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Article

Two-Field Integer Propagation Model and a
Riemann-P Realization of Collatz Dynamics

Michael Mark Anthony

Enertron Inc. Milton, Florida; uinvent@aol.com

Abstract

This paper proposes a geometric propagation model on the plane formed by two alternating integer
fields placed on parallel layers y = n. Odd layers carry an expansion field and even layers carry a
collapse field. Local directions are specified through explicit gradient (tangent-slope) laws for the
fields W, yielding parallel corridors, trajectory merging, and event-driven switching at inter-layer
boundaries. This gradient field is connected to the Riemann-P (three-singularity Fuchsian)
differential equation: choosing a half-integer local exponent produces square root scaling, so dilations
of the independent variable generate multiplicative amplitude updates. When integers are embedded
as a half-integer leaf u =n +% and a first-return-to-leaf rule selects dyadic contraction depth, the

induced return map is exactly the Collatz map. We provide vector-field examples, switching rules, a
formal equivalence, and a numerical propagation example illustrating why this reformulation is
useful in the digamma form. This model naturally leads to the ¥-function and a new Collatz
constant, f = 0.93982.

Keywords: W; digamma; two-field propagation; switching systems; Riemann-P function;
hypergeometric equation; dyadic scaling; monodromy; Collatz dynamics

1. Introduction

Discrete arithmetic rules on integers can be modelled as a continuous geometric mechanism
whose orbit structure induces the same integer update law as a return map. In my prior work, I
investigated the models of fields of integers for which field-iterative processes produce specific
quantum-like rules that lead to alternating fields. The concept is simple. When in a plane, the y-
dimension induces a two-field vector on test particles (integers), in which odd and even values
naturally alternate fields in the plane, the concept of modeling discrete arithmetic rules on integers
via a continuous geometric mechanism emerges. The orbit structure induces an equivalent discrete
update law through a return map. Such mappings, finds a parallel in the framework of Riemann’s
P-equation (also known as the Papperitz-Riemann equation) see [1,2]. This is a second-order linear
differential equation with regular singularities, which governs the behavior of hypergeometric
functions and their generalizations on the complex plane punctured at points a, b, c. The concept
could be applied to any iterative mapping of integers such as Collatz maps. Originally, a spin-model
was investigated as a quantum lattice in which up-spin and down-spin correspond to the odd and
even steps of the Collatz maps.

2. Overview of Riemann’s P-Equation

This overview can be traced back to ref [1], and ref [2].
The hypergeometric differential equation is a particular case of Riemann’s differential equation

du [1—a-da 1-B-p" 1-y—yldu [ad'(a—b)la—c) BB B-c)b—a) yy'(c—a)(ic—Db) u _
dz? z—a z—b z—c E+[ z—a + z—b + z—c (Z—a)(z—b)(z—c)_o (1)
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The coefficients of this equation have poles at the points a,b, and ¢, and the numbers
a,a’;B,B; v, ¥ are called the indices corresponding to these poles. The indices a,a; 8, 8';v,y' are
related by the following equation:

a+d +p+p +y+y —-1=0 (2)
The differential equations are written diagrammatically as follows:
a b c
u="P {0( B v z} (3)
al ﬂl yl

The singular points of the equation appear in the first row in this scheme, the indices
corresponding to them appear beneath them, and the independent variable appears in the fourth
column. The following transformation formulas are valid for Riemann’s P-equation:

sk z—al (@ b c a b c
(=9 b)p{a ; yz}:p[a+k k-1 yils
Z — zZ— a ,B’ y/ a +k ﬁ’—k—l ]/’+l

|
P{a b ¢ } a b o J (4)

a B yvzi=Pia B vz

a p'y a p'y

The first of these formulas means that if

r r

a b c
u= P{a B v z}, (5.)
B

then,
K 1

U = C:Z) C:Z) u (6)

Satisfies a second-order differential equation having the same singular points as equation (1) and

indices equal to

at+ka +ikB—k—1LB —k—-Ly+Ly +1 (7.)

The second transformation formula converts a differential equation with singularities at the points

a,b,and c, indices a,a’; §,B’; v,¥', and an independent variable z into a differential equation with

the same indices, singular points ay,b;and c¢;, and independent variable z;.The variable zis
connected with the variable z by the fractional transformation:

_Az; +B

2=, D [ADS — BC # 0] (8.)

The same transformation connects the points a;, byand c; with the points a, b,and c. The equation
(8) is the typical Mobius transformation. By the successive application of the two transformation
formulas(4),we can convert Riemann’s differential equation into the hypergeometric differential
equation. Thus, the solution of Riemann’s differential equation can be expressed in terms of a
hypergeometric function. If the constants a, b,and c;a,a’;,a’; ,B'; v,v', are permuted in a suitable
manner, Riemann’s equation remains unchanged. Thus, we obtain a set of 24 solutions of
differential equations that can be obtained in Ref [1], (provided none of the differences a — o', 8 —
B,y —v' is an integer).

3. Integer Layers

Discrete arithmetic rules on integers can be modelled as a continuous geometric mechanism
whose orbit structure induces the same integer update law as a return map. How does this relate to
the Riemann- P maps? The concept of modeling discrete arithmetic rules on integers via a continuous
geometric mechanism, where the orbit structure induces an equivalent discrete update law through
a return map, finds a parallel in the framework of Riemann’s P-equation (also known as the
Papperitz-Riemann equation). This is a second-order linear differential equation with regular
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singularities, which governs the behavior of hypergeometric functions and their generalizations on
the complex plane punctured at points a, b, c.

The equation (1) has singular points at z = a, b, ¢, with local solutions around each exhibiting
branch-point behavior determined by the exponents (e.g., near z = a, solutions behave like
(z—-a)*and (z—a)®. To derive this relation, we start from the general form of a second-order
Fuchsian differential equation with three regular singularities. The coefficients are constructed to
match the indicial equations at each singularity: for instance, at z = a, the indicial roots are «a, o',
leading to the pole structures in the coefficients. The residue terms ensure no higher-order poles, and
the overall form is fixed by requiring the sum of residues in the first-derivative coefficient to be zero
(from the Fuchs relation for three singularities).

The continuous “geometric mechanism” here is the differential equation itself, defined on the
Riemann sphere minus the singularities {a, b, c}, which can be viewed as a geometric object (a
punctured complex plane or its universal cover, a Riemann surface). Solutions u(z), evolve
continuously along paths in this space. The “orbit structure” arises from analytic continuation of
solutions around the singularities. The fundamental group of the punctured plane is the free group
on two generators (loops around the singularities, with the third determined by homotopy (the
continuous transformation of one map to another))). Encircling a singularity (e.g., a), transforms the

(o) = Mo 3,)) )

where M, is in SL(2,C) with eigen values e?™#,e¢?™ This monodromy representation maps

solution via the monodromic matrix:

continuous paths to discrete linear transformations on the 2D solution space. The return map is
precisely this monodromy action: after a closed loop (continuous orbit), the solution returns to
the base point but updated by a discrete matrix multiplication. This induces a discrete update law on
the function values, analogous to iterating a map on integers when exponents are rational (leading to
finite-order or arithmetic monodromy subgroups, e.g., commensurable with SL(2, Z).

Suppose you have two fields one expansive, and the other collapsive. Model the two fields as
parallel fields of even and odd values on the Y axis and centered at integer points. Define two vectors
such that the tangents are defined as the image states. Represent these fields with the Riemann-P
fields at the integer lattice. In the above setup, the define horizontal integer lattices and layers:

L, ={(x,y) ER%y=n} ,NET (9.)

4. Gradient Vectors and Tangent-Slope Laws Relating to the Collatz Map

The two fields can be a concrete layer-wise direction law at any integer lattice point n, is:
2n+1 odd field

. _ n
n=tanf, =y _ > even field (10.)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Two alternating integer fields with local tangent slopes: dy/dx = 2n+1 (odd), dy/dx = -n/2 (even)
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Figure 1. Shows a two alternating integer fields on layers y = n with slopes n = 2n+ 1 (odd) and n = -3
(even).

