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Abstract

The spacecraft reachable domain has become increasingly important for orbital game analysis due to
growing on-orbit activities such as servicing, debris removal, and space situational awareness. This
paper provides a comprehensive review of reachable domain theory and its applications in orbital
games. A unified mathematical framework is established through three complementary classification
dimensions, including spatial attributes that distinguish absolute from relative reachable domains,
temporal attributes that differentiate free-time from fixed-time reachable domains, and informational
attributes that contrast deterministic with predictive reachable domains. Solution methods are sys-
tematically reviewed according to this taxonomy, covering analytical and semi-analytical methods,
numerical optimization approaches, and geometric and sampling methods for spatial scale reachable
domains, as well as linearized ellipsoidal approximation, exact envelope determination, and fast
analytical approximation for time scale reachable domains. Applications are examined through three
representative scenarios: one-on-one pursuit-evasion games, multi-agent cooperative games, and
threat avoidance and defense games. Key limitations of existing approaches are identified, includ-
ing modeling fidelity, computational efficiency, and scalability under uncertainty. Future research
directions are outlined to address these challenges.

Keywords: spacecraft reachable domain; orbital games; pursuit-evasion; cooperative encirclement;
threat avoidance; trajectory optimization

1. Introduction
The rapid proliferation of space activities has fundamentally transformed the orbital environment.

With the advent of mega-constellations, on-orbit servicing, active debris removal, and increasingly
congested space traffic, the need for systematic analysis of spacecraft maneuvering capabilities has
never been greater [1,2]. In many operational scenarios, spacecraft do not operate in isolation but must
interact with other objects—whether cooperative targets, non-cooperative adversaries, or uncontrolled
debris. These interactions raise fundamental questions about interception feasibility, collision risk, and
strategic decision-making in shared orbital environments [3–6].

The concept of the reachable domain (RD) provides a powerful geometric framework for such
analyses. The RD is defined as the set of all terminal states attainable from a given initial state under
specified maneuverability constraints, capturing the complete maneuvering capability of a spacecraft
in a compact set-theoretic form [7–10]. Unlike traditional trajectory optimization, which seeks a single
optimal path [11,12], the RD enables set-based reasoning about interception feasibility, collision risk,
and game-theoretic interactions [13]. This set-theoretic perspective shifts the analysis from point-wise
trajectory design to region-based reachability assessment, providing a foundation for subsequent
developments in uncertain and adversarial environments.

Building upon this set-theoretic foundation, a variety of methods have been developed over the
past decade to compute RDs under different assumptions about thrust and dynamics. Early work
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focused on single-impulse maneuvers under two-body dynamics. Xue et al. [7] established the foun-
dational classification of single-impulse RDs, distinguishing scenarios based on whether the maneuver
point and impulse direction are fixed or free. Wen et al. [8,14] subsequently developed analytical meth-
ods for precise boundary determination, introducing the algebraic criterion and extremum envelope
approaches. The characteristic ellipse approximation [15] further reduced computational cost, enabling
real-time applications. For relative motion scenarios, Wen and Gurfil [16] extended the framework to
relative RDs under initial state uncertainties, while Zagaris and Hess [17] provided efficient linearized
approximations for short-duration maneuvers. More recently, researchers have extended RD compu-
tation to complex dynamical regimes. These include perturbed orbits via Jet Transport techniques
[18] and low-thrust propulsion in the circular restricted three-body problem[19]. Polynomial-based
methods for arbitrary dynamics have also emerged [20], reflecting a growing emphasis on accuracy
under realistic conditions.

Unlike impulsive maneuvers, which assume instantaneous velocity changes, continuous thrust
propulsion requires different treatment of the RD problem. Wei and Li [10] compared absolute
RDs under continuous finite thrust with impulsive counterparts, revealing significant morphological
differences. Wang and Jiang [21,22] derived analytical optimal solutions for low-thrust RDs using
Pontryagin’s maximum principle. Bowerfind and Taheri [23] developed rapid approximation methods
for low-thrust reachable sets in complex dynamics, while Pang and Wen [24] proposed a grid method
for non-convex control constraints. For elliptical reference orbits, Lin and Zhang [25] extended
continuous-thrust RD analysis to linear time-varying relative dynamics described by the Tschauner-
Hempel equations.

The methods discussed above all belong to the spatial-domain category, focusing on the maximum
spatial envelope reachable under fuel or energy constraints without restricting flight time. Time-scale
methods answer what positions a spacecraft can reach at a specific time or within a time window. Early
work by Venigalla et al. [26] derived Delta-V-based conditions for time-constrained pursuit-evasion.
Aguilar-Marsillach et al. [27] proposed reachability-based methods using orbital element differences
for passive safety guarantees, while Yang et al. [28] introduced a physics-informed deep learning
framework for task assessment under time constraints. Building on these foundations, Zhang et al.
[29] developed an exact envelope determination method solving Kepler’s equation numerically. This
method systematically distinguishes prescribed-time interception from time-window interception.
For onboard applications requiring millisecond-level computation, Yang et al. [30] proposed a fast
analytical approximation based on series expansion, while the linearized ellipsoidal approximation
[31] offers a computationally lighter alternative for short-duration and small-impulse scenarios.

Building upon these computational methods, RD theory has been widely applied to orbital
games. In pursuit-evasion games, researchers have used RDs to assess interception feasibility, compute
minimum required Delta-V, and design optimal pursuit strategies [32–34]. For single-spacecraft
pursuit-evasion scenarios, the fundamental condition for guaranteed interception is that the evader’s
RD is contained within that of the pursuer. Safety, in contrast, requires that the two domains be disjoint
[29,35]. Time-constrained scenarios have been addressed through fixed-time RD, with Zhang et al. [36]
proposing analytical impulse thrust strategies that account for mass variation and perception frequency.
This framework extends naturally to multi-agent cooperative games. Li et al. [37] studied cooperative
encirclement using spacecraft swarms, showing that three chasers in triangular formation provide
optimal planar coverage. Li and Zhang [38] extended the analysis to relative RDs in target-centered
frames, deriving "capture regions" for chaser positioning. For cooperative interception, Qing and
Zhang [39] developed task allocation methods based on RD coverage, while Wang and Zhang [40]
introduced "reachable domain compression" for pursuit under sparse rewards. From the learning
perspective, Qiao et al. [41] introduced a RD-guided reinforcement learning method for spacecraft
game decision-making.

The dual problem of pursuit is threat avoidance and defense, where the focus shifts from capturing
an adversary to avoiding capture or protecting valuable assets. Early work by Zhang et al. [42]
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incorporated trajectory safety constraints into RD analysis. Zhang et al. [35,43] subsequently developed
threat avoidance strategies using predictive RDs as threat envelopes. For passive threats such as debris
clouds, Wen and Gurfil [44] modeled debris cloud evolution, while Xu et al. [45] proposed zonotope-
based methods for collision prediction. Li and Zhang [46,47] formulated collision avoidance as a
reachable domain distance maximization problem. For active threats, Zhang et al. [48] introduced the
"escape zone" concept for optimal evasion. Cooperative defense has been addressed by Zhang et al.
[49], who proposed a multi-spacecraft cooperative guard strategy. Beyond orbital games, RD theory
has found applications in asteroid landing and hopping [50–52], ground track reachability [53], reentry
flight capability assessment [54], orbit protection [55], and cislunar mission analysis [56–58].

Despite significant progress, existing reviews have been either narrowly focused on specific method-
ological aspects or scattered across disparate application domains. Feng et al. [59] provided a review of
RD methods from deterministic to uncertain environments, but their treatment of orbital game appli-
cations remains limited. Cao et al. [60] reviewed intelligent orbital game technologies, yet the central
role of RDs deserves deeper elaboration. A comprehensive review that bridges the unified modeling
framework, solution methods, and orbital game applications of reachable domains is currently lacking.
To fill this gap, the present paper provides a systematic review that makes three key contributions: (i) a
unified three-dimensional classification (spatial, temporal, and informational attributes) that captures the
full scope of RD problems; (ii) a structured overview of solution methods categorized by spatial-domain
and time-scale approaches, with comparative guidance for method selection; and (iii) a detailed analysis
of orbital game applications across pursuit-evasion, cooperative encirclement, and threat avoidance
scenarios, highlighting the dual role of deterministic and predictive RDs.

The remainder of this review is organized as follows. Section 2 establishes a unified mathematical
framework for the spacecraft RD, introducing three complementary classification dimensions. Section 3
reviews solution methods for computing spacecraft RDs, organized according to the spatial-temporal
classification. Section 4 examines applications of RD theory to orbital games through three representa-
tive scenarios: pursuit-evasion, cooperative encirclement, and threat avoidance. Section 5 identifies
limitations of existing approaches and proposes future research directions. Finally, Section 6 concludes
the review with a summary of key contributions and a forward-looking perspective.

2. Problem Description and Unified Modeling of Spacecraft Reachable Domain
In this section, we establish the fundamental mathematical description of the spacecraft RD and

propose a unified modeling framework that accommodates various mission scenarios. The framework
is organized around three complementary attributes that capture different facets of the reachability
problem. Specifically, we introduce the basic set-theoretic definition of the RD, and then classify it along
three dimensions: spatial attributes (absolute and relative), temporal attributes (free-time and fixed-
time), and informational attributes (deterministic and predictive). This three-dimensional classification
provides the theoretical foundation for the solution methods and orbital game applications discussed
in subsequent sections.

2.1. Basic Definitions and Classification

The spacecraft RD is fundamentally defined as the set of all terminal states that can be attained
from a given initial state under specified maneuverability constraints. Mathematically, it can be
expressed as:

R = {x ∈ X | ∃u(·) ∈ U , ẋ = F(x, u, t), x(t0) = x0, c(x, u, t) ≤ 0} (1)

where x denotes the state vector (typically including position and velocity), u(·) is the control input
belonging to admissible control set, F(·) represents the dynamics governing spacecraft motion (e.g.,
two-body or perturbed orbital dynamics). The constraint function c(·) encapsulates various mission
constraints, including path constraints (e.g., keep-out zones), control saturation (e.g., maximum thrust
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magnitude), and safety boundaries (e.g., minimum approach distance). This unified set-theoretic
formulation serves as the basic for all subsequent discussions.

As a geometric description of spacecraft maneuverability, the representation of the RD directly
influences both the mathematical formulation and the choice of solution methods. Depending on the
analytical dimension and application requirements, RDs can be classified from three complementary
perspectives: spatial attributes, temporal attributes, and informational attributes, as illustrated in
Figure 1.

Figure 1. Classification of Spacecraft Reachable Domain.

2.2. Classification by Spatial Attributes

From the perspective of spatial attributes, the RD can be categorized into absolute RD and relative
RD [61,62]. These two categories reflect different physical scenarios and engineering requirements.

The absolute RD refers to the set of all absolute spatial positions that a spacecraft can reach
under given initial orbital conditions and maneuverability constraints. It is typically studied within an
Earth-centered inertial frame, focusing on the positional reachable range in three-dimensional space.
Its mathematical description takes the form:

Rabs(∆vmax) =

{
r ∈ R3

∣∣∣∣∣ ∃ f ∈ [0, 2π), α ∈ [0, 2π), β ∈ [−π/2, π/2], ∥∆v∥ ≤ ∆vmax,

s.t. r = g( f , α, β; r0, v0, ∆v)

}
(2)

where r0, v0 denote the initial position and velocity vectors, f is the true anomaly at the maneuver
point, α and β are impulse direction angles, and ∆vmax is the maximum available velocity increment.
The absolute RD provides an intuitive characterization of a spacecraft’s overall maneuvering capability,
making it particularly suitable for capability assessment and target screening in the early stages of
mission planning [63,64].

