Tlo i oof2T|Z1 00 o7
01 0 O -1 0 0 O —i 0O 0 O 0 1 0 0
0 0 PO + P3 P1 - lPZ
0 0 P, +iP, Po—P; |
PO - P3 _P]_ + lPZ 0 0 -
—P, —iP,  Py+P; 0 0
0 o £_0P0 +£_2P2 __mlh __P_2P3
o 0 0 o —P1Po — P3P- p1ip1 + D3D3
ip: +P3ps  Pobr + Pabs 0 0
P1Po + D3P2  DoPo t P2P: 0 0
0 0 P_o_Po __P_0P1 0 0 p_z_pz __EI%
. 0 0_ —P1Po P11 + 0 0_ —D3P2 p3ps | _
PiP1  PoP1 0 0 Psbs D23 0 o0
P1Do PoPo 0 o0 DP3P2 DP2D2 0 o0
0 0 %_po __%pl
0 o0 —P1Po P1P1 +
P11 — [P1P1 — P1p:] P1Do — [P1Do — Pop:] 0 0
PoP1 — [PoP1 — P1po] PoPo — [PoPo — PoPol 0 0
0 0 P2P2 —P2Ds
0 0 —P3D2 D3P3 _
P3Pz — [p3P3 — P3ps] P3Pz — [P3P2 — D2ps] 0 0
p2P3 — [P2P3 — D3p2] p2P2 — [P2P2 — D22 0 0
0 0 PoPo  —PoP1 0 0 P2b2 —PaPs
0 0 —DP1Po P1P1 n 0 o0 —D3DP2 DP3P3
P1E pl@ 0 o0 P3E p3E 0 0
PoP1  Pobo 0 o0 P2P3  D2P2 0 0
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0 o0 0 o 0 o 0 o0
0 o0 0 o 0 o 0 o0
[p1P1 =Pipi]  [paPo—Popil 0 0 [psPs —Pspsl  [psP2 —P2ps] 0 0
[PoP1 — P1Pol [PoPo —Pope]l 0 O [p2P3 — P3Pl [p.Pz —Pzp2] 0 O
=5"(p) - K" (p)
Let us represent the matrix SV (p) as a sum of direct products of spinors
0 a 0 a
SV(p) = p(i (ﬂ' %' 0'0) + _(I;l (0'0' Po, _pl) + p03 (E' El 0,0) + _(2;3 (0'0' P2, _p3)
Po 0 P2 0

For a free field the components of the momentum spinor commute, therefore
YoPo + v/ P+ vy P, +yiPs =SV (p)
Complex mass
m = Ppi1P2 — PoPs3

does not change at rotations and boosts for an arbitrary complex spinor. Moreover, by a direct check

it is possible to check that for an arbitrary spinor
SV(p)S¥(p) = mml = m?1
For a free field, when all components of the momentum spinor commute, we can write the
relativistic equation of motion of the fermionic field
SVSV(x) = mml@(x)
Where the matrix of derivatives S is obtained from the matrix SV(p) by substitutions
p1 = =0 Po—= 01 p3——0; p2 = 03

ok mo% BB B

— _0p(x)
dup(x) = ox,
0 0, 0 03
v 0 = d, 0 RN 9,
s" = _a, (—9,,01,0,0) + 00 (0,0,0,,0,) + —a, (-9,,05,00) + 02 (0,0,05,0,)
61 0 03 0

However, it is generally accepted to write for this field another equation, the Dirac equation, which
does not possess the invariance property anymore
SV -mhex) =0

And for the more general case, when the momentum components do not commute, we need to

write the equation
SV —K"—mhex)=0

0 0 0 0 0 0 0 0
wey=| 0o o o) [ 0o 0 0 0
P [p1P1 — P1P1] [p1Do —Por1] 0 0O [p3Ps — Psps] [pspz —P2p3s] 0 0O
[PoP1 — P1Po] [PoPo — Dopo]l O 0 [p2P3 — D3P-] [p.D; —D2p2] O 0
0 0 0 0 0 0 0 0
v o 0 0 o 0 0 o 0 0 o 0 0
k" = [aoao - aoao] [—0061 + 0100] 0 0 + [azaz - 6202] [_0233 + 6362] 0 0
[—0100 + 004 ] [,0, —9,0,] O O [—030, + 0,05] [0:0; —9;0;]) 0 0

Further we will consider the equation of motion for a free field
(§" —mDex) =0
We again want to find the path integral
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2G) = [ o) exp (i [ dx2(p00) + 7009 0))
for which we need the Lagrangian, from which the Euler equation is derived equation of motion

SV -mhex) =0

It is suggested to use the Lagrangian

1 1
L= E<p(x)TS"<p(X) - qu;(x)T(p(x)

Let us substitute the Lagrangian into the Euler equation and obtain the equation of motion

o 0L 8L oL . 8L oL _
°6() 83 78(0)  C8(0s) S

0

1
557900 + mep(x) = 0

Since the Lagrangian includes, along with the derivatives of d,, the derivatives of 9,, itislogical
to use a different definition of Euler's equation
oL _ 6L 6L _ 6L 6L _ 6L 6L 6L 6L
500 5@ T 5@ 5@ 5@ T s@ T 8w T *s@ e

Then for the free field case when the derivative operators commute with each other, we obtain the

equation of motion
$Y@(x) + me(x) =0

If the derivative operators do not commute, additional terms will appear in the equation of
motion in the form of matrices similar to the KV matrix, and these additional terms will not
necessarily coincide with K". In this connection it is necessary to consider the Lagrangian as more
fundamental notion than the equation of motion and to derive the equation of motion from the
Lagrangian, i.e. to take as a basis not the derivation of the equation of motion in momentum space,
with what we started, but to take as an axiom the form of the Lagrangian in the form of field
derivatives in the relativistically invariant form. Then, if to follow the invariance principle quite
strictly, we should start from the product of two matrices, i.e. to use the Lagrangian

1
L=5le00's"s () - m*@(x) ()]
Or, not limited to fermions,
1
L=5le00"S"S"@x) — mme )" @]

Nevertheless, further we will search for the path integral in the simplest case with the originally
proposed Lagrangian and in addition assume commutativity of all derivative operators

2G) = [ Do) exp (i [ 4| 500075 060 ~ 3m@ (0000 + 107 @00

After integration by parts, we presumably obtain

2G) = [ Do exp (i [ d'x{- 30007IS" + miloG) +i(000))

Then it is necessary to find the solution of the equation
=SV + mDHD(x) = I5(X)

For this purpose, we pass to the momentum space by means of the integral transformation

4
o) = j(CZlT};‘l' (p(p)ei(Pox1—P1xo+P2x3—P3xz+m)
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We get the equation
(8V(p) —mNDDY(p) =1
with the decision
v _
Indeed
(8"(®) ~mD)S" @) + 7D _ (PP = mm)l
PZ —mm P2 —mm

Here we use the equality, which is valid for an arbitrary complex spinor p
SV (p) —mD)(SY(p) + mI) = P*l — (m —m)S" (p) — mml = (P* —m?*)I

1 T
B, ZEP S,p

Pl = B}~ P2 =P~ P}
It is based on the correlation verified earlier in our work
(P12 — Pop3) (P1D2 — DoP3) = P02 - P12 - P22 - P32

it is also taken into account that we consider fermions whose mass is real.
As a result, the propagator has the form

d*p SV(p) +ml
(2m)*  PZ—mm

e i(pox1—P1X0+P2X3—D3X2+(PX))

DV(x) =

here we assume the validity of the relation

§(x) = j d*p ei(Pox1—P1xo+P2x3—P3x2+(l’7))
(2m)*

In the case of a fermion, the mass in integration is a fixed real quantity, and it can be considered
negative for the electron and positive for the positron. Theoretically, the mass can be complex or
purely imaginary. If we put mass equal to zero, it may be possible to apply this Lagrangian to describe
massless particles. I wonder if there are particles with complex or purely imaginary mass. In the latter
case, the square of the mass will still be positive and the particle will satisfy the Klein-Gordon
equation. Such particles can interact among themselves, but not with particles whose mass is real.

Let's return to the question about the use of completely relativistically invariant Lagrangian

1
L=2 [@x)TSVS"@(x) —m*@(x)" @ (x)]

Let's find the product of matrices

s"(P)s’(p) =

0 a 0 2
Y ) 75,000+ TP ) 00,00, -p0) + | ) | @552,0,0) + | P2 | (0,0,p,-p3)
pl 10 0 WYY POy 1 p3 M2V 0 Wy P2y 3
Po 0 P2 0
0 a 0 2
Y ) @ 50,00) + | P 00,00, -p) + | 0 | @5 20,0 +| T2 | 00,02 -ps) | =
pl 1 oY 0 NS N 1)) 1 p3 3»M2)Y 0 »WY V2 3
Po 0 D2 0

0 m

(P1P2 — DoP3) p(i (0,0,p2, —p3) + (pop3s — P1P2) _(1)71 (3,P2,0,0) +
Do 0
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0 a
(P3P0 — P2D1) p03 (0,0, p9, —p1) + (P201 — P3Po) _(2;3 (P1,90,0,0) =
D2 0
0 Do 0 D2
_ 0 —D; _ _ 0 —D2 _
m 12 (0'0' P2, _p3) -—m 51 (p3' P2, 0'0) -—m D3 (0,0, Po, _pl) +m (2)73 (plf Po, 0'0) =
Po 0 D2 0
0 a 0 a
mi( 210,00, -p) = P | @5.52,00 = | 2 | 0.0,p0,—p) +| “P* | @17, 0,0)
pl Wy P2 3 0 M2,V ps WY POy 1 0 1 ForY
Po 0 D2 0
=mS"V(p)
The assumption that the following equalities hold is used
P1P2 — PoP3 = D2P1 — P3Po =M
P1D2 — DoD3 = D2P1 — D3Do =M
m=m
Further we find the product of matrices
S (p)S*V(p) =
0 a 0 a
01 0,0,p2—p5) = | P | 5.52,00) — | .2 | 0,0,p,, - “P3 ) (57, 50,00
pl ( ) JPZJ p3) 0 (p3' p2' ) ) p3 ( ) !p0! pl) + 0 (p1: pO' ’ )
Do 0 D2 0
0 a 0 a
01 0,0,p,, —ps) — _pl 72,92,0,0) = | .9 1(0,0,p0, —p0) +| “P? | B5, 5, 0,0
P1 ( ) 'pZ' p3) (p3' pZ' ) ) p3 ( ) 'pO' pl) 0 (plf pO' ) )
Do 0 P2 0
0 a
= (p2p1—P3Po) (p? (0,0,p2, —p3) + (P3P0 — D2P1) _5’1 (3,72, 0,0)
Po 0
0 D2
0 S —D3 _
+(Pops — P1P2) <p3 (0,0,p9, —p1) + (D201 — P3P0o) 53 (1,70, 0,0)
D2
0
=m p? (0,0,p2, —ps) — ( (0,0,p0, —p1)
+m g3> (pll Po, 0 0) - ( b1 (p3' P2, 0 0)
0
0 0 0 0 0 0 00
- m 0 0 0 0 [0 0 00
0 0 PiP2 —PiPs 0 0 P3P0 —P3P1
0 0 DPobz —Pobs3 0 0 P2Po —P2P1
DP2D1 P20 0 O DPoP3 PoP2 0 O
+md| ~PsPr —PsPo 0 O0)_|—-pP1Pp3 —p1iP2 0 O
0 0 0 0 0 0 0 0
0 0 0 0 00 0 0
00 0 0 D201 — PoD3 0 0 0
— 0 0 0 0 — 0 —P3Po +P1P2 0 O
=™ 0 0 pip2—pspo 0 +m 0 0 0 0
0 0 0 —PoP3 + P2P1 00 0 0
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mm 0 0 0
_| 0 mm 0 0
0 0 mm 0
0 0 0 mm
Again we use the equality
(P1p2 — Pop3) (P12 — PoP3) =P02_P12 _Pz2 _P32 = P?
and consider that the mass of the fermion is real, i.e.
P1P2 — PoP3 = P1P2 — PoP3
(P1p2 — Pop3) (102 — PoP3) = (D12 — PoP3) (P1P2 — Dob3) = p?
therefore, the relations are valid
PZ 0 0 0
Vv wey_ [ 0O P20 0 |_ 2
ST@ST® =y o p2 o |TP
0 0 o0 P?
S"(p) —mD(S"V(p) + mI) = P2l —m?I = (P? — m?)I
S (p) —mI)(S*Y (p) + ml)
P2 _ m2 = I
But the main advantage of the obtained matrix is the following
0 a 0 a
SY®) = p) | ©0p—p)—| P @200 = ) | 0.0.p0,—p0) +| T | 155, 0,0) =
Po 0 P2 0
0 0 0 0 0 0 0 0
0 0 0 0 00 0 0
0 0 Pib2 p1D3 0 0 P3P0 —P3P1
0 0 Pob2 ~—Pobs3 0 0 P2bo —P2P1
P2D1 P20 0 O PoP3 por2 0 O
+| TPsP1 —P3Po 0 O0)_|[|—-pPip3 —p1P2 0 O
0 0 0 0 0 0 0 0
0 0 0 0 0 0 00
0 0 0 0 D201 — PoD3 0 0 0
=00 00 4 0 ~PsPo + PPz 0 0
0 0 pip2—DP3bo 0 00 0 0
0 0 0 —PoP3 + P21 00 0 0
m 0 0 0
{0 m 0 0
0 0 m O
0 0 0 m

This matrix does not change at rotations and boosts, so it can be stated that the equation of
motion, e.g., in the form of

m 0 0 0
w_[0 m 0 0 _
S 00 m o]|P®=0
00 0 m
where
0 % 0 %
SV = —(6)0 (0,0,85,d,) — 600 (=9,,3;,0,0) — _gz (0,0,8;,8,) + %z (=5, 35,0,0)
0y 0 03 0

is truly relativistically invariant, respectively we can use the invariant Lagrangian
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1
L=> [px)"SWep(x) —mex)"@(x)]

to which corresponds the relativistically invariant propagator of the boson having a real mass, which
is negative for the electron and positive for the positron

d*p S"V(p) +ml
(2m)* P2 —m?

DV (x) = ei(Pox1-p1xo+p2x3-D3x2+ (X))

Let us compare the propagator in spinor space with the propagator of the fermion given in [9,
formula I1.2.22 and formula I1.5.18]

—iPX

d*p e X f d*P y*P, +ml

bX) = f @m* yrh,—ml ) @m* Pr—m2®

In [9] this formula is obtained by applying the second quantization procedure or using Grassmann
integrals. The results are similar, but the integration here is performed in the vector momentum
space. The Dirac equation and the corresponding Lagrangian are not relativistically invariant.
Besides, here the mass is considered always real and positive, but then it is not clear how electron
and positron differ from the point of view of this formula.

Let us consider in detail the derivation of the expression for the fermion propagator in [9, Sec.
I1.2]. It is based on the assumption of relativistic invariance of the Dirac equation and therefore the
calculations are carried out in the rest frame, and then the result is extended to an arbitrary frame of
reference. Thus for the field spinor u the spinor u_= ufy? is defined and it is asserted that the value

of
1 0 0 0
t,0,, — o+ 0 1 0 0
u'yu u 0 0 -1 0 u
0o 0 0 -1

is a Lorentz scalar. But it is not so, since in the spinor space the scalar is formed exclusively by the
scalar product of two spinors, where the metric tensor of the spinor space is included

0 1 0 0
+ _.+[—-1 0 0 O
ulyyu=u 0 0 0o 1%
00 -1 0

there are no other ways to construct a scalar in the spinor space.

Nevertheless, this fact and the fact of non-invariance of the Dirac equation itself do not cancel
the value of the second quantization procedure and the final form of the fermion propagator, which
allows to make accurate predictions of the experimental results.

We hope that the proposed Lagrangian for the spinor coordinate space can find application in
the calculation of the path integral, but already in the spinor space. Whether such a calculation in
spinor space has an advantage over the calculation of the path integral in vector space can be shown
by their real comparison.

By analogy with the propagator of a photon, more precisely of a massive vector meson, given in
[9, formula 1.5.3]

d*P  —n,, + B,Py/m?
(2m)* Pz —m?

we can assume the propagator form in the spinor space without revealing for compactness the

e iPX

Dy, (X) =

expression of the momentum vector components through the momentum spinor components

d4p —Mya + PVP}L/"l2

ei(D0x1—D1x0 +p2x3—P3x2+(pX))
(2m)*  P?2—mm

D, x) =

Among other things, the equation
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s o(x) =0

coco 3
OOSHO
©oc3oco
oo o

m

can be modified to take into account the electromagnetic potential, the electron charge is taken as a

unit

po = 01+ ag p1—= =0+ a; p; = 03 +a, pz > —0, +az
Po—=0i+d Pio—0+@ P00t &G  P3o—0,+T
0 0, +a

s = _60(1”11 (0,0,0; + a,, 8, — az) — a_oga_l (-9, +@3,05 +a3,0,0)
0, + ay 0

0 9+
- —az(lag (0,0,0; + ag, 9y — a;) + a_zga_s (=3, + @y, 9; +a,0,0)
d; + a, 0

and apply, in particular, to analyze the radiation spectrum of a hydrogen-like atom.
Let us formulate again the difference between the equations, the second of which is derived from

the Dirac equation with gamma matrices in the Weyl basis

m 0 0 0
=[5 72 8) oo -0
00 0 m

SV —-mDex) =0

The difference is, the matrix S"V(p) (p) remains unchanged under any rotations and boosts applied
to the spinor p, while the matrix S(p) (p) changes under any rotations and boosts.

0 EN 0 3,
0 = 5 EN 0 — = 9.
sV ={ _p, | (~00,91,0,0) + %o (0,0,81,00) +| _p, | (~92,5,0,0) + %z (0,0,03,3,)
61 0 63 0
0 a 0 3,
0 EN - = 0 9. - =
SVV — _ao (0,0, 63,62) - (Z;) (—02, 63,0,0) - _az (0,0, (71, 60) + 602 (—60, al, 0,0)
61 0 63 0

Equally radically different are the corresponding Lagrangians and propagators.
By analogy with [9, Chapter I1.2] we will carry out the procedure of second quantization of the
fermion field. Let us write the equation

m 0 0 0
=[5 82 8) Jovo=s
00 0 m
in the momentum space, for which we apply the integral transformation
d*p )
= | —— i(pox1—P1X0+P2X3~P3X2)
00 = [ 517 e)e

Let's substitute the wave function into the equation and obtain

m 0 0 O
7% [0 m 0 O _
0 0 0 m
0 2 0 2
i) =1{.9 10,02, -p) - P |@7500 — .9 0,0 0p,— P3| (5 5-00
(p) P1 ( WU, D2, p3) 0 (p3'p2! ) ) D3 ( YU, Po» p1)+ 0 (pl'pO' ’ )
Po 0 D2 0
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Let us define two sets of four reference spinors

0 Do 0 P2
(0 _| P _| 0 _| —ps
ul = Dy uz = 0 u3 = Ps u4 = 0
Do 0 D2 0
P1 0 P3 0
_[Po _ 0 _| P2 _ 0
vl = 0 V2 = P_o_ v3 = 0 v4 = P_z_
0 —P1 0 —P3
vi=yJul v2=yfu2 v3i=yJul3 v4=ylus
where
0 0 1 0
v_[0 0 0 1
Yo=11 0 0 o0
01 0 O
And let's express the matrix through them
0 P 0 a
s7@) = L 00,02 —p5) — | P | 755200 — | 2 | 0.0,p0,~p) +| “P* | 1,50, 0,0)
pl I, U2, 3 0 3 MY2, Y p3 Y Moo 1 0 1KoY
Do 0 D2 0

=ul(p)v4*(p) — u2(p)v3*(p) —u3(p)v2*(p) + u4(p)vi*(p)

Developing the idea of invariance, we pass to the set of reference spinors with wider filling, but
continuing to form matrices possessing the invariance property

—P3 |%) —P1 Po
_ | ~b2 _ | ~Pbs _ | ~Po _| 7P
ul = Py uz = Do u3 = Ps u4 = D,
Po —P1 D2 —P3
D1 Do D3 P2
_ | Po _| 7P _ | b2 _| ~Pb3
vi=1p, v2=\-p, v3=\p vd =1 —p,
D2 (%] Po P1
Let's express through the reference spinors the matrix
—Ps3 —P1
SR = [ 7% | 0o, —pup2—p3) — | 10 | 02 13, Do —p1)
P1 0 1 P2 3 P3 2 3 0o 1
Po D2
P1 (%]
p p
+ pg (P2, —P3, Do, P1) — pi (o, —P1, —P2,D3)
D2 Po
= ul(p)u4’(p) — u3(p)u2’(p) + vi(p)v4’ (p) — v3(p)v2'(p)
—P3 —P1
stp) = [ 7% | 0o, —pup2 =) = | 10 | 02 =P, Do —p1)
pl 0 1 P2 3 p3 2 3 PO 1
Po D2
P1 (%]
p p
+ pg (P2, —P3, D0, P1) — pi (o, —P1, —P2,P3)
D2 Po
—P3Po P3P1 —P3P2 P3P3 —P1iP2 P1Ps  —PiPo P1P,
_ | 7P2bo P2P1 —P2P2 P2Ps | _ [ “PoP2 PoPs —DPoPo Pob1
P1Po —P1P1 P1P2 —P1P3 P3P2  —P3P3 P3Po —P3P1
PoPo —PoP1 PoP2 —DPoP3 D202 —DP2P3 P2P0 —P2P1
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P1P2  —PiP3s —PiPo P1P1 P3Po —P3P1 —P3P2 D3P,

+ PoP2  —PoP3 —PoPo PoP1|_ | P2Po —P2P1 —P2P2 D2P3
b3sb2 —DP3P3 —P3Po P3P PiPo —PiP1  —P1P2 DPiP3