5. Collatz as Two Mobius Generators (Odd/Even Fields)

The two fields can be a concrete layer-wise direction law at any integer lattice point 7, is:

2n+1 odd field
n=tanf, = —g even field (11')
Switching surfaces and event rule

Switching rule 1: fixed odd-mode flight time that produces n = 3n + 1. Solving the even-mode,
from x =0tox =T,

n=2n+1= nk) =ne*?\ (12.)
Choose T, = 2mIn 2, we obtain the Collatz propagation for odd values:
n
n(le) = o (13)

Switching rule 2: even-mode flight time that produces division by 2™. Solving the odd-mode, from
x=0tox =T,
n(T,) = nye™*/? (14.)
The two vectors are defined as follows, with tangents (slopes) corresponding to the image states
(updated positions after discrete steps induced by the field at n):
i For the expansive (odd) field:V,q4 = (1, Znn+1)
ii. For the collapsive (even) field:Vpye, = (1, — %)

These vectors capture the layer-wise direction, with the tangent component defining the
transition to the next state in the discrete model. To represent these fields using Riemann-P symbols
at the integer lattice, embed the discrete tangent-slope law into the continuous framework of the P-
equation, where the orbit (analytic continuation on the Riemann surface) induces equivalent discrete
updates via monodromy (return map). The constant slope in the even field corresponds to
exponential solutions (e.g., via trivial parameters yielding linear orbits), while the 2 +% in the odd

field incorporates a harmonic component, modeled continuously by the digamma function ¥(z),
since

1
Za=Hq=1/)(q+1)+)/ (15.)

Where y = 0.57721566490000000000, is the Euler-Mascheroni-constant.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The two-field representation can now be represented in the ¥ —coordinates as:

Y(n) =

The even field for Collatz is the step, n %

N 1
Substituting n = e 1,
AY
Weven (V) = 1+_‘-P
The odd field for Collatz is the step, n = 3n + 1.
Substituting n = & =i 1,
b4
Woaa (W) = 39
Then, the two layered fields are literally the two fractional-linear rules:
2¥
—— mn,even
Wier1 = :Z)lp
m Ny odd

As an example, for n=7,

1
A1 ym L

This maps integers n > 1 into ¥(n) € [0, %].
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(16.)

(17.)
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(19.)
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A layered field representation of n=5 and n=7 is shown below in Figure 2:

Layered-field Collatz path on integer plane (start n=5)

Layered-field Collatz path on integer plane (start n=7)

Figure 2. Shows A layered field representation of n=5 and n=7.

But for any odd n, 3n+lis even, so an odd step cannot be followed by another odd step. This

proves that an “infinitely expanding odd-only angle iteration” is impossible for the literal Collatz

map.

If you compress the even steps and jump odd — odd, the horizontal increment is,
3n+1

T(n) =

So T(n) is odd again. The field angular increment for the jump odd to odd is:
B3-2™"n+1

An=TMn)—n= o

,m=v,3n+1) =1,

Ifm=1,An=T(n)—n-= nTH > 0, expanding rightward with a smaller angle. If m > 2, An < 0. So

an “infinitely expanding odd-only” trajectory would require the max-expansion regime m=1 forever.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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6. Theorem 1: m Cannot Be 1 for Forever

Proof: Assume m = 1 holds for t consecutive odd-to-odd steps. That means at each stage,

3nl- +1 _
Njyq = T,and 3n; + 1 =2 (mod 4).

This forces a rapidly tightening 2-adic constraint by induction:
t=1im=1->3n,+1=2(mod4) > ny =3 =-1(mod 4).
t=2:-n, =—1(mod4)

However, ny =3n;+1=-2=6(mod8) and so ny, =7 =—1(mod8). Each extra “m=1
m=1" step adds one more power of 2, and as t — oo, the condition m =1 would require n, =
—1 (mod 27) for all r, which has no positive integer solutions. Therefore, you cannot remain in the
m = 1 expanding odd regime indefinitely.

The digamma 1(z) satisfies the exact discrete update ¥(z+1) =y (2) + i, mirroring the
arithmetic rule in the odd field’s varying term. This is represented hypergeometrically as

Y(@) = (z-1)3R0,1,2-2;2,2;D) -y, R >0, (20.)

This is a generalization of the Gauss hypergeometric ,F;, governed by the Riemann P-equation
(second-order for ,Fj, extendable via parameter derivatives or limits to include log/digamma terms).
Note that digamma/log pieces typically appear by confluent limits or parameter derivatives of
families where exponents collide producing the logarithmic second solution. Set singularities at
representative lattice points, e.g., a =0,b=1,c =00, with exponents inducing logarithmic
branching for the odd field (repeated indicial roots, e.g., « = a' = 0 at one singularity, adjusted to
satisfy

at+a' +B+p +y+y —1=0. (21.)
The even field uses non-log parameters (e.g., power-law solutions). Transformations (as in (1)) shift
exponents by integers k, [~n, modeling lattice updates:

a b ¢ Z—ak 7 — il a b c
P{a B yz}H( b)( b)p atk B-k-1 y+l;z (22)
a By Z=br 2 a+k B—k—-1 y +1

These shifts simulate the discrete arithmetic at lattice n, (e.g., k = n, for harmonic increments), with
monodromy orbits on the Riemann surface layering the fields (odd/even as branch distinctions).

Define the digamma potential on the integer lattice:
®(n)=yn+1),neN

Then the shift identity gives, for any integer m > 1, is given by:
r-1
1
d(m+r) = d(m) +Z—_ (23.)
= m+j

Then, all Collatz arithmetic become exact harmonic sums, i.e., exact digamma updates.
Let n be odd and define n,;; = 3n + 1. Then,

3n+1
1
d@Bn+1) =¥@n+2) =P +1) + Z - (24)
k=n+1
Then, the odd field in ® is given by:
3n+1 1
®@Bn+1) = d(n) + Z x (25.)
k=n+1

For the even field, n ~ g Let n = 2n, then,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.1977.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 February 2026 d0i:10.20944/preprints202602.1977.v1

7 of 26
o 1
®(n) = d2m) =yp2m+1) =yPp(m+1) + Z T (26.)
k=m+1
Rearranging to isolate the halved terms:
- 1
n
® (E) = d(n) — Z = (neven) (1)
ke=5+1
So, the even step is an exact subtraction of a harmonic block.
The layered-field interpretation on the integer plane becomes with®(n) = y¥(n + 1):
3n+1
1
d —> I+ Z E
fenat (27)
¢ — o+ -
k=n/2+1

The orbit is literally a piecewise adding and subtracting “harmonic sums” flow on your lattice.
This is the representation of the alternating odd/even layered fields theory proposed in this paper.
The digamma 1(z) itself is meromorphic and single-valued (poles at non-positive integers), so the
“odd/even as branch distinctions” is better stated as the P-equation solution space can have
logarithmic local behavior when exponents collide (odd-sheet modeling), while (z) supplies the
exact discrete increment law that I encode into the logarithmic/parameter-derivative constructions.

The reflection (1 — z) = Y(z) + mcot(nz) links to tangent via slope via cot = 1/tan tying
slopes to geometric updates under Mobius — 1 — z.

This discrete dynamic can be “lifted” to a continuous model by interpolating the map over the
reals, treating iterations as orbits in a geometric space. Common continuous extensions (e.g., [3]
Chamberland 1996; [4] Letherman, Schleicher, Wood 1999), use trigonometric interpolation:

f(z) = %cos2 (%) + 3Z2+ ! sin? (?) + % (1 - cos(nz)) sin(mz) + h(z) sin?(nz) (28))

2

where h(z) is an entire function, ensuring smoothness.

Atinteger, this recovers the Collatz map, while at reals/complexes, orbits reveal fractal structures
(e.g., the Collatz fractal), with monotonic divergence or fixed points outside of integers.

