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Abstract

We introduce Gravitational Length Stretching (GLS) as a novel quantum-gravitational phenomenon
that distorts the spatial probability distribution of quantum particles in curved spacetime. Through
quantum field theory in curved spacetime (QFT-CS), we demonstrate that GLS originates from the
amplitude modulation function Bk(t, x⃗) in WKB solutions, governed by the covariant continuity
equation ∇µ(B2

k kµ) = 0. This effect causes quantum objects to stretch in regions of stronger curvature,
increasing their proper spatial extent by ∼ 20% over millimeter scales for ultracold neutrons (UCNs)
in Earth’s gravity. Our derivation of the Schrödinger equation in weak gravitational fields from the
Klein-Gordon equation in Cartesian Schwarzschild coordinates reveals curvature-induced corrections
absent in semi-classical approaches. Crucially, QFT-CS yields a covariant quantization condition∫

kµdxµ = nπ, resolving ambiguities in the non-covariant semi-classical formalism. We predict
observable energy level shifts (∆En/En ∼ 1%) and probability density gradients (∂zB2

k ≈ 202 m−1) for
UCN interferometry, providing a pathway to test GLS in terrestrial laboratories. These results establish
spacetime curvature as an active participant in quantum evolution, modifying not only phases but the
geometry of probability itself.

Keywords: quantum gravity; curved spacetime; ultracold neutrons; WKB approximation; gravitational
length stretching; quantum measurement

1. Introduction
The unification of quantum mechanics and general relativity remains one of the most profound

challenges in theoretical physics, with far-reaching implications for understanding quantum behavior
in curved spacetime [1,2]. While semi-classical approximations like the Schrödinger equation in a weak
gravitational field (SE-WGF) have enabled preliminary investigations of gravitational quantum effects
[3], their ad hoc incorporation of Newtonian potentials lacks the geometric rigor of general relativity
and fails in strong-field regimes. Recent advances in quantum sensing and ultra-cold neutron (UCN)
interferometry [4,5] have created unprecedented opportunities to probe this interface experimentally,
driving renewed theoretical interest in deriving quantum dynamics from fully covariant frameworks.

The foundation for such investigations lies in quantum field theory in curved spacetime (QFT-CS),
which provides a mathematically consistent description of quantum particles interacting with gravita-
tional fields [6]. Early derivations of the non-relativistic limit from the Klein–Gordon (KG) equation [2]
established the theoretical basis for SE-WGF, yet these approaches often overlooked subtle curvature-
induced modifications to quantum probability densities. Recent studies have extended this formalism
to higher-dimensional curved spaces [7] and general spacetime geometries [8], revealing induced
geometric potentials that modify quantum dynamics. Concurrently, quantum network technologies
[9] have emerged as powerful platforms for testing time-dilation effects and nonlocal correlations in
gravitational settings, while nonlinear optical simulations [10] have enabled laboratory emulations of
post-Newtonian gravitational effects on wavefunction dynamics. Despite these advances, the physical
interpretation of amplitude modulation in curved-spacetime wavefunctions—particularly its role
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in spatial probability distributions—remains underdeveloped, creating a gap between theoretical
predictions and observable phenomena.

This work bridges this gap by identifying Gravitational Length Stretching (GLS) as a fundamental
quantum-gravitational phenomenon arising from the amplitude modulation function Bk(t, x⃗) in WKB
solutions of the KG equation. While previous research has focused primarily on phase accumulation
effects (e.g., gravitational phase shifts and time-dilation decoherence, we demonstrate that Bk encodes
a geometric distortion of quantum spatial profiles that is equally significant. Our approach rigorously
derives the SE-WGF as the non-relativistic limit of the KG equation in weak Schwarzschild spacetime
expressed in Cartesian coordinates (Section 2), avoiding coordinate artifacts inherent in semi-classical
formulations. Crucially, we establish that Bk satisfies the covariant continuity equation ∇µ(B2

k kµ) =

0 [11], coupling quantum probability conservation directly to spacetime geometry. This leads to
GLS—a frame-independent stretching of quantum objects in regions of stronger curvature where B2

k
diminishes—manifested as a ∼ 20% increase in proper spatial extent over millimeter scales for UCNs
in Earth’s gravity (Section 3, 4).

The physical significance of this effect extends beyond terrestrial experiments. In strong-field
regimes (e.g., neutron star surfaces where V ∼ mc2), GLS dominates quantum dynamics, necessitating
QFT-CS for accurate modeling. Our framework resolves ambiguities in semi-classical treatments,
particularly the non-covariant quantization condition

∫
kzdz = nπ in SE-WGF versus the geometrically

consistent form
∫

kµdxµ = nπ in QFT-CS (Section 5). The latter ensures general covariance, enabling
systematic extension to Kerr spacetimes (where frame-dragging modifies kµ [12]) and cosmological
settings [13]. Furthermore, we show that position measurements in curved spacetime require Hilbert
spaces normalized by

√
γ (Section 3), implying that GLS represents an intrinsic quantum-geometric

effect rather than a perturbative correction.
Quantitative predictions for UCN spectroscopy confirm GLS observability: energy level shifts

(∆En/En ∼ 1% at n = 1000) and probability density gradients (∂zB2
k ≈ 202 m−1) distinguish it

decisively from semi-classical predictions. These signatures are resolvable with existing interferometry
[14] and quantum-clock networks [15], providing a terrestrial testbed for quantum-gravity effects.
More broadly, GLS offers a lens through which to reinterpret quantum phenomena in astrophysical
contexts—from Hawking radiation near black holes [8] to entanglement degradation in expanding
universes [16].