D2D2  —D2P3 —P2Po  DP2P1 PoPo —PoP1 —PoP2 Dobs3

—P3Do + P1P2 0 00
_ 0 P2P1 — PoPs 0 0
0 0 P1D2 — P3Do 0
0 0 0 —DoP3 t P2P1
P1P2 — P3Po 0 0 0
i 0 —PoP3 + P2P1 00
0 0 —P3Pot+P1D2 0
0 0 0 P2P1 — PoP3
m+m 0 00
_ 0 m+m 0 0
0 0 m+m 0
0 0 0 m+m
and matrix
Po D2
Se® = | ) (=ps =120 p0) = [ 1 | (=P, —Po P2 12)
R pz 3 2 P10 po 1’ 0 M3, P2
—Ds3 —P1
D2 Po
-p -p
+| —pg | 1.0, 13, 02) — | —p, | 03, P2,P1, Do)
P1 D3
= u4(p)ul’(p) — u2(p)u3’(p) + v4(p)v1’ (p) — v2(p)v3’(p)
Po D2
Se® = | ) (=ps =120 p0) = [ 1 | (=p1, —Po P2 12)
R pz 3 2 P11 PO po 1’ 0 M3, P2
—P3 —P1
|%) Po
-p -p
+ _pz (P1,Po, D3, P2) — _p; (3, P2, P1,Po) =
P1 P3
—PoP3 —PoPz2 DPoP1 PoPo —P2P1 —P2P0  DP2P3 D2D2
_ | Pib3 P1P2  —P1P1 —P1Po | _ | P3P1 P3Po  —P3P3  —DP3D2
—P2P3 —P2D2  D2P1 P2Po —PoP1  —PoPo  Pob3 PoD2
DP3P3 P3Pz —P3P1 —P3Do pP1P1 P1iPo  —P1P3 —DP1P2
P2P1 P2Po P2D3 DP2D2 PoD3 PoD2 PoP1 PoPo
+ —P3P1 —P3Po —P3P3 —P3P2|_ | ~P1iP3 —PiP2 —PiP1  —P1iDPo
—PoP1  —PoPo —PoP3 —DPobP2 —D2P3  —D2P2 —DP2P1 —P2DPo
P1P1 P1Po D1P3 D1D2 D3P3 D3Pz P3P1 P3Po
—PoP3 + P2P1 0 0 0
_ 0 P1P2 — P3Po 0 0
0 0 P2P1 — PoP3 0
00 0 —P3Po + P1D2
D2P1 — PoP3 0 0 0
" 0 —P3Po + P1P2 0 0
0 0 —PoP3 + D2P1 0
0 0 0 P1P2 — P3Po
m+m 0 0 0
_ 0 m+m 0 0
0 0 m+m 0
0 0 0 m+m
here

m = Dp1P2 — PoP3
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Let us decompose the fermion field into plane waves with operator coefficients

d*p
o) = f @t
[dl (P)ul(p) + id,(p)ud(p) + ib, (p)u2(p) + bl(p)ﬁ(p)] oi(Pox1-P1x0+Pas P332 )
+d,(p)vi(p) + id3(p)v3(p) + ibs(p)v2Z(p) + b,(p)v4(p)

[ bi(p)ul(p) + ib;(p)u3(p) + id;(P)u2(p) + di(p)ud(p) ] —i(poa—pro+paxs—psta + D)
+b;(p)V1(p) + ib3(p)v3(p) + id3(p)vZ(p) + di(p)v4(p)

Let's impose the anticommutation conditions on the operator coefficients

by (p)bi(p") + bi(p" )b, (p) = 6(p — p")
d,(p)di(p") +di(p")d,(p) = 6(p—p")
d,(p)d;(p") + d3(p")d.(p) = 6(p — p)
b,(p)b3(p") + b3 (p)b,(p) = 5(p — p)
ds;(p)d;(p’) + d3(p)ds(p) = 6(p — p')
b3 (p)b3(p") + b3(p")bs(p) = 8(p — p")
by(p)bs(p") + b3(p)bs(p) = 5(p — p')
d,y(p)d;(p") + di(p)ds(p) = 6(p — p)

bi(p")b.(p) + by (p)bi(p") = 6(p’ — p)
di(p)di(p’) + di(p)di(p) = 6(p' — p)
d;(p)d,(p") + d,(p)d3(p) = 6(p' — p)
b;(p)b,(p’) + by (p')b;(p) = 6(p" — p)
d;(p)ds(p") + ds(p")d;(p) = 6(p — p')
b;(p)bs(p") + b3 (p)b3(p) = 5(p' — p)
bi(p)bs(p") + bs(p')bi(p) = 6(p' — p)
di(p)d.(p") + ds(p)di(p) = 6(p’ — p)

We consider the rest anticommutators to be equal to zero. Then we can write the expression for

the anticommutator of the field

{90, 9,6} = i 09, x) + 9P 00 = (@GO (X) + (NPT ()" )

P " X) + (p(xN@"X)" =

[ ity

d*p’

[dl (p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)ﬁ(p)]
+d,(p)vi(p) + ids(p)v3(p) + ibs(p)v2(p) + b,(p)v4(p)

[bi‘(p’)u1+(p’) + ib3(pHu3*(p’) + id;(pHu2”(p’) + di(p ) ud” (p’ ]
+b;(p)v1*(p’) + ib3(p)v3* (p") + id;(p")v2T (p") + di(p")v4" (p")

ei(pox1—171x0+172x3—P3xz+(P.X))e—i(P0’x1 —p1"x0" 402" x5 3" %, + (X))

[dl(p’)ul(p’) +id,(pHu3(p’) + ib,(pHu2(p’) + by (p"u(p’)
+d,(p")v1(p") + id3(p)IV3(p") + ibs(pIVZ(p") + bu(p)v4(p")
[ b; (p)ul*(p) + ib;(p)u3*(p) + id;(p)u2’(p) + d; (p)u4’ (p) ]
+di(p)v1*(p) + id;(p)v3*(p) + id5(p)v2' (p) + d;(p)v4" (p)

ei(polh —p1'x0"+p2 23" —p3 2" + (P’ X'))e—l(D0x1 P1XotP2X3— p3x2+(px))

[ b; (p)u_l_(p) + ib; (p)u_i(p) + id;(p)u2(p) + di(p)u4(p) ]
+b;(p)v1i(p) + ib3(p)v3(p) + id3(p)v2(p) + di(p)v4(p)

[dl(p’)ulT(p’) +idy(pHu3’(p") + iby(pHu2* (p') + by (pHud™* (p’ ]
+d,(p)v1'(p") + ids(p'Iv3"(p") + ibs(p')V2* (") + by (p")V4* (P

e~ i(Pox1-P1x0+P2x3-Dax2+ (X)) o i(Po X1 ~p1 %0  +p2"x3" ~p3 %2 + (0’ @ xN)
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b1 (pHul(p’) + ib;(pu3(p’) + id;(pHu2(p’) + d; (p")u4(p’) ] !
+b4(p WVI(p') + ib3(p"Iv3(p') + id;(p)v2(p) + d;(p")v4(p")
d1 (p)ul’(p) + id,(p)u3” (p) + ib,(p)u2*(p) + b, (p)us*(p)

\ +d4(p)v1T(p) +id3(p)v3T(p) + ib3(p)v2*(p) + bs(p)v4* (p) /

e~ i(Po'x1"=p1"x0" +p2" 3" - 13" x5 +(B'XN) o i(PoX1~P1X0+D2 X3~ P32+ (X))

[ d,(p)d;(pHul(p)ud’ (p") + d1(p')df(p)(ul(p')u4T(p))T
—d,(p)d;(pHud(p)u2’(p’) - dz(p’)dé(p)(u3(p’)u2T(p))T +-

d4 ' ei(Poxl—P1x0+P2x3—P3x2+(P.X))e—i(170’xlr—m’xo’ﬂ?z x3'—p3" %, + (' X))

d4
ﬂ 2ot 2o | . - + - ;
b, (p)b; (pHu4(p)ul*(p’) + by(p'bi(p))(ud(pHul*(p))

AY ) ! 14 * Y ! T
|—b, (p)b; (p")u2(p)u3*(p’) — b, (p")b;(p) (u2(pHu3*(p)) + -
ei(Po'xll—P1’x0’+P2’x3’—P3'x2’+(P"X’))e—i(Poxl—P1x0+P2x3—P3x2+(DT))

N3+ 1 ! * I 31 I T
b; (p)b, (p")ul(p)ud*(p’) + bi(p")b, (p) (ui(p’)us*(p))

AT ! * i 32 i T
[ —b; ()b, (pHu3(p)u2* (p') — b3(p")b, (p)(u3(pHu2*(p)) + -
d4p d4. ’ e—i(l’ox1—P1x0+1’2x3—P3x2+(137))ei(P0’x1’—P1’x0’+P2’x3 -p3' %, +(p'xX))

ff 4 4 +
(2m) (21'[) ] ) o , , r T
di(p)d, (p"ud(p)ul’(p") + di(p")d, (p)(us(pHul’(p))

|—d;(p)d, (pu2(p)us” (p") — d3(p')d, (p) (u2(p )u3’(p)) + -

e—i(l’olxl —p1'x0" +p2"x3"—p3 %"+ (p’ X'))el(l’ox1 P1Xo+D2X3~ P3xz+(PX))

d, (p)d; (pHul(p)ud’ (p") + d; (p")d;(p)(u4(p)ul’(p"))
|—d,(p)d;(pHu3(p)u2’(p’) — dz(p')dé(p)(u2(p)u3T(p’)) + -
d4p d4p' ei(poxl—p1x0+pZX3—p3x2+(])7))e—i(p0’x1’—p1'xo’+p2 x3'—p3'xz +(p' %))
- ff @n)* 2m)* p— LI ,
b, (p)b; (pud(p)ul*(p’) + by (p'bi(p))(ui(p)ud*(p"))
| —b,(p)b;(pHuZ(p)u3*(p’) — b, (p")b;(p) (U3(p)u2*(p")) + -

ei(Po’x1’—P1’xo’+P2’x3’—P3’x2’+(P"X’))e —i(pox1—Pp1X0+D2X3-P3x2+(PX))

bi (p)by (p"Hul(p)ud*(p') + bi(p")b; (p) (ud(p)ul*(p"))
[—b3(P)b,(pu3(p)u2* (p') — b3(p")b, (p) (uZ(p)u3*(p")) + -
d4p d4 ’ e—i(Pox1—P1xo+P2x3—P3x2+(P7))ei(P0’x1’—P1’x0’+P2’xsl—P3’x2’+(P',X'))

ff Cemt et |, *
d; (p)d; (p"u4(p)ul’(p") + d;(p")d; (p) (u1(p)ud”(p"))

|—d3(p)d, (pHu2(p)u3’(p’) — d3(p)d, (p)(u3(p)u2’(p")) + -

e—i(Po’x1’—P1’xo’+P2’x3 —p3'x"+(p’ X’))el(Poxl P1X0+P2X3—P3X2+(pX))

[ ul(p)ud’(p) + - ]
—u3(p)u2’(p) + -
f d4p ei(po (x1=%1")=p1(x0—%0")+P2(*3—x3")—p3(x2—2x2 ’)+m)
= | 55z +
(@m* u4(p)ul*(p) + -
[—ﬁ(p)u3+(p) + ]
[ o —i(Po(x1=x1")=P1(x0~%0")+p2(¥3~23")~p3(x2 —x2")+(px—x") |
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[ uI(p)us*(p) + - |
[—u3(p)uz*(p) + -]
f d4p e—i(Po(xl—xll)—Pl(xo—x0’)+P2(x3—x3’)—P3(x2—x2’)+(P.TX"))

= +

(2m)? ud(p)ul’(p) + -
[—u2(p)u3’(p) + -
L ei(Po(x1—x1')—P1(xo—xol)ﬂ’z(x3—x3')—p3(xz—xz')+(P.X——X')) |
[ul(p)u4’(p) — ud(p)u2’(p) + -+
lu4(p)ul’ (p) — u2(p)usd’(p) + -+
J_d4p ei(Po(x1—x1')—P1(xo—xo')+Pz(xa—x3')—p3(xz—xz')+m)
=| — +

(em)* [Wa(p)ul* (p) — UZ(p)u3* (p) + - +]

[ul(p)ud*(p) — u3(p)u2*(p) + -+
_e—i(Po(x1—x1')—P1(x0—xo')+172(xs—x3')—P3(xz—x2')+(l’XA—X’))_
[ [ul(p)u4T(p) —u3(p)u2’(p) + vi(p)v4" (p) — v3(p)v2'(p) +]]

u4(p)ul’(p) — u2(p)u3’(p) + v4(p)v1’(p) — v2(p)v3’(p)
d*p ei(Po(x1=x1")=p1(x0=x0")+p2(x3~x3")~p3(x2—x2") +(Px—x"))
S| e
[u4(p)u1 (p) — u2(p)ud*(p) + v4(p)vl*(p) — v2(p)v3*(p) +

ul(p)us*(p) — ud(p)u2*(p) + vi(p)v4*(p) — v3(p)v2*(p)

e —i(po(x1—x1")—p1(x0—x0")+P2(x3—x3")—p3(x2—x2") +(px—x"))

_ [ 4
~ ) 2n)®

(SR(p) +SR(p))e(i(l’o(xl—x1’)—l’1(xo—xol)"'l’z(xa—x3’)—l’3(x2—x2’)+(P‘X-Xl))) +

d4'p_ — (i AN ! e NN v/
[ e (52000 + 37 (e e~(0otramx )l sl 1 o330)
T

. m 0 0 O
d p 4 0 m 0 0 e(i(po(xl—xl')—pl(xo—xo’)+p2(x3—x3’)—p3(x2—xz’)+(p,x—x’))) +
2o* {0 0 m 0
0 0 0 m
. m 0 0 O
d”p 4 0 m 0 0 e—(i(po(x1—xl')—pl(xo—xo’)+p2(x3—x3’)—p3(x2—xz’)+(p,x—x’)))
2m)* 0 0 m O
(2m)
0 0 0 m

=4mI§(x' —x) + 4miId(x — x")
We will consider this relation as a proof of the anti-symmetry of the fermion wave function under
the stipulated anticommutation relations.

It is important that all the above deductions are valid in any frame of reference, while the proof
of anticommutativity of the fermion field in [9] is carried out for the rest frame.
Let us calculate the total energy of the fermion field

E=&=jd%¢%m%mm

_ (gt ([ 2P 4
‘fdxﬂfmw@w4
[di(p’)uf(p’) —id;(p"u3*(p’) — ib;(pHu2” (p') + bi (p")ud’ (p’
+d;(pHv1t(p") — id3(p")v3*(p') — ib3(p")v2" (p") + b;(p"Iv4" (p
b, (pul”(p") — ib,(pu3” (p') — id,(pHu2*(p’) + d, (pHus* (p’
+b,(p V1" (p") — ibs(p")v3T (p") — id3(p)v2* (p') + dy(p)IVA* (p

] e~ i(Pox1-P X0 +P3x3-P3%2+(P' X))
D

] e i(POX1-P1X0+P3x3- D322 +(P' X))
)
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[dl (p)ul’(p) + idz (PIu3” (p) + ib, (PIUZ™ (p) + b1 (PIU4™(P) | i(pyx; —prxo+poxs-—psrs )

+d,(p)v1T(p) + id;(p)v3' (p) + ib;(p)v2* (p) + by(p)v4* (p)

[bi‘ (P)ul*(p) + ib;(p)u3*(p) + id3(p)u2’ (p) + di(p)ud’ (p) ] o~ i(PoX1P1X0+P2%3~p3¥;+(PX)
+b;(p)v1*(p) + ib3(p)v3*(p) + id;(p)v2” (p) + di(p)v4’ (p)

d*p d*p’
= [ 4+ || Gy
[ [di(p’)uf(p’) — id;(p"u3*(p") — ib;(p")u2’ (p") +bI(p’)u4T(p’)] ]
+di(p)v1*(p) — id;(p")v3*(p") — ib3(p)v2" (p') + b3 (p")v4" (p")
[d1 (P)ul(p) + id,(p)u3d(p) + ib,(p)u2(p) + by (p)u4(p) ]
+d,(p)v1(p) + id3(p)v3(p) + ib3(P)VZ(P) + bs(p)v4(p)
e—i(p{)X1—pixo+pEX3—péxz+m)ei(poxl—ple+sz3—p3Xz+(p7))
b, (p"ul’(p") — ib,(p"Hu3™(p") — id,(p"u2*(p") + d; (p"us*(p’ ]
+b,(p V1" (p') — ibs(p)v3T (p") — id3(p")v2* (p') + d4(p")v4* (p")
[ b; (p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d; (p)u4(p)
+b;(p)vi(p) + ib3(p)v3(p) + id3(p)v2(p) + dy(p)v4(p)
ei(P6x1—P{xo+P£x3—Péxz+(P".X))e—i(Pox1—P1xo+P2x3—P3x2+m

3 d*p d*p’
B ﬂ @2n)* (2m)*
[ [di(p’)ul"(p’) — id;(p")u3*(p’) — ib;(p")u2’ (p") +bi‘(p’)u4T(p’)] T
+d;(p")vit(p) —id3(p")v3*(p') — ib;(p)v2' (p') + by (p')v4" (p")
[d1 (p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)u4(p) ]
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)v2(p) + by(p)v4(p)
5(p' —p)
[ b, (pHul’(p") — ib,(p"Hu3” (p") — id,(pHu2*(p") + d,(p)ud™* (p’ ]
+b,(p)v1" (p') — ibs(p)v3T (p) — id3(p")v2* (p') + d4(p")v4* (p")
[ b; (p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d; (p)u4(p)

+b;(p)VI(p) + ib3(p)v3(p) + id;(p)v2(p) + di(p)v4(p)
s(p-p")

[ di(p)d;(p)ul*(p)ul(p) + d;(p)di(p)ud* (p)ud(p)
+b, (p)b;i (p)ul” (p)ul(p) + b;(p)b;(p)ud’ (p)ud(p)
+b,(p)b;(p)u3” (p)u3(p) + b;(p)b,(p)u2’ (p)u2(p)
_ f _d*p |+d;(p)d,(p)u3* (p)u3(p) + d,(p)d;(p)u2*(p)u2(p)
@2n)* | +di(p)ds(p)v1* (p)vi(p) + dy(p)di(p)v4* (p)v4(p)
+b,(p)bi(P)V1T (p)vi(p) + bi(p)bs(p)v4" (p)v4(p)
+b3(p)b3(P)v3T (p)v3(p) + b3(p)bz(p)v2T (p)v2(p)
L +d3(p)d;(p)v3* (p)v3(p) + d3(p)ds(p)v2* (p)v2(p) ]

b, (p)b;(p) + bi(P)b1(p) + di(p)d:(p) + d1(p)di(p)
f eo(p) +b,(p)b;(p) + b3(p)b,(p) + d3(p)d,(p) + d(p)d;(p)
2m)* O 14b,(p)bi(p) + bi(P)ba(p) + d5(p)ds(P) + du(p)d; (D)
+b3(p)b3(p) + b3(P)bs(p) + d3(p)ds(p) + d3(p)d3(p)

] RSO Y PLE NS

here
eo(p) = PoPo + P1P1 + P2P2 + P3P3
Each summand in brackets represents the operator of the number of particles with a certain

reference spinor. The operator's action consists of consecutive application of the annihilation operator
and the operator of the creation of a particle. On initial examination, it would appear that the energy
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associated with zero-point fluctuations in the vacuum has been overlooked. However, an
examination of the final expression reveals that the field always possesses a constant energy,
regardless of the particles that contribute to it. This constant energy of the field can be interpreted as
the energy of zero-point fluctuations of the vacuum.

The following relations were taken into account in the derivation

by (p)b;(p) + bi(p)by(p) = 6(0)  bi(p")b;(p) + by (P)bi(p) = 6(0)
di(p)di(p) + di(p)di(p) = 6(0)  di(p)d,(p) + d,(p)d;(p) = 6(0)
d,(p)d;(p) + d;(p")d,(p) = 6(0)  d3(p)d,(p) + do(p)d;(p) = 6(0)
b, (p)b;(p) + b;(p)b,(p) = 8(0)  b;(p)b,(p) + b, (p)b;(p) = 5(0)
d;(p)d3(p) + d3(p)d;(p) = 5(0)  di(p)d;(p) + ds(p)d;(p) = 6(0)
b3(p)b3(p) + b3(P)bs(p) = 5(0)  b3(p)bs(p) + b3 (P)b3(p) = 5(0)
by(p)b;(p) + bi(P)bsa(p) = 5(0)  bi(p)bs(p) + ba(p)bi(p) = 5(0)
dy(p)di(p) + di(p)ds(p) =6(0)  di(p)ds(p) + du(p)di(p) = 6(0)

5(0) = jd"x

Let us perform a series of transformations analogous to those presented by Dirac in [10, Lecture
11]

1
Po= [ 0" @500 00 = 5 [ a*x 9?05, [570G0)

1 d4p . P
- 4 + __ ©” gR i(pox1—P1X0+P2x3—P3x2+(PX))

4 4
= % (;7:))4 [I (CZIT[J)C‘} (p+(X)SOei(P0x1—P1xo+P2x3—P3x2+(l’7))] SR (p)(P(p)

1 d4 d4 d4—
= ﬁf (27:))4 @ (P)S,[SE(P)e(p)] = j (27‘34 et (p)S,e(p) = f (27:))4 @* (p)o(p)

d4—
= f # (03 )90 (P) + 91 (P)91 (D) + 92 (P)92(P) + 3 (P) 3 (P)]

Following Dirac's argument in [10], the value of

d4
Po=H= f # [og (P)Po(P) + 0 (P 1 (P) + 93 (P)92(P) + 03 (P)P3(P)]

can be treated as either a Hamiltonian or a total energy operator, with ¢,f(p) representing the
creation operator and ¢,(p) representing the annihilation operator.

In [10] the quantization procedure includes the use of one definite Lorentzian reference frame,
i.e. it is not invariant. In our case all deductions are valid in any reference frame in the spinor space,
and it means invariance to change of reference frames in the Minkowski space also.