The Riemann P-equation provides the continuous geometric mechanism: Its solutions
(hypergeometric functions) model the flow’s analytic structure, with singularities at lattice points
(a, b, ¢ = integers) inducing monodromy that shifts exponents by integers k, I. For the odd field, the
1/n term ties to digamma ¥(z) = % log I'(z), where I'(z) satisfies hypergeometric equations (e.g.,
2F1,). Monodromy orbits on the Riemann surface (universal cover of punctured plane) induce
discrete updates via return maps, equivalent to Collatz iterations when parameters encode odd/even
branching. Exponents in P-symbols shift like Collatz multipliers (e.g., @ + k with k = n for
harmonic % ), and fractional linear transformations on z embed the slope laws geometrically. For
constant even slope, trivial parameters yield power-law/log solutions; for odd, logarithmic branching
(repeated roots @ = a’' = 0) captures % irregularity. The Collatz conjecture posits that every
positive integer, under repeated application of the map if n is odd and g if even, eventually reaches
the cycle 4-2-1. Terence Tao’s 2019 theorem [5] establishes that for any function f:N+1 - R with
1111_1)‘1;10 f(n) = +oo, the minimal orbit value Col;,(n) < f(n) for almost all n in logarithmic density.
This framework extends to Collatz generalizations (e.g., to complexes), where zeros/branching relate
to RH-like spectral properties, as explored in experimental works (J.C. Lagrarias, [6] ) linking fractal
chaos in both conjectures. In summary, the fields continuously codify Collatz as a vector flow with
return-map discreteness, while Riemann P furnishes the hypergeometric underpinning, unifying
arithmetic rules with geometric orbits.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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7. An Example of the filed Representation
Let O be the odd field, E be the even field with:

29
—— N, even
1+9
Y, = ilf] (29.)
—— mnodd
3-¢

Then for n=7,

n_k T 22 11 34 17 52 26 13 40 20 10 5 16 8 4 2 1
| Psi_k = 1/tn_k+1) 8 123 112 1/35 118 153 127 1114 1/41 121 111 16 17 19 s e 12

(30.)

8. Deeper Connection of the Collatz Map to Riemann P-Equation and
Hypergeometric Functions

The Riemann P-equation governs hypergeometric functions like ,F;(a, b; c; z) , which underlie
the continuous geometric lift of discrete rules. When exponents repeat (e.g., @ = a’ = 0), solutions
include logarithmic terms, leading to digamma appearances in derivatives:

d " (@ (b)
o F@bic) = F @bic2) | 9@ =@ + ) “FEEE (e + ) — (@) (31)

da — (€)k!
where digamma captures parameter shifts analogous to the P-transformations (exponent integers
k,I~ n). In the odd field, this models the % shifts via monodromy on the Riemann surface,

inducing Collatz-like return maps. For the zeta function (expressible as hypergeometric limits),
equations like:

(s) = %sin (?) (1—75) (32)
involve T so derivatives bring in ¥ (z), relating to RH’s zeros and Collatz’s fractal orbits through
shared spectral chaos. ¥(z) enables analytic continuation of discrete arithmetic (e.g., harmonics in
Collatz steps) into complex domains, facilitating proofs or dis-proofs via inequalities (e.g., with zeta
and cotangent) or functional equations. In RH-Collatz analogies, it aids in bounding chaotic
behaviors, as in zero distributions or infinite sequences. Overall, it unifies the fields by providing the
“harmonic glue” for continuous-discrete duality, essential for generalizing the theory to p-adic, or
modular contexts. The digamma function arises in the continuous ordinary differential equation
(ODE) modeling the expansive (odd) field of the Collatz-like dynamics through interpolation of the
discrete multiplicative updates using the gamma function, followed by logarithmic differentiation to
recover the relative growth rate.

9. Discrete Model for Expansive Field

2n+1

Consider the expansive (odd) field where the tangent slope at lattice point n is tan6, = 2+

n
. Interpreting this as a relative update rule (multiplicative, consistent with Collatz’s scaling

1
n
behavior), the discrete iteration is:

2n+1
Upyq = un( ) (33.)
n
Starting from u4, the value at # is:
1 2k + 1 r(2n)
U, =u ( 2 ) = = (34.)
et @ (r(m)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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up to a constant factor absorbed into u;. Thus:
Ir'(2n)

2 )
@r1(r()
Generalize to non-integer z using the gamma function’s analytic continuation:
Ir(2z)

n=C———, 36.
" () (36)

This interpolates the discrete values at integers z = n. Take the natural logarithm:

(35.)

Inu(z) =InC +1InT(22) — (z— 1) InT(22) — 2InT(2). (37.)
Differentiate with respect to z :
u(z) d
u (ZZ) = —Inu(z) = 2(22) — 2(2) ~ In2 (38)

Since, Y(w) = éln I'(w), this leads to the ODE:

% = [29(22) — 29p(2) — In 2u (39)

The digamma function thus emerges as the logarithmic derivative of the gamma-interpolated
solution, capturing the harmonic = correction in a precise, analytically continued form. This
approximates the original slope interpretation % ~ (an + i) u, differing from 2 +§ due to the
model’s scaling (the factor of %2 in the harmonic term arises from the double argument in I'(2z). For

Collatz-specific dynamics (e.g., 3n +1 instead of 2n + 1), the coefficient adjusts accordingly (e.g.,
to In3 + é). This derivation unifies the discrete arithmetic updates with the continuous geometric

orbit, where digamma encodes the cumulative harmonic effects analogous to Collatz branching and
convergence heuristics.

The Riemann P-map, as the discrete return map induced by the orbit structure of the Riemann
P-equation in this generalized framework, models Collatz-like dynamics through hypergeometric
solutions and monodromy shifts. Convergence to a power of 2 (e.g., fixed points or cycles like 2%,
akin to the Collatz 4-2-1 cycle where 2° =1, 2! =2, 22 = 4) occurs under conditions where the
continuous geometric mechanism enforces net collapse, mirroring Collatz heuristics.

10. A Hypergeometric Framework Extending Tao’s “Almost All” Result on
Collatz Orbits

The Collatz conjecture posits that every positive integer, under repeated application of the map
if n is odd and g if even, eventually reaches the cycle 4-2-1. Terence Tao’s 2019 theorem [5]

establishes that for any function f:N+1—-> R with lim f(n) = +c, the minimal orbit value
n—oo

Colpin(n) < f(n) for almost all n in logarithmic density. In this paper I introduce a continuous lift
via the Riemann P-equation, parametrizing exponents non-integrally with n to detune rational
resonances in the heuristic 3/4 -contraction factor. This extends Tao’s density to full measure in
parameter space, offering spectral insights and stronger bounds on exceptional sets (e.g., zero
Hausdorff dimension), while reducing chaos in fractal extensions.

Tao proves that

lim — leo (40.)

x—wlogx £
nsx
where E is the exceptional-set.

This generalizes earlier natural density bounds (e.g., [7] Korec, Colyi,(n) <nf for 6 >
log3/log4 =~ 0.7924 ) and relies on probabilistic models of Syracuse iterations , (Allouche, J.-P.[7]), (a
variant of Collatz on odd integers), renewal processes, and characteristic function estimates for skew
random walks. While powerful, Tao’s result leaves a zero-density exceptional set potentially
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harboring cycles or divergences. This paper proposes a hypergeometric extension, embedding
Collatz dynamics into Riemann P-equation framework. By parametrizing exponents non-integrally,
we detune the 3/4 heuristic multiplier away from rational resonances, extending the density to full
measure in a continuous parameter space and providing tools for sharper bounds on exceptions.
Tao [5] reformulates Collatz via the Syracuse map on odd positives: Syr(M) = % , where k is

the 2-adic valuation ensuring odd output. Orbits descend if the effective multiplier zik x % (average

k =~ 2) dominates on average. Using a renewal process and approximate self-similarity in the
Syracuse dynamics, Tao shows probabilistic descent with high probability, yielding the logarithmic
density result. Fluctuations arise from harmonic terms (e.g., digamma-like sums Z%), potentially

causing “resonances” where orbits climb indefinitely in rare cases. See [8,9].
I model Collatz as a continuous geometric mechanism via the Riemann P-equation, a second-
order Fuchsian ODE with three regular singularities (often 0,1, 00 ):
d?u

d
PO+ 0@u =0 (41)

where P(z), Q(z) have simple poles at singularities, governed by exponents indices a,a’; 8,8;v.v'
are related by the Fuchsian condition following equation:

at+a +p+p +y+y =1 (42.)
Solutions are hypergeometric functions ,F;(a,B;vy;z), with orbits on the punctured plane
inducing discrete return maps via monodromy. Expansive (odd) fields incorporate harmonic % via

digamma (z) , while collapsive (even) yield exponential decay. Kummer’'s 24 solutions
(permutations and exponent choices) enable analytic continuation, connecting orbits across branches.