The relative RD describes the set of all possible relative positions that a chasing spacecraft can
attain with respect to a target spacecraft (or reference point) under given maneuverability constraints.
Following the definition in the literature [16,65], the relative RD can be expressed as:

Rrel(t) =

{
ρ(t) ∈ R3

∣∣∣∣∣ ∃u(·) ∈ U , X(t0) ∈ X0,

Ẋ = A(t)X + B(t)u, ρ(t) = HX(t)

}
(3)
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where:

• ρ(t) = [x(t), y(t), z(t)]T is the relative position vector in the target-centered reference frame;
• X = [ρ; ρ̇] ∈ R6 is the augmented relative state vector comprising both relative position and

velocity;
• A(t) ∈ R6×6 and B(t) ∈ R6×m are the dynamics and control influence matrices characterizing the

relative motion. For circular reference orbits, the Clohessy-Wiltshire (C-W) equations provide a
linear time-invariant formulation [66]; for elliptical reference orbits, the Tschauner-Hempel (T-H)
equations yield a linear time-varying system;

• X0 ⊆ R6 is the set of admissible initial relative states. In deterministic scenarios, X0 reduces to
a singleton {X0}; in the presence of initial state uncertainties or non-cooperative settings, X0 is
typically modeled as an ellipsoid or a convex polytope [16];

• U is the admissible control set, which encapsulates fuel/energy constraints. For impulsive thrust,
U = {∆v | ∥∆v∥ ≤ ∆vmax}; for continuous thrust, U = {ac(·) | ∥ac(t)∥ ≤ amax};

• H = [I3×3, 03×3] ∈ R3×6 is the position extraction matrix.

This formulation unifies two important perspectives. When the initial state is exactly known
(X0 = {X0}) and the control inputs are fully specified (u(·) known), the relative RD reduces to a single
trajectory. When only bounds on the control inputs or initial uncertainties are available, the relative
RD becomes a set—either a convex envelope (e.g., ellipsoid or zonotope) or a non-convex reachable
set—which is precisely the scenario encountered in orbital games where an adversary’s true maneuver
cannot be known a priori.

The relative RD has significant applications in close-proximity operations such as rendezvous and
docking, formation flying, on-orbit servicing, and non-cooperative target interception [59]. In orbital
game scenarios, the relative RD of an adversary serves as a threat envelope that guides the design of
safe and effective pursuit, encirclement, or evasion strategies.

2.3. Classification by Temporal Attributes

From the perspective of temporal attributes, RDs are classified into free-time RD and fixed-time
RD according to whether the flight time is specified. A further distinction can be made between the RD
at a given time (instantaneous) and over a duration (cumulative), as formalized in the time-dependent
reachable domain (TDRD) framework [29,31].

The free-time RD represents the set of positions attainable without any restriction on flight
time, considering only energy or fuel constraints. This is the most common form in the literature,
representing the maximum spatial coverage under given maneuverability constraints [9]. Feng et
al. [59] noted that its envelope depends only on the maximum available energy, a property that
simplifies the solution process.

The fixed-time RD refers to the set of positions reachable at a specific time instant or within a
specified time window. This class is intimately connected with Lambert’s problem, as it must satisfy
both position and time constraints. Fixed-time RDs are essential for time-critical missions such as
rendezvous at a prescribed epoch or emergency return within a survivable window.

Within the fixed-time framework, Zhang et al. [29] distinguished two subcategories: the RD
at a given time R(t f ) (exactly at t f ) and the RD over a duration R([t0, t f ]) =

⋃
τ∈[t0,t f ]

R(τ). This
distinction is important in pursuit-evasion scenarios, where the interceptor may have flexibility in
interception time [31].

Denoting R(T) as the fixed-time RD and R∞ as the free-time RD, the following relationship
holds:

R(T) ⊆ R∞, R∞ =
⋃

t f ≥t0

R(t f ) (4)

This reveals a key insight: the free-time RD is the union of all fixed-time RDs over all possible terminal
times, rather than a limiting case at infinite time. In other words, any point in R∞ can be reached
within some finite time t f , though that time may be arbitrarily long. As the allowed time increases, the
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fixed-time RD expands monotonically, and every point in R∞ is eventually covered by R(T) for some
sufficiently large but finite T.

For small impulsive maneuvers under linearized dynamics, Ma and Zhang [31] proposed an
ellipsoidal approximation based on the state transition matrix:

R(t f ) ≈
{

ρ(t f ) = Φ(t f , t0)ρ0 + Ψ(t f , t0)∆v
∣∣∣ ∥∆v∥ ≤ ∆vmax

}
(5)

where Φ(t f , t0) is the state transition matrix that maps the initial relative state to the terminal relative
state under zero control, and Ψ(t f , t0) is the control influence matrix that maps the impulse vector
∆v to the terminal relative position. This linearized approximation is computationally efficient but
accurate only for small maneuvers and short propagation times.

Zhang et al. [29] provided a more rigorous formulation without linearization, explicitly enforcing
Keplerian propagation:

R(t f ) =

{
r(t f ) ∈ R3

∣∣∣∣∣ ∃∆v, ∥∆v∥ ≤ ∆vmax, r(t f ) = r(t0; r0, v0, ∆v),

Kepler’s equation satisfied at t f

}
(6)

The distinction between the two classes has profound implications. Free-time RDs are governed
by energy-optimality principles, while fixed-time RDs are governed by time-optimality principles. This
manifests in solution approaches: free-time problems often reduce to extremum seeking over orbital
parameters, whereas fixed-time problems require solving Lambert-type boundary value problems. From
an applications perspective, free-time RDs suit early mission design and capability assessment, while
fixed-time RDs are indispensable for time-critical operations such as pursuit-evasion and emergency
return.

2.4. Classification by Informational Attributes

A distinctive addition to the classification framework, motivated by orbital game scenarios, is the
informational attribute perspective. Unlike spatial and temporal attributes, which characterize intrinsic
geometric and temporal properties, the informational attribute addresses the epistemic uncertainty
associated with control inputs. In non-cooperative settings, the RD assumes two fundamentally
different roles: the deterministic RD and the predictive (threat) RD. Figure 2 illustrates this distinction
schematically.

Figure 2. Comparison of Deterministic and Predictive RDs.

The deterministic RD applies to scenarios where the spacecraft’s own control inputs are fully
known. Here, the admissible control set U is precisely characterized (e.g., ∥∆v∥ ≤ ∆vmax). The RD
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serves as a planning tool for trajectory design: given known initial state x0 and control capabilities,
the spacecraft can determine exactly which terminal states are achievable. Its computation reduces to
solving an optimal control or reachability problem with complete information.

In contrast, the predictive RD applies to scenarios where the target’s control inputs are unknown,
and only a bound on its maneuvering capability (e.g., ∆va

max) is available. This is the typical situation
in non-cooperative orbital games: a pursuer knows the evader’s fuel budget but not the exact timing,
direction, or magnitude of its maneuvers. The RD then serves as a prediction tool to estimate the set of
all possible states that the target could reach [67,68]. Formally:

Rpred(t f | ∆va
max) =

{
xa(t f )

∣∣∣∣∣ ∃ua(·) ∈ Ua(∆va
max), ẋa = fa(xa, ua, t),

xa(t0) = x0
a

}
(7)

This predictive set defines a threat envelope. For safe operation, the ego spacecraft’s trajectory should
be disjoint from this envelope: Rego(t) ∩ Rpred(t) = ∅. For interception, the pursuer seeks the
opposite: Rpursuer(t) ∩Revader(t) ̸= ∅.

The distinction becomes more significant under partial observability, where the adversary’s initial
state x0

a is also uncertain [69]. Wen and Gurfil [16] introduced the concept of RDs under initial state
uncertainties, modeling X0 as an ellipsoid or polytope rather than a singleton. The resulting predictive
set is the image of this initial uncertainty under dynamics, further bloated by unknown controls——a
problem requiring set propagation techniques (zonotopes, polynomial approximations) rather than
simple forward simulation.

The informational attribute thus introduces a crucial distinction often overlooked in classical
RD literature: whether control inputs are known (deterministic planning) or unknown but bounded
(predictive threat assessment). In orbital games, both perspectives are needed simultaneously: the ego
spacecraft plans using its deterministic RD while estimating the adversary’s predictive RD to assess
threats and identify opportunities. This dual perspective provides the theoretical foundation for the
orbital game applications discussed in Section 4.

3. Solution Methods for Spacecraft Reachable Domain
Based on the unified modeling framework established in Section 2, this section reviews the

core solution methods for computing spacecraft RD. Following the spatial-temporal classification
introduced in Section 2, we distinguish between spatial scale and time scale RD methods. Within
each category, we further categorize the methods according to their mathematical foundations. A
comparative summary and critical analysis are provided at the end of this section to guide method
selection for the orbital game applications analyzed in Section 4.

3.1. Methods for Spatial-Scale Reachable Domain

Spatial scale RD methods address the fundamental question: “What positions can the spacecraft
eventually reach if given unlimited time?” These methods consider only fuel/energy constraints and
are typically used in early mission design phases for capability assessment and target screening.
Three families of methods have been developed, each with distinct mathematical foundations and
computational characteristics.

3.1.1. Analytical and Semi-Analytical Methods

Analytical and semi-analytical methods exploit the integrability of two-body orbital dynamics to
derive closed-form or semi-closed-form expressions for RD boundaries. They treat the problem as a
geometric one——finding the envelope of a family of trajectories parameterized by control variables.
Computationally efficient and geometrically insightful, these methods typically assume two-body
dynamics and impulsive thrust, which are reasonable for many mission scenarios. Extensions to J2

perturbed dynamics [70] and continuous-thrust approximations have also been developed, albeit with
increased complexity.
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Figure 3 illustrates the general framework shared by these methods. The common principle is
to parameterize the RD boundary as an extremum problem over control variables such as maneuver
point location and impulse direction.

Input and Configuration

Orbit parameter: ݎ଴, ଴ݒ
Maneuverability: ∆ݒ௠௔௫
Dynamical model: Two-body

• Fixed maneuver point + 
Arbitrary impulse direction

• Arbitrary maneuver point + 
Fixed impulse direction

• Arbitrary maneuver point + 
Arbitrary impulse direction

Scenario selection
Establishing functions and variables

Establish the accessibility radius function
ܴ = (control variables)ܨ

The controlled variables include:
• true anomaly ݂
• imulse direction angle (ߙ, (ߚ
• Transfer angle ߠ

optimization solution

Solution: Newton-Raphson iteration
Solve the conditions for extreme 
values

߲ܴ
߲(control variables) 

= 0

optimization:
Introduce logarithmic 

coordinate transformation 
+ 

neighborhood initial guess

Extreme points identification

Obtain the extreme point of the 
reachable radius
Maximum point→outer boundary
Minimum point →inner boundary

Generation and output of  
RD boundaries

Symmetry extension: 
Regarding the initial orbital 
symmetry. Generate a 
complete 3D envelope 
surface of the RD.