The following relations are used in the transformations

SRe(x) = 2me(x)

(X = ——S*e()

Px) = om Px

(p(x) = fﬂ (p(p)ei(poxl—p1x0+D2x3—D3x2+(PT))
(2m)*

o(p) = fd4xr (p(xr)e—i(pox{—p1x6+p2x§—p3x£+(p,x’))
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5(p) = fd“x’ e~ (Pox1—P1Xg+P2x3 P33 +(PX))

5(x) :f d4p ei(Pox1—P1xo+sz3—p3xz+m)
(2m)*

ot(p) = J. d*x (p+(X)ei(Pox1—P1xo+sz3—p3xz+m)

d*p . —
R = R i(pox1—P1X0+P2X3-D3X2+(p.X))
57000 = [ 55 SHP) @ p)e
SR(p) = 2mI
0, do
R —0s -0,
S = —60 (all 605 63; 62) - —62 (63, 62, 61, 60)
61 63
—0o —0,
04 03
+ _az (63' 62: _all _60) - —60 (615 60: _63: _az)
03 01
—Ps3 —P1
SR(p) = P2 _ _ [ —Po B i
P) =\ p,° |®o—PuP2—P3) = p, | P2 —P3P0,~P1)
Do b2
D1 D3
+{ D0 ) P2 =3 —po p1) = | b2 | o =1, —P2r3)
D2 Po

The chain of reasoning can be organized in a slightly different way as well

1 1
Po= [ 0" 50000 = 5= [ ¢ 57 [s"@(0)]

+

:ii d*x j d'p’ SR(p")(p")ei(Pox1=Pixo+prxs—p3x2+(p')
2m2m (2m)*

4
[f (Czi 1))4 SR(p)(p(p)ei(l’oxl—P1x0+P2x3—P3x2+(I’T)):|
T

11 d*p’ * S
d* J SR(p' ! —i(pox1—p1X0+P2x3—P3x2+(p' X))
= 5mom X[ 2y (e )] e

4
[] (621 1)14 SR(p)(p(p)] ei(Pox1-p1x0+p2x3-D3x2+(pX)
T

1 1 d*p’
~ | s @00 )] [ e " @105 - p
1 1 (d*% ( d* ) , ,
=2 | Gt | G 1S* @IS P )1 ~ )
_ L (2 +sR
=2mam ) o 5 @e@IST(Pe®)]

1 1 (d*

= 2m2m (27r)4 @) IS" @I IS* @) (p)]

~ 2m2m J ) o) [ST@®)] [s"®)o(®)
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1 1 (d* -
= ﬁﬁf% ©)*[2102 = Pspo)!]' [2(P1P2 — P3po)1@(P)

11 d* .
= %Ef ot @) (p1p2 — P3Po) (P1P2 — P3P) @ (P)

11 d%

=—— W(Pé — P2 =P} = P;) (p)* @(p)

4
= f (6217:;4 o) o(p)
Here it is taken into account that
§%(p) = 2(P1p2 — P3Po)]
(P1P2 — Pob3) (P12 — Pobs) = P§ — P{ — P{ — P} = mm =
= (SoPo — $1P1 — S3P; — S3P3)(SoPy + S1Py + SoP, + S3P3)
Let us draw an analogy between our approach and the relations given in [11, Volume 1, Chapter
3, Section 3.3.1]. There it is noted that the creation and annihilation operators of the fermionic field
must satisfy such commutation relations that the equality expressing translational invariance is
satisfied
P(X +A) = eP'A @(X)e A
which in differential form is written as
0, 0X) = i[F, @(X)]
The coordinates here are the components of the Minkowski vector space. On the basis of these
relations the anticommutation relations between the creation and annihilation operators are derived.
At substantiation of the Schrodinger equation we have to assume that the zero component of

momentum, i.e. energy, commutes with the rest of the momentum components, which allows us to
represent the exponent of the sum as a product of exponents.

el(PoXo—P1X1—P2X3—P3X3) — oi(PoXo)p—i(P1X1+P2X2+P3X3)
and consider time and energy separately from spatial coordinates and momenta. In this case it is
possible to independently perform translation in time and space.
eX+A) = el(PoAo) o —i(P1A1+P; Az +P3A3) (p(X)e—i(Pvo)ei(P1A1+P2A2+P3A3)
= e i(P1A1+P2 Az +P3A3) [ei(Pvo)(p(X)e—i(Pvo)]ei(P1A1+P2A2+P3A3)

The same assumption is used in the interaction picture, and also in the method of integration
along trajectories, when the evolution on a finite time interval is divided into infinitesimal time
intervals. This separation of the time coordinate has no good reason; following the logic of the

method, one should make infinitesimal increments on all four coordinates at once and study the

behavior of the entire initial exponent as a whole
et(PoXo—P1X1—P2X3—P3X3)

In this case, as in the usual integration over trajectories, one must involve the equation of motion,
to some degree approximated to reality, to account for the relationships between the components of
the momentum operator.

In the spinor coordinate space, we can express the translational invariance of the field operator
by the relations

(P(X + a) = ei(Poa1—P1ao+Pza3—P3a2+(P.a)) (p(x)e—i(Poa1—P1ao+Pza3—P3a2+(P,3))

() = i[-p,@(X)]  0:0(X) = i[py, p(X)]
0,0(x) = i[-ps3, @(X)]  Fz:0(X) = i[p,, @(X)]

[p1, x0] =i [Po, x1] = —i

[ps, %] =i [p2, x3] = —i
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It is interesting to find out in what relation these translational operators are - one operator acts
in vector space, the other in spinor space. In both cases the following interpretation can be given.
Suppose we know the result of an operator acting on an arbitrary state at a point in space 1, and we
want to know the result of its action on a state at point 2. Then we translate the state from point 2 to
point 1, act on it by the operator, and transfer the obtained result back to point 2.

Both operators act on the same state, but in one case the state is labeled by spinor coordinates
and in the other by vector coordinates. The translation mechanism of the operators is essentially the
same, but it is not possible to replace the action of one translation operator by some combination of
actions of the other. Because of this, the question arises as to which of these operators better describes
nature. Our point of view is that the translation operator in spinor space is primary, and the operator
in vector space just successfully copies it, without being exact, but being some approximation. It
attracted the attention of physicists first because vector space is more accessible for investigation.
When integrating over a four-dimensional vector space in some cases there is a divergence, then use
renormalization. When integrating over four-dimensional spinor space, the differential element has
two orders of magnitude of the vector momentum component smaller, while the denominator in the
integrand remains of the same order as when integrating over vector space. This difference possibly
affects the convergence.

Let us calculate the total mass of the fermion field

M=jwmﬂ@¢®=

. d*p d*p’

fd ﬂ@w%hw
[dl(p’)ulT(p’) + id,(p")u3”(p") + ib,(pHu2*(p") + by (pud* (p’ ]
+d,(p)v1T(p’) + ids(p")v3T(p’) + ibs(p"IV2¥ (p’) + by (p")v4* (p')

[ b;(p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d;(p)u(p) ]
+b;(p)vi(p) + ib5(p)v3(p) + id;(p)v2(p) + di(p)v4(p)

e i(P(’)xl—P{xo‘*Pé% —Péxz‘*(l"‘x))e—i(pox1—p1xo +p2x3-p3X2+(PX))

. d4-p d4 ’

fd ﬂam%my

[bi‘ (pHul*(p’) + ib3(pHu3*(p’) + id;(pHu2"(p’) + di(p ) ud” (p’ ]

+b;(p)v1*(p’) + ib3(p)v3* (p") + id;(p"Iv2T (p") + di(p")v4" (p")
[dl (P)ul(p) + id; (p)u3(p) + ib,(P)uZ(p) + b, (p)ﬁ(p)]
+d,(p)vi(p) + id3(p)v3(p) + ib3(p)v2(p) + bs(p)v4(p)

e—i(P(’)x1—P{xoﬂiéxs—l’éxz*'(l)"X))ei(Poxl—Plxo‘Fszs—Psxz"’m
s
(2m)* (2m)*
[d1(p')u1T(P') + id,(pHu3’(p") + ib,(pHu2*(p’) + by (pHus* (p’ ]
)

+d,(p)v1(p") + id3(pIV3"(p') + ibs(pIV2* (") + by (p'IV4* (P

[ b; (p)u_l_(p) + ib; (p)u_i(p) + id;(p)u2(p) + di(p)u4(p) ]
+b;(p)v1i(p) + ib3(p)v3(p) + id3(p)v2(p) + di(p)v4(p)

5(p—-p")
dip d*p’
+ﬂ@ﬂﬂhﬁ

[bi‘(p’)ul’“(p’) + ib;(p"u3*(p") + id;(pHu2’ (p") + di(p"ud’ (p’ ]
)

+b;(p)v1*(p") + ib3(pIV3*(p) + id5(pHIv2" (p") + di(pHIv4" (p

[dl (p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)ﬁ(p)]
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)vZ(p) + by (p)v4(p)
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s(p' —p)

[ dy(p)d; (p)ul’ (p)u4(p) + b, (p)b; (p)us* (p)ul(p)

_ [ _4*p_|~d.(p)d;(pIu3” (PIu2(p) — by (p)b;(p)u2* (p)u3(p)
@m)* | +d,(p)di(p)v1T (p)v4(p) + by(p)b; (p)v4* (p)vi(p)

| —d3(p)d3(p)v3” (p)v2(p) — b3 (p)b3(p)v2* (p)v3(p)

[ b (p) by(p)ul®(p)ud(p) + di(p)d;(p)us’ (p)ul(p)
d*p | —b3(p)b,(p)u3* (p)uz(p) — d;(p)d,(p)u2(p)u3(p)
(2m)* | +b;(p)bs(p)V1* (p)v4(p) + di(p)d.(p)v4” (p)vi(p)
[—b3(p)bs(p)v3* (p)v2(p) — d3(p)ds(p)v2’ (p)v3(p)

d,(p)di(p) + by (p)bi(p) + dy(p)ds(p) + bs(p)bi(p)
_ f YDy my| TL2@EEP) +da (P)d(P) + ds (P)d5 () + b3 (P)13 (P)
(2m)* +b1(p) b1 (p) + di(p)di(p) + bi(P)bs(p) + di(p)d4(p)
+b;(p)b2(p) + d;(p)d2(p) + b3(p)b3(p) + d3(p)ds(p)

= fﬂB(m+ﬁz)6(0) = J-d‘*xfﬂ 8(m + m)
(2m)* (2m)*
The ratios used in the derivation are
ul’(p)u4(p) = —pspo + P2p1 + P1P2 — Pop3 = 2m
ud” (p)ul(p) = —pops + p1p2 + P2P1 — P3Po = 2m
u3”(p)u2(p) = —p.p; + Pobs + P3Po — P21 = —2m
u2’(p)ud(p) = —p,p; + P3Po + PoPs—P1P2 = —2m
ul’(p)u4(p) = —pspo + P2p1 + P1P2 — Pop3 = 2m
v1'(p)v4(p) = p1p; — PsPo — PoP3 + P2p1 = 2m

ul*(p)ud(p) = =pspo + pzP1 T P1Pz — Pobs = 2

b, (p)b;(p) + bi(p)b1(p) = bi(p)b.(p) + b1 (P)bi (p) = 6(0)
d,(p)di(p) + di(p)d,(p) = di(p)d;(p) + d,(p)di(p) = 5(0)
d,(p)d;(p) + d3(p)d,(p) = b3(p)b2(p) + b2 (p)b3(p) = 6(0)
by (p)b3(p) + b3 (P)b2(p) = d3(p)d.(p) + d.(p)d;(p) = 6(0)
d;(p)dz(p) + d3(p)ds(p) = b3(p)bs(p) + b3(p)b3(p) = 6(0)
b3 (p)b3(p) + b3(p)b3(p) = d3(p)ds(p) + ds(p)d;(p) = 6(0)
by(p)bi(p) + bi(P)bs(p) = bi(P)bs(p) + bs(p)bi(p) = 6(0)
d,(p)di(p) + di(p)d.(p) = d;(p)d4(p) + ds(p)di(p) = §(0)

5(0) = fd“x

Let us give an interpretation of the operator coefficients for this approach

—P3 D2 —P1 Po

_ | 7Pz _ | ~Ps _ | ~Po _| 7P
u1—<p1> u2—<p0> u3—<p3> u4—<p2>

Po —P1 D2 —P3

My1 = —P2P1 + P3Po = —M
Myz = —P3Po + P21 =M
My3 = —PoP3 + P1P2 =M

Myg = —P1P2 + PoP3 = —M
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P1 Po (%] |)
_ | Po _| ~h _ | P2 N a4
vli= D3 v2 = —D2 v3 = 121 vd = —Po
D2 D3 Do b1

My1 = PoP3 — P1P2 = —M

Myz = P1P2 — PoP3 =M
My3 = P2P1 —P3Po =M

Myg = P3Po — P2P1 = —M

_ [
209~ [ Gy

[dl (P)ul(p) + id,(p)u3(p) + ib, (PIu2(p) + bl(p)ﬁ(p)] o l(Pox1-B1x0+Drx3-D3x,+ TB)
+d,(p)v1(p) + id3;(p)v3(p) + ib3(p)VZ(p) + b, (p)v4(p)

[ bi(p)ul(p) + ib;(p)ud(p) + id;(p)u2(p) + di(p)u4(p) ] o—i(Por1-P1 %0233 )
+b;(p)vI(p) + ib;(p)v3(p) + id3(p)v2(p) + d;(p)v4(p)
—Ps3

di(p) creates and d;(p) destroys a particle ul(p) = p12 with mass —m, spin up and

Do

momentum in the interval d*p, d;(p)d,(p) is the operator of the number of such particles

~Ps
b, (p) creates and bi(p) destroys a particle ul(p) = —p_Pz with mass —m, spin up and

1
Po

momentum in the interval d*p, b;(p)b;(p) is the operator of the number of such particles
Do

d,(p) creates and dj(p) destroys a particle u4(p) = pzl with mass —m, spin up and
—P3
momentum in the interval d*p, d,(p)d;(p) is the operator of the number of such particles
Py
bi(p) creates and b;(p) destroys a particle u4(p) = _p_pl with mass —m, spin up and
2
—Ps3.
momentum in the interval d*p, b;(p)b,(p) is the operator of the number of such particles
Note that ul(p) and u4(p)are translated into each other by a linear transformation, this is also

true for other pairs of spinors

0 0 0 1
_ 0 O -1 0
u4d = 0 -1 0 0 ul
1 0 0 0
0 0 0 1
_ 0 O -1 0
ul = 0 -1 0 0 u4

1 0 0 0
It is known [9, formula II.1.30] that the charge conjugation operation transforms an electron into
a positron with a change of the sign of the charge. Let us apply the charge conjugation to the reference

spinor
00 0 —i 00 0 —i\ /~Ps Po
00 i 0)q (o000 & o\[-p\_ [-p)\_ .
0 i o00/"1=l o i o olp T p |74
i 0 0 0 —i 0 0 0/ \p —ps
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As aresult ul not only transforms to u4, but also changes a sign of mass due to the imaginary
unit in the charge conjugation matrix. This confirms our thesis that the charge conjugation
synchronously changes signs of charge and mass.

The properties of all particles and operators are summarized in a table

wave
creates destroys particle spinor vector number mass spin
sign
—Ps3
d;(p) d;(p) ul(p) = <;€2> - pz di(p)d; (p) —-m up *
Do —P3
a® | e | um) - ( ) <_§;> L@@ | -m w o |-
—Ps3
—Ds3
b1(p) b (p) ul(p) = <_p2> ( ) b1 (p)b; (p) ~m up -
_P3
b;(p) b (p) ud(p) = ( > <_P1> b;(P)b:(p) —m up +
d;(p) dy(p) vi(p) =<§‘;) <P2> d;(p)dy —m down +
D2 _P3
p2
d,s(p) d;(p) v4(p) = :gz> (_g) d,(p)d;(p) -m down -
p1
P1
by(p) b;(p) vi(p) = Zg) ( ) b,(p)b; (p) —m down -
() —Ps
]
i (p) bi(p) | VA —<,’j~"> (P 1) bi@b(p) | - down | +
P
—P1
d>(p) d>(p) u3(p) = (;’;") <P2> d;(p)d>(p) m up *
P2 _P3
b2
- —P
d,(p) dp) | u2p)= ( p’f) (,g) d>(p)d; (p) m up -
—P1
7
b, (p) b; (p) ﬁ(v)-(ﬁ) ( ) b, (p)b; (p) m up -
P2 —Ps
2]
b;(p) b, (p) uz(p) = <pps> <P1> b; (p)b>(p) m up +
—b1
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P3 Py
* _ D2 Pl *
d; () ds;(p) v3(p) = P -P, d; (p)ds;(p) m down +
Do —P3
Po Py
* - —P %
d3(p) d3(p) v2(p) = <_,’§;> _p,| | %®d@) m down -
b3 P3
p3 Py
* o2 _ p_Z Pl * —
b3(p) b; (p) vi(p) =| 5, P, b3(p)b; (p) m down -
Po —P3
Po Py
o —P; P
b; (p) be) | vZe)=| 2 P, | | D@0 i down | +
P3 Ps

Here the column “vector” shows the vector obtained from the corresponding spinor by the
formula of the form

1 t
Ulﬂ = Eul S#ul
and

P, =2 pt
uw = Ep Sup

Although we have used the term vector for quantities like U1, they are not really vectors in the
sense that if a Lorentz transformation is applied to a coordinate spinor and hence a coordinate vector,
the true vector must undergo the same transformation. For a momentum vector this is the case, but
if the sign of one or more components in the momentum vector is changed, it will no longer be
transformed according to this law. For example, charge conjugation changes the signs of some
components

CTSOC = SO CTS]_C = _51 CTSZC = SZ CTS3C = _53

so the electron current and the positron current cannot be vectors at the same time, and in fact, as can
be seen from the table, neither is a vector.

By the words d;(p) destroys the particle ul(p) it should be understood that this operator
transforms this particle into the particle u4(p), and the operator di(p) performs the reverse
transformation of u4(p) into ul(p). The action of the operator d;(p) on any other particle gives
zero. Since both these particles have the same mass, the total mass of the fermionic field does not
change from these transformations. The mass m itself can have any sign or even be complex.

Although we call the spinors presented in the table particles, they actually describe the same
particle whose characteristic property is a mass with a certain sign. A particle with mass of opposite
sign is described by the other sixteen spinors. Let's compare the momenta of two particles with
different mass signs

Po

p
p; P1P2 — PoP3 =M

D3

(%)

b
pz P3Po — P2p1 = —M

D1

If we add sixteen spinors of the field of one particle with sixteen corresponding spinors of another
particle, it will look the same as if the momenta of the particles were summed directly. It is clear that
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the momenta themselves cannot be directly summed, but summing the fields does not look
impossible and leads to the same result as adding the momenta directly. The result can be represented
as a sum of two other momenta, the mass of each of which is zero

Po D2 Po T P2 Po D2
Py, (P3| _ (P T3 | _ [P 4 Ps
D2 Po P2 + bo Po D2
D3 P1 Pz +p1 1 D3

Perhaps, such summation is an adequate model for describing the phenomenon of annihilation of
particles with different masses. As an illustrative example, consider the case of an electron and a
positron at rest

Po
i p1P1 — Po(—Po) = m
pl 1M1 0 0
—Po
a
-zo — Dobo — Pip1 = —m.
P1
Po i Po + E Do P_1_
Py | Po|_| Pr=Po |_(Pr) | Po
PL Po P1 + Po Po P1
—Do P1 —DPo + 1 (%1 —Do.

As a result of addition and separation, two photons with zero mass are obtained, having oppositely
directed spatial components of the momentum vector, i.e. flying apart. At this interaction the total
energy, the total momentum and the total mass are conserved. We can also say that the total charge
is conserved, although in our interpretation the charge is not a numerical characteristic that can be
calculated, the sign of the charge is determined by the structure of the spinor. In turn, this structure
is determined precisely by the sign of the mass. Thus, a change in the sign of the mass leads ultimately
to a change in the sign of the charge.

In the table below two last columns with a set of spinors and vectors corresponding to the
particle with opposite sign of mass are added. It is supposed that at annihilation the spinors of the
particle and antiparticle, which are in the same row of the table, are summed. The set of 16 spinors
remains the same, but the order of their arrangement changes when the sign of mass changes.

wave
creates destroys particle spinor vector mass spin antiparticle spinor vector
sign
—P3 Py - Py
- P - P
E® | 4 | e = ( J?) S e || we= ( JZ") 5
Po —P; 2 —P;
Po Py (2] Py
: P ~P P ~P
d:(p) di(p) ud(p) = ( p21> P, - up - u4(p) = ( pos) -p,
P P; —P: Py
—P3 Py —D Py
. — _ | P2 Py _ —\ _ [ ~Po P
b;(p) bi (p) ul(p) = 7 P, —m up - ui(p) = 7, P,
170 —P. 3 p} — p3
Do Py D2 Py
. — . _ | ~P1 —P; _ — -\ _| P —P;
b7 (p) b;(p) u4(p) = 7 P, —m up + u4(p) = 2 P,
7z Py —b: Py
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D1 Py D3 Py

« _[Po Py _ P2 Py
d;(p) d,(p) vi(p) = p3> _p, -m down + vi(p) = <p1) -P,
D2 —P; Do —P;

D2 Py Py

- -P —P
d,(p) d;(p) v4(p) = _§3> S -m | down | - v4(p) = (—w) _p,
D1 Py Py

P1 Py (2] Po

. =y _ [ Po Py _ —y _ | P2 Py

b,(p) b;(p) vi(p) = 7 P, —m down - vi(p) = o P,
P2 —P; Py —P;

() ) Po Py
. iy — | ~Ps —P = ) — | P —p
b;(p) by(p) v4(p) = 5o P, m down + va(p) = 5 P,
P Py (23 Py

—P1 Py D3 Py

- P P
d;(p) d,(p) u3(p) = ( p’;0> _ ;,2 m up + u3(p) = ( ) _ ],2
2 —P;5 —P;

D2 Py Py

- —P —P
d,(p) d;(p) u2(p) = p?) _ p; m up - u2(p) = ( ) _ Pz
—P1 P; —Ds P;

—D1 Py —Ps Py

N —D, P. P

b,(p) b3 (p) u3(p) = ,773) ’ P, m up - u3(p) = P,
(2 —b; —P;

(2 Py Py

_ -5 —P —P
BE | be) | wEe=| p || ™ | w | v | W= »,
—P1 Py _Ps Py

Py P1 Py

x _ (P2 Py _[DPo Py
d3 (p) d3 (P) v3 (p) - (pl) _PZ m down + v3 (p) - <p3> _Pz
P, P2 P,

Py Py

-P —p
ds(p) d;(p) v2(p) = <_pz> _p, m | down | - v2(p) = (_m) —_p,
Py Py

(] Py P Py

. 2y — | P2 Py _ =y — | Po Py

bs(p) b;(p) v3(p) = By P, m down - v3(p) = 7 P,
ﬁl) _P3 172 _P3

Do Py D2 Py
. ¢y - | TP1 P _ Sy _ | D3 —P
b3(p) bs(p) v2(p) = -p P, m down + v2(p) = B, P,
D3 Py D1 Py

It is possible to assume that the reason and condition of distinction between particles with
different charge is the presence of their non-zero mass. If the mass is zero, then in the given table
there are no differences between spinors of the particle and antiparticle, i.e. there is no mechanism
for formation of the internal degree of freedom, which we treat as charge.

Let us see what result we get if we apply another definition of anticommutativity of the
fermionic field.