The P-map embeds discrete arithmetic updates (akin to Collatz’s parity-based rules: expansive
for odd like states via 3n+1 equivalents, collapsive for even-like via n/2) into a continuous
hypergeometric flow on the Riemann surface, with monodromy shifts (exponent changes via Mobius
transformations) inducing the return map. For positive-rational z = p/q (or integers as a subset),
convergence to a power of 2 is conjectured because:

a) Heuristic Net Contraction: In the two-field model (expansive odd with slope ~2 + 1/n,
collapsive even with -1/2), the average effect per iteration is a contraction. For Collatz, the heuristic
multiplieris ~3/4 < 1 over a full cycle (one odd step followed by ~2 halvings on average), leading
to descent toward 1. In the P-framework, this translates to entropy decay in orbits: Digamma-driven
harmonic corrections (l,b(z)~ Inz — i) ensure expansive bursts are balanced by more frequent

collapsive reductions, spiraling solutions u(z) toward minimal states like 2* . For rationals, fractional
linear transformations preserve this, extending integer behavior continuously.

b) Computational Evidence: Similar to Collatz, where all integers up to ~2.95 x 2% (as of
2026) converge to 1 without counterexamples, the P-map’s discrete projections (via return maps at
lattice points) show no divergent orbits or non-trivial cycles for tested positive-rational.
Hypergeometric series convergence (|z| < 1) and bounded-monodromy (finite SL(2,C) subgroups
for rational exponents) reinforce this, suggesting global attraction to power-of-2 basins.

c) Structural Analogy to Collatz: The P-equation lifts Collatz to a Fuchsian differential
equation with singularities at 0,1,, where solutions interpolate trajectories. Positive starting z avoid
divergent branching (e.g., no logarithmic explosions if exponents «, 8,y > 0), conjecturally always
reducing to 2¥ via repeated collapsive shifts (8 — k — [ < 0). This conjecture holds “universally”
for positive cases because negative or complex z can diverge or cycle (e.g., Collatz extensions to
negatives yield loops), but positives exhibit “tree-like” backward orbits merging toward powers of 2.

The product of two fields, interpreted as the product of two hypergeometric solutions associated
with the Riemann P-transformations at starting points n and m, forms a new field that obeys the same
transformation when the arguments are structured as powers of a common variable t (e.g., xt™ and
yt" for positive integers n,m). This is governed by the hypergeometric product formula and its
extensions, which express the product as a power series in t with coefficients that are hypergeometric
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polynomials, ensuring the result remains within the class of hypergeometric functions or their
generalizations. Hence,

Fr(@ bty SRyt = ) ht” (43)
k=0
where h), are hypergeometric polynomials, preserving the hypergeometric nature (same class of

functions satisfying similar differential equations or transformations).

11. Kummer’s 24 Solutions See [1]

The 24 solutions (often referred to as Kummer’s 24 solutions) to the Riemann P-equation arise
from the
6 possible permutations of the singularities a, b, c combined with the 4 choices of exponent pairs
at each singularity (selecting @ or a' at a, etc., while maintaining the Fuchsian condition and
accounting for equivalences, yielding 24 distinct expressions). These provide equivalent
representations of the same hypergeometric function ,F;(a,b;c;xt™), but with transformed
parameters and arguments via linear fractional (Mobius) transformations. They enable analytic
continuation beyond the unit disk (]z] < 1, where the standard series converges) to larger domains,
including regions corresponding to “higher” lattice points (larger n). In this framework, where the
P-equation lifts the discrete Collatz-like fields (expansive/odd and collapsive/even) to continuous
orbits, “collapse” at lattice n means the return map (discrete updates induced by monodromy)
converges to a power-of-2 cycle. The 24 solutions connect parameter sets and arguments, preserving
functional properties like convergence and bounded orbits. To prove that if collapse occurs at n, then
there exists m >n where collapse also occurs, we leverage these as follows:
i. Assume collapse at lattice n, meaning the hypergeometric series modeling the orbit at
argument z z% (tying to the harmonic % in the odd field slope and digamma interpolation)

converges within its disk (|z] < 1). The continuous solution u(z) is bounded, and the discrete
return map (monodromy around singularities) yields finite iterations to a power-of-2 fixed point,
consistent with collapsive dominance.

ii. Select one of the 24 solutions that inverts or scales the argument to access larger effective n. It
is related to some other solution via the Kummer solution grid [1].

iii. The 24 solutions represent equivalent expressions for the hypergeometric function solving the
P-equation, obtained by permuting singularities (a, b, c¢) and selecting exponents (e.g., a vs. a’ =
1 — a). If one such solution “is a power of 2,” this could mean its argument or asymptotic behavior
aligns with z = 2* (or exponents y + | = log,m for integer m), where local solutions
u(z) ~(z — c)¥ exhibit power-law decay, modeling collapsive orbits without expansive
interruptions. In Collatz terms, this corresponds to starting points that are powers of 2, which purely
halve (collapsive field: slope —1/2, ODE Z—: = —% — exponential decay to 1). The 24 solutions

allow continuation to other domains, preserving collapse if the original does (monodromy
conjugates, keeping invariants like negative Lyapunov for attraction).

However, the solutions do not span all positive integers universally. Arbitrary starting points
may correspond to P-parameters with irrational differences (@ — a' irrational), yielding dense
monodromy orbits (arithmetic chaos) not reachable by finite permutations/shifts from power-of-2
cases. Thus, collapse at one “power-of-2 solution” doesn’t propagate to disconnected branches.

Example: Consider two solutions near z = 0:

fi(@) = JFi(a.Bv:z), f(2)= F(a-y+1L,B—y+1,2-y;z) (44-)
Their ratio

_h@ Fi(a, By, z)
“h@ Y Ryt LB—y+Lz-10) (45.)

has an effective leading exponent, y — 1, which can be tuned non-integer by choice of parameters. If

r(2)

differences were integers, solutions might degenerate (e.g., coincide or include logs), but division can
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“subtract” resonances: Logs cancel if both have them with matching coefficients, yielding algebraic
ratios. For non-integers (as per the clue), ratios preserve holonomicity (satisfy linear ODEs), often of
lower order, simplifying dynamics.

12. Extensions to Tao’s Result via Non-Integer Parametrization and Detuning
Resonances

The key innovation: Parametrize exponents as a = %+ ¢, where n is the lattice point and ¢

irrational (e.g., golden ratio conjugate ). This ensures exponent differences are non-integer for all
integer n, avoiding logarithmic branching and ensuring diagonalizable monodromy. Dividing pairs
of the 24 solutions sharing common power-law pre-factors yields ratios with inherited non-integers,

2mia  hecomes irrational wound

filtering resonances. The 3/4 heuristic, modeled by eigenvalues e
(quasiperiodic tori), detuning rational alignments that could sustain cycles. In continuous extensions
(e.g., trigonometric interpolations blending odd/even rules), this reduces fractal chaos: Basins
smooth, with exceptional sets shrinking to zero Hausdorff dimension. The key points are:

1. From Logarithmic to Full Measure Density: Tao’s probabilistic descent lifts to measure-
theoretic invariance in P-parameter space. Non-integers ensure ergodic flows with uniform
contraction, implying collapse for full Lebesgue measure in continuous parameters-extending
discrete logarithmic density to natural density heuristics via embedding.

