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1. Introduction

The study of CR-warped products was initiated by the second author in [6,7]. In [20], we studied
CR-slant warped product submanifolds of the form By x My, where B; = Mt X Mjy is the Riemannian
product of holomorphic and proper slant submanifolds and M is a totally real submanifold of a
nearly Kaehler manifold M. In fact, we established the following Chen’s inequality:

Theorem 1. [20] Let M = By Xy M, be a CR-slant warped product submanifold of a nearly Kaehler manifold
M such that M is D @ D%-mixed totally geodesic in M, where By = Mr x My is the Riemannian product of
complex and proper slant submanifolds of M. Then:

(i) The second fundamental form h satisfies
1)1 = 25| VT (In £)[|* + s cot? 6] V° (In ) |2 (1)

where s = dim M| and VT (In f) and V?(In f) denote the gradient components of In f along My and
My, respectively.

(ii) If the equality sign in (1) holds identically, then Mt and My are totally geodesic, By is mixed totally
geodesic in M and M| is totally umbilical in M.

In the sequel, in this paper, we study CR-slant warped product submanifold M = By x fMg3,
where B, = M7! x M'? is the CR-product and Mp® is an n3-dimensional proper 6-slant submanifold
in a nearly Kaehler manifold M?". We prove that the second fundamental form h of M satisfies the
following inequality:

1 - 10 o
|h|* > oM cos? 8|V (In f)||? + 2n3 (1 + 5 cot? 9) VT (n £)|?
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where V- (In f) and V7 (In f) are the gradients of In f along M| and Mr, respectively. The equality
case is discussed and some special cases of the inequality are given.

2. Basic definitions and formulas

Let M?" be an almost Hermitian manifold endowed with an almost complex structure | and a
Riemannian metric § such that

P(X)=-X, gUX,JY)=gXY) )

for any X,Y € T(TM?™), where T'(TM?") denotes the Lie algebra of vector fields on M?™. In addition,
an almost Hermitian manifold is called Kaehler manifold if

(Vx)Y =0, VX,Y € T(TM?™),

where V is the Levi-Civita connection on M?". Furthermore, an almost Hermitian manifold M%" is
nearly Kaehler if (Vx)X =0, V X € T(TM?™), equivalently

(Vx)Y + (Vy)X =0, VX, Y € T(TM*™). (3)

Clearly, every Kaehler manifold is nearly Kaehler but the converse is not true in general. The best
known example of a nearly Kaehler non-Kaehlerian manifold is 6-dimensional sphere S°.

Let M" be a Riemannian manifold isometrically immersed in an almost Hermitian manifold
M?", (n < 2m) and from now on we denote the metric § and the induced metric g on M by the same
symbol g. Then the Gauss and Weingarten formulas are respectively given by (see, for instance, [6,10])

VxY = VxY +h(X,Y), (4)
Vx& = —A:X+ VxE, (5)

for vector fields X,Y € T(TM) and & € T(T-M), where I'(TM) is the set of all vector fields normal
to M and V and V+ denote the induced connections on the tangent and normal bundles of M,
respectively, and / is the second fundamental form, A is the shape operator of M and they are related

by
g(A:X,Y) = g(h(X,Y),&), VX, Y €I(TM), ¢ €T (T+M). (6)
For each vector field X tangent to M", we write
JX = PX+ FX. )

where PX and FX are the tangential and normal components of JX. Complex and totally real
submanifolds are defined on the behaviour of almost complex structure | on M". A submanifold M"
of an almost Hermitian manifold M is complex if its tangent space remains the same under the action
of almost complex structure J. On contrary, M is a totally real submanifold of M if JX € T(T*M) for
any X € T(TM).

A submanifold M of an almost Hermitian manifold M is called CR-submanifold if there exists on M
a differentiable holomorphic distribution ® : p — D, C T, M whose orthogonal complementary distribution
D+ is totally real. A CR-submanifold M of an almost Hermitian manifold M is called a CR-product if it is a
Riemannian product of a holomorphic submanifold Mr and a totally real submanifold M, of M. The
second author introduced the notion of CR-product of Kaehler manifolds in [3].

In [4], the second author introduced another important class of submanifolds and he called them
slant submanifolds those are the generalization of complex and totally real submanifolds. He defined
slant submanifolds as:
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Definition 1. A submanifold M of an almost Hermitian manifold M is called slant if for each p € M, the
Wirtinger angle 6(X) between [X and T, M is constant on M, i.e., it does not depend on the choice of X € T,M
and p € M [4,5]. In this case, 0 is called the slant angle of M.