_ [
000 = [ Gy
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[dl (P)ul(p) + id, (p)u3(p) + ib,(p)uZ(p) + by(p)ud(p)
+d,(p)v1(p) + ids(p)v3(p) + ibs(p)v2(p) + b, (p)v4(p)
[ bi (p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + di (p)u4(p)
+b;(p)v1(p) + ib;(p)v3(p) + id3(p)v2(p) + d;(p)v4(p)

] ei(Poxl —P1Xo+P2X3—P3Xx2+(pX))

] e~ (Pox1-P1X0+P2x3-P3x2 +(pX))

(000,76} = 0,07, + 7,9 = (@@ &) + (@' ()')

P (x) + (FENPTX)" =
dip d*p’
ﬂ (2m)* (2m)*
[dl (P)ul(p) + id;(p)u3(p) + ib,(PIu2(p) + b, (p)ﬁ(p)]
+d,(p)v1(p) + id;(p)v3(p) + ibs(p)v2(p) + ba(p)v4(p)
[di(p')uf'(p’) — id;(p")u3*(p’) — ib;(p)u2’ (p') + bi‘(p')u4T(p’)]
+d;(pHv1*(p") — id3(p")v3*(p') — ib3(p)v2" (p") + b (p")v4" (p")

e i(Pox1—P1X0+P2X3—P3X2+(pX)) e —i(po’x1'—p1"x0"+p2" x3"—p3 %"+ (p" X))

+

+d;(pHvi(p’) —id;(p"Iv3(p") — ibs(p"Iv2(p’) + b;(p")v4(p")
d,(p)ul’(p) + id,(p)u3”(p) + ib,(p')u2*(p’) + b; (p)u4+(p)]
+d,(p)v1T(p) + id;(p)v3” (p) + ib3(p)v2* (p) + b, (p)v4* (p) /

e —i(P0’x1’—P1’x0’+P2’x3’—P3’x2’+(P'.X'))e i(pox1—P1Xo+D2x3—-P3x2+(pX))

([di(p’)ﬁ(p’) — id(pu3(p’) — ib3(pHu2(p) + by (pud®)]\ "

+
[bi‘ (P)ul(p) + ib;(p)u3(p) + id (P)u2(p) + di (p)u4(p)
+b;(p)v1(p) + ib3(p)v3(p) + id;(p)v2Z(p) + di(p)v4(p)
[b1 (pHul’(p’) — ib,(pHu3" (p') — id,(pHu2*(p’) + d;(p")ua* (p’ ]
+b,(p")v17 (p") — ib3(p)v3" (p") — id;(p)v2*(p') + ds(p'Iv4* (p')
e—i(Pox1—P1xo+P2x3—P3x2+(l’7))ei(Po’x1’—P1’x0’+P2’xsl—P3’x2’+(P'.X'))

+

[ by (p"ul(p’) — ib,(pHu3(p’) — id,(pHuz(p") + d; (p")ud(p’ ] '

+b,(p")VL(p") — ibs(p)v3(p") — idz(pIV2(p") + ds(pIvA(p")

[ bi(p)ul*(p) + ib;(P)u3d*(p) + id; (p)u2’ (p) + di(p)ud” (p) ]

+b;(P)v1*(p) + ibibs,(p)v3*(p) + id3(p)v2’ (p) + d;(p)v4’ (p)
ei(po’xl'—pl'x0'+p2'x3'—p3'x2'+(p’,—x’))e—i(poxl—p1x0+pzx3—p3xz+(p7))

dy ()i (P uL(P)ul* (p') + (di (p)dy (PIUL(pHul(p)" + -~ l

* 14 14 * ! sy 14 T
+d,(p)d; (pu3(p)u3*(p) + (d;(p")dz(p)u3(p"Hud’(p)) +--
ff d4.p d4p, ei(Pox1—P1xo+P2x3—P3x2+ﬁ)e—i(Po’x1’—P1’xo’+Pz’x3’—P3’xz’+(P',X'))

ST 7 +
(27-[)4 (27-[)4 NT< A T ! ! 12 T
by (p)b; (pud(p)ud” (p) + (b (p")b;(p)ud(p’)ud*(p)) + - l

+b, (P)b3 (PHUZ(P)u2” (p') + (b3(p")by (PHuZ(PHu2* ()" + -

ei(Po’x1'—P1’xo’+Pz’x3’—P3'xz'+(P',X’))e —i(pox1—P1X0+P2x3—P3x2+(PX))
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b; (p)by (P (p)ul’ (p') + (by (p)b; (PIul(p ul*(p))" + -
+b;3(p)b,(pHud(p)u3d’(p’) + (bz(p')bé‘(p)u3(p')u3+(p))T +

d4p’ e~ i(Pox1-P1x0+P2X3-D3X2+ (X)) o (Do ¥1"~p1 %0  +p2"x3" ~p3 %2 + (07 X))

* ff ((21::)94 (27:;4 +
d; (p)d, (p")u4(p)ud* (p") + (d; (p")d; (p)ud(p")ud’ (p))" + - ]

+d3(p)d, (pHu2(p)u2* (p') + (dy(p))d3(P)uZ(p )u2’ (p))" + -

e—i(Po'x1'—P1'xo'+P2'x3 -p3'x"+(p’ X'))el(pox1 D1Xo+P2X3—P3X2+(PX))

[ dy(p)d;(pHul(p)ul*(p’) + (di(p)d; (P)ul(p)ul*(p)) + - ]
[+d, (p)d3(pHu3(p)u3*(p’) + (d3(p")d,(p)u3(p)u3d*(p)) + -
fJ. d4 ’ ei(poxl—p1x0+p2x3—p3x2+(pT))e—i(p0’xl’—pl’xo’+p2’x3 -p3'x"+(p'xN)
4 4 +
G @I\ (b T () + (50, (A" ()
[+b,(p)b3(pHuZ(p)u2” (p) + (b3(p")b,(pHuZ(p)u2”(p")) + -

ei(Po’x1’—P1'xo'+P2’x3’—P3’x2’+(P"Xl))e —i(pox1—p1xo+p2x3—Pp3x2+(PX))

[[b; (p)bs (P ul(p)ul’(p’) + (b, (p)b; (PIul(p)ul”(p’)(p")) + ]
| +b3(p)b2(p")u3(p)u3” (p") + (b, (p")b3(p)ud(p)u3”(p")) + -
d4p dp’ e—i(Pox1—P1xo+P2x3—P3xz+(PT))ei(Po’x1’—P1’xo’+P2’x3 -p3'x +(p'X")

P
+ 4 4 +
J (2m)* (2m) [d;(p)dl<p'>u4(p)u4+(p')+(dl(p')dz(p)u4(p)u4+(p'))+~-]

+d;(p)d, (p)u2(p)u2* (p’) + (d,(p")d; (pIu2(p)u2*(p")) + -
e—i(Po’x1’—P1’xo’+P2’x3’—P3’x2’+(P"Xl))ei(Pox1—P1xo+P2x3—P3x2+(P,X))

[ ul(p)ul*(p) + - ]
+u3(p)u3d*(p) + -
ei(Po (x1=x1")=P1(x0=%0")+P2(x3=x3") =p3(x2—x2") +(px—x"))
+
[ u4(p)ud’(p) + - ]
+uZ(p)u2’(p) + -
o —i(Po(x1-x1")—p1(x0—%0")+p2(x3-x3")—p3(x2 —x2")+(px—x") |

[ ul(p)ul”(p) + - ]
+u3(p)us’(p) + -
d4p e—i(Po (x1=x1")=p1(x0—x0")+P2(x3—x3")—p3(x2—x2") + (px—x"))

(94 +
(2m) @) ¢

+u2(p)u2*(p) + -

L ¢ i(po(x1—x1")—p1(x0—x0")+p2(x3—x3")—p3(x2—x2")+(px—x")) |

[ ul(p)ul®(p) + ud(p)ud*(p) + |
(u4(p)u4™(p) + u2(p)u2*(p) + -
ei(po(x1—xl’)—m(xO—xo’)+pz(x3—x3’)—p3(xz—xz’)+m)
+

[ u4(p)ud’(p) +u2(p)uz’(p) + |
[uI(p)ul’(p) +u3(p)us’(p) + -
_e—i(Po(x1—x1')—P1(X0—xo')+pz(x3—x3')—p3(xz—xz')+(lﬂ——x'))_

'
2m)*

'
2m)*
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'[ul(p)u1+(p) +u2(p)u2’(p) + ud(p)u3®(p) + u4(p)us*(p) +]
vi(p)vl®(p) + v2(p)v2*(p) + v3(p)v3*(p) + v4(p)v4*(p) |
d*p ei(Po(x1=x1")-p1(x0=%0")+p2(x3~x3")~p3(x2—x2") +(Px~x")
- i | _ o . -
[ul_(p)uf(p) +u2(p)u2”(p) + u3(p)u3(p) + ud(p)us*(p) +
vi(p)vl®(p) + v2(p)v2*(p) + v3(p)v3*(p) + v4(p)v4*(p) |
e—i(Po(x1—x1’)—Pl(xo—xol)H?z(x3—x3’)—173(x2—x2’)+(P.X—X’))
-] P 1R () + Ty (p))e(Foles=)pa 050 yopalits23")paCtama ) pxx)
(2m)* K
+ d4p (T_( ) + ﬁ( )) e—(i(Po(x1—x1’)—P1(xo—xo’)+P2(x3—x3’)—173(x2—x2’)+(P,X—X')))
(21_[)4, R p p
. ep) O 0 0
— d*p 0 e(p) 0 0 e(i(po(xl—xl')—pl(xo—xo')+p2(X3—x3’)—pg (xz—xz'))+(p,x—x’))
2m)* 0 0 ep) O
0 0 0 e(p)
\ e(p) O 0 0
d p 0 e(p) 00 e—(i(Po(x1—x1’)—P1(xo—x0’)+P2(x3—xsl)—l’s(xz—xz’)+(p.X—X')))
m)* 0 0 e(p) O
0 0 0 e(p)
=4e(p)I6(X' —x) + 4e(p)I§(x —X')
where
T*(p) = ul(p)ul*(p) + u2(p)u2*(p) + u3(p)ud*(p) + u4(p)us*(p)
Tr(p) = v1(p)v1*(p) + v2(p)v2*(p) + v3(p)v3*(p) + v4(p)v4* (p)
TR(p) + Tr(p) + TR(p) + Tr(p) =
1 0 O 0
_ _ — — 0 1 0 0
4(poPo + P1P1 + P2P2 + P3P3) o o0 1 ol~ 4e(p)!
0 0 0 1
In deriving this result, the following relations are taken into account
TR(p) + Tr(p) = ul(p)ul*(p) + u2(p)u2*(p) + u3(p)usd*(p) + u4(p)us*(p)
+v1(p)v1l*(p) + v2(p)v2*(p) + v3(p)v3*(p) + v4(p)v4*(p) =
—P3 D2
o2 | (P52 P Be) + | . | P2~ o, —P)
Po —P1
—P1 Do
+ —Po (_— e — —) + —P1 (— e
Ds P1, —Do, D3, D2 p, | Po»—P1, P2, p3) +
D2 —DP3
P1 Po
Pol,— — — — P, —
ps | P1.P0.73.92) + | —p, | Po, —P1, —P2.P3)
D2 P3
D3 D2
+ D2 (B3, B3, 1, Bo P3| = — — _
D1 D3, D2, P1, Do) t —Po (P2, —P3, —Do,P1) =
Po P1
P3p__3 P3p__2 _P3E _p3E pzp_z_ _p2£_3 pzp_o_ _Pz_ﬁ
Pzpi Pzpz_ _Pzﬁ _p_zpo + _p3£2 p3p3_ _Pgo p3pi
_P1& _P1P_2 p1p_1 Plp_o Popi _P(£3 Popo_ _P(ﬁ1
—PoPs3 —PoDP2 PoP1 PoPo —P1P2 pP1P3 —P1Po P1P1
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Plp__1 Pl@ _p1§ _P1E pop_o_ _po_m Pop_z_ _po_ﬁ
+ pop1_ popo_ _poﬁ _P_opz + _P1ﬂ) p1p1_ _pfz P1pi
_p3ﬁ _pzp_o Psp_z Psp_z Pzpi _pz_P1 Pzpz_ _Pz_ps
—P2P1 —P2DPo P2DP3 D2D2 —P3Po P3P1 —P3D2 P3P3
p1E pl@ plE plE pop—o_ _Po_ﬂ _poE Pop—s_
+ P0p1_ popi po& po& + _plpi Plp_l _pfz _plﬁ
Psﬂ p3@ P3p_3 P3p_2 _Pfo pzpl_ pzpz_ _pz_P3
D2P1 D2Po  DP2DP3 D2D2 P3Po —P3sP1  —DP3D:2 Ps3P3
Psﬁ Ps@ psE Ps@ pzp—z_ _Pz_m _pz_% pzp_1_
+ P2p3_ pzpi pzﬂ pzﬂ) + _p3pi p3p_3 p3ﬂ) —p3£1
P1& Plp_z Plp_1 p1p_0 _sz Pop3_ Popo_ _p(fl
PoP3 PoP2  DPob1 PoDPo D1D2 —P1P3s  —P1DPo P1P1
P3§ P3E 0 0 Pzp_z_ _Pz_ﬁ 0 0
_ | P2P3 DP2DP2 _0 0 s —D3DP2 P3P3 _0 0 o
0 0 P1P1 P1Po 0 0 PoPo —PoP1
0 0 PoP1  DoDo 0 O —P1Do (220
PiP1 PiPo 0 0 PoPo  ~PoP1 0 0
" PoP1  PoPo _0 0 s —DP1Po P1P1 _0 0 .
0 0 p3P_3 psp_z 0 0 pzpz_ _pz_p3
0 0 D2D3 D2D2 0 0 —P3D2 P3P3
p1E p1p__o 0 0 pop_o_ _p@ 0 0
n Pob1 PoPo 0 0 n —P1Po P1P1 0 0
0 0 PsPs P3P 0 0 P:P2  —P2Ps
0 o0 P2P3  D2P2 0 o0 —D3P2 P3Ds3
pgp__3 psE 0 0 pzp_z_ _Pz_m 0 0
n p2DP3 D2D2 _0 0 | —P3D2 P3Dbs3 _0 0 .
0 0 p1p_1 p1p_0 0 0 Popo_ _p(fl
0 o0 PoP1  PoDo 0 o0 —P1Po P1P1
TR(p) + Tr(p) + TR(p) + Tz (p) =
1 0 0 0
_ — — — [0 1 0 0
4(poPo + P1P1 + P2P2 + P3P3) o o0 1 ol~ 4e(p)!
0 0 0 1

The last operation of taking the value (popy + p1P1 + P2Dz + PsP3) out from under the sign of
the integral seems doubtful because of its dependence on the momentum over which the integration
is performed. If one closes one's eyes to this, as is generally accepted in the literature, in particular in
[9], this relation is taken to be interpreted as a proof of the anti-symmetry of the fermion wave
function under the stipulated anticommutation relations. The only situation where this is
unquestionably true is when considering in a rest system where boosts are excluded, energy is equal
to mass, and invariant to rotations.

It is noteworthy that the antisymmetric treatment, whether or not complex conjugation is
considered, yields a diagonal matrix that is invariant in one case but not in the other. It is encouraging
to observe that the set of reference spinors remain consistent.

It is crucial to note that the proposed invariant approach cannot be realized within the
Minkowski vector space. To achieve this, it is necessary to transition to the spinor space. This
reiterates the secondary role of the Minkowski space in comparison to the spinor space.

Dirac's equation can be expressed in both spinor and vector spaces, a fact that led Dirac to
discover it. In contrast, the invariant equation can be written in spinor space but not in vector space,
which explains why it was unknown.

Let us write down the propagator of the fermionic field and the fermionic field invariant
equation of motion using the proposed matrices

—P3 —P1
R _| P2 —Po
S*(p) = D1 (Po, —P1, P2, —P3) — D3 (P2, =3, D0, —P1)
Po D2
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P1 D3
+ }T;g (P2, —P3, —Po,P1) — gi (o, —P1, —P2,P3)
D2 Po
Po D2
N B %1 —P3
Sg(p) = D2 (—=p3, —P2,P1,Po) — Do (=p1, —Po, 03, P2)
—P3 —P1
D2 Po
—-p —-p
+ —P(3) (P1,Po, D3, P2) — —p; (3, P2, P1, Po)
P1 %]

The equation of motion has the form

(SR+ SR+ Sp+5z —4(m+m))p(x) =0

where
9 9 d 9 d 9 d
- — = - ——=— - — = - ——=—
Po 9%, 1 D1 9%, o D2 x5 3 D3 9%, 2
o P 1 DN 0% o P2 e 3 D3 ~= 2
62 a0
R _63 —61
St = _ao (01, ao, 63, 62) - —62 (63; 62; al! aO)
61 a3
_60 _62
61 a3
+ _az (63' 62: _all _60) - —60 (615 60: _63: _az)
63 al
04 03
do 0,
SR = 63 (az; _03! _aOv al) - al (00' _ali _02' 63)
0, 9o
63 a1
d, 9o
+ _61 (_605 61! _62; 63) - _63 (_621 63; _60; 01)
-0, —0,

The equation is relativistically invariant, respectively we can use the invariant Lagrangian
1 — —
£=2[@G)"(S" +5F + Sp + )9 — 4(m + M) ()]

to which corresponds the relativistically invariant fermion propagator
d*p SR(p) +SF(p) + Sx(P) + S(p) + 4(m + m)]
2m)* P2 —m?

The equation can be modified to take into account the electromagnetic potential, the electron charge

ei(pox1—171x0 +p2x3-P3x2+(pX))

DR(x) =

is taken as a unit

po = 01 + ag P = =0+ a4 p2 = 03 +a, p3 = —0; +asz

—(=0; + az)
—(05 + ay)
(=00 +ay)

(0; + ao)

SR = ((61 + ay), —(=0y + a1), (03 + a,), — (=0, + a3))
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(=02 + az)

—(=0o + a;)
< Cotan (05 + a3), = (=0, + a3), (01 + ag), — (=0, + ay))
(03 +az)

(=0, + a3)
(03 + ay)

(=02 +a3)
(03 + ay)
(=0 + ay)
(0; + ao)

+

(=0 + ay)
( (91 + ao) ((53 + a;), — (=0, + az),—(0; + ay), (=0y + ‘11))
< (81 + ag), —(=0o + a1), — (3 + a), (=0, + a3))

(0; + ao)
_ —(=0o + a;)
(03 + a;)
—(=0; + az)

Sgr (_(_62 +a3),—(03 + a,), (=0 + a;), (0; + ao))

(03 + ay)
—(=0, + a3)
(01 + ap)
—(=0o + ay)

(=(=0¢ + ay),—(01 + ao), (=0, + a3), (95 + a;))

(03 + ap)
—(=0; + a3)
—(0, + ao)
(=00 +ay)

+ ((—ao + a;), (01 + ap), (=0, + a3), (95 + az))

(01 + ao)
- —((620++a23) ((=0; + a3), (03 + a3), (=0 + a1), (0, + ao))
(=0, + az)
and apply, in particular, to analyze the emission spectrum of the hydrogen-like atom.
Let us look for a representation of the electromagnetic field operator in vector space without first
referring to spinor space. Let us define four vectors expressed through the components of the

momentum vector

Py Py Py Py

_ _P1 _ _Pl _ Pl _ P1
ui=| p va=| _, vi=|_, va=|
P3 P3 _P3 _P3

Why we have chosen these 4 vectors out of 8 possible combinations of signs of three spatial
components? Because they are represented in the previously given table of variants of spinor
particles. For these vectors the following relations are valid

V1+U1T — U1+ V1T + V4« V1T — V1« V4T +

00 00
U4+ V4T — V4 U4 + U1 +U4" — U4+ U1T = 8 8 8 8
00 0 0
V1xU1T + U1+ V1T + V4« V1T + V1 V4T +
8P2 0 0 0
0 0
4+VaAT +V4+U4T +U1+U4T +U4sU1T=| O O
U4+ V4T + V4« U4T + U1+ U4" + U4+ U 0 0 —8p o
0 0 0 0
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4P2 0 0 0
0 0

V1+U1T +V4+VIT +U4+VaT +U1+U4"=| O O
’ * : i 0 0 —4P? 0
0 0 0 0
4P2 0 0 0
UL+VIT+V1+V4AT +V4«U4T +U4-01T=| 0 0O 0 0
PV A VLV VU T 0 0 —4P? 0
00 0 0

(U1 * U1T + U4 * U4T + V1 + VIT + V4« vaT) +

8P2 0 0 0
(U1 V1T + V1 + U1T + V4 « U4T + U4 « V4T) = 8 8 g g
0 0 0 O

8PZ = U1T + U1 + U47 « U4 + V17T « V1 + V4T « V4 + 42

(U1T « U1 + U4T « U4 + V1T « V1 + V4T « V4) +
+(ULT « V1 4 V1T = U1 + V47 « U4 + U4 « V4) = 8P2

U17 * V1 + V17 % U1 + V4T « U4 + U4T « V4 = 4M?
U17 « U1 + U4T « U4 + V1T « V1 + V4T « V4 = 8P2 — 4M?
U1T « V1 = V1T « U1 = v4T « U4 = U4T « V4 = M?
U1T xU1 = U4T U4 = V1T « V1 = V4T « V4 = PT « P = 2P¢ — M?
U17gU1 = U4"gU4 = V1TgV1 = v4TgV4 = M2

M? = PTgP = (P,P)

1 0 0 0
{0 -1 0o o
8=lo o0 -1 o
0o 0 0 -1
0 0
_[o [
wi-uvs =5 | vi-v=|_j,
0 0
(U1+V1) = 8 (U4 +V4) = 8
0 0

Let us decompose the field into plane waves with operator coefficients and let's find the
commutation relations for them. We will use the next notation for the scalar product of vectors

(P,X) = PTgX
X) = da*p
o(X) = @t

[d1 PIVLI(P) + b (PIU4(P) | e
+d,(P)UL(P) + b, (P)V4(P)

+

[ bi(PYVL(P) + di(PYUA(P) | o)
+d;(P)UL(P) + b; (P)V4(P)
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X' = d*p’
oX') = W
[ d;(P")V1(P') + b, (P")U4(P") ]ei(P'.X’)
+d,(P")UL(P') + b, (P")V4(P")
+
b;(P)V1(P") + d;(P")U4(P") o-i(P'X")
+di(P)UL(P’) + b;(P')V4(P")

[£:00, 9, X)) = 909, X) = 9K, = (@K@K — (9X )" (0)')
PX)@"(X) - (X" (X)) =
d*P d*P'
U n)* 2n)*
[ (d, (P)Vl(P)ei("'x))(dI(P’)Ul(P’)e‘i(P"x'))T - ((d1 (P’)V1(P’)e"(""x'))(d{(P)Ul(P)e“'("'X))T>