2. Spectral Bounds on Exceptions: Monodromy spectra (eigenvalues tied to 3/4) provide zeta-
like analytic tools. Non-resonant modes bound exceptional orbits to sparse sets (e.g., dimension 0 via
Cantor-like constructions), stronger than Tao’s zero-density.

3. Heuristics Against Cycles: Resonances enabling cycles (periodic monodromy) are detuned,
supporting no non-trivial cycles beyond computational bounds (length <91 as of 2023).

4. Broader Applications: Links to Riemann Hypothesis analogies (fractal zero distributions)
suggest unified spectral proofs.

This hypergeometric framework extends Tao’s result by continuous parametrization, detuning
the 3/4 multiplier to achieve fuller density and sharper exception bounds. While not resolving Collatz
universally, it refines heuristics and inspires density improvements. Future work: Simulate non-
integer P-orbits for explicit bounds.

The 24 Kummer solutions arise from 6 permutations of the singularities (0,1,00) or (a,b,c); 4
choices per singularity for exponents (selecting or , etc.); but equivalences reduce to 24 distinct
forms when differences are non-integers.

Transformations like Euler/Pfaff generate the set, for example,

JFi(a,b;c;z) =(1—-2)"%P ,F(c—a,c—b;c;z) (46.)

Dividing two solutions f;(z) and f,(z) from this set if they share a common power-law pre-
factor (e.g., both ~ (1 — z)* near singularity a), the ratio

_ f1(2)
r(z) = AOX (47.)

cancels that term, yielding a new function with adjusted effective exponents.

For non-integer differences, the solutions are linearly independent power series without logs, so
ratios are meromorphic (analytic except poles) and can be expressed as other hypergeometric or ratios
thereof (e.g., via Wronskian determinants, which are constants times products of gamma functions).

Example: Consider two solutions near z=0:

fi@ = Fi(aB;vi2) f(2) = (@' R (a—y+ 1L, -y +1,2-y;2)
Their ratio has effective leading exponent, y — 1,

T'(Z)= ZFI(QiB;Y;Z) ) (48)
@ Fla-y+LB-y+12-v;2)
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which can be tuned non-integer by choice of parameters. If differences were integers, solutions
might degenerate (e.g., coincide or include logs), but division can “subtract” resonances: Logs cancel
if both have them with matching coefficients, yielding algebraic ratios.

For non-integers (as per the clue), ratios preserve holonomicity (satisfy linear ODEs), often of
lower order, simplifying dynamic. This method reduces chaos in the P-map/Collatz lift by avoiding
Log-Branching, i.e., non-integers ensure diagonal monodromy (no Jordan blocks), leading to
quasiperiodic orbits instead of dense/chaotic ones. Ratios cancel potential resonant terms, thinning
the monodromy group (e.g., to abelian subgroups for irrational rotations). The method ties to Odd-
Field Evenness. For odd n,3n + 1 even butnot power-of-2 (valuation varies ~2 on average, harmonic
via ¥ (n)), modeled by fractional exponents in 7, (z). Division “subtracts” immediate-collapse terms
(integer parts), leaving non-integer residuals capturing delayed collapse without amplifying
fluctuations and ratios act as filters, smoothing fractal boundaries (e.g., in Collatz fractal, irrational
parameters yield Cantor-like but lower-dimension sets). The method offers Dynamical Simplification:
The ratio 7,(z) satisfies a derived ODE (from the original P-equation via elimination), often first-
order or integrable. Parametrizing shifts chaos to measure-zero (e.g.,, KAM-stable tori persist for
irrational ¢, preventing breakdown into strange attractors).

13. Collatz Implications

In continuous interpolations, these yield bounded orbits for density-1 sets of n (extending Tao’s
result), as non-integers detune the 3/4 heuristic multiplier away from rational resonances causing
potential cycles. Simulations (e.g., via sympy hypergeometric) show reduced sensitivity: Small én
changes don’t flip convergence. While reducing chaos (e.g., fractal dimension drops from ~1.5 to ~1
in models), it doesn’t prove universal Collatz collapse—gaps remain for rare n with resonant
preimages. This extends Tao’s result by lifting to a continuous geometric framework. i.e., discrete
density becomes measure in parameter space, where non-integers ensure collapse in full-measure
sets (beyond logarithmic density, potentially natural density via hypergeometric asymptotic). It
provides a spectral view (zeros as non-resonant modes), supporting stronger bounds on exceptions
(e.g., zero Hausdorff dimension) and heuristics for no cycles, though not a full proof.

14. Example Case of Collatz Maps and Exceptional Sets

The Collatz conjecture states that any positive integer will eventually reach 1, if one repeatedly
applies a simple set of rules: if the number is even, divide it by two; if it is odd, multiply it by three
and add one. The conjecture is still unproven due to its difficult nature between even and odd
sequence values.

Let T:N — N be a Collatz map

T(k) = % if ngiseven (49.)
3n+1 ifngisodd.
Define the forward Collatz-sequence of operations, T/(k),j = 1..Ly, where L, is the number of
terms generated by the Collatz-mapping operation on k.
C(k) = (T*(k), T?(k), ... T*(k)) ,k € S (50.)
Suppose a sequence collapses and reaches, on the lasty term, Ttk(k) = 1; equivalently, T/ (k) = 0,
with T* (k) = 1.
Let S = {1..m} c N . Define the Collatz union from S:
u(s) = U C(p) (51.)
PES,
Let M < N satisfy the forward invariance property:
xXEM=TKx)EM

Define the detection operator for an exceptional set M S N :
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Dy(A):= ANM (52.)

Then,
M,, = Dy (U(S)) = U(S) n M. (53.)

The exceptional set E,,, = U(S)/M,, consists of integers not included in orbits intersecting M, (e.g.,
hypothetical non-convergers, cycles outside standard paths, or complements). Then, the following
theorem applies:

15. Theorem 2: (Closure/Idempotence Under Reseed in Special Class in Collatz
Trajectories)

Let M € N be forward-invariant, S = {1, ...,m},and M,, = U(S) N M. Then,

My, = U Clp) |nM (54.)

PEMpm

Proof.
a) (€) Take any x € M,,,. Then x € U(S) N M. By forward invariance, C(x) S M, (repeats
included). Since x € C(x), x € U pem,, C(p)-So,

x € U C(p) nM. (55.)
PEMm
b) (2) Take any y € (U pemy, C(D) ) N M. Then y € C(p), for some p € M, < U(S). So
p € C(s) for some s € S. Therefore, y € C(p) € C(s) € U(S), and, y € M. Hence, ye US)NM =
M,,. Hence the equality holds. With repeats, this models cycle-detection or redundant paths,
ensuring stability.

16. Density of Collatz Elements and Exception Sets

Let ||Nm|| be the cardinality of U(S) (with repeats counted if multiplicity matters, but for
density, use unique unless cycles amplify).

_ |Nml

Define the densities py,, = —> = Ml = [Eml

(total outputs), py,, = = PEn =, (exceptional).

Define the net density: &,, = pn,, = Pm,, — PE,-

17. Theorem 3: (Convergence for Select Class set, M)

For all positive integers K,

q
Z PN — PMm, — PE, = P(@ + D+ ¥y =H,. (56.)
m=1

where y is the Euler-Mascheroni-constant.

Proof:

The net §,, measures imbalance from expansive (odd) corrections (harmonic 1/m) versus
collapsive invariance and exceptional sparsity. In discrete terms, each m contributes =1/m from
odd-step variability (3n + 1 even but delayed power of 2), summed as partial harmonics.

The set of integers m always includes 1 (from every trajectory), which is classified as a cycle.
Thus, every m > 1 in N, contributes to either M,, or E,, leaving only 1 uncounted in those terms.
Therefore, |N,,| — |M,,| — |E,| = 1. It follows that

q

K

1
ZPNm—PMm—PEm=Z;=lP(Q+1)+ Y = Hg. (57.)
m=1

m=1
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One can also note that N,,, always includes the starting values, m = 1..q.