Output: RD envelope surface
(analytical expression)

Figure 3. General computational framework of geometric and sampling methods for spatial-scale RD computation.

The foundational work by Xue et al. [7] first classified the single-impulse RD into three scenarios:
(i) fixed maneuver point with arbitrary impulse direction, (ii) arbitrary maneuver point with fixed
impulse direction, and (iii) arbitrary maneuver point with arbitrary impulse direction. This classifica-
tion established the basic framework for subsequent analytical developments. Three representative
approaches have since been developed along this line.

The algebraic criterion method [8] transforms the reachability check into a sphere-hyperbola
intersection problem. The set of all possible velocity vectors after an impulse is treated as a “maneuver
sphere”, while the set of velocity vectors required to reach a target position is treated as a “terminal
velocity hyperbola”. A target is reachable if and only if the hyperbola intersects or is tangent to
the sphere. This geometric insight is converted into an algebraic accessibility function ∆(P), with
∆(P) ≥ 0 indicating reachability. The minimum required impulse magnitude is obtained by solving
∆(P) = 0 via Newton iteration. The method provides rapid feasibility assessment, but the numerical
implementation is sensitive to initial guesses, and multiple solutions may exist without automatic
criteria for selecting the physically relevant one.

The extremum envelope method [14] addresses the exact determination of RD boundaries. Rather
than solving intersection conditions, it expresses the target position as the product of a direction vector
and a distance, then establishes the reachable radius R as a function of control variables such as true
anomaly f and impulse direction angles α, β. For each fixed direction in space, the maximum reachable
distance is found by solving the gradient-zero condition ∂R/∂θ = 0 using Newton-Raphson iteration.
Logarithmic coordinate transformation and neighborhood initial guess strategies are employed to
ensure numerical stability. The envelope surface is constructed by collecting these extremal points
across all directions. This method yields exact three-dimensional envelope surfaces, significantly
outperforming the over-approximated results of Xue et al. [7], but still relies on numerical iteration for
each boundary point.

The characteristic ellipse approximation method [15] completely avoids iterative computations
by sacrificing a small amount of precision. The key insight is that the RD can be decomposed into two
subdomains, with the inner and outer boundaries approximated by six characteristic ellipses, each
given by closed-form expressions derived from orbital transfer geometry. The final RD is obtained
by taking the convex hull of these six ellipses. This method achieves approximately 97% accuracy
under typical conditions with extremely low computational cost, making it suitable for online real-time
mission planning. The main limitation is that accuracy degrades when the impulse magnitude exceeds
approximately 2000 m/s, as the underlying geometric assumptions break down.

Together, these three methods represent different trade-offs between geometric exactness and
computational efficiency. The algebraic criterion is best suited for rapid feasibility checking, the ex-
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tremum envelope for precise boundary determination requiring higher accuracy, and the characteristic
ellipse approximation for real-time applications where speed is paramount.

3.1.2. Numerical Optimization Methods

Numerical optimization methods offer an alternative paradigm for RD computation. Unlike ana-
lytical methods that seek closed-form expressions through geometric insight, numerical optimization
methods treat the RD problem as an optimal control problem, solving for trajectories that define the
boundary. These methods are particularly valuable when the problem involves complex dynamics
(e.g., J2 perturbation), continuous thrust, or multiple constraints that resist analytical treatment. They
offer greater flexibility at the cost of higher computational expense and dependence on numerical
solvers.

Figure 4 shows the overall framework. The continuous optimal control problem is discretized or
transformed and then solved using specialized algorithms. Early work by Wei and Li [10] employed
numerical methods to investigate the absolute RD under continuous finite thrust, comparing the
results with impulsive thrust cases and revealing significant morphological differences between the
two thrust models. Two categories of numerical optimization methods are distinguished by their
solution philosophy.

Problem definition and 
dynamics modeling

Dynamics Modeling
• Two-body
• J2 perturbation

Thrust model
• Continuous thrust
• Multiple impulse

constraint condition
• Fuel
• Time
• Path
• Terminal

optimizing index
• maximum range
• Minimum fuel
• minimum time

Formalization of the 
optimal control problem

min
௃
ܬ = ߶ x ௙ݐ +නܮ(x,ݑ)

s.t.
ẋ = ݂(x,ݑ, ,(ݐ
x 0 = x଴,
݃(x,ݑ) ≤ 0,
ℎ x ௙ݐ =0

Discretization of the 
problem

Discretization method
• Collocation Method
• Multiple Shooting 

Method

Converting to an NLP problem 
and solving it

Transform into nonlinear 
programming(NLP)

min
௎

(ܷ,ܺ)ܨ
s.t.

ܿ(ܺ, ܷ) ≤ 0
ܿ௘௤ ܺ,ܷ = 0

NLP Solver

• SQR
• Interior point 

method

Initial 
guess

Iteration 
convergence

Result output and 
application

Convergence 
judgment

Obtain the optimal 
trajectory set

Solving for multiple 
target directions

Reachable set 
numerical boundary 
(trajectory/point set)

Figure 4. General computational framework of numerical optimization methods for spatial-scale reachable
domain computation.

Indirect methods are based on Pontryagin’s maximum principle, which derives necessary condi-
tions for optimality and transforms the problem into a two-point boundary value problem (BVP). Wang
and Jiang [21] applied this approach to continuous low-thrust RDs within the framework of linearized
relative motion equations (Tschauner-Hempel equations). Notably, their method yields analytical
solutions for the RD envelope and its optimal control profile, demonstrating that indirect methods
can, in certain linearized settings, produce closed-form expressions rather than purely numerical
solutions. The Hamiltonian is formulated and optimality conditions are derived, yielding a BVP with
boundary conditions specified at the initial and terminal times. The BVP is then solved numerically
using shooting methods, typically requiring iterative adjustment of initial costate guesses.

In contrast, direct methods discretize the continuous-time optimal control problem and transform
it into a nonlinear programming (NLP) problem, offering greater robustness to initial guesses. Using
direct collocation methods, the time horizon is discretized (e.g., via Gauss pseudospectral or multiple
shooting techniques), with the continuous dynamics approximated as algebraic constraints at the dis-
cretization nodes and the cost function approximated via quadrature. The resulting finite-dimensional
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NLP is then solved using standard solvers such as SNOPT or IPOPT. For reachable set computation,
pseudospectral methods have been effectively employed for lunar landing reachability analysis [71]
and cislunar low-thrust trajectory optimization [72]. The efficiency of these approaches can be further
enhanced by exploiting sparsity in the resulting NLPs [73]. Direct methods are more robust to initial
guesses than indirect methods because they do not require explicit derivation of optimality conditions
or costate initialization, and they can readily handle complex constraints including state and control
bounds, path constraints, and terminal conditions. The trade-off is that solution optimality depends
on discretization resolution: coarse discretization may miss fine details of the RD boundary, while fine
discretization leads to large NLP problems that are computationally expensive. Nevertheless, direct
methods are widely used in engineering practice due to their flexibility and robustness.

3.1.3. Geometric and Sampling Methods

When analytical methods are inapplicable and numerical optimization methods are computa-
tionally prohibitive, sampling methods provide a pragmatic alternative. These methods treat the RD
problem as a set estimation problem, approximating the reachable set through random or uniform
sampling of the control space. They make few assumptions about the model but sacrifice exactness
and efficiency.

Figure 5 presents the common workflow. The basic idea is to sample the control space, propagate
the dynamics forward, and extract the RD boundary from the resulting point cloud.

Start: parameter setting

 Number of samplings N
 Control the range of 

variables
• Impulse direction
• Maximum impulse
• Maneuver point

 Dynamics model and 
integration settings

Monte Carlo/Sampling Loop(for k=1 to N)

Control variable random/uniform sampling
• Impulse direction (ߙ௞ , (௞ߚ or thrust time ݑ௞ ݐ
• Impulse magnitude ∆ݒ௞ ≤ ௠௔௫ݒ∆
• Maneuver point ௞݂

Positive integral dynamic equation
• Two-body
• J2 perturbation

Record the terminal position ݎ௞

Boundary extraction of the 
reachable domain

Geometric algorithm for extracting 
the boundary of the RD
• Convex hull algorithm
• Concave hull Algorithm
• Delaunay triangulation

Does increasing the sampling 
points significantly alter the 
shape of the boundary?

Convergence verification

Result output
Output the approximate boundary 
of the RD (set of points / grid) 

k = i (i<N)

k = N

Increase N, resample

Yes

No

Figure 5. General computational framework of geometric and sampling methods for spatial-scale RD computation.

The Monte Carlo sampling method is the most versatile approach. Control variables (impulse
direction, magnitude, maneuver point, or thrust time history) are randomly or uniformly sampled
according to their admissible ranges. The dynamics are propagated forward from the initial state for
each sample, yielding a cloud of terminal state points. The RD boundary is then extracted from this
point cloud using convex hull algorithms (for convex domains) or α-shape algorithms (for non-convex
domains). Du and Yang [74] used Monte Carlo simulation to verify the accuracy of their analytical
model for single-impulse RDs. Sampling-based validation has also been employed in other studies to
confirm analytical RD boundaries [9,14,75].

The main limitation of sampling methods is their slow convergence rate. For Monte Carlo
sampling, the root mean square error of the estimate decreases as O(1/

√
N), where N is the number

of samples. Achieving high precision therefore requires a large number of samples, which increases
computational cost. Moreover, sampling methods provide no guarantees of covering the true RD—rare
but important extremal trajectories may be missed by random sampling.

Nevertheless, their simplicity and minimal assumptions on the model make them attractive for
validation purposes. Unlike analytical or numerical optimization methods, sampling methods do not
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require differentiability, convexity, or closed-form dynamics; they only require the ability to propagate
the state forward for any given control input. This makes them particularly useful for verifying results
obtained by other methods, especially when the problem involves complex dynamics or uncertainties.

3.1.4. Comparison and Selection Guide for Spatial-Domain Methods

The three families of spatial-domain methods presented above differ fundamentally in their
mathematical principles, computational characteristics, and applicability domains. To provide an
intuitive visual comparison, Figure 6 presents a radar chart evaluating these methods across five key
dimensions: computational efficiency, solution accuracy, model flexibility, implementation complexity
(lower is easier), and robustness under uncertainty.

Figure 6. Radar chart comparison of spatial-domain reachable domain methods.

The radar chart reveals the distinct trade-offs among the three method families. Analytical
methods achieve the highest computational efficiency and provide valuable geometric insights, though
their model flexibility is limited to two-body dynamics and impulsive thrust. Numerical optimization
methods excel in solution accuracy and model flexibility, capable of handling complex dynamics
and constraints, but incur the highest computational cost and implementation complexity. Sampling
methods are distinguished by their dimension-independent convergence, which makes them well-
suited for high-dimensional problems where other methods struggle with the curse of dimensionality.
Their primary limitation is the slow convergence rate, requiring a large number of samples to achieve
high accuracy. This makes them ideal for validation and exploratory analysis, though less suitable for
high-precision or real-time applications.