+( by (PSP PX) (b (P)VAP e *' X)) — (b, (PHUAPE X)) (b (P)va (e 0))

+(b4(P)V4(P)ei(P'X))(bZ(P’)Vl(P’)e‘i(P"X'))T - ((b4(P’)V4(P’)ei(P"X'))(bZ(P)Vl(P)e‘i(P'X)) )

_+(d4(P)U1(p)ei(PJO)(dj;(P’)U4(P')e-i(P"X’))T - ((d4(P’)U1(P’)ei(P"X'))(dZ(P)U4(P)e‘i(P,X))T) |
d*P d*P’
|| Gy
| (b IVI(R)e ) (b, (PVARN X)) — ((b;(PIVIP) X)) (b, PIVAPIPN)' )

+(d;(P)UA(P)e~ X)) (d, (PYUL(P)e P X)) — ((dj;(P’)U4(P’)e‘i(""xl))(d4(P)Ul(P)ei(P'X))T)

+(d; (PYUL(P)e P (d, (PHVL(P)e!P' X)) — ((d; (PHUL(P)e (P X))(d, (P)Vl(P)ei(P'X))T)

|+ (b1 PIVA(P)e =) (b, (PYUAP)e X)) — ((b; (BIVAE)eFX)) (b, (PYUAP) X)) |

d*pP d*p'
- || G
d1(P)d; (PHVL(P)UL" (P)e!®Xe~iP'X) — d, (P")d; (P)UL(P)VLT (P")e!(P'X)~iPX)
+ by (P)b; (P")U4(P)V4T (P)e!PRe~I(P'X) _ b (P")b; (P)V4(P)U4T (P")e!(P'X)e=iPX)
+by(P)b;(P)V4(P)VLT (P")e!PXe~i(P'X) — b, (P")b;(P)VL(P)V4T (P )el(P'X)e=i(®X)
+d,(P)d; (PYUL(P)U4T (P)e!PPe~i(P'X) — g, (P")(P)U4(P)ULT (P")e!(P'X)e~i(PX)

d*P d*P’
ﬂ (2m)* 2m)*
— b;(P)b,(P)VA(P)V1T (P') e~i(P'X)i®X)
+d;(P)d,(P)U4(P)ULT(P)e {PXei(P'X) — g (P)d,(P)UL(P)UAT (P")e~i(P'X)i(PX)

+d;(P)d, (P)YUL(P)VIT (P")e iPXi(P'X') _ gx(p')d, (P)V1(P)ULT (P')e~i(P'X)i(PX)
+b;(P)b; (P")VA(P)U4T (P)e~iPXi(P"X') — b1 (P")b, (P)U4(P)VAT (P)e {(P'X)i(PX)

- || et

b;(P)b,(P)V1(P)V4T (P")e i®PX)ei(P'X)
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(d, (P)d; (P") — d; (P")d, (P))V1(P)ULT (P")e!PX)i(F"X')
+( by (P)b; (P") — b; (P")b; (P))U4(P)V4AT (P")e (PR e~i(P"X)
+(bs(P)b;(P") — b (P")b,(P))V4(P)V1T (P)e !X e~i(P'X')
+(dy(P)d;(P") — d;(P")d, (P))UL(P)U4" (P)eiPXe~i(P'X')

d*p d*p’
ﬂ (2m)* (2n)4

(b;(P)by(P") — by (P")b;(P))V1(P)V4" (P")e{PXi(P'X")
+(d; (P)dy (P") — dy (P')d; (P))U4(P)ULT (P)e~iPRei(P'X')
+(d;(P)dy (P") — d, (P")d; (P)UL(P)VLT (P")e (PR ei(P'X")
+(b;(P)by (P) — by (P")b; (P))VA(P)U4T (P)e~iPXi(P'X")

Let us apply the following commutation relations
d,(P)d;(P") — d;(P")d, (P) = 5(P — P")
by (P)b; (P") — b;(P")b,(P) = 6(P — P")
by(P)b;(P") — b;(P")b,(P) = §(P — P")
d,(P)d;(P") — d;(P)d,(P) = (P — P')
d,(P")d;(P) — d; (P)d, (P") = (P’ — P)
d;(P)d; (P") — d,(P")d;(P) = —5(P' — P)
b; (P)by (P") — by (P)b; (P) = —6(P' — P)
d;(P)d,(P") — dy(P))d;(P) = —5(P' — P)
b;(P)b,(P") — by(P")b;(P) = —5(P' — P)

ﬂ d*P d*pP’
@2m* 2m*
§(P — PHYVI(P)ULT (P)e!PPei(P'X) 1 [—§(P' — P)V1(P)V4AT (P)e {PX)ei(P'X)
+8(P — P")U4(P)VAT (P)e! PR i(F'X) [ |_5(P' — P)U4(P)ULT (P")e~i(PRI(P'X')

+6(P — P’)V4.(P)V1T(P’)ei(P,X)e—i(P',X’) —S(P’ — P)Ul(P)VlT(PI)e—i(P,X)eL'(P’,X')
+8(P — PYUL(P)U4T (P)e! PP~ X)] | _5(P' — P)VA(P)UAT (P")e~iPRI(P'X')

d*p
(2m)*

+U4(P)VAT (P)eiPX) ™! ((ex1) —U4(P)U1T (P)e~iPX)i(PX')
+VA(P)VIT (P)eiPX=i(PX') | | -UL(P)V1T (P)e (PX)ei(PX")

Vl(P)UlT(P)el(Px)e_l(PX’) ‘ I VI(P)V4T(P)e—i(PX) i(PX’)
+UL(P)U4T (P)ei®Xe-i(PX) |  [-V4(P)U4T (P)e iPX)ei(PX')

d*p
(2m)*

V1(P)U1"(P) V1(P)v4T(P)
+U4(P)V4T (P) pi(PXX") _ +U4(P)U1T(P) $i(PX'X)
+V4(P)V17(P) +U1(P)V1T(P)
+U1(P)U4" (P) +V4(P)U47 (P)

0 0 ei(PX'-X)
—4P; 0
0 0

N

N

)

p—

IS
o oo
©C oo o

|

S

%,

=)

N

)

)

p——4

S
c oo
S oo o
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4P02 0 0 0 4 4P02 0 0 0 \
= 0 0 0 0 i ei(PX-X") _ 0 O 0 0 a*p L i(PX'-X)
0 0 —4P 0 (2m)*4 0 0 —4P? 0 2n)*
o 0 0o 0 0 0 0 0
4P 0 0 0 4P 0 0 0
o 0o 0 O , 0 0 0 O ,
= 6X—-X')— X' -X)=0
0 o —arz 0)°F X7l 0 0 _ap X' =X)
0 0 0 0 0 0 0 0
Here it is taken into account that
4P2 0 0 0
Vi+«U1T +V4+VIT+U4+VaT +UL+UaT = O O 0 0
0 0 —4P2 0
0 0 0 0
4P2 0 0 0
Ul+*V1T +Vv1+v4aT + V4 «U4T + U4 +U1T = 0 0 0 0
0 0 —4P} 0
0 0 0 0

We will consider this relation as a proof of the symmetry of the wave function under the stipulated

commutation relations.
Let us find the commutation relations for the wave function and its time derivative, which in

this case play the role of canonical momentum
[£:00,6,X] = 9:06,X) = 6,X)0, (%) = (90" X ~ (6K)9" X))

where
99;(X)

¢,X) =
PHPTX) ~ (¢XNPT(X)) =
d*p d*p’
ﬂ m)* 2m)*
[ (d, (P)VL(P)ei®X) (=P d; (PYUL(Pe~ X)) — (((iPé)dl(P’)Vl(P’)ei(P"X'))(d{(P)Ul(P)e‘i(P'X))T>T

+( by P UA(R)PR) (=i (B IVAP e X)) — (((P§)by (PYUAPNE® X)) (b} (P)w(P)e-i“"X))’)T

+(b4(P)V4(P)e®X) ((—iPy)b; (PHIVI(P")e P XD)" _ (((iP(;)b4(P’)V4(P’)ei(P"x'))(bZ(P)Vl(P)e"'(P'X))TY

7+(d4(P)U1(P)ei(P'X))((—iP(;)dj{(P’)U4(P’)e‘i(""x'))1 - (((iPé)d,,,(P’)Ul(P’)e"(P"xl))(dZ(P)U4(P)e‘i(P'x))T)T7
d*p d*pP’
ﬂ (2m)* 2m)*
[ (bj{(P)Vl(P)e‘i("'x))((L'Pé)b4(P’)V4(P’)ei(P"X'))T - (((—iPé)b,jj(P’)Vl(P’)e‘i(P"X'))(b4(P)V4(P)ei(P'X))T>T

+(d1(P)U4(P)e‘i(P'X))((iP(;)d4(P’)Ul(P’)ei(P"X'))T - (((—iPé)d;(P’)U4(P’)e"'("""'))(d,,,(P)Ul(P)ei(P'X))T)T

+(d; (PUL(P)e~I®X)((iP§)d, (PIVI(P)ei®'X))" — (((—iPé)d{(P’)Ul(P’)e‘i(P"X'))(dl(P)Vl(P)ei(P'X))T>T

i +(b1(P)VA(P)e~IPX)((iP)by (PT)UA(P)ei®' X)) — (((—iPé)b{ (P)V4(P)ei®"XD) (b, (p)u4(p)ei(P'X>)T)T |

- [ et
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(—iPy)d; (P)d; (PHVL(P)UL" (P)e!®Xe~i(P'X) — (ip)d, (P))d; (P)UL(P)VLT (P")e!(P'X)e-i®X)
+ (=iP§)by (P)b; (P")U4(P)VAT (P")e!PXe~{(P'X') — (iP;)b, (P")b;(P)VA(P)U4T (P')e!(P'X) e ~i(PX)
+(—iP)b,(P)b;(PIVA(PIVLT(P")e!®PXe~i(P"X) — (ips)b, (P")b;(P)VL1(P)VAT (P')ei(P' X )e-i(PX)
+(—iP))d,(P)d;(P)UL(P)U4T (P)eiPXe~i(P'X) _ (;p!yd,(P")d;(P)U4(P)U1" (P')ei(P'X)g-i(PX)

d*P d*P’

ﬂ. (2m)* 2m)*
(iPs)b; (PYb, (PIVL(PIVAT (p)e~{PeiF"X) — (—iPg)b;(P)b,(P)VA(PIVLT (P') e (P X)ei(PX)
+(iP)d;(P)d, (P")U4(P)ULT (p")e i ®Xei(P'X) — (—ipi)d;(P")d,(P)UL(P)U4T (P")e~i(P'X)iPX)

+(iPy)d; (P)d; (PYUL(P)VLT (p)e~PRei(P'X) — (—ip;)d;(P")d, (P)V1(P)ULT (P")e {(F'X)iPX)
+(iPy)b; (P)by (P")V4(P)U4T (p")e{®PXei(P'X') — (—iP;)b;(P")b, (P)U4(P)VAT (P)e (P X)iPX)

d*P d*p’

ﬂ- (2m)* (27r)4
(=iP})(d,(P)d;(P") — d; (P)d, (P))V1(P)U1T (P)e!®Xi(P'X)
+(—iPY)( by (P)b;(P") — b; (P")b, (P))U4(P)V4T (P")e!®X)~i(P'X’)

+(=iPg) (b4 (P)b;(P") — b;(P)b,(P)V4A(PIVT (P")e! PR~ I(P"X)
+(=iP3) (da (P)d; (P") — d; (P, (P))UL(P)U4T (P )e! PP e~I(F'X)
d*p d*p’
ﬂ (2m)* 2m)*

(iPg)(b;(P)by(P") — by(P")b;(P))VL(P)V4T (P")e i(PX)ei(P'X)
+(iP§) (d; (P)d4 (P") — d4(P")d; (P))U4(P)ULT (P")e i (PYei(P'X')
+(iPs) (di (P)d; (P") — dy (P")d; (P))UL(PIV1T (P e~ PX)i(P'X)
+(iP3) (b5 (P)by (P") = by (P")b; (P))V4(P)UAT (P")e ~ PR (F'X')

The commutation relations remain the same
d,(P)d;(P") — di(P")d, (P) = §(P — P")
by (P)b; (P") — b; (P")b,(P) = §(P — P")
by(P)b;(P") — b;(P")b,(P) = (P — P')
d,(P)d;(P") — d;(P)d,(P) = (P — P')
di(P)d; (P") — dy(P")d; (P) = —5(P' — P)
b; (P)by (P") — by (P)b; (P) = —5(P' — P)
d;(P)d,(P) — d,(P)d;(P) = —5(P' — P)
b;(P)by(P") — by(P")b;(P) = —8(P' — P)

d*P d*P’
ﬂ 2m)* (2m)*
8(P — P)V1(P)UL" (P")e! (PR =i(P'X") —§(P' — P)V1(P)VAT (P")e i®Xi(P'X')
(—ippy | FEP — P’)U4(P)V4T(P’)ef("'x)e—f("""') o i P)U4(P)U1T(P’)e—f(P'X>el:(P"X’)
+8(P — P)VA(P)V1T (P")e (PR ~i(P'X') _5(P' — P)UL(P)VIT(P")e~iPX)i(P X))
+8(P — P)UL(P)U4T (P)e! PR e~i(P'X") —§(P' — P)V4A(P)U4T (P")e i(PXi(P'X)
d*p
@m*
V1(P)U1T(P)ei® X) o —i(PX') _Vl(P)V4_T(P)e—i(P,X)ei(P,x’)
(=iPy) +U4(P)V4" (P)e!® X-i((PX) (iPy) —U4(P)U1T(p)e-f@'X)ef(RX’)
+V4(P)V1T (P)e!(PX-i(PX) —U1(P)V1T (P)e i(PXi(PX)
+U1(P)U4T (P)e!PXei(PX) —V4(P)U4" (P)e~i(PX)i(PX)
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d*P
(2m)*

V1(P)U1" (P) V1(P)V4T(P)

|+UaPIWVATP) | oy . | FUAPYULT(P)| pyr
—iP i(PX-X") _ (;p i(PX'-X) —
P L vaeyvar () |© P Lurpyvar (@) |6
+U1(P)U4" (P) +V4(P)U4T (P)
4P2 0 0 0 4P2 0 0 0 i
. 0 0 0 0 i(PX-X") _ 0 0 00 i(PX'-X)
(=iPy) 0 0 _ J-(Zn)ze (iPo) 0 0 _4P2 0 (Zn)ze
00 o o 00 0 0
4P 0 0 0 4P2 0 0 0
. o 0 00 " 0 0 00 .
(=iPy) 0 0 —ap? 0 S(X—X") — (iPy) 0 0 —ap? 0 sX'—=X)
00 0 0 00 0 0
8P2 0 0 O
_ 0 0 00 .
==\ o o _gpz o)0X~XD
00 0 0

As one would expect, the field has only two degrees of freedom. This relation is valid for any
reference frame, but the values of the momentum components in each of them are different.
Let us calculate the square of the field energy

B2 = [ X or 0@(x) =

. d*p d*p’
= | | G
[ d; (P)V1"(P") + b; (P")U4" (P") ~i(P'X)
+d;(PHYULT(P') + b;(P)V4T (P')
[ b,(PHV1T(P") + d,(P)U4T (P i(P'X)
+b,(PHYULT(P") + d,(P)V4T(P")

[ d,(P)V1"(P) + b, (P)U4"(P) | px)

+d,(P)ULT(P) + b,(P)V4T(P)
bi(P)VI'(P) + di(PYU4T(P) | )
+b;(P)ULT(P) + d;(P)VAT(P)

d;(P)V1T(P") + b; (P)U4T(P")

+d;(PHU1T(P') + b;(P")V4AT (P")
[ d,(P)V1(P) + b,(P)U4(P)
+d,(P)UL(P) + b,(P)V4(P)

d*P d*pP’ ~i(P'X) o1 (PX)
f ff (2m)* (2m)* + [ by (P)VLT(P") + d;(P)U4T(P')
+b,(PHULT(P) + d,(P)V4T(P")
b;(P)V1(P) + di(P)U4(P)
[+b1(P)U1(P) + d;(P)V4(P)
ei(P'X) g=i(PX)
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[ [ d;(P)V1*T(P") + b; (PHU4T(P') 17
+d;(P)YULY(P") + b;(P')V4T (P')
[ d,(P)V1(P) + b,(P)U4(P)
+d,(P)UL(P) + b, (P)V4(P)
_ J‘f d*p d*p’ 5(P—P")
(2m)* (2m)* [ by (PHVLT(p) + d, (P)U4*(P)
+b,(P)ULT(p") + d, (P )V4*(P")
b;(P)V1(P) + di(P)U4(P)
[+bj;(P)U1(P) + d;(P)V4(P)
5(P' —P)

[ d;(P)d,(P)V1T (p)VL(P) + d; (P)d; (P)U4" (P)U4(P) ]
_ [ 4P| +b,(P)b;(P)V1T(p)VL(P) + b;(P)b, (P)U4" (P)U4(P)
~ ) @m* [+d;(P)d,(P)ULT (D)UL(P) + d,(P)d;(P)VAT (P)V4(P)
| +b,(P)b;(P)ULT (p)UL(P) + b;(P)b,(P)V4T (P)V(P) |

_ [ d*P_| by(P)b;(P) + b;(P)b; (P) + d; (P)d; (P) + d,(P)d;(P) |
= ] @m)* [+b,(P)b;(P) + b;(P)b,(P) + d;(P)d,4(P) + dy(P)d;(P)]

_(atp [ (bi(P)by(P) + 5(0)) + bi(P)b; (P) + di(P)d,(P) + (d;(P)d,(P) + 5(0))
) (2t [+(b:(P)b4(P) +68(0)) + b;(P)by(P) + d;(P)d,(P) + (d;(P)d4(P) + §(0))

[ drp
- ) eot

4PTPS(0)

ZPTP[ bi(P)b, (P) + dj (P)d, (P) ]+ f d*p

+b;(P)by(P) + d;i(P)d,(P) (2m)*

here
PTP = V1T(P)V1(P) = U4T(P)U4(P) = U1T(P)U1(P) = V4T(P)V4(P) =
= 2P¢ — M? = 2P — PTgP = 2P} — (P,P) = 2P¢ — P?

If we consider the photon field, the mass is zero, so that only the energy of the field remains in
the formula. Each summand in brackets under the integral represents the operator of number of
particles with a certain reference vector, its action consists in the consecutive application of the
annihilation operator and the particle creation operator. The last summand describes the energy of
zero-point fluctuations of vacuum. When there is no particle, we have the equality

d*p
E? = J d*X @t X)(X) = J T 4PTP5(0)

In this connection it is logical to use the normalization for the wave operator

o (X)
2PTP

If the mass is not zero, then we can relate U1(P) and V1(P) to the current of electrons with
different spins and, respectively, relate U4(P) and V4(P) to the current of positrons with different
spins.

As we have seen, neither electron current vectors nor electromagnetic field vectors are true
vectors. When transforming the coordinate system, the same transformation acts on the components
of the momentum vector, from these transformed components in each frame of reference the
pseudovectors of the field are formed. But we know that the interaction between current and
electromagnetic field is described by an additional term in the Lagrangian of the electrodynamics
theory. This term is the scalar product of the current and the electromagnetic potential and it is
necessary for this product to be a scalar. But to form a scalar using a metric tensor, two true vectors
are needed, and these are not available. There remains only one way to provide the scalar, it is
necessary that signs of components in pseudovectors of current and field coincide, then they will
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compensate each other, and in fact we will get the scalar product of two vectors, and hence we will
get a scalar.

Thus, there is a direct connection between the spinor description of the field and its vector
description. 16 pseudospinors pass into 4 pseudovectors, moreover, the modulus of the complex
mass in spinor space is equal to the mass in vector space. At all this by the value of the phase of a
plane wave in spinor space by any direct way it is not possible to calculate the phase of a plane wave
in vector space. Hence the assumption arises that operators in spinor space describe nature exactly,
while operators in vector space provide only an approximate description. This may partly explain
the problems with divergence when integrating in vector space.

To describe the evolution of the field state, we consider the vacuum averaged expression having
the sense of the propagator. Before we do so, let us explain the meaning of operators included in the
field decomposition

a*p

@m*
d,(P)VL(P) + by(PU4(P) | i
+d,(P)UL(P) + b,(P)V4(P)

+

[ bi(PYVL(P) + di(PYUA(P) | _iiex)
+d;(P)UL(P) + b; (P)V4(P)

o(X) =

For example, d;(P) is an operator of annihilation of a particle with pseudovector V1(P),
similarly, other operators without asterisks annihilate particles with pseudovector which stands in
expansion with these operators. Accordingly, the operator dj(P)d;(P)is the operator of the number
of particles with pseudovector V1(P).

Let us define a vacuum state of the field with zero filling numbers of particles of each of four
varieties by specifying its properties with respect to the action of annihilation operators

dy (P)[Wp) = 0 d,(P)|¥o) = 0 b, (P)|¥) =0 by(P)[¥y) =0
(Poldi(P) =0 (Pol di(P) =0 (Wolbi(P) =0 (Wolbs(P) =0
It follows from these relations that
(Wold,(P)d1(P")[Wy) = (Wo|[ d1 (P), dT(P)]|¥o) = (Wo|6(P — P")| W)

Let us construct the amplitude of the field component, which is born at the point with
coordinates X = 0 and annihilated at the point with coordinates X

(Wo|p: (XD (0)|Wo) = ((Wolp(X) @" (0)[Wo));5

(Wol@(X) " (0)|Wp) =

ff da*p d4P’ d,(P)V1(P) + b, (P)U4(P) [b;(P')V1T(P')+d;;(P’)U4T(P') ) oiPX)
(2m)* (271)4 +d,(P)UL(P) + by (P)V4A(P)] [+d; (P)ULT (P') + b;(P)V4" (Pl *°
U d*p d‘*P’ [dl(P)d{(P’)VI(P)UlT(P’)+b1(P)b{(P’)U4(P)V4T(P’) ) 6 lPX)
(2m)* (21r)4 +d,(P)d;(PHUL(P)U4T (P") + b,(P)b;(PHVA(P)VIT (P)HII ° ¢
da*p ¥, [Vl(P)UlTT(P)+U4(P)V4TT(P) ) eiPX)
(2m)* +U1(P)U47 (P) + V4(P)V1T(P)
sp 4P2 0 0 o0
0 0 0 0 i(P,
zor ol 0 0 —arz o o) e
0 0 0 0
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For the reasons given above, let us apply the normalization of the field operator

*X)
2PTP

As a result, we get

(ly0|(P(X)(PT(0)|Lpo)

4PTP

, P2 0 0 0

d'P (¥|¥o) 0 0 0 0| ipx_
(2m)* 422 -M?)\ 0 0 —4P} 0
0 0 0 0
, P2 0 0 0

P Fol%) (0 0 0 0)ex

(@m)*2Pf—M?\ 0 0 —P? 0
0 0 0 0

If the mass is zero, this expression is the matrix element between states of the photon.