Rigorous derivation via Riemann P-lift:

The Riemann -P differential equation governs hypergeometric solution ,F;(a,pB;y;z), with
exponents, a = % + ¢, ¢ isirrational. Ensuring non-integer differences 2a — 1 ¢ Z.

Expansive trajectory is defined by the ODE:

du
— = [2¢(22) — 2¢(2) —In2]u (58.)
interpolating discrete 1/m.
Invariant: M maps to power-law basins (no logs due to non-integers); unions U(S) maps to
monodromy orbits (repeats as periodic eigenvalues).
Recurrence: Yym+1)=¥(m)+ %, induces exact 6, = %; non-integers detune

deviations, yielding the sum.

Asymptotic: Y@+ D~In(g+1)+y+0(1/q).

Hence, Exceptional pg_ decays 0(1/m), sparse like prime gaps.

The Riemann P-equation provides a continuous mechanism for Collatz: Orbits on the punctured
plane induce discrete return maps via monodromy. Singularities at 0,1, have solutions in the
hypergeometric relations. Non-integer parametrization (¢ irrational) ensures diagonal monodromy,
quasiperiodic flows, and detuning of 3/4 resonances (avoiding rational windings causing cycles).
Kummer’s 24 solutions connect branches; ratios of pairs inherit non-integers, filtering chaos in fractal
extensions. Digamma emerges from gamma interpolation of products modeling odd-step harmonics,
justifying Theorem 3 continuously.

Tao’s probabilistic descent (logarithmic density) lifts to measure-theoretic in P-parameter space:
non-integer ensure uniform contraction, implying collapse for full Lebesgue measure —stronger than
logarithmic, with exceptions Cantor-like (dimension 0). Harmonic from Theorem 2 aligns with
digamma, bounding exceptions via zeta-like spectra.

General E,, (not in orbits), models non-standard paths or divergences. Repeats in U(S) and
Dy, reflect cycles and the P-framework bounds via non-resonant monodromy, reducing sensitivity in
odd-field delays (3n+ 1 even but not immediate power-of-2). These merge discrete harmonic
densities with continuous hypergeometric lifts, extending Tao to fuller measures and sharper
bounds. Allowing repeats generalizes to cycle-inclusive models.

18. Theorem 4 (Exceptional Set Densities)

q— oo

q
lim |Z(ka — Pm, — PE,) —In ql =y (59.)
=1

Proof:

The set of integers m always includes 1 (from every trajectory), which is classified as a cycle.
Thus, every m > 1 in N, contributes to either M,, or E,,, leaving only 1 uncounted in those terms.
Therefore, |N,,| — |M,,| — |E,] = 1.

Then, consider the sum:

w(q) = Z(W l) Z(ka Py, = PEy) = Z =p@+1) +vy (60.)

Hence,

q
Z(szm ~ Py~ PEy) ~INg=%(q + D —Ing+y (61.)

m=1

=0 (62.)

q—

q
lim [Z(me — Pmy, _PEm) -Y@+ D+y
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And since,

Ig:;wm +q)—Inq) =0, (63.)

q
lim [Z (on,, — Pmy, — PE,) —Ing| =y (64.)

This fact (the limit being y) has profound implications, especially for the Collatz conjecture and
generator densities:

1. Harmonic Structure and Convergence: The net density sum behaving like H(q) concludes
that the select set M,, as part (unique terms in the union of the cycle terms) is sparse like i ,

supporting universal convergence in Collatz- no other cycles or divergences, as they would alter the
log-term or introduce non-harmonic residues.

2. Density Bounds: py,, — pum,, — Pr,, — 1/m with the sum’s limit to y concluding that the M,
and E,, €M “fill” the Collatz unions with a constant deficit of 1 (from the cycle 1), the residue y
being the “overshoot” in the harmonic approximation.

3. Itis clear that as the select set M,,,, m = 1..0,”fills” the Collatz unions with a constant deficit
of 1 (from the cycle 1), the residue y being the “overshoot” in the harmonic approximation.

4. Link to Number Theory Constants: The appearance of vy (from Euler’s constant in harmonic
limits) concludes the system has a prime-like or divisor-sum structure (from sigma-1), as v arises in
prime distributions (e.g., m(m)~ ﬁ, with H(m) approximations). This fact implies E,, has a
density ~ ﬁ or similar, consistent with rare primes.

5. Path to Proof: If the relations hold, it concludes the accumulated density is ~ Inq + y, the
“fact” being no extra terms in the limit, the discontinuities are “tamed” in the infinite sum. For Collatz,
this could prove convergence for “almost all” g, as y’s presence indicates regular behavior without
anomalies. I conclude that the select set M,, is “harmonic,” supporting the conjecture’s validity in all
selected classes.

19. Theorem 4 (Convergence Condition for Collatz Sequences)

There exists a constant 8, such that if

b(q)=—%i W(q—m+|2:n|)+2(

m=1

1

m
—_ +_
a-m |cm|)

,q>2

(65.)

then, £ = lim[b(q) +Inq] ~ 0.9398.
gq—oo

Proof:

The set of integers m always includes 1 (from every trajectory), which is classified as a cycle.
Thus, every m > 1 in N, contributes to either M,, or E,,, leaving only 1 uncounted in those terms.
Therefore, |N,,| — [M,,| — |E,,| = 1. Consider the sum:

q
m 1
W@ =) (%) =g+ 9(g?) ~Ing) + (66)

m=1

[Ny | is the count of terms in accumulated Collatz sequences from m = 1..q. One can also note that
N,, always includes the starting values m = 1..q.  This is a non-uniform spacing for the -function.
Consider the Gauss’s multiplication formula for the digamma function:
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e
s =28 p(er )] .
Putting z = q, and shifting (51) for the range m = 1..q,
%Zq: [¢ (q " %)] =¥(@® - In(q) - ‘/’2‘1) N 1/J(qq+ 1) ()
=

and noting from [1, page 904, §],

l/)(q+%)—lp(q+—) qZZ(q +m+kq)"—1 (69')

n=2 k=

o

)]:ZZZ(q +m+kq)"—1 (70')

2 k=0

1 ©
Z Z Z ((q2 +m : kq)" — 1) (l,l)(q +D-yM)= l2 (71-)

3
il
Y
3
i
N
3

q o o
Zzz(q2+m-:kq)n—1=qiz (72.)

and,
w(q) =1/J(q+1)+)/—q—12 (73)

Now we relate to the Collatz Maps.
Let T:N — N be a Collatz map
n ] ,
T(q) = 2 if ng is even (74.)
3n+1 ifngisodd.
Define the forward Collatz-sequence of operations, Ti(q),j = 1.. Ny, where N, is the number of
terms generated by the Collatz-mapping operation on gq.

C(@) = (T"(@),T*(@), . TV*(q)) ,q €S (75.)
Suppose a sequence collapses and reaches, on the lasty term, Tk (k) = 1; equivalently, T/ (k) =
0, with Tt (k) = 1.
Let the T/(q) be the jth terms of the Collatz sequence C(gq), and define:
. ERY: . 1/ (Tj (q)) W(Ti(q) + 1)
L(T@) =y <(TJ @) ) ~1n(T/(g)) - TR (76.)
L (Tf (q)) is the sum of W-functions with arguments T/(q).

For example, C(7) generates the sequence,

7—22—11—-34—-517—-552—-526—-13-540—-520—-10—>5—>16—-8—>4—>2—1.

1.95610000000000000000, 3.09210000000000000000, 2.40200000000000000000, 3.52680000000000000000,
2.83490000000000000000, 3.95140000000000000000, 3.25880000000000000000, 2.56790000000000000000,
3.68920000000000000000, 2.99700000000000000000, 2.30760000000000000000, 1.62930000000000000000,
2.77450000000000000000, 2.08720000000000000000, 1.41720000000000000000, 0.81300000000000000000,

0.42280000000000000000
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Then,
L<7>=;Zl[¢(7+g)], L@2) =5 2. lv 2+ )] ...L<z>=§Zl[w(ug)],m:%Zl[w(l#)] (77)
Then, in general, 1 , o s
b =g 3 [w(a+ )] = o)) — g - EE+ L= (78)

We find that for any particular x,, = %, with umform spacing, the RHS is independent of x,,. We

see that this invariance is not true for x,, =1 —-m+— IC i since x,, is now irregularly spaced and
m

mostly large negative numbers and we do not have closure and the RHS is no longer invariant to x,.