Based on these characteristics, each method family is suited for specific application scenarios.
Analytical methods are preferred for preliminary mission design and rapid capability assessment,
where computational speed is prioritized over model fidelity. Numerical optimization methods are
suitable for scenarios requiring high accuracy under complex dynamics, such as J2 perturbation or
continuous thrust. Sampling methods serve as validation tools and are valuable when the problem
involves high-dimensional uncertainties or black-box dynamics that resist analytical treatment.

In practice, these methods can be used in a complementary manner. A potential workflow begins
with analytical methods for initial screening to identify promising candidates. Numerical optimization
can then be applied for precise boundary computation of the shortlisted candidates. Finally, sampling
methods may validate the results under model uncertainties, providing additional confidence for
mission planning decisions.
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3.2. Methods for Time-Scale Reachable Domain

While spatial-scale methods focus on the maximum spatial envelope reachable under fuel or
energy constraints, time-scale reachable domain (TSRD) methods address a more constrained and
practically relevant problem: the set of positions that a spacecraft can reach at a specific time t f

or within a specified time window [t1, t2]. Unlike free-time RDs, where the spacecraft can exploit
arbitrarily long flight times to achieve energy-optimal transfers, TSRDs must satisfy both position
and temporal constraints simultaneously. This coupling arises from Kepler’s equation, which relates
transfer time to orbital geometry and admits no closed-form solution. Consequently, TSRDs are always
proper subsets of their free-time counterparts:

R(t f ) ⊆ R∞, R([t1, t2]) =
⋃

τ∈[t1,t2]

R(τ) ⊆ R∞ (8)

Despite their importance in time-critical missions such as orbital interception, rendezvous at a
prescribed epoch, and emergency return within a survivable window, the literature on TSRD remains
relatively sparse. Most existing studies still rely on free-time approximations or linearized models that
neglect the nonlinear coupling between time and position. To date, only a few dedicated TSRD solution
methods have been developed. These methods can be classified into three categories according to their
mathematical foundations and the trade-offs they strike between computational efficiency and model
fidelity.

3.2.1. Linearized Ellipsoidal Approximation Method

For scenarios involving small impulse magnitudes and short propagation times, Ma and Zhang
[31] proposed an ellipsoidal approximation method based on the linearized state transition matrix
(STM). The key idea is to linearize the two-body dynamics around a nominal trajectory, which allows
the impulsive RD to be approximated as a linear transformation of the initial maneuver sphere.

Under this linearization, the deviation vector ∆r f at terminal time t f is related to the impulse
vector ∆v by:

∆r f = Φ12∆v (9)

where Φ12 ∈ R3×3 is the position-velocity sub-block of the two-body STM. The set of admissible
impulses forms a sphere: ∥∆v∥ ≤ ∆vmax. Under linear mapping, this sphere becomes an ellipsoid in
position space:

∆rTf Λ∆r f = 1, Λ = (Φ−1
12 )

T
(

1
∆v2

max
I
)

Φ−1
12 (10)

This ellipsoid serves as an approximate description of the TSRD envelope at time t f . The method
is computationally efficient, requiring only matrix multiplications and a simple root-finding step,
making it suitable for real-time applications such as onboard pursuit impulse calculation. However, its
accuracy is fundamentally limited by the linearization assumption. The linearized approximation is
valid only when the propagation time is sufficiently short relative to the orbital period.

3.2.2. Exact Envelope Determination Method

To overcome the limitations of linearized approximations, Zhang et al. [29] developed an exact
method for TSRD computation that does not rely on linearization. This method treats the TSRD
envelope as the solution to a constrained extremum problem in the space of maneuver parameters.

The approach begins by parameterizing the transfer orbit orientation using two angles: β (the
rotation angle between the initial orbital plane and the transfer plane) and θ (the variation of true
anomaly along the transfer orbit). For a given β, the admissible range of θ at time t f is determined by
solving Kepler’s equation via an unconstrained nonlinear programming formulation:

min{∆ fmin(α) = ∆ f , ∆ fmax(α) = −∆ f } (11)
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where α is the angle describing the direction of the impulse within the transfer plane. The extremal val-
ues of the terminal radius r f for each orientation (β, θ) are then obtained by solving the time constraint
equation ∆t(α) = t f using numerical root-finding (e.g., Newton-Raphson iteration). The complete
TSRD envelope is constructed by collecting these extremal points across all feasible orientations.

The method distinguishes between two subcategories of TSRD: the RD at a given time R(t f )

and the RD over a duration R([t1, t2]). For the latter, the equality constraint ∆t = t f is replaced by
inequality constraints t1 ≤ ∆t ≤ t2, and the envelope is obtained by solving a constrained nonlinear
programming problem.

The exact method achieves high accuracy, with the computed envelope closely matching Monte
Carlo simulation results. However, this accuracy comes at a significant computational cost: solving a
single TSRD envelope requires 3–4 seconds on a modern processor, and the algorithm involves nested
iterations over β, θ, and α. This computational burden limits its applicability to offline analysis or
scenarios where real-time performance is not required.

3.2.3. Fast Analytical Approximation via Series Expansion

Recognizing the need for a method that balances accuracy and efficiency, Yang et al. [30] proposed
a fast analytical approximation for TSRD computation. This method leverages the universal variable
formulation of Lambert’s problem and a second-order series expansion of Kepler’s equation, thereby
avoiding numerical iterations altogether.

The fundamental innovation lies in the analytical treatment of the eccentric anomaly E. Using the
series expansion method valid for orbits with eccentricity e < 0.5, the eccentric anomaly is expressed
as:

E = M +

(
e − e3

8

)
sin M +

e2

2
sin 2M +

3e3

8
sin 3M + O(e4) (12)

where M = M0 + n∆t is the mean anomaly. Substituting this expansion into the universal variable
formulation yields closed-form expressions for the Lagrange coefficients f and g, which then allow the
terminal position to be computed as:

r(t f ) = f (t f , ∆v)r0 + g(t f , ∆v)(v0 + ∆v) (13)

For a given flight time t f and impulse magnitude ∥∆v∥, the terminal position r(t f ) becomes
an explicit function of the impulse direction angles (α, β). The TSRD envelope is then obtained by
uniformly sampling the unit sphere of impulse directions, a process that takes only milliseconds to
complete.

The method is particularly well-suited for near-circular orbits and short-to-medium propagation
times. Under these conditions, the position error introduced by the second-order truncation remains
relatively modest, and is generally not the dominant source of trajectory deviation compared to the
effects of orbital perturbations and measurement uncertainties. Moreover, any residual truncation error
can be compensated by a rolling feedback mechanism when the method is embedded in a closed-loop
guidance framework. For orbits with larger eccentricities, the series expansion can be extended to
higher orders to maintain accuracy, albeit with a moderate increase in computational cost. This tunable
trade-off between accuracy and speed makes the fast analytical approximation method a practical
choice for real-time onboard applications.

3.2.4. Comparative Summary of TSRD Methods

To illustrate the applicability of the linearized ellipsoidal approximation, Figure 7 compares the
TSRD envelopes obtained by the STM-based linearized method (Method 1) and the fast analytical
approximation (Method 2) at short and long propagation times, with Monte Carlo simulation results
serving as the ground truth for reference.
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(a) Short propagation time (b) Long propagation time
Figure 7. Comparison of TSRD envelopes from different methods with Monte Carlo reference.

As shown in Figure 7, at short propagation times, both methods yield comparable results. How-
ever, when the propagation time increases, the STM-based method exhibits obvious deviation, whereas
the fast analytical approximation retains its accuracy. This confirms that the STM-based linearized
approximation is suitable only for short-time applications.

Regarding computational efficiency, the three methods exhibit distinct characteristics. The lin-
earized ellipsoidal approximation [31] is the most efficient, as it relies solely on matrix operations and
a simple root-finding step. The fast analytical approximation [30] also achieves low computational cost
by avoiding numerical iterations through series expansion, making it suitable for real-time onboard
applications. The exact envelope determination method [29], while offering the highest accuracy,
requires nested numerical iterations and solving Kepler’s equation, resulting in significantly higher
computational expense.

Given the current scarcity of TSRD literature, these three methods represent the state of the art. In
practical applications, a hybrid strategy can be adopted: the STM-based method is recommended for
short-time scenarios where efficiency is prioritized, while the fast analytical approximation or the exact
envelope determination should be employed for long-time scenarios where accuracy becomes critical.

4. Applications of Reachable Domain in Orbital Games
4.1. Fundamentals of Orbital Games and the Role of Reachable Domain
4.1.1. Typical Scenarios and Classification of Orbital Games

Orbital games refer to scenarios in which two or more spacecraft engage in competitive or
cooperative interactions through orbital maneuvers, typically involving pursuit, evasion, encirclement,
or protection. These problems have attracted increasing attention due to the growing demand for
on-orbit servicing, active debris removal, and space situational awareness.

Depending on the number of participating spacecraft and their interaction patterns, orbital games
can be classified into three typical categories.

The first category is pursuit-evasion games, which represent the most fundamental orbital game
paradigm. In this setting, a pursuer spacecraft aims to intercept or rendezvous with an evader, while
the evader attempts to escape or avoid capture. This problem is closely related to interception feasibility,
fuel consumption, and time-critical mission constraints [31,32].

The second category is cooperative encirclement, where multiple chasing spacecraft coordinate
their maneuvers to surround or capture a non-cooperative target. This scenario is particularly relevant
to multi-agent space missions, such as cooperative inspection, coordinated interception, and formation-
based capture [38,67].

The third category is threat avoidance and defense, in which an ego spacecraft must evade
potential threats posed by an adversarial or non-cooperative object. The objective is to maintain a safe
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separation distance or to avoid entering regions where the adversary’s capture capability is effective
[43,68].

These three categories share a common mathematical core: in each case, the spacecraft’s maneu-
vering capability is bounded by fuel or thrust constraints, and the interaction outcome is determined
by whether one spacecraft’s reachable set intersects with another’s trajectory or reachable set. This
inherent connection provides a unifying perspective for analyzing orbital games through the lens of
RD theory.

The three scenarios illustrated in Figure 8 demand different yet interconnected uses of RD theory.
In pursuit-evasion games, the core question is whether the pursuer’s RD intersects the evader’s
reachable set within the available time and fuel budget. In cooperative encirclement, the focus shifts
to how multiple pursuers’ RDs can collectively cover the target’s escape routes. In threat avoidance,
the emphasis is on keeping the ego spacecraft’s trajectory disjoint from the adversary’s predictive RD.
The following sections will examine, in turn, how RD methods have been applied to each of these
scenarios.

Figure 8. Typical scenarios of orbital games.

4.1.2. Dual Role of Reachable Domain in Orbital Games

As established in Section 2.4, the RD assumes two fundamentally different roles depending
on whose control inputs are being considered: the deterministic RD for known maneuvers and the
predictive RD for unknown but bounded adversarial maneuvers. In orbital game scenarios, this
distinction translates directly into a dual-use framework.

On one hand, each participating spacecraft can compute its own deterministic RD to support
proactive decision-making. For a pursuer, this domain answers the question: "Given my fuel budget
and thrust capability, what target states can I reach?" For an evader, it informs: "What escape trajectories
are available to me?" This perspective corresponds to planning under complete information about
one’s own control [22,76].
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On the other hand, when confronting a non-cooperative adversary with unknown maneuver
timing or direction, the predictive reachable domain serves as a threat envelope. The pursuer can
estimate the set of all possible states the evader could reach using only the bound on its maneuvering
capability. This perspective corresponds to threat assessment under partial information [69,77].