Note that the matrix entering the matrix element has no inverse, so we do not try to find the
equation of motion or Lagrangian, they are not necessary in this case, since we have an explicit
expression for the field operator. We do not have to worry about following the principles of
Lorentzian covariance, gauge invariance, or following ideas of symmetry. Instead, we rely only on
the fulfilment of canonical commutation relations for the field operator. The field operator is written
identically in any frame of reference, and to pass to another frame it is enough to know how the
momentum vector is transformed, which is transformed by exactly the same law as the coordinate
vector, which ensures the invariance of the phase of the plane wave. In other words, the field is not a
vector but a set of pseudovectors (pseudospinors in spinor space), only momentum and coordinate
are vectors (spinor).

We can make our reasoning more intuitively clear if we define the creation and annihilation
operators of the field particle

_ [ d*P [ b;(P)VI(P) + d;(P)U4(P) | _ip
B00 = | Gyt Lo oyuae) + sicovace |

AX) =

d*p [dl(P)Vl(P)+b1(P)U4(P) —
2n)* |+d,(P)UL(P) + b,(P)V4(P)]

Let us find the commutation relations between the components of these operators
[4:00, B,(X)] = 4,008 (X) = BX)A,(0) = (4C0B(X) - (BK)IATX0)')

AX)BT(X") — (B(X)AT(X))" =

d*pP d*p’

ﬂ (2m)* (2m)*
d,(P)d; (P)V1(P)ULT (P")e!®Xe~i(P'X) _ g*(P)d, (P)VL(P)ULT (P')e (P X)i(PX)
+ by (P)b; (P)U4(P)V4" (P")e!®Xe~iP'X) — hi(P")b, (P)U4(P)VAT (P")eI(F'X)eiPX)

+b,(P)b;(P)V4(P)V1T (P")e!®Xe-i(P'X") _ p=(p")p, (P)V4(P)VIT(P') e~ i(P'X)i(PX)
+d,(P)d;(P)UL(P)U4T (P)e!PXe~i(P'X) — q;(P")d,(P)UL(P)U4T (P")e {(F'X)eiPX)

(d,(P)d;(P") — d;(P")d,(P))V1(P)U1L (P")ei®Xe~i(P'X)

ﬂ d*P d*P' | +(by(P)b;(P") — bj(P")b; (P))U4(P)V4T (P")e!(PXe=i(P'X’)
(2m)* (2m)* +(by(P)b;(P") — by (P")b,(P) )V4A(P)V1T (P")ei®Xe~i(P'X)
+(d,(P)d;(P") — d;(P")d,(P))UL(P)U4T (P")ei®X e ~i(P'X)
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(8(P — P))VL(P)ULT (P')eiPX-i(P'X")
([ d*P d*P" |+(8(P — P))U4(P)V4T (P)elPXei(P'X')
- ﬁ 2m)* 2m)* [ +(8(P — P"))V4A(P)VL” (P')e! PP ~i(P'X')

+(5(P = P))UL(P)UAT (P')e!PX=i(P'X")

V1(P)U1" (P)e! (PP ~i(PX')
_ [ d*P | +U4(P)VAT (P)e! (PP i(PX)
— ] @m* | +va@) VT (P)ei®Pe-i(PX))
+U1(P)U4T (P)ei X —i(PX')

V1(P)U17(P)
_ f d*P | +Ua(P)V4"(P)| _ipx-x)
=) 2ot |+vaeviT @) |©
+U1(P)U4T (P)
4P2 0 0 0
_ d4_P 0 0 0 0 ), -i(px-x"
Co*| 0 0 —4P? 0
00 o0 0

0 0 0 .

0 0 0 0 d'p o-i(PX-X)
0 —4p2 0]) 2n)*

0 O 0 0

42 0 0 0

0 0 0 0 ,

= S(X—X

0 0 —4p2 0% )

0 0 0 o0
42 0 0 0
' ' _ ’ 0 0 0 0
ABX) - BxIA® =sx-x) 0 3 .0
2

0 0 0 0/ i
As we see, the commutation relations are satisfied for the creation and annihilation operators.

Let us define the total particle number operator in the form
Nji(X) = Bj(X)Ai(X)
N = [ @x 504X
Let's find the commutator
v Bi(X)] = f d*x’ {B;(X)A;(X)B;(X) — B; () B; (X4, (X))} =

[N

f d*X' {B;(X")A;(X")B;(X) — B;(X")B;(X)4;(X")} =

j d*x' {B;(X) (4:(X)B;(X) - B;(X)4,(X"))} =

4P 0 0 0 4pg 0 0 0

3V 3 ! r_ 0 0 0 0 = . 0 0 0 0

fd X{BX)SX =X} & —4P2 0 B o o —4P; 0
0 0 0 0/ i 0 O 0 0/ i

Let's define the vacuum state using the relations

d1(P)|qJ0) =0 b1(P)|qJ0) =0 d4(P)|KP0) =0 b4(P)|lP0) =0
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which implies
A;(X)|Po) =0

NjilWo) = f d*X B;(X)4;(X)|Wp) = 0

Let's act on vacuum by the creation operator and for the obtained state we find eigenvalues of the

particle number operator

4P2 0 0 0
0 O 0 O _ _
0 0 —4P? 0 B;(X) = [N;;, B;(X)] = N;;B;(X) — B;(X)Nj;
0 0 0 0/
4P2 0 0 0
0 0 0 0 B
0 0 -4p? 0 B;(X)|%y) = N;; B;(X)|W¥,) — B;(X)N;;|¥,)
0 0 0 0/
4P2 0 0 0
0 0 0 0
NiBEM)=( o _gpz o] BE®I¥)
0 0 0 0/
If we apply normalization
AX) BX)
2PTP 2PTP
then the eigenvalues will have the form
Pk 0 0 0
L 0 0 0 0
Ni(BOOM) =53l o o _pz o) (BOOM)
0 0 o0 o0

ij
Note that in the case of the photon field, the matrix, taking into account the normalization, contains
elements whose modulus is less than or equal to ¥, since at zero mass Pf < P¢ .

The fact that for the creation and annihilation operator’s commutation relations are fulfilled,
allows to conclude that quanta of the field obey Bose statistics, therefore a single action of the creation
operator increases the number of particles in the field by one, and the action of the annihilation
operator decreases this number by one. Hence, by means of these operators it is possible to write the
matrix element not only for the case when the initial and final states are vacuum, but also for the
initial state with an arbitrary number of particles

P 0 0 0
T 4 0
(o AB O _ (4P %) [0 0 0 0| e
APTP (2m)* 2P —M2\ 0 0 —-P} O
0 0 0 o0
For illustration let us consider a one-particle state
[¥1) = B;(X)|¥o)
P20 0 0
0 0 0 0
Ni|¥,) =———= V.
il ¥ 2P2—M2\ 0 0 —PZ 0 %)
0 0 0 o0

ij

and act on it with the creation operator. Again, let's take into account
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P2 0 0 0
1 00 0 0
222-M2\ 0 0 —pz 0 B;(X) = [N;;, B{(X)| = N;;B;(X) — B;(X)N;;
0 0 o oy
P2 0 0 0
1 00 0 0
W 0 0 —p2 0 Bi(X)|¥;) = N;;B;(X)|¥;) — B;(X)N;;|¥;)
0 0 o oy
P2 0 0 0
= NGB O — B () o O 0 00y
CoUA T Y opz - M2\ 0 0 —p2 of !
0 0 o oy
The result is
P2 0 0 0
1 00 0 0
NjiBj(X)N’E):ZW 0 0 —p2 0 B;(X)|¥1)
0 0 0 0

ij
The eigenvalue of the particle number operator has increased, instead of a one-particle state we have
a two-particle state

W) = Bj(x)llpl)
P2 0 0 0

_ 1 00 0 0
Nl¥) =250\ 0 0 —pp o) 1%
0 0 0 O

ij

Further application of the creation operator increases the number of particles to any value. Now let
us find a commutator for the annihilation operator, without taking into account the normalization
for the moment

[N, 4:(X)] = f d*X' {B;(X)A;(X)A;(X) — A;(X)B;(X)4,(X))} =
f d*X' {B;(X)A4;(X)A;(X") — A;(X)B;(X)A;(X)} =

f a*x {(B;(X)A:(X) — 4,(X)B;(X)) 4;(X)} =

42 0 0 0 4P2 0 0 0
ayri_sexl _xyaxnl 0 0 0 0} __ . 0 o 0 O
fd X=X =X)4,X)) 0 0 —4P} 0 A4 0 0 —4P} 0
The ratios have been taken into account here
4P2 0 0 0
’ ’ ’ 0 0 0 0
A;(X)B; (X)) —B;,XNA;,X) =6 X—X")
A AR A 0 0 —4p2
0 0 0

0
0/
4P§ 0 0 o0
BX)AM) - A0BX) = —sx-x)| § 0 D F
0 0 —4P7 0
0 0 0 0/
Let's act on the two-particle state by the annihilation operator and for the obtained state we find
the eigenvalues of the particle number operator

4p2 0 0 0
o 0 0 0 _ ~
| o o —apz o A;(X) = [Ny, Ai(X)] = NjA(X) — A, (XN,
o 0 o 0/
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4P 0 0 o0
0 0 0 0
| 0 0 _apz o) ACOI) = NAGOIN) — A GONI¥;)
0 o0 0 0/
4P¢ 0 0 0 4P¢ 0 0 o
__| 0 0 0 0 ' 0 o0 0 o .
VICHEN DR I I IPCSL R B S S I CHE ST I
Here, the fact that without taking into account the rationing
4P¢ 0 0 o0
0 0
Nilw)y=2| O 0 )

0 0 —4P} 0
0 0 0 0/

Thus, the annihilation operator reduces the number of particles and puts the field into a single-

particle state.
Separate application of the creation and annihilation operators more corresponds to the ideology

of second quantization than their use only as a sum, i.e. only as a field operator

¢X) =AX) + B(X)

In particular, since
(ol X)) (0)|¥,) = (¥, |AX)BT (0)|¥,)

then the matrix element really acquires the sense of the amplitude of the probability that the particle
is born at the origin and annihilated at the point with coordinates X.

Moreover, now the matrix element can be not bound to the vacuum state, but can be applied to
the field state with arbitrary number of particles n>0. The application of the sum of operators to some
state makes sense only in the case when all operators except one give as a result zero. Therefore, at
the usual approach we have to work only with the vacuum state so that at calculation of the matrix
element the annihilation operator gives zero. In our approach this restriction is removed, the
operators are not summed, but only multiplied, and they can be applied to a state with any number
of particles. For this purpose, let us take into account the following relations

(PP, dy)y,|d; (PYd;(P)IF(P,dy)y,) = (Y (P, dy)y|di(P)dy (P)[W(P,d1)y)
=(V(P,d;),|6(P = P)¥(P,dy)n) = (P(P),|6(P — P")|¥(P),,)

(¥ (P, b1)y by (P)b; (P)W(P, by)y,) = (W(P, by)p| by (P)by (P")|¥ (P, by )y )
= (W(P,by)n|6(P = P)|W(P,by)y) = (¥ (P),|6(P — P)[¥(P),)
(PP, dy)nlds(P)dz(P)IW(P, dy)n) = (P(P,dy)y|di(P)dy (PP (P, dy)n)
= (V(P,dy)y|6(P = P)|¥(P,dy)y,) = (P(P)n|6(P — P)[W(P),)
(P(P,by)n|by (P (P)[W(P, by)y) = (V(P, by)n|bs(P)by(P)W(P, by)n)
= (VY(P,by)n|6(P = P)[W(P,by)n) = (P(P),|6(P — PP (P),,)

d4-P d4PI
(W,]AX)BT (0)|¥,) = ff B

d; (P)V1(P) + b, (P)U4(P) ] [ b;(PV1T(P) + d;(P")U4T (P") ” W(P), ) el
+d,(P)UL(P) + by(P)V4(P)] L+d; (PHULT (P') + b;(P")V4T (P) "

3 d*p d*p’

B ﬂ (2m)* (2m)*
[ d,(P)d;(P)HVL(P)ULT(P") + b, (P)b;(P")U4(P)V4T (P")
+d,(P)d;(PHUL(P)U4T (P) + b, (P)b;(P)V4(P)V1T(P)

(PP,

|[wc@ryeie®

(PP,
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ap V1(P)U17(P) + U4(P)V4™ (P) ,
Y(P Y(p i(P.X)
(2n)* (F (P [+U1(P)U4T(P)+V4(P)V1T(P)]| (P)n)e
wp 4P2 0 0 0
0 0 0 o0 i(PX)
0 0 0 0
4130 0 0 0
0 0 o0 i(PX)
Y(P),|¥(P i,
f(2)4<()n|(>> S v e
0 o0 0
, 0 0 0
d*p o o 0 0| ;
= l{-’ l.IJ _ i(P.X)
(¥l ">f(2n)4 0 0 —ap2 0]°
0 0 0 0

The assumption used here is that the scalar products (¥(P),|¥(P),) = (¥,|¥,) are the same for any
values of momentum. Taking into account the normalization

P20 0 0
d*P (¥, |¥,) 0o 0 0 0);
¥, |A(X)BT(0)|¥,) = e 1eX
( nl ( ) (0)| n) (27‘[)42P02—M2 0 0 _P22 0 e
0 0 0 0

At non-zero number of particles we can change the order of operators and first apply the annihilation

operator
d*P d*P’
(P,IBX)AT(0)|¥,,) = j f(Zn)“ (2n)*

[ b;(P)V1(P) + d3(P)U4(P) [ d,(PHVL"(P') + b, (P")U4" (P) ”q,(l,) ) e~ i(PX)
+di;(P)UL(P) + by (P)VA(P)] [+d,(PHULT(P") + b, (P )V4AT (P") n

d*p d*p’
f I(ZH)4 (2m)*
[ d;(P)d,; (P"YUL(P)V1"(P") + b;(P)b,(P')V4(P)U4™ (P") ”q,(l,) ) e=iPX)
+d;(P)d,(P)U4(P)U1T (P) + b;(P)b,(P)V1(P)V4" (P") n

(PP,

(¥ (P),

d*p

U1(P)V17(P) + V4(P)U4" (P) ” W(P), ) e~ iPX)
@m* "

(P(P), +U4-(P)U1T(P) +V1(P)V4T(P)

4p2 0 o0

0
da*p .
@@, 90 2, O we e
0 0

2n)* —4P2 0

0 0

4P?

_[EP ), w@y| O
—f(2n)4< w0
0

oS Co o

M 4P 0

p 0 0 0 0 ,

= (¥ | —-i(P,X)
(¥l ”>f(2n)4 0 0 -—4p2 0]°

0 0

After normalization we obtain

PE 0 0 0
d'P (%) [ 0 0 0 0 -
W, |B(X)AT(0)|,) = oY e
(BlBOOATON) = | s opz 4z 0 0 —pz o)
0 0 0 o0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025 doi:10.20944/preprints202401.1032.v8

97 of 117

Let’s return to the previously used definition of the vacuum state by means of relations
di(P)[¥o) =0 by (P)[Wo) =0 dy(P)[¥o) =0 b,(P)|¥)=0
di(P)d,(P)[Wo) =0 bi(P)b;(P)[Wp) =0 d3(P)ds(P)[¥) = 0 bs(P)by(P)|¥) = 0

which implies
A;X)|W) =0

NjilWo) = f d*X B;(X)4;(X)|Wp) = 0

As we have seen, the action of the creation operator transforms the zero-particle state into a one-
particle state

1

— W,
2P02_M2 I 1)

N;i(Bi(X)|W,)) = N;i|¥y) =

cocodly

co@
s
NN

o o oo

ij
At that, none of the operators of the number of particles with a particular value of momentum

di(P)d;(P)[¥;) bi(P)by(P)[¥;) d3(P)d,(P)|¥1) bi(P)b,(P)[W;)

has no definite meaning, since the particle is only one. In this connection it makes sense not to define
the vacuum in such a detailed way, it is enough to define that the vacuum state is characterized by
only one condition

NjolW,) = f d*X B, (X)A4,(X)|¥,) = 0

At this approach the field energy is not equal to the sum of energies of partial oscillations, accordingly
the question about the energy of zero-point oscillations of each oscillator constituting the field is
removed. We get rid of the problem of infinite energy of the sum of zero-point vibrations of an infinite
number of oscillators.

We can use the creation and annihilation operators instead of the field operator, and we can
apply them to an arbitrary state, not just the vacuum state. So, we don't need to calculate the vacuum
mean and apply Wick's theorem.

We would like the matrix element to have properties of the Green's function, i.e., to satisfy the
equation

2 92 9% 92
B <6X02 T X2 0X,2  0Xs?

The solution of this equation has the form

+ m2> DX) =6X)

ei(P,X) d4-P e i(PX)

DX) = f a*p 3
) @m)* P2 —PE—P?—P:—M?2 ] (2m)* P2 — M?

Therefore, we complement the denominator of the integrand, for what we relate the creation and
annihilation operators

B(X) = f

d*p [ b;(P)V1(P) + d;(P)U4(P) 1 e ‘®X®

2n)* [+d;(P)UL(P) + b;(P)V4(P)] \/pZ — a2
A = [ 2F [dl(P)v1(P)+b1(P)U4(P) e!®X
~ ) @n)* l+d,(P)UL(P) + b,(P)V4(P)| Pz — 12
d*P (¥, |¥,) fg 000 ~i(PX)
= ~ _ nltn 0 0 0 0\ e ’
(¥ [BOAT (0] %) = (m)*2P2—M2\ 0 0 —p2 0|P2—M?
0 0 0 0
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After such normalization, one doubts the expediency of the normalization introduced earlier, namely,
the inclusion of the multiplier in the formula
(Wn W)
2P2 — M?
By analogy with the introduced creation and annihilation operators for fields in vector space, let

us describe the corresponding operators for fields in spinor space. As an initial one we use the
previously described field operator for the fermionic field

_ (4%
mm—f@@4
[dl (P)ul(p) + idy(p)u3(p) + ib,(p)u2(p) + bl(p)u4(p)] i(Po¥1—P1ro+Para—Darat @)
+d,(p)vi(p) + id3(p)v3(p) + ibs(p)v2Z(p) + b,(p)v4(p)

[ bi(p)ul(p) + ib;(p)ud(p) + id;(p)u2(p) + di(p)u4(p) ] o= i(Pox1-P1x0 P x3—p3¥s+PN))
+bi(p)V1(p) + ib3(pIv3(p) + id;(p)vZ(p) + di(p)v4(p)

Let us define the creation and annihilation operators
d*p
2m)*

[bl (P)ul(p) + ib;(P)ud(p) + id;(P)u2(p) + d; (p)u4(p) ] —i(pox1—prxo+Paxs—psta +BR)
+bi(P)V1(p) + ib3(p)v3(p) + id;(p)vZ(p) + di(p)v4(p)

b(x) =

d*p
(2m)*

[dl (p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + bl(p)ﬁ(p)] (o1 ~p1xo +p2Xs—p3xz+(p))
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)v2(p) + by(p)v4(p)

a(x) =

Let's find anticommutation relations between components of these operators
! ! ! ! ! T
{w@MMXH=m@m&)+m@kM@=(M@MXH%MXMW@)%

a(X)b’(x') + (b(x)a’ (x))" =

jf (2m)* (C;:r);‘

[d1 (p)ul(p) + id,(p)ud(p) + ib,(p)u2(p) + b, (p)ud(p)
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)vZ(p) + by(p)v4(p)

[bi (pHul*(p") + ib;(pHu3*(p’) + id;(pHu2"(p") + d;(p")ud” (p’ ]
+b;(p)v1*(p’) + ib3(p)v3*(p") + id;(p")v2T (p") + di(p")v4" (p")

e i(pox1—P1X0+P2%3 —P3x2+(P'X)) e —i(PO’x1’—P1’xo’+Pz’x3’—P3’xz’+(P"X'))

+

[ bi (pul(p") + ib;(pHu3(p’) + id;(pHu2(p’) + di (p")u4(p’ ] ’
+bs(pIVI(p") + ib3(p"IV3(p’) + id;(p)v2(p") + di(p)v4(p")
[d1 (p)ul’(p) + id,(p)u3” (p) + ib,(p)u2*(p) + b, (p)ud*(p)
+d,(p)v1'(p) + id3(p)v3T (p) + ib3(p)v2* (p) + bu(p)v4* (p)

e—i(po’xl’—pl'x0’+p2'x3 -p3'x"+(p’ X’))el(D0x1 P1XotP2X3— p3x2+(px))
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d1(p)d; (p")ul(p)ud’(p")

[—d,(p)d; (pHu3(p)u2’(p”) + -

ei(l’ox1—P1xo+P2x3—P3x2+(lJT))e—i(Po'x1'—P1'xo'+Pz x3'—p3' %" +(p' X))
+

b, (p)b; (p’)ﬁ(p)uf(p’)

|—b,(p)b;(pHu2(p)u3*(p’) +-

_ei(PO’xll—P1’x0’+P2 x3'—p3'xz"+(p’ X'))e—l(Poxl P1XotP2X3~— P3x2+(PX))_

N ﬂ ((21:)94 (‘;:7)4

[ b;(p")by (p) (Wi (pIud* (p))"
—b3(p")b,(p) (W3 (p")u2* (p))" + -~

—i(Poxl —P1Xo+P2X3—P3x2+(PX)) o i(po'x1"—p1 %0 +p2 x5 —p3' x5 +(p' x"))

d4 I
ff m)* @m)* +
e [ dz(p')dl(p)(u4(p')u1T(p))T

—d;(p')dz(p)(uZ(p')usf(p))T +-

,e—i(Po x1'=p1'x0"+p2" x3"—p3' %2 + (p’, X'))el(Pox1 P1X0+P2x3—P3x2+(pX)) |

[ d,(p)d;(pHul(p)ud” (p’) + di(p')d, (p) (u4(p’)u1T(p))T
—d, (p)d;(pHu3(p)u2’ (p') — d3(p")d,(p) (u2(pHu3’(p))" +-

ei(l’ox1—P1x0+l’2x3—1’3x2+(]37))e—i(l’o’x1 —p1'x0" +p2" x3"—p3" %" + (0" X))
+
Nys A ! * I 31 ! T
[ b1 (p)bi (pYud(p)ul* (p') + b; (p')b; (p) (Wi(p")us* (p))