%i[¢(q+1—m+m)]¢[¢(qz)—l -Lo, ety (79)

m=1

From extensive computational evidence and probabilistic analysis of the Collatz map (Terrence
Tao [8]) the average length of the non-starting part of the sequenceis  |C_m| = clogm, where ¢ =
6.95 (theoretical heuristic) to 10! (empirical fits for large ranges). Therefore,

q
Z (lCm|> fClc:ngdx =c(nq)?+ 0(nq) (80.)

m=1

To reconcile the invariance issue, put z,, = g —m + ——,q > 2. We use the fundamental recurrence

relation for the ¥W-function: lC |
Y(zm + 1) =9(zy,) + % (81.)
Let
1 2 1 u
Alg) = 5;[1/)@,”)1,3@ = Emzz Y(zm + D] (82)
Averaging over m,
B(@) =$mz Yz +§m§[ ~| =40 +p@ (83)

where D(q) is a correction-term:

po=23 [ (54)

We put an additive constant b(q), such that the relationship:

(B(q) +b(9))” = (A(q) + b(@))? (85.)
This avoids any negative inconsistencies. Then,
A B
b(g) = - HDLED _ Z [y + 5] (86)
Since B(q) = A(q) + D(q),
q q
1 1 1
bg) = _5;[¢(Zm)] - Zmz ] (87.)
Then,
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1% 1
b@) === ) [ -5, (83)
q 22y
m=2
were,
m
Zm=q—m+-—— 89.
m=1a TN (89.)
Noting that
1 1 1
Y(zp) =Inz, — 27, 1222 +0 (Zm_4> (90.)
The higher-order terms approach zero, so they contribute 0(1), and so
13
b(q) = _EZ [Inz,]+o0(1) (91.)
m=2

Since |Cp,|~clnm, ¢ = 6.95, the term % =0 (#) is small compared to ¢ when m is not too
m )

close to g. Hence,

Zm = q—m (92.)
Thus,
1% 1%
5;““ Zm] ~ amzznn(q ~m)] (93.)

This sum is well approximated by the integral:

K 1 1
ébfln(q —m)dx =$0fln(1 —u)du =%J‘(ln(q) +In(1—w))du

=In(g)+[1-wIn(1—-u)— (1 -w]i=In(g) -1 (94.)
From high-precision computations up to ¢ = 200000, we find a very clean asymptotic relation
for the correction:

b(q)~ —Ing + 0.9398 + o(1) (95.)

Computed values of b(q) match nicely with increasing values of q = K € Z, for Collatz
sequences. The tables below show some computed values as K increases.

Table 1: computed values of h(K) with increasing K.

K b(K) Approximate "derivative" Ab/AK
100 -3.683 -

500 -5.290 -0.00402

1000 -5.983 -0.00139

2000 -6.673 -0.00069

5000 -7.579 -0.00036

10000 -8.268 -0.00014
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Table 2 : computed values of b(K) + InK

K b(K) +InK
1,000 0.9348
5,000 0.9382
10,000 0.9390
50,000 0.9396
100,000 0.93975
200,000 0.93982

The difference between the naive result + 1 and our observed constant 0.9398 comes from the
m

neglected term
[Cml

in z,. Including it perturbatively gives a small negative correction § =

0.0602 :
b(K)=—InK+(1—-6)+0(1)=—InK+B+0(1),as K »
with the Collatz-Digamma constant,
B =0.9398... (96.)

The constant f arises as the limiting difference between the logarithmic growth of the system
size InK and the average of the digamma function sampled along the shifted Collatz orbit z,,. In the
language of the Riemann P-equation, this corresponds to the sub-leading monodromy contribution
or the Stokes phenomenon correction when the discrete Collatz return map is embedded into the
continuous hypergeometric flow on the punctured plane.

20. Connection of B to the Riemann P-Differential Equation for Odd and Even
Fields Model

The Riemann P-equation (Papperitz equation), (3) is the most general Fuchsian second-order
linear ODE with three regular singular points (0,1,00). Its solutions are branches of the
hypergeometric function. The digamma function appears naturally in the hypergeometric theory
because:

d I'(z)
1P(Zm) = aln F(Zm) = F(Zm) (97)

The sum ézazz[w(zm)] is a discrete sampling of the digamma function along a sequence z,,
generated by Collatz dynamics. In the large g-limit, this average can be viewed as a discrete analogue
of a period integral or a Stokes multiplier in the hypergeometric system:

q
B = ;1_{210 (lnq - % Z [w(zm)]> ~ YP(a) — Y (B) + constant (98.)
m=2
or, more precisely, as a difference of digamma values at the characteristic exponents of the
Riemann P-equation. A plausible conjecture (motivated by our numerical value) is that § is related
to the accessory parameter or the difference of characteristic exponents that controls the “detuning”
of the 3/4 resonance. Specifically, one possible theoretical expression is:

B =91 -0)—1(o) (99.)

The classic Collatz heuristic constant ¢ ~ 6.952, which comes from the probabilistic model:

= ha 6.952 (100.)

It describes the average growth rate of Collatz stopping times |C,,| = cInm.
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21. Meaning of the Constant g

When we look at the Collatz tree through the digamma function and the shifted variables z,,
the effective logarithmic growth rate appears reduced from 6.95 to approximately 6.53161.
In other words:

a) The standard heuristic sees:
= ———=6.952
D)
b) The digamma-averaged framework sees an effective rate of:
¢’ = 653161
The ratio between them is precisely the constant [ = 6';3;21 = 0.9398.

The hypergeometric framework extends Tao’s result by continuous parametrization, detuning
the 3/4 multiplier to achieve fuller density and sharper exception bounds. While not resolving Collatz
universally, it refines heuristics and inspires density improvements. Future work: Simulate non-
integer P-orbits for explicit bounds.

The Riemann P-equation (Papperitz equation) (90) has the general form:

a b c
u=P§0! Py z} (101)
a py

A natural Collatz-inspired choice of exponents (motivated by the 3n+1 branching and the 3/4
contraction) is:

Atz=0:exponents 0,1—c (regular singular point modeling the “divide by 2” step),

Atz =1:exponents 0,c —a — b (modeling the “3n + 1” branching),

At z = ooz exponents a, b (modeling the overall growth),

A reasonable candidate set that incorporates the known Collatz drift is:

1 1
a=z, b=z+l¢), c=1, (102.)
where ¢ is chosen so that the monodromy produces a detuning related to our observed constant
B.
The monodromy Matrices for the Hypergeometric Equation is:
z1-2)y" +[c—(a+b+ 1Dz]y'—aby=0 (103.)
The monodromy matrices in the standard basis (around the three singular points) are:
1 0
M, = ( 21'[i(1—(:)) (around z = 0)
0 ¢ (104.)
eZm'(l—c) % *
M, = ( 0 ezm'b) (around z = 1)
The off-diagonal term is more complicated and involves connection coefficients. Finally,
2mia
M, = (e 0 e;”'b) (around z = o) (105.)

The constant [ emerges as the average monodromy correction (or sub-leading Stokes
phenomenon) when the discrete Collatz return map is lifted to the continuous hypergeometric flow
on the punctured plane. It appears in the connection matrix between local solutions rather than in the
local monodromy matrices themselves. Best current theoretical link we can make is:

B=c+yp(l—a*)—yp@?)—In2c (106.)

This relation seems to be tied to the differential equation found earlier (26):

d
= = 29(22) - 2%(2) — In2lu (107)
Using the values for f = 0.9398, ¢ = 6.952,in (91),
P(1 —a?) —P(a?) ~ 0.9398 — 6.952 + In(13.904) =~ 5.243 (108.)
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The values of a = %, gives a consistent value with many hypergeometric models of Collatz

(exponents involving %2).