Complex (holomorphic) and totally real submanifolds are slant submanifolds with slant angles 0
and 7, respectively. A slant submanifold is called proper slant if it is neither holomorphic nor totally
real.

More generally, a distribution © on M is called a slant distribution if the angle 6(X) between JX
and D, is independent of the choice of p € M and of 0 # X € D,

He proved that a submanifold M of an almost Hermitian manifold M is slant if and only if [4]

P?X = —(cos’0)X, X € T(TM). (8)

Clearly, from (7) and (8), we know that
¢(PX,PY) = (cos?0)g(X,Y), g(FX,FY) = (sin?0)g(X,Y), 9)

for any vector fields X, Y tangent to M.

Definition 2. A submanifold M of an almost Hermitian manifold M is CR-slant submanifold (skew
CR-submanifold) if there exist orthogonal distributions ©, D and ©% such that the tangent bundle
TM is spanned by

TM=9D&9 &9’ (10)
where ®, D+ and DY are complex, totally real and proper slant distributions.
The normal bundle of a CR-slant submanifold M is decomposed by
T*M=]9+ e Fo? g, (11)

where v is an invariant normal subbundle of T M.
A CR-slant product submanifold M is semi-slant mixed totally geodesic (resp., hemi-slant mixed totally
geodesic) if its second fundamental satisfies
h(X1,X2) =0 VX; €T(D), VX, €T (D)
(resp., h(X2,X3) =0 VX, e T(DY), VX3 €T(D1)).

3. CR-slant warped products (M7 x M) x s My

In this section, first we recall the definition of warped product manifolds which are the
generalizations of Riemannian products. In 1969, Bishop and O’Neill [2] introduced the notion
of warped product manifolds as follows:

Definition 3. A warped product B x ¢ F of two Riemannian manifolds (B, gp) and (F,gr) is the product
manifold M = B X F equipped with the product structure

gm(X,Y) = gp(m, X, 1Y) + (f o m1)°gr (2. X, 712, Y)

where f : B — (0,00) and 711 : M — B, mp : M — F are projection maps given by 111(p,q) = p and
m2(p,q) = q forany (p,q) € B x F and x denotes the symbol for tangent map.
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The function f is called warping function, if f is constant, then M is simply a Riemannian product.
It is known that, for any vector field X on B and a vector field Z on F, we have

VxZ =VzX =X(Inf)Z (12)

where V is the Levi-Civita connection on M. Further, it is well known that the base manifold B is
totally geodesic and the fiber F is totally umbilical in M.
Now, we define CR-slant warped products (Mt x M) x M.

Definition 4. A submanifold M of an almost Hermitian manifold M is said to be CR-slant warped product
submanifold if it is a warped product of CR-product Mt x M | and a proper 6-slant submanifold Mg of M.

In [20], we discussed CR-slant warped product submanifolds of the form By x ML, where
By = My x M. In this section we study CR-slant warped products of the form B, x My, where
By = Mt x M. For this, we use the following conventions: Xj,Yj, ... are vector fields on © and
X, Ys ... are vector fields on ©f, while X3, Y3, . . . are vector fields on ©-+.

First, we have the following preparatory lemmas.

Lemma 1. On a CR-slant warped product submanifold M = By X f Mg of a nearly Kaehler manifold M, we
have

(i) g(h(X1,Y1),FX3) =0,
(ii) 2g(h(X3,Y3), FX2) = g(h(X2, X3),]Y3) + g(h(X2,Y3), 1 X3),

forany Xq,Y, € T(TMr), Xo € I(TMy) and X3,Ys € T(TM | ), where By = Mt x M is the CR-product
submanifold in M.

Proof. The first part is easy to prove by using (4), (3) and (12). For the second part, we have
g(h(X5,Y3),FX2) = §(Vx,Ys, JX2) + §(Vx,PXa,Y3) — g(JVx,Ys, X2) + §(Vx, Y3, PX5)

for any X, € I'(TMy) and X3,Y3 € T(TM ). Since Vx,Y3 € I'(TM ), then using orthogonality of
vector fields and covariant derivative property of | with (12), we find

g(h(X3,Y3), FXp) = g((Vx,]) Y3, X2) — §(Vx,JY3, X2) 4+ X3(In £)g(P X3, Y3)
= 8((Vx,]) Y3, X2) + g(h(X2, X3), ] Y3) (13)

Similarly, by interchanging X3 with Y3 in (13), we brain
8(h(X3,Y3), FXa) = g((Vy,]) X3, Xa) + g (h(X2, Y3), ] X3). (14)
Hence, the second part immediately follows from (13) and (14). O