4.2. One-on-One Pursuit-Evasion Games

The fundamental problem in one-on-one pursuit-evasion games is determining whether a pursuer
can intercept an evader given their respective maneuvering capabilities. The RD framework provides
an elegant answer: interception is feasible if and only if the pursuer’s RD intersects the evader’s
reachable set within the mission constraints. This set-theoretic formulation transforms a dynamic
game problem into a geometric condition, enabling systematic analysis of interception feasibility, fuel
requirements, and time constraints. More specifically, a sufficient condition for the pursuer to guarantee
interception is that the evader’s entire RD is contained within that of the pursuer. Conversely, if the
pursuer’s RD is entirely disjoint from the evader’s reachable set, successful interception is impossible.
These conditions can be expressed formally as:

Guaranteed interception: Re(t) ⊆ Rp(t), ∀t ∈ [t0, t f ],

Impossible interception: Rp(t) ∩Re(t) = ∅, ∀t ∈ [t0, t f ],

where Rp(t) and Re(t) denote the RDs of the pursuer and evader at time t, respectively. Between
these two extremes lies the regime of probabilistic or conditional interception, where the outcome
depends on the specific maneuvers chosen by the evader.

For free-time interception where no time constraint is imposed, the condition reduces to whether
the union of the pursuer’s RDs over all future times overlaps with that of the evader. Ma and Zhang
[31] quantified this condition through RD coverage analysis: the minimum Delta-V required for
interception is determined by the geometric overlap between two ellipsoidal RDs under the Clohessy-
Wiltshire framework. Wang et al. [34] extended this line of research by developing a feasibility analysis
method for orbital pursuit-evasion missions based on single-impulse RDs, providing practical criteria
for mission planning. For continuous thrust scenarios, Gong et al. [32] established that interception is
guaranteed if the pursuer’s RD eventually encloses the evader’s entire trajectory, which is a dynamic
extension of the set containment condition stated above. Bowerfind and Taheri [23] developed rapid
approximation methods for low-thrust reachable sets using indirect multi-stage algorithms, achieving
near-real-time computation suitable for onboard interception feasibility assessment.

When interception must occur at a specific time or within a time window, the fixed-time RD
becomes essential, and the containment condition must be evaluated at the prescribed terminal time
rather than over all future times. Zhang et al. [29] systematically distinguished two subproblems:
interception at a prescribed time t f and interception within a window [t1, t2]. For the former, the
condition reduces to a membership test of the evader’s predicted position in Rp(t f ). For the latter,
one must evaluate whether Re(τ) ⊆ Rp(τ) for some τ ∈ [t1, t2], which is computationally more
demanding as it requires analyzing the union of RDs over a continuous interval. The authors developed
an exact envelope determination method that solves Kepler’s equation numerically, providing high
accuracy for offline analysis. For scenarios requiring real-time decision-making, Zhang et al. [36]
proposed an analytical impulse thrust strategy for spacecraft pursuit-evasion games that accounts for
mass variation and perception frequency. Their method leverages the RD to compute optimal impulse
timing and direction without iterative numerical optimization. From the learning perspective, Qiao et
al. [41] introduced a time-limited RD-guided learning method for spacecraft game decision-making.
This approach integrates RD computations with deep reinforcement learning: the RD provides a safety
certificate that guides exploration during training, while the neural network approximates the optimal
policy for real-time execution. The time-limited RD is particularly well-suited for this purpose because
it respects mission time constraints, which are often critical in orbital pursuit-evasion scenarios.
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Beyond the basic interception problem, the RD framework also supports the analysis of equilib-
rium strategies in pursuit-evasion games. Li et al. [78] developed a Nash equilibrium solution method
based on the relative motion reachable set. Their key contribution is transforming the pursuit-evasion
game into a set-based optimization problem where equilibrium corresponds to mutual RD conditions.
Xu et al. [79] extended this approach to continuous thrust scenarios, proposing numerical methods
for Nash equilibrium using RD analysis. The non-convexity of continuous thrust RDs requires global
optimization techniques, making the problem more computationally demanding but also more realistic
for high-fidelity mission analysis. A critical engineering decision in any such analysis is the choice
between impulsive and continuous thrust models. Impulsive models, such as those analyzed by Ma
and Zhang [31] and Wang et al. [34], assume instantaneous velocity changes and produce convex RDs,
enabling efficient interception condition checks including the containment test Re ⊆ Rp. Continuous
thrust models, as studied by Gong et al. [32] and Bowerfind and Taheri [23], yield non-convex RDs
but capture the realistic evolution of thrust over time. For practical mission design, the recommended
strategy is to use impulsive models for preliminary feasibility assessment and real-time guidance, while
reserving continuous thrust models for high-fidelity offline analysis where accuracy is paramount.

4.3. Multi-Agent Cooperative Games

In contrast to one-on-one pursuit-evasion scenarios, multi-agent cooperative games involve
multiple spacecraft working together to achieve a common objective, such as surrounding a non-
cooperative target or coordinating interception from multiple directions. The RD framework extends
naturally to these settings by considering the collective coverage of multiple pursuers’ reachable sets. A
fundamental condition for successful cooperative encirclement is that the target’s entire RD is covered
by the union of all chasers’ RDs:

Rt(t) ⊆
n⋃

i=1

Ri(t), ∀t ∈ [t0, t f ],

where Rt(t) is the target’s RD and Ri(t) is the RD of the i-th chaser. When this condition holds,
the target has no escape opportunity regardless of its maneuver choices, representing a cooperative
analog of the guaranteed interception condition in one-on-one games. Conversely, if a gap exists in the
coverage, the target may exploit that gap to evade capture.

The design of cooperative encirclement configurations has been investigated by several re-
searchers. Li et al. [37] studied cooperative encirclement of non-cooperative targets using spacecraft
swarms, proposing a semi-analytical solution for the cooperative RD. Their analysis revealed that
three chasers forming an equilateral triangular configuration provide optimal coverage for planar
encirclement scenarios, as this arrangement minimizes the uncovered region while using the mini-
mum number of chasers. The coverage condition can be verified by checking whether the target’s
reachable ellipsoid is completely contained within the Minkowski sum of the chasers’ reachable
ellipsoids. For scenarios requiring higher reliability, additional chasers can be deployed to create
overlapping coverage regions, providing redundancy against individual chaser failures or unexpected
target maneuvers.

When the target is not stationary but actively maneuvering, the encirclement problem becomes
more challenging because the coverage condition must hold over an extended time horizon. Li and
Zhang [38] extended the analysis to relative RDs in target-centered reference frames, computing for a
given target orbital state the set of relative positions from which a chaser can intercept any potential
escape trajectory. This "capture region" serves as a guidance map for positioning chasers to maximize
encirclement effectiveness. The authors demonstrated that by maintaining each chaser’s position
within its respective capture region, the coalition can guarantee that the target remains encircled
despite its maneuvering attempts. Lin and Zhang [25] further extended this analysis to elliptical
reference orbits using continuous-thrust reachable sets for linear relative motion described by the
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Tschauner-Hempel equations, providing more accurate encirclement guidance for missions in highly
elliptical orbits where the circular-orbit approximation is inadequate.

Beyond encirclement, the RD framework also supports cooperative interception where multiple
interceptors are tasked with capturing one or more targets. Qing and Zhang [39] studied multi-to-multi
spacecraft impulsive cooperative interception based on RD coverage. Their task allocation formulation
treats each target as covered if at least one interceptor’s RD intersects the target’s reachable set within
the mission time window. The overall mission success probability can be estimated from individual
interception probabilities:

Psuccess = 1 −
n

∏
i=1

(1 − pi),

where pi is the interception probability of the i-th interceptor, estimated from the volumetric overlap
between the interceptor’s RD and the target’s reachable set. This formulation assumes independence
of interception attempts, which is a reasonable approximation when interceptors operate from distinct
initial positions and the target’s maneuver strategy is unknown. For scenarios with a single highly
maneuverable target, Wang and Zhang [40] developed an impulsive maneuver strategy that uses
RD predictions to guide interceptor positioning without requiring explicit target maneuver models,
achieving robust performance under sparse reward conditions through a concept they term "RD
compression."

For multi-pursuer/one-evader scenarios, Li et al. [80] proposed a geometric method based on
RD theory. Their approach transforms the Nash equilibrium condition into a RD equivalence repre-
sentation, where the equilibrium terminal time is determined by checking the geometric relationship
between the pursuers’ reachable sets and the evader’s reachable set. Using grid-point search to
compute RD boundaries and solid angle calculation to quantify coverage, the method reduces compu-
tational time from over two hours required by traditional differential game methods to approximately
twelve minutes, demonstrating the practical advantage of reachable set-based approaches.

A critical consideration in multi-agent cooperative games is the coordination mechanism used
to achieve collective coverage. Centralized coordination, where a single agent computes the optimal
coverage configuration and assigns positions to all chasers, is conceptually straightforward and can
achieve global optimality [37,39]. However, it suffers from single-point-of-failure vulnerability and
requires reliable communication links. Decentralized coordination, where each spacecraft computes its
own RD and negotiates coverage through local information exchange, offers greater robustness and
scalability at the cost of optimality guarantees [40]. Hybrid approaches that combine offline centralized
planning with online decentralized adjustment have also been explored, offering a pragmatic trade-off
between optimality and robustness for practical mission design.

4.4. Threat Avoidance and Defense Games

While Sections 4.2 and 4.3 focus on the pursuer’s perspective of intercepting or encircling a target,
this section addresses the dual problem from the evader’s or defender’s perspective: how to avoid
capture, evade threats, or protect high-value assets from adversarial approach. The earliest work
recognizing that reachable domains can serve as a tool for safety analysis dates back to the early
2010s [42], establishing the foundation for subsequent threat avoidance studies. Threat avoidance and
defense games are particularly relevant for space asset protection, on-orbit servicing safety, autonomous
collision avoidance, and spacecraft operation in debris-populated environments. The fundamental
condition for safe operation is that the ego spacecraft’s trajectory remains disjoint from the adversary’s
RD, augmented by a safety buffer to account for navigation errors and control uncertainties:

xego(t) /∈ Radv(t)⊕Bsafety, ∀t ∈ [t0, t f ],

where Radv(t) is the adversary’s predictive RD and Bsafety is a safety buffer zone (e.g., a sphere of
radius rsafe). Conversely, an adversary is considered successfully deterred if its predictive RD has no
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intersection with the asset’s RD: Radv(t) ∩Rasset(t) = ∅. Between these two extremes lies a gray zone
where the outcome depends on maneuver timing, information asymmetry, or relative fuel budgets.

The core idea of using RDs for threat avoidance is to treat the adversary’s maneuvering capability
as a threat envelope that the ego spacecraft must avoid. Zhang et al. [35] proposed a threat avoidance
strategy for spacecraft maneuvering approach based on orbital RD analysis, demonstrating that a
safe approach trajectory can be incrementally constructed by ensuring the ego spacecraft remains
outside the target’s predictive RD at all times. This predictive reachable domain is computed based
on the target’s maximum maneuvering capability, which is typically the only available information
in non-cooperative settings. The method produces safer trajectories than traditional potential field
methods, particularly when the target’s maneuver timing is uncertain. Building on this work, Zhang et
al. [43] extended the analysis to orbital threat assessment, providing methods to compute the minimum
safe distance and identify safe time windows during which the threat level is acceptably low. These
safe windows are particularly useful for mission planning in cluttered or adversarial environments, as
they allow the spacecraft to schedule critical operations during periods of reduced risk.