The proposed relation (91) is a plausible ansatz that ties our B to the parameters of a
hypergeometric (P-symbol) system. The differential equation (92) is the logarithmic derivative of a
solution branch, and our discrete sum involving ¥(z,,) is a discretization of the integral of that
coefficient. Thus, [ represents the effective monodromy shift (or accessory parameter correction)
that appears when the discrete Collatz dynamics is lifted to the continuous hypergeometric flow on

the punctured plane.
Solving (96), we find:
a = 0.87271490960781097609089731461409913697522902588148.
The parameter a = 0.872714901.. is the effective characteristic parameter in a

hypergeometric (Riemann P-equation) model of the Collatz dynamics. It quantifies the non-integer
detuning required to suppress rational resonances and produce the observed logarithmic offset § in
the digamma-averaged framework.

22. Conclusions

In this investigation, we sought a closed-form or analytic expression for the weighted Collatz
sum
— vk (lCml
S(K) = iy (21
where |C,,| counts the non-starting terms in the sequence starting at m. Beginning with the digamma
function and Gauss’s multiplication formula, we transitioned from uniform spacing to the natural

Collatz variable z,, = K —m + % This led to the discovery of an exact shift function $ b(K) $

that enforces a squared equality between two closely related digamma averages. Through asymptotic
analysis and extensive computation, we found that
b(K)=—InK+(1—-6)+0(1)=—InK+B+0(1),as K »

Where the constant
K
m
Z [1/; (K —m+ —)] ~~ 0.9398
[Cn

m=2

x| -

B = Ill_r)rc}o <an -
emerges naturally.

This constant f appears to encode a fundamental subleading correction arising from the
logarithmic structure of the Collatz tree when observed through the digamma function. While our
exploration of connections to hypergeometric functions and the Riemann P-equation remains
suggestive rather than conclusive, the appearance of f demonstrates that deep analytic structures
underlie the apparently chaotic Collatz dynamics. The results open a promising pathway for viewing
Collatz orbits through continuous Fuchsian equations and monodromy, potentially bridging discrete
combinatorial behavior with analytic number theory. Overall, f gives us a novel tool to probe
Collatz densities analytically, potentially strengthening probabilistic models like Tao’s by providing
a digamma-based measure of the “bias” in the orbit heights. However, the connection is indirect and
requires further rigorous linking between the density definitions and the digamma averages to be
fully established.

Table 3. Shows the correction to the densities of Collatz counts with increasing 4.

W Corrected Asymptotic E A totic - W(a)
e ITOr = ASsymprtortic -
a @ W(g) = (ng)? + 0(Inq) ymp 1
10 2.008068253068254 L7023 (ot ac;‘)mte for small 14.394
100 5.187377517639621 75.278 (better) 70.090
1000 7.485470860550345 173.23 (improving) 165.74
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10000 9.7876060360694 332.88 (good) 323.09
100000 12.0901461298634 523.23 (very good) 511.14

23. Theorem: (Layer-Tuned Collapse of the Dual Field to ¥ = % via
Digamma/Cot Contraction)
Let ¥ € (0,1) and define the digamma-cot “collapse coordinate”.

UMW) =yA-Y¥) —yY(¥) = m cot(n¥).
Then, U(W) =0 ifand onlyif ¥ = % Fix an initial state n, € N, and set
1
WYy = Y Uo(Wo) = U (W)
For each iterate k > 0, define n;, = ‘i’ik — 1 and choose the layer (odd/even) according to the

parity of n;, with the contraction factor by the step- geometry of the gradient fields, at n,:

1 2n, +1 ngodd,
= —— — n
Pl 1+ |Ang|’ An ; —7’( n, even
Equivalently,
() = —— misodd,  pp(m) = ——ni
Po 1y —2n+2,n150 , Pe(ny —2n+2,nlseven.

Construct {¥,} c (0,1) by the layered contraction rule:

po(m)UW) ny odd,

o) == {pg(nk)U(‘Pk) n even

Equivalently, we can use U(¥) = m cot(n¥V),

(

1
{an+2

cot(m¥,) n; odd,
cot(mWyyq) =

cot(m¥ n, even
k Ng + 2 ( k) k

Then, W, = %cot_1 pose(ny) cot(m¥y).
Then, ¥, —>%, ask — oo,

Proof: For every integer n > 1,

0< _ 1 < 1 0< _ 2 < 1
Po=on+2=0 PE= 272
Therefore, regardless of parity, |U(We41)| < % |U(W,)|, and by iteration, we get the uniform

bound
1 k
lim (w(wkn < (5) |U(0)|) = 0.

Since U(¥y) = cot(r¥) is continuous on (0,1), and its unique zero in (0,1) occurs at ¥ = %,
the convergence U(¥;) - 0 implies ¥}, — %, as k — oo.
Let O be the odd field, E be the even field with gradient fields, :

(2
tan™ (n_> Ny even
k
Br = 1 (109.)
tan <2nk n 1) n, odd

In the field representation, this is precisely:
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.29,
tan™" - T even
o (110)
ktan_1 ST T odd
—

Define the complimentary angle:a; = tan™* a,. Since a; > 0, the key identity becomes:

% (111.)

Then, the gradient sum for all odd and even steps for K Collatz steps become:

o+ Br =

K-1 K-1
Ag = Z o, By = Z By (112.)
k=0 k=0
Since oy + B = g, we get:
Km
Ag + By =—- (113)
we can set
Xg =tan(Ag), Yy = tan(Byg) (114.)
Taking sums,
—Yx K even
=<1
Xe={11 road (115.)
Y
However, Ag,q + Ag +tan1(a;), and, Bg,, + Bg + tan™?! (ai) The tangent addition gives:
k
1
Y +—
Xk ke ak akYk + 1
Xps1 === Ypq1 = = 116.
S X, k+1 1 & ar— Yy ( )
Ak
We can also express this as reciprocal step-size using digamma increments:
2Y(n, + 1) —yY(ny), n, even
= 117.
tan B {tp(an +2)—y(@2n,+1), n,odd (117)

Let x =¥ € (0,7/2]. For sinx < x < tanx, cotx < i A sharper bound for cot on (0,7/2] is

1
cotx 2 ——=, (118.)

Wl R

In terms of the fields, ¥
l—n—zwsu(%sl, 0<tps1. (119.)
Y 3 y 2
Let n be odd. Write
3n+1=2Mn, m=1v,23n+1) =1, n’ odd.
We can construct the closed form block for ¥ with ¥ = ﬁ after the odd step, ¥; = %
Then after m even steps: E™ (¥,) will have the closed form:

2m¢

m —
E™(®) = PYTNeLY: (120)
Substituting & = ¥, we get the exact map:
. 2"y
¥ odd + m evens ¥ = ™ =Y, (121.)
1+(27 -2)v

m

. . 2 . . .
With strict o (2’"—2)41 2 1, unless the map is at a fixed point n = 1, withm = 2.
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Therefore, the block map either shrinks when m = 1, or does not decrease ¥ when m > 2.

Corollary: If along a trajectory every odd state satisfies v,2(3n + 1) = 2, then n is strictly decreases
at each odd-to-odd block and reacheslin finite time.
The digamma/cot potential behaves as U(¥) = é Hence,

U(ly(m)) v 3+(2m—2)‘l—'
vw) | wm T 2m

(122.)

From the bound (119),
U (wm) v 3+(2"-2)w

v e 2"(1-2w2) (123)

24. The “Weighted Combination” that Would Force Collapse

Let the odd-to-odd blocks along the trajectory have valuations m;, m,, ...
Define the “log-energy” and using the estimate, the drift can be obtained:
L= log(U(‘P)) =log(cot(n¥))
AL =log(3) —mlog(2)
So, a sufficient collapse condition for the field is:

[ee)

1
Z(log(3) —m; log(2)) =—w, then,U > 0=>Y¥ - 7

Jj=1

Equivalently,
1 4 1
IZ m; > log, 3 =~ 1.585, and lim(U) - 0 =¥ - 7
j=o
j=1
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