—b,(p)b;(pUZ(p)u3*(p’) — b3 (p")b,(p) (UB(p")u2*(p))’ + -

ei(PO’x1 —p1'x0 +p2"x3" -3 %2 +(p’ X'))e—l(Pox1 P1X0+P2X3—P3X2+(PX))

B ﬂ (gg‘* (C;Z;‘*

[ d, (p)d; (p"ul(p)ud’ (p") + d;(p')d; (p) (ul(p)u4T(p’))
—d,(p)d;(p)ud(p)u2’ (p') — d;(p)d,(p) (u3(p)u2’(p")) + -
ei(poxl—plxo+p2x3—p3x2+(p7))e—i(po’xl’—pl’x0’+pz’x3 -p3'x2"+(p’ X'))
+
[ b, (p)b; (pud(p)ul*(p’) + b; (p)b; (p) (ud(p)ul*(p")) ]
—b,(p)b; (pHuZ(p)u3*(p’) — b3 (p")b,(p)(uZ(p)us*(p")) + -

ei(PO’x1 —p1'x0"+p2 23" —p3"x " + (p’ x’))e—l(p0x1 P1XotP2X3— p3x2+(px))

ﬂ (‘21:;1)’4 (UZT)’4

[ ul(p)u4’(p) + u4(p)ul’(p) ]
—u3(p)uz’ (p) — u2(p)us’(p) + -
ei(po(xl—xl')—pl(xo—xo')+p2(x3—x3’)—p3(x2—xz’)+(p,x——x’))
+
u4(p)ul*(p) + ul(p)us*(p) ]
—uz(p)u3*(p) — u3(p)u2*(p) + -
e—i(Po(x1—x1')—P1(Xo—xo'+m)+Pz(x3—x3')—P3(x2—xz')+(P.X——X'))_

[ [ ul(p)ud’ (p) + ud(p)ul’(p) + vi(p)v4’ (p) + v4(p)v1’ (p)
—u3(p)u2’(p) —u2(p)ud’(p) — v3(p)v2’(p) — v2(p)v3'(p)
ei(Po(X1—x1')—171(x0—x0’)+Pz(x3—x3’)—l’3(xz—xz’)+m)
+
u4(p)ul*(p) + ul(p)ud*(p) + va(p)vi*(p) + vi(p)v4*(p) ]
—u2(p)ud*(p) — ud(p)uz2*(p) — vZ(p)v3*(p) — v3(p)v2*(p)
e—i(Po(Xl—x1’)—p1(x0—xol)+172 (x3=x3")-p3(x2 —le)"'(PIX——X’))

d*p
(2m)* [

'
(2m)*

= e (579 + Sa()ellrtis 0o el
Vs
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+f d4p (5_(p) +S_R(p))e—(i(Po(xl—x1’)—P1(x0—X0’)+P2(x3—x3’)—P3(X2—x2’)+(p'X—X')))
(2m)* \F

. m 0 0 O
(8P [0 om0 0 (ipe(r-x)palxo-xo ) +palrs s ) ps (k232" )+ pAx))
ot {0 0 m o
0 0 0 m
m 0 0 O
d4p " . ! 1] ’ A Wiy oy
+ 4 0 m 0 0 e—(l(Po(x1—x1 )—P1(xo—xo )+Pz(x3—x3 )—P3(xz—xz )+(P.X—X )))
ot {o o m o
0 0 0 m

=4mlI§(x' — x) + 4miIS(x — x")
{ai(x’),bj(x)} = q;(x")b;(x) + b;(x)a;(x") = 4Re(m)5(x’' — x)J;;
{bj(x’),ai(x)} = b;(x")a;(x) + a;(x)b;(x") = 4Re(m)5(x — x')4;;

Besides these relations, the following ‘anti-commutation relations take place between the

components of the annihilation and creation operators
{b:(0), b;(x")} = b;(X)b;(x") + b (x" )by (%) = 0
{ai (%), a; (X')} =a;(x)a;(x") + a;(x)a;(x) =0

Let's define operators of the total number of particles in the form
Nj; x) = bj (®)a;(x) Nj; = fd4x bj(X)ai x)
Let's find the commutators

[N by 0] = [ (b (x 0ty ) = By by (D)) =
f d*x’ (b () (x)b; () + b (X by a;(x)] =
f d*x' [b;(x") ()b (%) + (@) a; (x))] =

4Re(m) f d*x’ bj(x")8(x" — x)6;; = 4Re(m)6;;b;(x) = [Nﬁ, bj(x)]

[Nji a; ()] = f d*x’ [b;(x")a; (x")a; (%) — a;(X)b; (x)a; (x)] =
f d*x’ [=b;(x)a;(¥)a;(x") — a;(X)b; (x)a; (x)] =
- f a*x' (B, ®) + @b (x)) i (x)]| =
—4Re(m) f d*x’ §(x' —x)8;;a;(x") = —4Re(m)5;;a;(x) = [Nj;, a;(x)]
Instead of defining the vacuum state through its properties under the action of annihilation operators

dy (p)|¥o) = d,(P)|Wo) = b, (P)|Wo) = by (p)|Wp) =0
ds(P)|¥o) = d3(p)|Wo) = b3(p)|¥o) = b3(P)|¥o) = 0

which would entail the ratios
a(x)|¥) =10 Njillp0> =0
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we will not require from operators all these properties, but we will be limited by a weaker and simpler
definition of vacuum, namely, absence of particles in vacuum
Nji”’o) =0
Let's use the found commutator
4Re(m)5ijbj x) = N;j;b; x) — b; (X)Nji
4Re(m)5ijbj(x)|l'p0) = Njibj(X)H’o) - bj(X)Nji|‘Po)
Njibj(x)|¥,) = 4Re(m)6y;b; (x)|%o)
|¥1) = b;(X)| W)
Nji|lp1) = 4Re(m)6”~|lpl)
On the obtained one-particle state let's act on the obtained one-particle state by the creation operator
again
4Re(m)&;b; (x)|W1) = Njib; (x)|%1) — by ()N;;|P1)
4Re(m)6;;b;(x)|¥1) = N;;bj(x)|¥;) — 4Re(m)&;;b;(x)|¥;)
Njibj(x)|lp1) = 2(4Re(m)5ij)bj(x)|lp1>
[¥,) = by (x)|¥;)
N;;|¥,) = 2(4Re(m)§;;)|¥-)

We have obtained a state with two particles and we can thus increase the number of particles to
infinity. All particles are identical and indistinguishable from each other, each of them is in all
allowed states, of which the free field has infinitely many. Electrons in an atom have fewer allowed
states, but still any electron occupies all of them equally with the others. This theory describes both
electron and positron, the difference between them being only in the sign of the mass, it being
convenient to consider that the electron has a negative mass and the positron a positive one.

Similarly, we use the commutator of the annihilation operator

—4Re(m)d;ja;(x) = Nja;(x) — a;(X)Nj;
—4Re(m)6;a; () |¥2) = Nj;a; ()W) — a; GON;; W)
—4Re(m)6;ja;(x)|¥2) = Nja;(x)|¥z) — 2(4Re(m)5;;)a; (x) %)
Njia;(x)|¥2) = 4Re(m)6y;a;(x)|¥)
Thus, the action of the annihilation operator has transformed the two-particle state into a one-

particle state. Using the same calculations, we obtain the result of the annihilation operator action on
the one-particle state

Njia; ()W) = 0 % a;(x)|¥1)
And in the same way we define the result of its action on the null state
Nﬁai(X)I‘Po) = _4Re(m)6ijai(x)|lp0) = 4Re(_m)6ijai(x)|lp0>

We obtain a state with the number of particles minus one, but we see that in fact it is a state with one
particle whose mass is negative. Thus, the positron annihilation operator is also the electron creation
operator. It destroys positrons until they run out, after which it starts creating electrons. The creation
operator, on the contrary, destroys electrons, and when they run out, starts creating positrons. Thus,
since there are many electrons in our universe, this operator cannot be creating positrons because it
cannot destroy all electrons due to their number. Moreover, the operator of annihilation of positrons
because of the absence of the latter, only creates more and more electrons.

If the mass is zero, then in any state the number of particles is zero, i.e., for example, the
electromagnetic field in spinor space, where it should be fermionic, simply has no particles. The
absence of particles does not contradict the presence of the field, which is represented by the same 16
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spinors, this field obeys Fermi statistics, and it has no charge and can be treated as a Majorana
fermion. This field interacts with electrons in spinor space, and the result of the interaction manifests
itself in vector space.

With the help of the creation and annihilation operators we can write the matrix element for the
situation when the initial and final states are states with arbitrary number of particles

1

d4
(WlaCOb O1%,) = [ bz (wl)arem) | §

0 0
1
0
0 0
0
1
0

e i(pox1—P1X0+P2X3-P3X2+(P.X))

1

d4
(ElbGOa" 1) = [ 5 () 4Re(m) | §

0 0

e—i(Poxl—Plxo +P2X3—P3X2+(pX))

0

0

1
0
0
0

O rRrO O Y =)

1

We would like the spinor matrix element to have properties of the Green's function, i.e. to satisfy the
equations which for this case are given below and which can be combined into one equation

a—xla—xz —a—xoa—x3— m) D(X) = S(X)
(0_[_]0_[_] —6—[_]0—[_]— m)D(x) =6(x)

0%, 0x, 0%, 0%,

((ii _ii) _ m) (6_[]6_[]_ a_[]a_[]) —m D) =6(x)

0x; 0x, 0xy0x3 0x; 0x, 0x,0%3

where the delta function can be represented as

4
5(X) = d p ei(p0x1—p1x0+p2x3—p3x2+(p0x1—p1x0+p2x3—p3x2))
(2m)*

The solution of the combined equation has the form

ei(voxl—ple +px3—P3Xx2+(PX))

P = | p
2m)* (p1p; — Popz — M) (P12 — PoP3 — M)

Therefore, we complement the denominator of the integrand, for what we relate the creation and
- d*p

b(x) = | =—

) J@m4

[bz (P)UT(p) + b3 (p)u3(p) + id3 (P)u2(p) + d; (p)us(p) ] e ~{Pori o P e p)
+bi(p)vi(p) + ib;(p)v3(p) + id3(p)vZ(p) + di(p)v4(p) (P12 = Pops —m)

annihilation operators

_.._ [ d'
“”‘f@@4

[dl (P)ul(p) + id,(p)u3(p) + ib,(P)u2(p) + bl(p)ﬁ(p)] e/ (Porpuxo Py pxat ()
+d,(p)v1(p) + id;(p)v3(p) + ib3(p)v2(p) + bs(p)v4(p) (p1p2 — Popz — M)

<Wn|a(X)ET(y)|Wn> =

1000 . S
[ (g 100 4Re(m)e (P9 #x)
" " 1P2 — Pol3 — 1P/2 — PolP3 —
(2m)* 8 8 (1) ‘1) (P1P2 — Pobs — M)(P1P2 — Pobs — M)

<Lpn|5(x)aT(Y) |lyn> =
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1 0 0 O . —
d*p 010 0 4Re(m)e —l((p.x—y)+(p.x—y))
(2m) 00 0 1 (P1p2 — Pops — M)(P1P2 — PoP3 — M)

The electron and positron have different mass sign, so their matrix elements will be different.
We can repeat the above calculations, keeping the annihilation operator, but defining the
creation operator differently
d*p
a(x) = @t

[dl (P)ul(p) + id,(p)ud(p) + ib,(p)u2(p) + bl(p)ﬁ(p)] (P01 -P1x0+D2 5P+ )
+d,(p)vi(p) + id;(p)v3(p) + ib3(P)VZ(p) + b, (p)v4(p)

'
2m)*

[di(p)u_l_(p) — id;(p)u3(p) — ib;(p)u2(p) + bi (P)u4(p) ] PR STI )
+di(p)v1(p) — id3(p)v3(p) — ib3(P)v2(p) + bi(p)v4(p)

b(x) =

As a result, we obtain the anticommutator
! ! ! ! ! T
{09, b,()} = 6B, () + b x4 = (aEbE) + (b’ (X))
a(x)b"(x") + (b(x’)aT(x))T = 4Py I6(x' —X) + 4P, 15 (x — x') = 8P,6(x — X')
Py = pobo + 191 + P2Dz + P3P3

As before, using the creation and annihilation operators, we construct the matrix element for a
state with an arbitrary number of particles
d*p
ot
[d1 (P)ul(p) + id; (P)u3(p) + iby (PIUZ(p) + bl(pm(p)] el(Pori Prxopers pora (o30)
+d,(p)v1(p) + id3(p)v3(p) + ibs(P)V2(p) + b4 (PIV4(P)] (01, — Pops — M)

ax) =

'
2m)*

[d;(p)u_l_@) — id; (p)uB(p) — ib3 (P)u2(p) + bj (P)u(p) ] e~ oxi Pz Pars P+ )
+d;3(p)vi(p) — id3(p)v3(p) — ib3(p)v2(p) + bi(p)v4(p) (p1p2 — Pops —m)

b(x) =

<Lpn|a(x)ET(Y)|qJn> =

1 0 0 O ) S
_f b (P, |9 01 0 O 8Poel((l)'x_y)+(p'X_Y))
@m* " 8 8 (1) (1) (P1p2 — Pop3 — M)(P1P2 — PoP3 — M)
<lpn|’5(x)aT(y)|lpn> =
d“p 1000 8Pye —i((p.x—y)+(p.x—y))
— [ o | § 98
(2m) 00 0 1 (P1p2 — Pop3 — M)(P1P2 — PoP3 — M)

Now instead of mass the matrix element includes energy, therefore such theory is applicable
also to the field with zero mass, i.e. it can serve as a model not only for the electron, but also for the
electromagnetic field in spinor space. The only problem is that if earlier the action of the
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annihilation operator on the zero-point state gave a particle with negative mass, now this action gives
a particle with negative energy, which makes the interpretation of such theory more difficult.
Note that in this revision the creation and annihilation operators are conjugate to each other

'
)

[dl (p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)ud(p)
+d,(p)v1(p) + id;(p)v3(p) + ibs(p)v2(p) + b, (p)v4(p) | P1P2 — Pobs — T

a(x) =

o (P0+x)

- - d*p
b(x) =adx) = W
[T - TR - HON0) ¢ O e (®0+)
+d;(p)vI(p) — id3(p)v3(p) — ib3(p)vZ(p) + b;(P)v4(p)| P1P2 — Pops —m
The considered free field matrix elements describe the situation when there is a point source
with coordinate x and a point sink with coordinate y. In the general case in the spinor space the

distribution of source-stocks J(x) can be given and the value of

1
W) =3 [[ d*x @y 100y - v,

which is used for finding the integral over the trajectories and which can be written using the Fourier
transform for the spinor space

d* . .
Ji(p) = fﬁ]i(x)e"((?'x)"@"‘))

8(PoPo + P1P1 + D2P2 + P3P3)
(p1p2 — Pop3 — M)(P1P2 — PoD3 — M)

1 dp
W) = =3 || ik 8 ;)

In quantum field theory it is customary to calculate a similar quantity
1
W) = = [[ @*x a*Y 10Dy X = V1,0

in which the coordinates, momenta and the Fourier transform connecting them belong to the vector
space. In our opinion, the transition to spinor space, more fundamental than vector space, which is a
superstructure over spinor space, can eliminate divergences in calculating integrals in the framework
of the formalism of the integral over trajectories. In momentum space the similarity is even more
obvious, the kernels of the integrals are the same, the only difference is in the space where the
integration takes place and the way of calculating the Fourier transform - either in vector or in spinor
space

_ LAt 8 5
W(]) - _Eff (27_[)411( ) Poz _ P12 _ P22 _ P32 _mzjj( )

__ M4 = 85 .
W = 2 ff (27_[)411(1’) (P1p2 — Pops — M)(P1D2 — PoP3 — m)]] (®)

The spinor space has the additional advantage that the integrand is factorized

1 dp J.(p) ) J;(p)
W =-3 U (2m)* il (P1P2 — PoP3 — M) % (P1p2 — Pops — M)

This factorization in momentum space looks like a consequence of a more fundamental property of
factorization in coordinate space
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1
W) == [[ d*x @y 100y - v,
1
= =5 [[ ¢ ayp o laGob )1 w)
1
= =5 [[ ¥ @ty e o (aGob™), 1, )] )

1
= _z(q’n

] @x *y 50 @G0B, )] )

We can assume that first it makes sense to perform integration separately on x and y, and only then

( f 4 () a(x)) ( j dty bT(y)/(y))

Since earlier we have obtained an explicit representation of field operators in both vector and

to perform multiplication

1
W) = -5 (¥ )

spinor space, we do not need to refer to the equation of motion and the Lagrangian. Proceeding from
these representations, we define the creation and annihilation operators, and from them we construct
the matrix element as a function of relative coordinates.

There is another way to give the properties of the Green's function to the propagator by
introducing the necessary multiplier not in the definition of the creation and annihilation operators,
but directly in the propagator. In this case we can proceed from two similar equations

al1al] oallall\(o o 9 0
(a——a—— ) (e~ anga) |0 = 4500

((ii_ii> _m> <6_[]£ 6_[]8_[]> —-m g#val(x) = 5;‘5()()

dx, 0x, 0xg 0 0x; 0%, 0%, 0%3

Their solutions have the form

i((p,x—y)+(p,x—y))

5 ( ) d4p 61,1 ei((p,x—y)+(p.x—y)) d4—p 61//1 e
X — = — — =
Xy 2m)* (1p2 — PoPs) PPz — Pob3) —m2 ) (2m)* P2 —m?
d*p 5,2 ei((p.x—y)+(p.x—y))
Dvl (X - Y) = Y

2m)* (p1p; — Pops — M) (D1D; — PoP3 — M)

The first variant is remarkable because in it the denominator of the integrand coincides with the
similar denominator of the photon propagator and the Feynman propagator for the fermion. The
advantage of the second variant is that the denominator consists of two conjugate terms, which can
be included from the beginning in the mutually conjugate creation and annihilation operators.

It may seem artificial to add an additional multiplier to the denominator of the plane wave. But
then we must remember where the plane wave itself came from, namely, that it is a solution of the
homogeneous wave equation. But the wave cannot arise from nothing, it must have a source, that is,
it must be a solution of the inhomogeneous wave equation. In the case of a source in the form of a
delta function, this solution includes just such a multiplier in the denominator.

Using the found field operators and propagators, one can make corrections in the rules of
construction of Feynman diagrams. In particular, one of 16 pseudospinors should be compared to the
external lines of the fermion, and one of four pseudovectors should be compared to the external lines
of the boson instead of the polarization vector. One should also correct the type of propagators of the
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fermion and the boson. All these corrections can be done even within the classical Feynman diagrams
in vector space. Then the outer lines will be explicitly expressed through the momentum components,
and the diagram will look the same in any reference frame. A complete transition from integration in
vector space to integration in spinor space would be a more radical step, the consequences of which
are yet to be studied.

In particular, when integrating over the momenta associated with the inner lines of Feynman
diagrams in vector space, a divergence of the form [ d*P(1/P*), for example, arises. In spinor space
the denominator remains the same, but the numerator in the integral [ d*p(1/P*) is of lower order,
since the component of the momentum vector is a bilinear form of the component of the momentum
spinor.

In light of the existence of operators capable of creating and annihilating fermions and bosons
that are constrained to a particular point in space, a re-evaluation of the concept of elementary particle
interaction becomes imperative. Without recourse to prior reasoning or justification, it can be
assumed that the interaction is described by the multiplication of any set of such operators bound to
the same point in space. This product, which also incorporates constant multipliers to account for the
degree of interaction, is then integrated over the entire coordinate space. The result of this integration
is a multiple integral over the momentum space, which in vector space often diverges, but in spinor
space perhaps not.

Previously defined operators

d*p
@m*

[ bi(P)UL(p) + ib; (P)UB(p) + id; (P)u2(p) + di (p)u4(p) ] e~ PoxiPrxo+paxs Pyt )
+b;(p)v1(p) + ib3(p)v3(p) + id3(p)v2(p) + d;i(p)v4(p) (P1p2 — Pop3s — M)

b(x) =

'
@m)*

[d1 (P)ul(p) + id,(p)u3(p) + ib,(p)uZ(p) + bl(p)ﬁ(p)] el (Pox1=P1x0+p2%s ¥z +(p)
+d,(p)v1(p) + ids(p)v3(p) + ib3(p)v2(p) + b,(p)v4(p) (p1p2 — Popz — M)

ax) =

create or annihilate the fermion at a precisely defined point of space, while the momentum of the
fermion is not defined. Taking into account the symmetry between the coordinate and momentum
operators in quantum mechanics, we can postulate similar operators for a fermion with exactly
definite momentum and indefinite coordinate.

b(p) = jd"x

[b{(x)ﬁ(x) + ib3()U3(X) + id; ()u2(x) + di(X)ud(x) | e~ (FoPrx1Potx2ps =32+ xp))
+b;(x)v1(x) + ib;(x)v3(X) + id;(X)v2(x) + dj (X)v4(x) (12, — xgx3 — 1)

a(p) = fd“x

dy GOuL(X) + idy U3 (X) + iby UZ(X) + by (X)ud(x) ] e~ (FoP1=¥1Po+x2p3=x3p2+(xp)
+d,(X)v1(x) + id3(x)v3(x) + ib3(X)Vv2(X) + by (X)v4(X) (%1%, — xgx3 — 1)

where [ is the invariant interval of the spinor coordinate space. Now the difference between an
electron and a positron is determined by the sign of the interval.

The simplest recipe for the description of the electron-positron field seems to be the use in its
equation of motion of the matrix, which we obtained in the construction of the anticommuting field
operator, namely

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2025

doi:10.20944/preprints202401.1032.v8

107 of 117

Po D2
Sp(p) = pIZl (=P3, =D2,P1,Po) — pl;z (=p1, —Do, D3, P2)
—DPs3 —P1
D2 Po
—p —-p
+ _P(3) (P1,Po, D3, P2) — —p; (3, P2, P1, Po)
P1 %]

which after the substitutions
i}

Po_’a_xlza1 p1_’_a_xoz_ao Pz_’a_x3583 P3_’_a_xzz_az

transforms into a differential operator

0, 03
9o 02
Sgp = F) (02, —03,—0,,0;) — F) (09, —0,,—05,03)
3 1
0, do
03 0,
0, do
+ -9 (_60' 61'_62'(63)) - -9 (_62!631_60'61)
1 3
—0do —0,
Earlier we showed that
—Pob3 + P2P1 0 0 0
0 P1P2 — P3Do 00
Se(p) = 0 0 P2P1 — Pob3 0
00 0 —P3Do + P1P2
P2P1 — PoP3 0 0 0
+ 0 —P3Po + P1P2 0 0
0 0 —PoP3 t P2P1 0
0 0 0 P1P2 — P3Po

= 2(p1p2 — Pspo)!