The first extension considers passive threats, where the adversary is not actively maneuvering but
poses a collision risk due to its uncontrolled motion. Wen and Gurfil [44] applied the RD method to
model the early-to-medium-term evolution of debris clouds following satellite breakups. By treating
each debris fragment’s RD as an expanding set, they demonstrated that the overall debris cloud’s
spatial distribution could be efficiently approximated without propagating individual trajectories. This
approach enables spacecraft operators to assess collision risk from debris clouds and plan avoidance
maneuvers accordingly. Xu et al. [45] proposed a zonotope-based method for computing reachable
sets of satellite relative motion, achieving a balance between computational efficiency and geometric
accuracy. Zonotopes preserve convexity while capturing more geometric detail than ellipsoidal
approximations, enabling real-time collision checking for proximity operations where safety margins
are measured in meters rather than kilometers. For collision avoidance against debris objects, Li and
Zhang [46,47] proposed both continuous-thrust and impulsive optimal avoidance maneuvers based
on RD analysis. Their key result is that the minimum required Delta-V for collision avoidance can
be computed by solving for the shortest distance between the ego spacecraft’s RD and the threat
object’s predicted trajectory. This formulation unifies collision avoidance with interception analysis:
interception seeks to reduce the distance between RDs to zero, while avoidance seeks to maximize that
distance.

The second extension addresses active threats, where the adversary maneuvers intelligently to
pursue or intercept the ego spacecraft. From the evader’s perspective, this becomes a pursuit-evasion
game where the goal is to maximize the distance from the pursuer’s RD. Zhang et al. [48] developed
an escape-zone-based optimal evasion guidance strategy against multiple orbital pursuers. Their
key contribution is the concept of the "escape zone"—the set of states from which the evader can
successfully avoid capture regardless of the pursuers’ strategies. By computing the boundary of
this escape zone using RD analysis, the evader can identify safe regions in the state space and plan
trajectories that maximize the minimum distance to the pursuers’ RDs.

The third extension considers cooperative defense, where a single spacecraft’s avoidance capability
is insufficient and multiple guardians must coordinate to protect a high-value asset. Zhang et al. [49]
proposed a cooperative guard strategy based on RD coverage. The guardians maintain a defense
perimeter by positioning themselves such that the union of their RDs completely covers the asset’s
vulnerable directions. The required number of guardians scales linearly with the angular span of the
asset’s vulnerable directions, and the authors derived conditions for minimal guardian configuration.
When the adversary’s predictive RD can be estimated, the protection condition becomes Radv(t) ∩
Rasset(t) = ∅, which can be maintained by the guardians through continuous adjustment of their
positions to close emerging coverage gaps. This cooperative defense paradigm is particularly relevant
for protecting space stations, critical communication satellites, or on-orbit servicing facilities.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 June 2026 doi:10.20944/preprints202606.0269.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202606.0269.v1
http://creativecommons.org/licenses/by/4.0/


20 of 26

The fourth extension incorporates real-world dynamical effects that alter the shape and orien-
tation of threat envelopes. Gao et al. [81] addressed threat region assessment under J2 perturbation,
comparing the RD distribution under the two-body model and the J2-perturbed model. Their anal-
ysis revealed that Earth’s oblateness significantly affects the spatial distribution of the RD, altering
both its size and orientation. Based on this finding, they further investigated the spatial rendezvous
characteristics between a non-cooperative target’s RD and the orbits of potential threats, enabling
quantitative threat region assessment. To comprehensively evaluate medium-to-long-term collision
risks, they constructed an assessment index system that includes Effective Coverage Rate, Distribution
Concentration, and Distribution Skewness. This framework provides quantitative support for space
situational awareness and orbit protection decision-making in low Earth orbit where J2 effects cannot
be neglected.

The methods reviewed in this section cover passive threats, active evasion, cooperative defense,
and perturbation effects. Together, they provide a set of practical approaches for designing safe
spacecraft operations in adversarial or uncertain environments. Combined with the pursuit and
encirclement methods from Sections 4.2 and 4.3, these approaches complete a unified RD framework
for orbital game analysis from both offensive and defensive perspectives.

5. Challenges and Future Directions
5.1. Limitations of Existing Approaches

Despite significant progress in RD modeling, computation, and applications, several limitations
persist that constrain the applicability of existing methods to real-world orbital game scenarios.
These limitations span three interconnected aspects: modeling fidelity, computational efficiency, and
scalability under uncertainty.

The first limitation concerns the modeling fidelity of existing RD methods. The vast majority of
studies assume two-body dynamics or linearized relative motion, with only preliminary extensions
to J2 perturbation [70] and the circular restricted three-body problem [56]. Most methods further
assume impulsive thrust [8,14] or simplified continuous-thrust models [32], neglecting the practical
constraints of finite specific impulse, thrust magnitude limits, and attitude control coupling. These
modeling simplifications, while enabling analytical tractability, limit the applicability of RD methods
to real-world orbital scenarios where perturbations, nonlinearities, and operational constraints cannot
be ignored.

The second limitation is the persistent trade-off between computational efficiency and solution
accuracy. High-fidelity numerical optimization methods can handle complex dynamics and constraints
but require substantial computation, rendering them unsuitable for onboard real-time applications.
Fast analytical approximations, such as the characteristic ellipse method [15] and linearized ellipsoidal
approximations, achieve millisecond-level computation but their accuracy degrades under long prop-
agation times, large maneuvers, or highly nonlinear dynamics. Sampling methods, while flexible
and dimension-independent, suffer from slow convergence and provide no guarantees of covering
extremal trajectories. This trade-off remains particularly acute for time-critical orbital games, where
both accuracy and speed are essential.

The third limitation concerns the scalability of RD methods to multi-agent settings and their ability
to handle comprehensive uncertainties. Existing studies on cooperative encirclement and interception
are largely restricted to small teams of three to five spacecraft [37,39], with limited investigation of
large-scale swarms or distributed coordination. Furthermore, current approaches handle initial state
uncertainty [16], unknown adversarial maneuvers [69], and dynamical perturbations [70] separately or
under restrictive assumptions. A unified framework that simultaneously accounts for these multiple
sources of uncertainty is lacking, limiting the practical deployment of RD methods for robust orbital
game analysis under realistic operating conditions.
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5.2. Future Research Directions

To address the limitations outlined above, several research directions warrant further investigation.
These directions span complex dynamical environments, real-time computation, multi-agent scalability
with initial configuration optimization, uncertainty handling, and experimental validation.

A pressing need is the extension of RD methods to complex dynamical environments. Building
upon recent efforts [56], future work should develop computational frameworks for RDs in the circular
restricted three-body problem. The invariant manifolds associated with Lagrangian points offer a
natural structure for characterizing reachable sets in cislunar space, with potential applications to
low-energy transfer design, orbit protection, and threat assessment near the Earth-Moon L1 and L2
points. Beyond CR3BP, other perturbation regimes such as high-fidelity ephemeris models and solar
radiation pressure also deserve attention.

Equally important is the development of real-time reachable domain computation methods.
Machine learning techniques offer promising pathways in this direction. Physics-informed neural
networks can embed known dynamical constraints into the learning process, reducing data require-
ments and improving generalization. Reduced-order surrogate models, trained on offline optimal
control solutions, can approximate RD boundaries in milliseconds, bridging the gap between numerical
accuracy and onboard efficiency. Hybrid approaches that combine analytical approximations [15]
with learning-based corrections may offer the best of both worlds, achieving accuracy comparable to
numerical methods at a fraction of the computational cost.

Beyond computational challenges, the scalability of reachable domain methods to multi-agent
settings remains a critical issue. Distributed RD computation and consensus algorithms that scale to
large spacecraft swarms require further development, as existing centralized coordination mechanisms
become computationally prohibitive when the number of agents grows. A specific problem within this
broader scalability challenge is the initial configuration optimization for pursuit spacecraft based on
RD coverage. Existing studies [37,39] have demonstrated that three chasers in triangular formation
can achieve effective coverage, but systematic methods for optimizing the number, initial positions,
and relative geometry of pursuers given an arbitrary target RD have not been established. This inverse
problem has direct implications for cooperative encirclement, constellation deployment, defensive
formation design, and multi-target interception. Future research could formulate this as a constrained
optimization problem, with objective functions such as maximizing covered volume, minimizing the
number of pursuers, or achieving uniform coverage subject to fuel and communication constraints.

Another important direction concerns the handling of uncertainties. Current approaches treat
initial state uncertainty [16], unknown adversarial maneuvers [69], and dynamical perturbations
[70] separately or under restrictive assumptions. A unified framework that integrates these multiple
sources of uncertainty within a single probabilistic or set-theoretic formulation is needed. Robust
RD methods that provide guaranteed performance bounds under worst-case uncertainties would be
particularly valuable for safety-critical applications such as collision avoidance and asset protection.
Stochastic RDs, which characterize the probability distribution of terminal states rather than just
the set of possible states, offer a natural framework for risk-aware decision-making. Extensions to
non-parametric uncertainty models and adversarial uncertainty representations, where the evader’s
strategy is intentionally deceptive, represent challenging but important directions.

Finally, the intersection of RD theory with learning-based decision-making and experimental
validation offers a promising pathway toward practical deployment. RDs can provide verifiable
safety guarantees and reward shaping for deep reinforcement learning, guiding exploration toward
feasible and safe regions of the state space while penalizing unsafe actions. Preliminary work [41]
has demonstrated the feasibility of RD-guided learning for spacecraft game decision-making, but
broader integration remains to be explored. Conversely, learning could accelerate RD computation by
amortizing expensive trajectory optimization across similar problem instances, enabling meta-learning
of RD boundaries that adapt to new scenarios with minimal computation. On the experimental
front, hardware-in-the-loop demonstrations and on-orbit experiments are needed to validate RD
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computations under realistic conditions, including sensor noise, communication delays, actuator
imperfections, and model errors. Such validation would accelerate the transition of reachable domain
methods from academic research to operational space systems.

6. Conclusions
This paper has presented a comprehensive review of the spacecraft RD, encompassing its unified

modeling framework, solution methods, and applications in orbital games. The review follows a
coherent progression from fundamental theory to computational methods and finally to practical
applications, providing a systematic reference for researchers in astrodynamics and space situational
awareness.

A unified mathematical framework for the spacecraft reachable domain is established through
three complementary classification dimensions. The spatial dimension distinguishes absolute reachable
domains, which characterize overall maneuvering capability in inertial space, from relative RDs, which
focus on position sets with respect to a target. The temporal dimension differentiates free-time RDs,
representing the maximum spatial envelope under fuel constraints, from fixed-time RDs, which
satisfy both position and time constraints for time-critical missions. The informational dimension
distinguishes deterministic RDs, where control inputs are fully known, from predictive RDs, where
only bounds on adversarial maneuvers are available. This three-dimensional taxonomy provides a
systematic framework for selecting appropriate modeling approaches across diverse mission scenarios.