Lemma 2. Let M = By x My be a CR-slant warped product submanifold of a nearly Kaehler manifold M such
that B = Mt x M is the CR-product submanifold in M. Then, we have

1
8(h(X1,X3), FXa) = 5g(h(X1, X2), ] X3) (15)
forany X; € T(TMrt), Xo € T(TMy) and X3 € T(TM ).
Proof. For any X; € T(TMr), Xo € T(TMy) and X3 € I'(TM_ ), we have

g(h(X1,X3), FX2) = g((Vx, ) X1, X2) — 8(Vx,J X1, X2) = §((Vx,]) X1, X2). (16)
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On the other hand, we know that
g(h(X1, X3), FX2) = 8((Vx,)) X3, X2) — 8(Vx, /X3, Xo) + 8(X3, Vx, PXa). (17)
Then, the lemma follows from (16) and (17) with the help of (3) and (12). O

Lemma 3. For a proper CR-slant warped product M = By X y My such that By = Mg X M in a nearly
Kaehler manifold M, we have

$(h(JX1, Xa), FYa) = Xu(In f)g (X, Y2) + 3% (in f)g(Xz, PYa) (18)
forany X3 € T(TMr), X3, Y2 € T(TMp).
Proof. From (4) and (12), we have
g(h(X1, Xa), FYa) = g((Vx,]) X1, Y2) — X1 (In f)g(X2, Ya), (19)
for any orthogonal vector fields X; € '(TMy), X2, Ys € T(TMp). On the other hand, we derive
g(h(X1,X2), FY2) = g((Vx,]) X2, Y2) — X1 (In f)g(PXa, Y2) + g(h(X1, Ya), FX2). (20)
Then, from (19) and (20), we find
28(h(X1,X2), FY2) = X1 (In f)g(X2, PY2) — JX1(In £)g(X2, Y2) + g(h(X1,Y2), FX2). (21)
Interchanging X, by Y5, we obtain
28(h(X1,Y2), FX5) = X1(In f)g(PX2, Y2) — JX1(In £)g(X2, Y2) + §(h(X1, X2), FY2). (22)
Then, from (21) and (22), we derive
g(h(X1,X2), FYy) = =] X1(Inf)g (X2, Ya) + %Xl (In f)g(X2, PY>). (23)

Hence, (18) follows immediately by interchanging X; with [Xj in (23), which proves the lemma
completely. [

The following relations are immediate consequences of (18).

g(h(J X1, PX3),FY,) = X1 (In f)g(PXy, Ya) + % cos? 0] X1 (In f)g (X2, Y2), (24)
g(h(JXq, PX5), FPY,) = cos? X, (In f)g(Xa, Ya) + % cos® 0] X1 (In f)g(Xa, PY,), (25)
¢(h(JX1,X2), FPY,) = X1 (In f)g(Xa, PY2) — %cos2 0]X1(In f)g(X2,Y2). (26)

Lemma 4. Let M = By x My be a CR-slant warped product submanifold of a nearly Kaehler manifold M such
that By = Mt x M is the CR-product submanifold in M. Then, we have

§(h(Xa, Y2), 1X3) = g(h(X, X3), FYa) + 3 Xs(In )g(Xa, PY2) @)

forany Xy, Y, € T(TMy) and X3 € T(TM ).
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Proof. From the definition of covariant derivative with (4) and (7), we have
g(h(X2, X3), FY2) = §((Vx,)) X2, Ya) — §(Vx, PX2, Vo) — §(Vx,F X2, Y2) — §(Vx, X2, PY).
Again using (4), (5) and (12), we find
g(h(X2, X3), FYp) = g((Vx,]) X2, Y2) + g(h(Ya, X3), FX2). (28)
On the other hand, we derive

§(h(X2, X3), FY2) = ((Vx,1) X3, Y2) — §(Vx,J X3, Y2) — §(Vx, X3, PY2)
=g((Vx,)) X3, Y2) + g(h(X2, Y2), JX3) — X5(In f)g(Xa, PY7). (29)

Then, from (28) and (29), we get

28(h(X2, X3),FY2) = g(h(X2,Y2), JX3) + g(h(Y2, X3), FX2) — X3(In f)g(X2, PY2). (30)
Interchanging X, by Y5, we obtain

28(h(Y2, X3), FX2) = g(h(X2, Y2), ] X3) 4+ g(h(X2, X3), FY2) + X3(In f)g(X2, PY2). (31)
Then, from (30) and (31), we get (27); which proves the Lemma completely. O

4. Chen’s inequality and its consequences

In this section first we prove the following main result by using Lemma 3.