Thus, the equation of motion has the form
(Sg —2ml)@(x) =0

After transition to the momentum space by means of integral transformation

d'p {(00+0)
00 = | 51 e)e
we get the equation of motion
(Sr(p) — 2mDe(p) =0

(p1p2 — P30 —mM)I@(p) =0

The Green's function is a solution of the inhomogeneous equation

(Sg — 2mI)Dg(x) = I5(X)
Dp(x) = f((ZiTP;‘l Dp (p)ei((p"‘)J'(PT))

(Sr(p) —2mI)Dg(p) =1
(p1p2 — P3P0 — M)Dr(p) =1

I

Dr(p) =—————
K P1P; — PsPo — M
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4 _
Dy(x) = f Ll ! Li(@0+®)
(2m)* p1p2 — P3po —M

Let us note that the diagonality of the left part of the free field equation

(P1p2 — P3Po)I@(p) = ml@(p)

allows to take into account in a simple way the influence of the external electromagnetic potential
expressed in the spinor form

((P1 —a)(P; — az) — (p3 — az)(Po — ao))I(P(P) = ml@(p)

Due to the diagonality of the equation, the addition of an external field does not break its invariance,
unlike in the vector space. It turns out that at the spinor level the fields interact additively. There
arises a strange assumption that since the matrix is diagonal, there is no need to zero out the non-
diagonal elements to ensure mass invariance, hence Newton's laws are not relevant in spinor space,
and the components of the momentum spinor always commute.

Replacing the momentum components by derivatives gives us an analogue of the Schrodinger
equation

9 9 9 0 Io(x) = ml
o= a0 ) 5= 660 )~ (5= 60 ) - 0w ) | 900 = miee

If we get rid of the unit matrix, we obtain the same equation for spinor space that we considered at
the beginning of the paper. It turned out to be exact, not requiring an addition to take into account
the electron's spin, as it was necessary for the Schrodinger equation in vector space. In the spinor
equation the spin of the electron is taken into account automatically.

We can go further and assume that the picture of interaction of fields is more symmetric and is
described by the mixed equation

(6+6)(6 6)(6+6>(6 6)1()_ + Amle(x.y)
dxy 0y, \0x; 0y; ox, " 9y,) \ax, oy,) | XY = (m+Am)lex,y

In the extended momentum space (p,a) the equation has the form

((P1 —a)(p2 —az) — (p3s —az)(po — ao))I(P(P» a) = (m + 4m)le@(p,a)

From the equation we can isolate the part responsible for the interaction
(=p1az — a1p2 + p3ao + azpo)l@(p,a) = Ami@(p,a)

a 0 a a0 a 0 d 0
( Z v ____——> lo(x,y) = Amil@(x,y)

The solution of this homogeneous equation is a plane wave

(p(x, y) = ei(Pox1—p1xo+pzx3—p3x2+a0y1—a1y0+a2y3—a3y2+(p_x)+(a_y))

The theory outlined in the article allows us to answer the question how the fermion field changes
under the action of Lorentz transformations on the coordinates. Exactly, if we move to another frame
of reference by rotations and boosts, the coordinate spinor changes. As a consequence, the
momentum spinor changes, the components of which are the coefficients of the expansion on the new
coordinates, and the momentum spinor undergoes exactly the same transformation as the
coordinates, so that the phases of all plane waves in spinor space do not change. The components of
the new momentum spinor are substituted into the 16 spinors describing the fermion field. Thus,
there is no any uniform law of transformation of a spinor of the fermionic field, each of 16 spinors
corresponding to the particles forming it, is transformed in its own way.
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However, if, following Heisenberg [12, Chapter 3, Paragraph 1], we index the field components
differently

=&0(X)  91(X) =&0(X) P2(X) = &11(X) P3(X) = =01 (%)

Then it can appear that this field § on the first index will be transformed by three spatial rotations

Po(x%)

and three boosts, and on the second index it will be transformed by three rotations in isotopic space.
In this case the additional quantum number related to the sign of mass may be an isotopic spin.

Let us suggest that the coordinate and momentum spinor spaces can also be indexed in a similar
way
X=X X3=

=P D2 = P11

Xo = Xoo X1 = X10

Po = Poo D1

—Xo1
Pz = —Po1

Thus, we are in a space x that is subject to three rotations, three boosts, and three isotopic
rotations. All of these transformations are equally real, but there is an imbalance due to the luck of
isotopic boosts. After all, isotopic rotations, like spatial rotations, are generated by Pauli matrices;
these rotations also do not form a group. Therefore, the full isotopic group must also consist of three
rotations and three boosts.

Let's rewrite the previously used quantities with new variables

PoX1 — P1Xo t P2X3 — P3X2 = PooX10 — P1oXoo — P11Xo1 T Po1X11
1\ (Xoo 1\ (Xo1
= (Poo P10) ( 1 0) (X ) + (Po1 P11) ( 1 0) ()E)
m = p1P; — PoP3 = P1oP11 T PooPo1
—D3 _ L L
—b3 Do Por —Poo
wo-(F) | @p| @D
ul(p) = ( —b2 P1 —P11 Pio
Po D3 Poo  —Por
4 = 2
ud(p) = ( ) (—m pz) (—Plo P11 )
—P3
—P3
— —Pz —P3 —Po Por —Poo
ul(p) = <—P_2 [ ) (—Pu P10 )
e P1 ( Po Ps) ( Poo —ﬁ)
4 = l -
ut(p) = < > —P1 P2 —P10 Pn
—P3
P1
_[Dpo p1 —b P10 —P11
vilp) = <p3 (Po D3 ) (Poo —1001)
%)
D2
_ (D3 ( P2 —29_1) (m —W)
4 = _ il g
v4(p) <—p0 —p3  —Po Po1 —Poo
P1
P1 _ I
aw-(2] | @) | @
P_s Do D3 Poo  —Po1
()
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P2
_ | —Ps 2 P11 —Pio
v4(p) —Po (—p_g —po) (.001 —Poo)
P1
—P1
_ [ —Dpo -p1 —D2 —P10 —P11
u3(P) - ( P3 (_po p_3 ) (—poo —p01)
b2
( P2 @) <m P_w)
—p3 Do Po1 Poo

(—p_z —Pz) <—P_1o —W)
—Po D3 —Poo  —Po1

(p_z Pz)
—P3 Do

(o )

D2
uZ(p) =| 7
—P1
(%]
_| D (Ps —p_o) <—W —W)
3 = il - Y
v3(p) P1 P> P P11 Puo
Do
Po
_ P Po —DP3 Poo  Por
v2(p)—<_p2 (—P1 —p_z) (—Plo —Pu)
D3
D3
—, N _ | P2 P3 —Po —Po1  —Poo
v3(p) = P1 (P_z P1) (Pu on)
Po
Po _ o
vz =| (o ) | (P P
—192 —P1 D2 —Po1 —P11
D3

Summarizing, we can formulate the following theses. The initial coordinate space is described
by complex quantities, which can be represented as a square matrix

to = (e )

The field is a superposition of plane waves with complex phase

- 0 1\X (0 1\(Xo1
PooX10 — P1oXoo — P11Xo1 + PorXit = (Poos P10) (_1 0) ()(Sg) + (Po1, P11) (_1 0) (%)

where the momentum coefficients of the decomposition are represented as

p5=(onn p0r)

The phase of a plane wave is constructed using two metric tensors of spinor space and therefore
does not change if x,; and p,s are affected by the same transformation, which is a combination of
three rotations and three boosts with arbitrary angles at the first index and a combination of three
rotations and three boosts with arbitrary angles at the second index. Any transformation is given by
12 real values representing the angles of the rotations and boosts. When we considered a four-
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component spinor, we made do with 6 angles, since we took the same rotation and boost angles for
both indexes. Note also that only under this condition the mass invariance takes place.
Each plane wave in superposition has a multiplier in the form of a matrix

e _(500 501)
W \Ep  &11

which may be any matrix of 16 momentum combinations given in the table, e.g.

(P )
P11 Pio
Each of these matrices can be compared to some elementary particle, and at transformation of

coordinate and momentum space it is transformed according to some inherent law. The field operator
has the form

(foo()(aﬁ) 501()(043)): d4py6
510()(043) Ell(XaB) (2m)?

Poi —Pw) , ; ~p10 ~Pu1y , . pii P oo —Por
dl(py‘g)( P pT§0>+ld2(pV5)( pon —oun) T 102(01) (oo o) + 1(pV5)< por p_lil)

Pro —P pr1 =P
#a(00) (g o) + 500 (G2 70) + i) (G2 ) +0aoie) Gy 0)

ei((Poo P1o)(_0 0)(XOO)+(p°1 p11)( )(%» +

(5, )t (. T+t Bt 20

P P . g p p * Pu1 —Pio

i) (2 ) st (i )t (5, ) ) (B )
e—i((Poo P10)(_0 )(igg)"'(pl’l P11)( )(g))

In addition, a complex conjugate version of the phase should be added to both exponents, as
was done above, then there would be an imaginary value in the exponent.

For the field ¢, (xqz), we can obtain the equation of motion as an equation in partial derivatives
on the complex variables y,z by substituting the derivatives on these variables instead of the
derivatives on x, in the previously discussed equations.

We can also consider the decomposition of the field by the previously considered plane waves
of the form

exp[ti(pox, — P1Xo + P2X3 — P3X2) (PoX1 — D1Xo + P2X3 — P3X2)] =

exp[£i(PooX10 — P10Xoo — P11Xo1 T+ Po1X11) (PooX10 — ProXoo — P11Xo1 + PorX11)] =

((,000 P10) ( 1 (1)) (?1)2) + (Po1 P11) ( 1 (1)) <g))

(@ () (s D)

For the simpler case of a scalar field these plane waves correspond to the Green's function

exp

d*p exp[—i(poX; — p1Xo + P2X3 — P3%2) (PoX1 — PiXo + PaX3 — P3%3)]

D(X) = (27.[)4- l[pZ — Do + P1— p3]

satisfying the equation
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(66 66) (66 aa)D()_(S
axlaxz axgax3 axz axl ax3 axO X) = (X)

Recall that the transition from spinor space to vector space is performed by transformations

1, 1,
B, =Ep S.p X, =§x Sux

m = P2D2 — PoP3
M? = PyPy — P,P; — P,P, — P;P;
M? = mm
Lorentz transformations are given by 2x2 matrices with a set of valid rotation angles and boosts

i 1 i 1 i 1
nl = exp (—Ealﬂh) exp (5,81101) exp (— §a1202) exp (Eﬁlzaz) exp (— Ea1303) exp (531303)

i 1 i 1 i 1
n2 = exp (—Ea21al) exp (5,82101) exp (— EOIZZO'Z) exp (552202) exp (— Ea2303) exp (532303)

V=0 )

/1”=1T S ,NS,NT
v 4ru VNI

After acting on both spinors of the Lorentz transformation with 12 arbitrary angles

!

p' = Np x' = Nx

’ 1 T ’ ’ 1 1t ’
Pu=§p Sup Xu=zx Sux

and corresponding transformations in the vector space
P’ = AP X'=/4AX
m' = pip; = Pob3
12 1 pr 1 pr 1 pr 1 pr
M'™ = PyPy — PyPy — PPy — PyPy
there is still equality of masses
M"? =m'm'
and invariance of the plane wave phase in spinor space
PoX1 — PiXo + P2X3 — P3X; = PoX1 — P1Xo + PaX3 — P3X;
(pox1 — pixg + p3xs — P3x;)(Pox] — Pixg + p3xs — P3x3)
= (poX1 — P1Xo + PaX3 — P3%2) (PoX1 — P1Xo + P2X3 — P3X2)
(Poxi — pixo + Pyxs — psx3) + (Pox1 — Pixg + P3x; — pix;

= (poX1 = P1Xo + PaX3 — P3x2) + (PoX1 — P1Xo + P2X5 — P3X2)
However, at arbitrary 12 angles, the mass is not invariant

m #m
and the phase of a plane wave in vector space also changes at Lorentz transformations

PyXy — P{ X1 — Py X5 — P3X3 # PyXy — Py X, — P,X, — P3 X5
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And only under the condition of equality of 6 corresponding angles in the transformation
matrices, i.e. under equality

nl =n2

both these invariance properties are restored.

Thus, a plane wave with invariant phase in spinor space is a more general concept than a plane
wave in vector space, although the concept of invariant mass cannot be introduced for it in the general
case.

Let us consider constructing an explicit expression for the tensor with spin two to propose a
model for the gravitational field carrier. A tensor formed by the direct production of vectors does not
give the desired result, because its spin remains equal to one. A different approach is needed.

By means of gamma matrices in the Weyl basis

0010 00 0 1
v_[0 0 0 1 y_[ 00 10
Yo =11 0 0 o £ 0 -1 0 0
010 0 -1 0 0 0
00 0 —i 00 1 0
v_[(0 0 i 0 v_[0 0 0 -1
I£: 0 i 00 ¥3={-1 0 0 0
- 0 0 0 0 1 0 0
we define the following six matrices in the form of commutators
i
O = EVX[VJ’,VVV]
00 0 i 00 0 1 00 i O
00 i 0 00 -1 00 0 —i
915V o —i 0 0] %2T\o0 -1 0 0 9%3=\_; 0 0 0
—i 0 0 0 1 0 0 0 0 i 0 0
00 1 0 00 0 i 00 0 1
00 0 -1 00 —i 0 0010
%2711 0 0 0 9B =lo i 0 0) %2T|lo 1 0 0
0 -1 0 0 - 0 0 0 1.0 0 0

Using these matrices, we define the coordinate and momentum tensors

ZEDW WYL COMCN
=Y Y5 [rnlon), o),

By this scheme it is possible to generate a tensor of higher rank also

ot =YY i) 1),

a=0f=0y=046=0
but we will restrict ourselves to rank 2. The tensor is symmetric and has zero trace

0 my Ty T3
m 0 Ty Tg
T, 1wy O g
T3 T mg O

T =

here we have indicated, for example
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Ty =Ty
We can rotate the initial spinor, and the vector and tensor constructed from it are rotated
together with it. By direct calculations we can check that when we rotate the spinor around any of
the axes by 720 degrees, it turns into itself, the vector turns into itself when we rotate by 360 degrees,
and 180 degrees is enough to translate our tensor into itself, i.e. the tensor defined by us has spin two.
Let us note some properties of the tensor. At change of a sign of mass of spinor
m = P1P2 — PoP3

to the opposite one, all components of the tensor change. In the rest system at zero boosts

3 3
— 2 — 2
M +n,+m3=m Zan—A}m

For fixed non-zero boosts, these sums are not equal to the integer square of the mass, but they are
invariant to rotations.

With the 16 momentum spinors at our disposal we can define 256 tensors of the form, e.g.

3 3 3
J— 11— _ o
(ul)(ll3) — (ul) (lll) (ll3) (ll3)
T[#v B Z Z Z Z [Z Pa pﬁ py p5 (O-ﬂv)aﬁ (O.HV)-yb*:l

If the spinor mass is not zero, each of these tensors is equal to one of the eight pseudo tensors

0 my T, T3 0 —m, TN, ~—T3
m 0 Ty s -m; 0 —my -7
m, Ty 0 mg Ty Ty 0 —Te
M3 M5 mg O —Tm3 —Ts5 —Tg 0
0 -m m, —T3 0 m —TM; T3
—m, 0 m, -y m; 0 My Ts
T, T 0 my M, —My 0 —mg
—Tm3 —Ts mg O T3 Ty  —Ti, 0
0 -1, T, —Tl3 0 Ty (%) T3
-, 0 —my T m 0 my Ty
T, -m, 0 - —Tp Ty 0 mg
—Tl3 s —Tlg 0 T3 —Ts g 0
0 m T, 3 0 -m ~—mM -—T3
m; O —Tm, —Tg -1 0 Ty Ty
m, -my 0 —mg —T, Ty 0 mg
T3 —TMs5 —Tg 0 —T3 T e O

If the mass of the momentum spinor is zero, the degree of symmetry of the field increases and the
tensor obtained from the spinor has the form

00 0 O
0 0 m Tm
0 my 0 my
0 n, mg O

T =

and 256 pseudo tensors reduce to only two possible polarizations in the form of two pairs of tensors
with opposite signs

00 0 O 0 0 0 0
0 0 m T 00 -m -7
0 my 0 my 0 -my 0 -—my
0 my, my O 0 -m, -m3 O
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0 0 0 0 0 0 0 0
0 0 m -m, 0 0 —my T,
0 m 0 my 0 —-m 0 -—m3

0 —-m,, m O 0 m, -—my 0

For completeness of the theory we could define four types of tensors

o0 O O 0 0 0 0

=0 0 m ™ @@= 00 T

O 71’1 0 7T3 0 _7T1 0 7T3

0 m, my O 0 m, m; O

0 0 0 0 0 0 0 O

TT(3) — 0 0 m, -1 TI(4) — 0 0 T, T
0 m 0 m3 0 my 0 -—m3

0 —71’2 71’3 0 0 nz —ﬂ3 0

from which it is possible to construct a combination having a diagonal form

7'[(1)71'(1) + 7'[(2)7'[(2) + n-(3)n-(3) + 7-[(4')71'(4) =

oo o
oo™ O
o Wwo o
Noo o

However, by our scheme we can construct only the tensors n and n® from 16 spinors.
Therefore, we can propose the following expressions for the gravitational field operator and for its
propagator

i((px)+)
(@ @) + d @Il 1)) =

d*p P1P2 — PoP3
Py (X) = f (2m)* o . _i((pT)J,(p,x))
+(di(p)mis +di;(p)m TS ——
( 1(p) uv (P) 3(P) uv (P)) D1P2 — PoP3
b T @) + 1) )l ()
uv,Ac —

P2
We shall give a comparative description of second quantization of vector and tensor fields. The
theory is based on the coordinate and momentum spinors

Xo Po

_ | * _| P
X=1x, P=1{p,
X3 D3

From them vectors and tensors are formed

1 t 1 +
X, = ETr[xx Su] P, = ETr[pp S#]
Xo Py
_ X _ P
X = X, P = P,
X3 P

o= 2 03 [T o), o
= 20 [t (o),
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We can propose a unified approach to the description of several kinds of fields. Let us write out
their operators, relating them to the spinor coordinate space
Pk =

[dl (P)ul(p) + idy (P)u3 () + b, (PIUZ(p) + bl(p)ﬁ(p)] ¢! ((00+6)

d*p | |+d.(p)v1(p) + ids(P)V3(P) + ibs(PIVZ(P) + ba(P)VA(P) | P1P2 — PoPs —
2m)* N N . . -i((x+,

@m [dl (D)TL(P) ~ id; IAB(P) — b3 (PIUZ(p) + b; (Pu4(p) ] e~ (001 0)

+di(p)vi(p) — id;(p)v3(p) — ibs(p)v2(p) + bi(p)v4(p)|P1P2 — PoPs — M

p(x) =

dy @M + id, ()™ + ib, M + by (Pym@H ] e (@00D)
ﬂ [+d4(p)m("1) +id3(p)m®™® + ibs (P)m(ﬁ) + b4(p)m("4)] P1P2 — PoP3 — M
@O | 1 d;(pIm@ — id3(p)ym®™ — ib3(p)m? + b (pym@® | e~ (@D+®)

[+dz(p)m<ﬁ> — id;(p)m®™ — ib3(p)m™? + bf{(p)m("‘”] P1P2 — PoPs — M

d*p

[dl(p)P(l) + b, (p)P® ] o H(P2+x)
(%) = 50

+d,(p)P™ + b, (p)P® | 1D, — Pobs — M

[ b;(P)P® + d;(p)P® ] o~ {(B+)
+d;(P)P® + b (p)P® | p1ps — pops —m

o i(P0+0)

d(P)Y) (p) + d3(P)TS) (P) ) ———
d*p (lp wv P 3Py p)plpz—p0p3

X)=| =— ()
(pyv( ) (2m)* e—i((p.X)+(p.X))

+ (@@ @) + &) @) PR —

Here we have added a scalar field, where, for instance
m® = y1,ul, —uloul,

Now we can apply Feynman diagrams to describe the interaction of fields and perform all
integration operations in spinor space. For each field we can write down the creation and annihilation
operators and the propagator for the inner line. Then the product of several creation or annihilation
operators with the corresponding interaction constant is compared to the interaction event at some
point of the coordinate space. It is assumed that this event can occur at any point of the space and
therefore the integral over the spinor coordinate space is calculated, which gives as a result a delta
function from the sum of momentum spinors. This delta function expresses the law of conservation
of momentum. The inner lines of the diagram are matched to the propagators. The remaining
integrals are calculated over the whole momentum spinor space.

Conclusion

An alternative approach to analyze relativistic and quantum effects inherent in charged particles
in the presence of an electromagnetic field is proposed. Two ways of describing the electron behavior
in the electromagnetic field are considered: by means of the vector equation, which is based on the
plane wave model for a free electron, and the spinor equation, which is based on the representation
of the electron as a plane wave in spinor space. For both equations, which are valid for a free particle,
their applicability to an arbitrary physical situation is postulated, in particular to describe the
behavior of a particle in the presence of an electromagnetic field. The presented equations are
intended to fulfill the same role as the Schrodinger equation and the Dirac equation. At the same
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time, in our opinion, the spinor equations more accurately describe the details of the interaction
between fields and particles.

According to the results of consideration the following picture emerges. Physical processes occur
in the spinor coordinate space, which is perceived by us as a vector Minkowski coordinate space, the
coordinates of which are equal to bilinear combinations of spinor coordinates. In the spinor space
propagate plane waves whose phase is equal to the scalar product of the momentum and coordinate
spinors. As amplitudes of plane waves in fermions are linear combinations of 16 pseudospinors,
whose components are components of the momentum spinor with changing signs of some of them.
The sign of the charge of a fermion is determined by the sign of its mass, which is calculated from its
momentum and invariant to Lorentz transformations. Scalar, vector and tensor fields also propagate
as plane waves in spinor space, but the coefficients of these waves are scalars, vectors and tensors
formed by simple combinations on the basis of Pauli matrices of 16 fermionic pseudospinors. In this
case only four pseudovectors (corresponding to four polarizations) of the photon and only two
pseudo tensors (corresponding to two polarizations) of the graviton are different. The spinor field
has spin equal to %3, the spin of scalar fields is automatically zero, that of vector fields is unitary, and
that of tensor fields is double.
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