The solution methods for computing spacecraft RDs are organized according to the spatial-
temporal classification. For spatial-domain RDs, three families of methods are examined. Analytical
and semi-analytical methods, including the algebraic criterion method, extremum envelope method,
and characteristic ellipse approximation, offer closed-form or semi-closed-form solutions with high
computational efficiency, making them suitable for preliminary mission design and real-time appli-
cations. Numerical optimization methods, both indirect and direct, provide flexibility for complex
dynamics and constraints at the cost of higher computation, making them suitable for high-fidelity
offline analysis. Geometric and sampling methods, including Monte Carlo approaches, make minimal
assumptions about the model and serve as valuable validation tools. For time-scale RDs, three dedi-
cated methods are analyzed: the linearized ellipsoidal approximation based on the state transition
matrix, which is efficient but limited to short propagation times; the exact envelope determination
method solving Kepler’s equation numerically, which achieves high accuracy at significant computa-
tional cost; and the fast analytical approximation using series expansion, which balances accuracy and
efficiency for near-circular orbits and short-to-medium propagation times.

The applications of RD theory to orbital games are examined through three representative scenar-
ios. For one-on-one pursuit-evasion games, the fundamental interception condition is expressed as set
intersection, with guaranteed interception requiring containment of the evader’s RD within that of
the pursuer, and guaranteed safety requiring disjointness. Time-constrained interception is addressed
through fixed-time RD analysis, with distinctions made between prescribed-time and time-window
interception. For multi-agent cooperative games, cooperative encirclement requires the target’s RD
to be covered by the union of all chasers’ RDs, with triangular configurations providing optimal
planar coverage. Cooperative interception extends this framework to task allocation and success
probability estimation. For threat avoidance and defense games, four extensions to the basic avoidance
framework are identified: passive threats (debris clouds and collision avoidance), active threats (es-
cape zone guidance and optimal evasion), cooperative defense (multi-guardian asset protection), and
perturbation effects (J2-influenced threat assessment). The duality between pursuit and avoidance is
formalized through RD containment: pursuers seek Revader ⊆ Rpursuer for interception, while evaders
seek Revader ∩Rpursuer = ∅ for safety.

This review identifies several limitations of existing approaches, including modeling fidelity (over-
reliance on two-body dynamics and simplified thrust models), computational trade-offs (accuracy
versus speed), and scalability issues (multi-agent complexity and fragmented uncertainty handling).
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To address these limitations, future research directions are proposed, including extensions to complex
dynamical environments such as the circular restricted three-body problem, real-time computation
through machine learning, initial configuration optimization for cooperative pursuit, unified frame-
works for multi-source uncertainty, and experimental validation through hardware-in-the-loop and
on-orbit demonstrations.

Together, the unified modeling taxonomy, solution methods, and application scenarios reviewed
in this paper establish a solid foundation for RD research. Addressing the challenges outlined above
will advance the state of the art in space situational awareness, autonomous rendezvous, and orbital
security.

Author Contributions: Conceptualization, Y.Y. and F.Y.; methodology, Y.Y.; formal analysis, Y.Y.; investigation,
Y.Y.; resources, F.Y.; writing—original draft preparation, Y.Y.; writing—review and editing, F.Y.; visualization, J.L.;
supervision, F.Y.; All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study.

Conflicts of Interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

References
1. Surovik, D.A.; Scheeres, D.J. Heuristic Search and Receding-Horizon Planning in Complex Spacecraft Orbit

Domains. In Proceedings of the Twenty-Fifth International Conference on Automated Planning and Scheduling; 2015;
pp. 291–295.

2. Sun, W.; Wang, H.; Quan, S.; Chao, T. Constellation Design of Prompt Global Arrival System. In Proceedings
of the 2021 China Automation Congress (CAC); 2021; pp. 258–263.

3. Holzinger, M.J.; Scheeres, D.J.; Erwin, R.S. On-Orbit Operational Range Computation Using Gauss’s Varia-
tional Equations with J2 Perturbations. J. Guid. Control Dyn. 2014, 37, 608–622.

4. Aguilar Marsillach, D. Abort-Safe Spacecraft Motion: Reachability Theory and Predictive Control. Ph.D.
Thesis, Stanford University, Stanford, CA, USA, 2021.

5. Mote, M.L. Optimization-Based Approaches to Safety-Critical Control with Applications to Space Systems.
Ph.D. Thesis, University of Michigan, Ann Arbor, MI, USA, 2021.

6. Yamaguchi, S.; Hiraiwa, N.; Bando, M.; Hokamoto, S.; Henry, D.B.; Scheeres, D.J. Trajectory Design for
Awaiting Comets on Invariant Manifolds with Optimal Control. Astrodynamics 2025, 9, 565–581.

7. Xue, D.; Li, J.F.; Baoyin, H.X.; Jiang, F.H. Reachable Domain for Spacecraft with a Single Impulse. J. Guid.
Control Dyn. 2010, 33, 934–942.

8. Wen, C.; Zhao, Y.; Shi, P.; Hao, Z. Orbital Accessibility Problem for Spacecraft with a Single Impulse. J. Guid.
Control Dyn. 2014, 37, 1260–1271.

9. Wen, C.; et al. Exact Solution of Reachable Domain for Single-Impulse Spacecraft Maneuver. J. Guid. Control
Dyn. 2014, 37, 1178–1189.

10. Wei, G.-D.; Li, S.-L. Absolute Reachable Domain of Spacecraft under Continuous Finite Thrust. J. Harbin Inst.
Technol. 2013, 45, 27–33.

11. Betts, J.T. Survey of Numerical Methods for Trajectory Optimization. J. Guid. Control Dyn. 1998, 21, 193–207.
12. Conway, B.A. A Survey of Methods Available for the Numerical Optimization of Spacecraft Trajectories. In

Proceedings of the 4th International Conference on Astrodynamics Tools and Techniques; 2010.
13. Xia, C.; Zhang, G.; Geng, Y. Reachable Domain with a Single Coplanar Impulse Considering the Target-Visit

Constraint. Adv. Space Res. 2022, 69, 3847–3855.
14. Wen, C.; Xu, Z.; Zhao, Y.; Shi, P. Precise Determination of Reachable Domain for Spacecraft with a Single

Impulse. J. Guid. Control Dyn. 2015, 38, 1767–1779.
15. Duan, X.; Tang, G. J.; Zhu, R. Z. Simple Method to Determine Reachable Domain of Spacecraft with a Single

Impulse. J. Guid. Control Dyn. 2019, 42, 168–174.
16. Wen, C.; Gurfil, P. Relative Reachable Domain for Spacecraft with Initial State Uncertainties. J. Guid. Control

Dyn. 2016, 39, 462–473.
17. Zagaris, C.; Hess, J.A. Rapid Reachability Analysis of Single Impulse Spacecraft Relative Motion Maneuvers.

In Proceedings of the 31st AAS/AIAA Space Flight Mechanics Meeting; 2021.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 June 2026 doi:10.20944/preprints202606.0269.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202606.0269.v1
http://creativecommons.org/licenses/by/4.0/


24 of 26

18. Zhang, J.; Chen, J.; Li, W.; Masdemont, J.; Shi, M. Jet Transport-Based Analysis of Absolute Reachable
Domain Under a Single Impulse. In Proceedings of the 74th International Astronautical Congress; 2023; pp. 1–10.

19. Bowerfind, S.; Taheri, E. Rapid Approximation of Low-Thrust Spacecraft Reachable Sets within Complex
Two-Body and Cislunar Dynamics. Aerospace 2024, 11, 380.

20. Zhou, X.; Armellin, R.; Qiao, D.; Li, X. Single-Impulse Reachable Set in Arbitrary Dynamics Using Polynomi-
als. arXiv preprint arXiv:2502.11280, 2025.

21. Wang, Z.; E, Z.; Cheng, L.; Jiang, F. Analytical Optimal Solution of Reachable Domain for Low-Thrust
Trajectories Based on Minimum Principle. In Proceedings of the 70th International Astronautical Congress
(IAC-19); Washington, D.C., USA, October 21–25, 2019.

22. Wang, Z.; Jiang, F. Analytical Optimal Solution for the Reachable Domain of Low-Thrust Spacecraft. J.
Spacecr. Rockets 2024, 61, 274–284.

23. Bowerfind, S.R.; Taheri, E. Application of Indirect Multi-Stage Reachable Set Determination Algorithm for
Low-Thrust Spacecraft Trajectory Optimization. In Proceedings of the AIAA SCITECH 2024 Forum; Orlando,
FL, USA, January 8–12, 2024.

24. Pang, B.; Wen, C. Reachable Set of Spacecraft With Finite Thrust Based on Grid Method. IEEE Trans. Aerosp.
Electron. Syst. 2022, 58, 2720–2731.

25. Lin, X.; Zhang, G. Continuous-Thrust Reachable Set for Linear Relative Motion Near Elliptical Orbits. IEEE
Trans. Aerosp. Electron. Syst. 2023, 59, 9117–9127.

26. Venigalla, C.; Bando, M.; Yamaguchi, S.; Scheeres, D.J. Delta-V-Based Analysis of Spacecraft Pursuit–Evasion
Games. J. Guid. Control Dyn. 2021, 44, 1961–1973.

27. Aguilar-Marsillach, D.; Holzinger, M.J.; Scheeres, D.J. Passively Safe Spacecraft Motion Using Reachable Sets
and Orbital Element Differences. J. Spacecr. Rockets 2023, 60, 1597–1612.

28. Yang, L.Y.; Li, H.Y.; Zhang, J.; Zhu, Y.H. A Physics-Informed Deep Learning Framework for Spacecraft
Pursuit-Evasion Task Assessment. Chin. J. Aeronaut. 2024, 37, 363–374.

29. Zhang, S.; Yang, Z.; Luo, Y.-Z. Time-Dependent Reachable Domain and Its Application to Impulsive Orbital
Pursuit-Evasion Analysis. J. Spacecr. Rockets 2025, 62, 631–642.

30. Yang, Y.; Yu, F.; Liu, J.; Yang, N. Fuel Optimal Orbit Interception via Reachable Domain Rolling Optimization
Under Disturbance. J. Spacecr. Rockets 2026, 63, 1–24.

31. Ma, H.; Zhang, G. Delta-V Analysis for Impulsive Orbital Pursuit-Evasion Based on Reachable Domain
Coverage. Aerosp. Sci. Technol. 2024, 150, 109243.

32. Gong, H.; Gong, S.; Li, J. Pursuit–Evasion Game for Satellites Based on Continuous Thrust Reachable Domain.
IEEE Trans. Aerosp. Electron. Syst. 2020, 56, 4626–4637.

33. Han, H.; Dang, Z. Optimal delta-V-based strategies in orbital pursuit-evasion games. Adv. Space Res. 2023,
72, 243–256.

34. Wang, Z.; Cheng, Y.; Luo, Z.; Chen, J.; Chen, G. Feasibility Analysis for Orbital Pursuit-Evasion Mission
Based on the Reachable Domain with a Single Impulse. In Proceedings of the 4th International Conference on
Autonomous Unmanned Systems (ICAUS 2024); Shenyang, China, 2024; pp. 511–520.