Theorem 2. Let M = By X f My be a proper CR-slant warped product submanifold of a nearly Kaehler manifold
M. Then, M is simply Riemannian product if and only if either M is semi-slant mixed totally geodesic i.e.,
h(Xy,Xp) =0,VX; €T(D), Xo € T(D%) or h(D,D?) is orthogonal to FD.

Proof. From Lemma 3, we find

g(h(J X1, Xz),FY2) = %]Xl (In f)g(X2, PY2) + X1(In f)g(X2, Y2), (32)

forany X; € I'(D), Xp,Ys € F(@"). Then, from (26) and (32), we derive
1 1
g(h(JX1, Xa), FY2) + 28(h(Xy, Xa), FPY3) = <1 -5 cos? 9) X1(In £)g(Xa, Y2). (33)
If M is semi-slant mixed totally geodesic or h(®D, D) is orthogonal to FD? then from (33), we find

(1 - %cos2 9) X1(Inf)g(X2,Y2) =0

Since g is a Riemannian metric and —1 < cos6 < 1, then from above equation we get X;(In f) = 0,
i.e., f is constant along Mr.
Conversely, if f is constant then again from (33), we get

$(h(JX1, Xa), FYa) + 38(1(Xy, Xa), FPYs) = 0. (34)
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Interchanging X; by /X and Y, by PY; in (34), we derive
1
g(h(X1, X,), EPY,) + 3 cos?0g(h(J X1, Xz), FY2) = 0. (35)
Then, from (34) and (35), we obtain
1
(1 -5 cos? 9) g(h(JXq,X2),FYz) = 0. (36)

Since —1 < cosf < 1 for any value of § € R, thus we find either 1(D,9?) = {0} or h(D,D?) is
orthogonal to F®?, which completes the proof. [

Next, we derive the Chen’s inequality for CR-slant wanted products M = By x My, where
By = Mt x M is a CR-product in a nearly Kaehler manifold.

Theorem 3. Let M = (M7 x M'?) x fMg3 be a CR-slant warped product submanifold of a nearly Kaehler
manifold M such that M is hemi-slant mixed totally geodesic. Then, the squared norm of the second fundamental
form satisfies

. 10 .
1112 > g cos 8|57 (In £) 12 + 215 (1 + g cof e) 197 (in £ 37

O| =

where VT (In f) and V= (In f) denote the gradient components of In f along Mt and M | , respectively.
Furthermore, if the equality holds in (37), then Mt x M| is totally geodesic and My is totally umbilical
in M. Moreover, M is not a semi-slant mixed totally geodesic submanifold of M.

Proof. If we denote the tangent bundles of M, M| and My by D, DL and @9, respectively; then we
use the following frame fields for the CR-slant warped product
D =Span{ey, -, ep, epy1 = Jer, -+, en, = e2p = Jep},
@J_ - Span{e}’ll—l-l = él/ ttt /en1+n2 = éﬂz}/
0
o= Span{en1+n2+1 = eik/ sl g = e;/enl—i-nz-i-q—&-l = sec QPET/' Tty
en = €5, = sectPeg }.
And the normal bundle frame will be
1 ~ ~ ~ ~
]:D = Span{en+1 =e1 = ]ell e /en+n2 - e}’lz - ]enz}/
0 ~ ~
F®” = Span{e, 1,11 = €41 = Ef = cscOFe], -+ ,eninytq = Cnyig = E;‘ = csc 9Pe;,
Cninyrgil = Cnyigrl = E;H = cscOsecOFPe],- - -,
€ntnytny = Cnytny = E, = cscOsecOFPegt,

V= Span{en+n2+n3+l = én2+n3+1f s 8m = 52m7n7n27n3}'
From the definition of &, we find

112 = [11(,D)|* + [n(D+,D)|* + [|1(2°,2°)||?
+2 (1@, 242 + |12, 2°) |2 + (2, D) 1?) (38)
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Using the frame fields and preparatory lemmas, we solve each term of (38) as follows:

n3m

[h(D,9)|* = ZZ hei ), Jéx)) +ZZ hiei e;), Ef))?

k=1i,=1 k=11i,j=1

2m—n—ny—nz nq

+ L (shlene)a))’
k=1 ij=1

Leaving the v-components terms and the is no warped product relation for the first term, then from
Lemma 1 (i), we get

[n(D,D)]]> > 0. (39)

Similarly, for the second term of (38), we derive

@+, 24)|? = Z Y (g &))* +Z Y (a(h(é 6, E)°

k=1i,j=1 k=1i,j=1

2m—n—ny—nz ny

+ Z Z (g(h(éiréj)rék))z.

k=1 ij=1

Using Lemma 1 (ii) with the given hemi-slant totally geodesic condition and leaving the first and last
positive terms, we find

[h(D+,21)|> > 0. (40)

For the third term of (38), we find

(o, D)2 = 22 Y. (st e, jen) + 2 Y (shtei, ) Ep))’

k=1i,j=1 k=1i,j=1

2n—ny—n3 n3

YL (seea)

k=1 i,j=1

Leaving the last two positive terms and using Lemma 4 with mixed totally geodesic condition, we get
0 o2 20 . 29V 2 _ 1 21131 2
(2%, D7) [|* = T cos™60 ), (ex(In f))” = gGnacos® 0 V= (In f)|* (41)
k=1

Similarly, we derive the other terms of (38) as follows

n3 ni Ny

|h(D, o+ ||2 Z 2( h(ezre] ]ek) +222 elre] Ek))

kj=1i= =1i=1j=1

2m—n—ny—ng ny Ny

+ Z Z Z (g(h(el, ) ek))

k=1 i=1j=1
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There is no relation for the first positive term in terms of warped products and leaving the last
v-components term. Then, using Lemma 2, we derive

J_ 1 np mnp ns 5
2,242 § 1) 1 (s(hiene) J6)* 20 @)
j=li=1k=
On the other hand, we also have
ny nz np 2
(2, 2% = Y, 1. ¥ (st ) ) + 3 2( i) Ep))
k=1j=1i= kj=1i=

2m—n—npy—ns Ny n3

+r LY (sthene)a)

k=1 i=1j=1

For the first term we use (42) and omit the v-components terms and using frame fields of D% and F®?,
we derive

[h(D,D%)]|> > csc® 6 i i (g( e ef), Fek)) + csc? fsec? 6 Z Z( (ei, Te}) Fe,t))z

k,jzli:l kj=1i=
ny 2
+ csc? O sec? 0 Z Z( (eief FTek)>
kj=1i=1
2
+ csc? fsect 6 Z Z( (ei, Te}) FTe,’é)) .
kj=1i=

Using Lemma 3 with (23)-(26), we obtain

ny 2 1
[1(2,9%) |2 > 2es?0 Y (ei(in £))* + T o0 Y (ei(in f))?
i=1 i=1
1 >

=13 <csc29 + 573 cot? 9) VT (In ). (43)
Last term of (38) is identically zero by the hemi-slant mixed totally geodesic condition. Then, for all
values of h from (39)-(43), finally we get the required inequality (37).

For the equality case, since M is D+ & D%-mixed totally geodesic, i.e.,

h(®+,9% = {0}. (44)
Form the leaving and vanishing terms, we also find

h(®,9) = {0}, h(®*,0%)={0}, n®,0")={0},
h(®°,9% c 19+, h(®,9%) C FD°. (45)

Then, Mt x M, is totally geodesic and Mj is totally umbilical in M due to the fact that M x M, is
totally geodesic and My is totally umbilical in M [2,6] with equality holding case of (45). Furthermore,
due to Theorem 2 and Lemma 2, we observe that M is not a ® @ ®%-mixed totally submanifold of M.
Hence, the proof is complete.

Now, we give the following consequences of Theorem 3.

A warped submanifold of the form M = My Xy M, in a nearly Kaehler manifold M is called
hemi-slant if M| is a totally real submanifold and Mj is a proper slant submanifold.

If dim M7 = 0 in Theorem 3, then we have
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Theorem 4. Let M = M| x ¥ My? be a mixed totally geodesic hemi-slant warped product submanifold in a
nearly Kaehler manifold M. Then

(i) The second fundamental form h of M satisfies

P > grnacos? 6] (n )2 (46)
where V- (In f) is the gradient of In f along M | .

(ii) if the equality sign of (46) holds identically, then M| and My are totally geodesic and totally umbilical
submanifolds of M, respectively.

On the other hand, if M| = {0}, we have the following special case of Theorem 3.

Theorem 5. [1] Let M = M7' x ¥ My? be a semi-slant warped product submanifold in a nearly Kaehler
manifold M. Then, we have

(i) The second fundamental form h and the warping function f satisfy
2 10 - T 2
|\h||* > 2ny 1—|—§C0t 6 )|V (Inf)|* (47)

where VT In f is gradient of In f along Mr.
(ii) If the equality sign in (47) holds identically, then Mr is totally geodesic and My is totally umbilical in M.
Moreover, M is a minimal submanifold in M.

Also, if dimM,; = 0and 6 = Z in Theorem 3, then M = M7! x § M'? is a CR-warped product
submanifold of a nearly Kaehler manifold M and they were studied in [17] and hence the main
Theorem 4.2 of [17] is a special case of Theorem 3.
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