35. Zhang, S.; Yang, Z.; Du, X.; Luo, Y. Threat avoidance strategy of spacecraft maneuvering approach based on
orbital reachable domain. Acta Aeronaut. Astronaut. Sin. 2024, 45, 328778.

36. Zhang, C.; Zhu, Y.; Yang, L. An Analytical Impulse Thrust Strategy in Spacecraft Pursuit-Evasion Games
with Mass Variation and Perception Frequency. In Proceedings of the 2024 China Automation Congress
(CAC), Qingdao, China, November 2024.

37. Li, R.; Sun, C.; Wang, Z.; Fang, Q.; Zhang, X. Capture configuration design for space non-cooperative target
based on reachable domain. Chin. Space Sci. Technol. 2024, 44, 83–94.

38. Li, X.-H.; Zhang, L. Research on Relative Reachable Domain in Target Orbit for Maneuvering Spacecraft.
Aircr. Eng. Aerosp. Technol. 2024, 96, 798–807.

39. Qing, C.; Zhang, G. Multi-to-multi spacecraft impulsive cooperative interception based on reachable domain
coverage. Acta Astronaut. 2026, 241, 234–244.

40. Wang, H.; Zhang, Y. Impulsive maneuver strategy for multi-agent orbital pursuit-evasion game under sparse
rewards. Aerosp. Sci. Technol. 2024, 155, 109618.

41. Qiao, B.; Liu, X.; Qian, H.; Xu, J.; Xiao, B. A time-limited reachable domain-guided learning method for
spacecraft game decision-making. Control Decis. 2025, 40, 3678–3688.

42. Zhang, G.; Cao, X.; Ma, G. Reachable Domain of Spacecraft with a Single Tangent Impulse Considering
Trajectory Safety. Acta Astronaut. 2013, 91, 228–236.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 June 2026 doi:10.20944/preprints202606.0269.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202606.0269.v1
http://creativecommons.org/licenses/by/4.0/


25 of 26

43. Zhang, S.; Yang, Z.; Luo, Y. Spacecraft Orbital Threat Assessment Based on Reachable Domain. Aerosp. Sci.
Technol. 2026, 175, 112029.

44. Wen, C.; Gurfil, P. Modeling Early Medium-Term Evolution of Debris Clouds Using the Reachable Domain
Method. J. Guid. Control Dyn. 2016, 39, 2649–2660.

45. Xu, Z.; Chen, X.; Huang, Y.; Bai, Y.; Chen, Q. Collision Prediction and Avoidance for Satellite Ultra-Close
Relative Motion with Zonotope-Based Reachable Sets. Proc. Inst. Mech. Eng. Part G J. Aerosp. Eng. 2019, 233,
3920–3937.

46. Li, J.; Zhang, G. Optimal Continuous-Thrust Collision Avoidance Maneuvers Based on Uncertain Reachable
Domain. J. Guid. Control Dyn. 2026, 49, 894–905.

47. Li, J.; Zhang, G. Fast Optimal Impulsive Methods for Collision Avoidance Maneuver Based on Reachable
Domain. Adv. Space Res. 2026, 77, 2043–2060.

48. Zhang, K.; Zhang, Y.; Shi, H.; Huang, H.; Bi, S.; Ye, J.; Wang, H. Escape-Zone-Based Optimal Evasion
Guidance Against Multiple Orbital Pursuers. IEEE Trans. Aerosp. Electron. Syst. 2023, 59, 7698–7714.

49. Zhang, R.; Cai, W.; Yang, L.; Zhu, Y. Multi-Spacecraft Cooperative Guard Strategy Based on Reachable
Domain Coverage. J. Natl. Univ. Def. Technol. 2024, 46, 12–20.

50. Zhao, Y.; Yang, H.; Hu, J. The Fast Generation of the Reachable Domain for Collision-Free Asteroid Landing.
Mathematics 2022, 10, 3763.

51. Wen, T.; Zeng, X.; Circi, C.; Gao, Y. Hop Reachable Domain on Irregularly Shaped Asteroids. J. Guid. Control
Dyn. 2020, 43, 1269–1283.

52. Zeng, X.; Wen, T.; Yu, Y.; Circi, C. Potential Hop Reachable Domain over Surfaces of Small Bodies. Aerosp.
Sci. Technol. 2021, 112, 106600.

53. Zhang, H.; Zhang, G. Reachable Domain of Ground Track With a Single Impulse. IEEE Trans. Aerosp. Electron.
Syst. 2021, 57, 1105–1122.

54. Liu, K.; Zhang, J.; Guo, X. Reentry Flight Capability Assessment Based on Dynamics-Informed Neural
Network and Piecewise Guidance. Aerospace 2022, 9, 790.

55. Han, H.; Dang, Z. Blocking Geosynchronous Orbits: Analysis of Deployment and Mission Capability. Space
Sci. Technol. 2025, 5, 221.

56. Jing, H.; Du, Z.; Li, H.; Wang, H.; He, J.; Huo, C. Study on the Reachable Domain of Earth-Moon Transfer
Orbits with Terminal Constraints in the CR3BP. Acta Astronaut. 2026, 245, 1081–1094.

57. He, B.; Wu, S.; Li, H. Reachable Set Analysis of Practical Trans-Lunar Orbit via a Retrograde Semi-Analytic
Model. Earth Planets Space 2023, 75, 34.

58. Lu, L.; Li, H.; Zhou, W.; Liu, J. Design and Analysis of a Direct Transfer Trajectory from a Near Rectilinear
Halo Orbit to a Low Lunar Orbit. Adv. Space Res. 2021, 67, 1143–1154.

59. Feng, Z. X.; et al. A Review of Spacecraft Reachable Domain: From Deterministic to Uncertain Environments.
Acta Aeronaut. Astronaut. Sin. 2024, 45, 123–145.

60. Cao, X.; Ning, X.; Liu, S.; Lian, X.; Wang, H.; Zhang, G.; Chen, F.; Zhang, J.; Liu, B.; Chen, Z. Spacecraft
Intelligent Orbital Game Technology: A Review. Chin. J. Aeronaut. 2025, 38, 103480.

61. Zhang, J.; Yuan, J.; Wang, W.; Wang, J. Reachable Domain of Spacecraft with a Single Normal Impulse. Aircr.
Eng. Aerosp. Technol. 2019, 91, 977–986.

62. Zhang, S.; Yang, Z.; Luo, Y.-Z. Spacecraft Single-Impulse Relative Reachable Domain in Earth-Centered,
Earth-Fixed Coordinates. J. Guid. Control Dyn. 2024, 47, 1991–2000.

63. Liang, Y.; Wang, W. Research on Mission Assignment of On-Orbit Servicing Spacecraft. J. Natl. Univ. Def.
Technol. 2013, 35, 26–30.

64. Wang, J.; Shen, S.; Nie, T.; Zhang, J.; Chang, J. Effectiveness Evaluation of Spacecraft Orbit Maneuver Based
on Fuzzy Comprehensive Evaluation Method. In Advances in Guidance, Navigation and Control: Proceedings of
2022 International Conference on Guidance, Navigation and Control; Yan, L., Duan, H., Deng, Y., Eds.; Springer:
Singapore, 2023; Vol. 845, pp. 2003–2013.

65. Sun, H.; Li, J. F. Analysis on Reachable Set for Spacecraft Relative Motion under Low-Thrust. Automatica
2020, 115, 108864.

66. Clohessy, W. H.; Wiltshire, R. S. Terminal Guidance System for Satellite Rendezvous. J. Aerosp. Sci. 1960, 27,
653–658.

67. Zhang, R. D.; et al. Cooperative Protection Using Threat Reachable Domain. J. Space Saf. Eng. 2024, 11, 45–58.
68. Zhang, S.; Yang, Z.; Luo, Y. Z. Spacecraft Multi-Impulse Reachable Domain. Chin. J. Aeronaut. 2025.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 June 2026 doi:10.20944/preprints202606.0269.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202606.0269.v1
http://creativecommons.org/licenses/by/4.0/


26 of 26

69. Hall, Z.; Schwab, D.; Eapen, R.; Singla, P. Reachability-Based Approach for Search and Detection of Maneu-
vering Cislunar Objects. In Proceedings of the AIAA Science and Technology Forum and Exposition (AIAA
SciTech Forum 2022), San Diego, CA, USA, January 3–7, 2022.

70. Wen, C.; Sun, Y.; Peng, C.; Qiao, D. Reachable Domain Under J2 Perturbation for Satellites with a Single
Impulse. J. Guid. Control Dyn. 2023, 46, 64–79.

71. Schlanbusch, R.; et al. Safe Landing Area Determination for a Moon Lander by Reachability Analysis. Acta
Astronaut. 2016, 128, 607–615.

72. Jones, T.; et al. Reachable Set Approximation in Cislunar Space with Pseudospectral Method and Homotopy.
In Proceedings of the 2023 IEEE Aerospace Conference; 2023; pp. 1–7.

73. Patterson, M.A.; Rao, A.V. Exploiting Sparsity in Direct Collocation Pseudospectral Methods for Solving
Optimal Control Problems. J. Spacecr. Rockets 2013, 50, 994–1006.

74. Du, X. N.; Yang, Z. Reachable Domain Analysis of Single-Impulse Spacecraft Maneuver Based on Perifocal
Coordinate System. J. Astronaut. 2020, 41, 55–64.

75. Chen, Q.; Qiao, D.; Shang, H.; Liu, X. A New Method for Solving Reachable Domain of Spacecraft with a
Single Impulse. Acta Astronaut. 2018, 145, 153–164.

76. Chernick, M.; D’Amico, S. Closed-Form Optimal Impulsive Control of Spacecraft Formations Using Reach-
able Set Theory. J. Guid. Control Dyn. 2021, 44, 25–44.

77. Schwab, D.; Eapen, R.; Singla, P. Reachability Analysis to Track Non-cooperative Satellite in Cislunar Regime.
In Proceedings of the Dynamic Data Driven Applications Systems (DDDAS 2022), 2024.

78. Li, J.; Jiang, Z.; Shi, P.; Li, W. Nash equilibrium solution method of spacecraft game based on the relative
motion reachable set. Flight Dyn. 2024, 42, 34–41.

79. Xu, W.; Liu, X.; Lu, Z.; Hua, B.; Wu, Y. Numerical method for Nash equilibrium strategies of spacecraft orbit
pursuit-evasion game based on continuous thrust reachable domain analysis. Sci. China Technol. Sci. 2026,
69, 1420602.

80. Li, Z.H.; Wen, C.X.; Qiao, D.; Pang, B. Geometrical Solution of Multi-Pursuer/One-Evader Orbital Pursuit-
Evasion Game Based on Reachable Set Theory. Acta Aeronaut. Astronaut. Sin. 2024, 45, 730803.

81. Gao, A.; Wang, Y.; Wang, J.; Chen, C. Spacecraft Maneuver Reachable Domain Solving and Threat Region
Assessment Method Under J2 Perturbation. In Proceedings of the 23rd IFAC Symposium on Automatic
Control in Aerospace (ACA), Harbin, China, August 2–6, 2025.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 June 2026 doi:10.20944/preprints202606.0269.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202606.0269.v1
http://creativecommons.org/licenses/by/4.0/