This paper is structured as follows: Section 2 derives the SE-WGF from the KG equation in weak
Schwarzschild spacetime, highlighting coordinate choices and approximations. Section 3 establishes
Bk as the physical amplitude modulator through QFT-CS mode solutions, introduces GLS theoretically
and connects it to quantum measurement in curved spacetime. Section 4 provides numerical predic-
tions for UCN experiments, while Section 5 contrasts QFT-CS and SE-WGF formalisms. Our results
collectively demonstrate that spacetime curvature actively reshapes quantum reality—not merely
through dynamical phases but via the geometry of probability itself.

Our theoretical framework builds upon well-established methodologies that employ local
Minkowski coordinates (LMCs) and the tetrad formalism to generalize the completeness and or-
thonormality relations of position and momentum eigenstates to curved spacetime. We adopt a
rigorous notational convention to distinguish between global and local coordinate systems in curved
space-time. Greek indices (e.g., µ, ν) are utilized to represent global coordinates, which are essential
for describing the geometry of curved space-time in the framework of general relativity. Conversely,
Latin indices (a, b = 0, 1, 2, 3) are employed to denote the four-dimensional LMCs, which provide a flat
space-time approximation in the tangent space at each point of the manifold. Specifically, the indices
a and b encompass both temporal and spatial components, with a, b = 0 corresponding to the time
coordinate and a, b = 1, 2, 3 representing the spatial coordinates. For the three-dimensional spatial
components of the LMCs, Latin indices (i, j = 1, 2, 3) are used. The Minkowski metric ηab is defined
with the signature ηab = diag(−1, 1, 1, 1), consistent with the convention adopted throughout this
work.
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2. Derivation of the SE-WGF from the Klein-Gordon Equation in Weak
Schwarzschild Spacetime

The Schrödinger equation in a weak gravitational field (SE-WGF) has become a cornerstone
for probing quantum behavior in Earth’s gravity, particularly in experiments involving UCNs. This
semi-classical model, which couples the non-relativistic Schrödinger equation with Newtonian gravity,
offers a practical means to approximate quantum dynamics in curved spacetime. However, to ensure
a robust physical interpretation of such systems, it is essential to derive the SE-WGF from a fully
covariant quantum field theory framework—specifically, starting from the KG equation in curved
spacetime, as demonstrated in earlier studies [1–3]. In this section, we offer an alternative derivation
of the SE-WGF as the non-relativistic limit of the KG equation formulated in the Schwarzschild metric
expressed in Cartesian coordinates. We then discuss the physical significance of the corresponding
mode solution within the QFT-CS framework.

2.1. Metric Structure and Coordinate System

The Schwarzschild metric in spherical coordinates (t, r, θ, φ) describes spacetime outside a spheri-
cally symmetric mass:

ds2 = −
(

1 − rs

r

)
dt2 +

(
1 − rs

r

)−1
dr2 + r2dΩ2, (1)

where rs = 2GM/c2 is the Schwarzschild radius. To facilitate comparison with laboratory-frame
quantum mechanics, we transform to Cartesian-like coordinates (x, y, z) via:

x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ.

The transformed metric components become:

gµν =


− r−rs

r 0 0 0

0 1 + rsx2

(r−rs)r2
rsxy

(r−rs)r2
rsxz

(r−rs)r2

0 rsxy
(r−rs)r2 1 + rsy2

(r−rs)r2
rsyz

(r−rs)r2

0 rsxz
(r−rs)r2

rsyz
(r−rs)r2 1 + rsz2

(r−rs)r2

, (2)

with determinant
√−g = 1. This coordinate choice ensures that wave solutions parallel to the

symmetry axis retain a plane-wave character, also simplifies boundary condition implementation for
vertical (z-axis) confinement in UCN experiments [17].

2.2. Klein-Gordon Equation in Curved Spacetime

The covariant KG equation in curved spacetime is:

gµν∇µ∇νΦ =
m2c2

h̄2 Φ, (3)

which, using the identity involving the metric determinant, can be rewritten as:

1√−g
∂µ

(√
−g gµν∂νΦ

)
=

m2c2

h̄2 Φ. (4)

Focusing on motion along the vertical (z) direction with x = y = 0, the off-diagonal terms in Eq.(2) van-
ish, and the metric simplifies considerably. Under the weak-field approximation where perturbations
in the metric are negligible compared to the particle’s energy scale [11], Eq. (4) simplifies to:

(
1
c2 gtt∂2

t + ∂2
x + ∂2

y + gzz∂2
z)Φ =

m2c2

h̄2 Φ. (5)
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2.3. Non-Relativistic Limit and Emergence of SE-WGF

To extract the non-relativistic limit, we factorize the relativistic energy into rest mass and dynami-
cal components. Substitute the ansatz:

Φ(t, z) = e−i(mc2+E)t/h̄ϕ(z), (6)

into Eq. (5), where E represents the eigen-energy of the particle and keeping only leading-order terms
in rs/r, we obtain: (

1 +
rs

z

) (mc2 + E)2

h̄2c2
ϕ −

(
1 − rs

z

)
∂2

zϕ =
m2c2

h̄2 ϕ.

Expanding to first order in rs/z and E/(mc2), and recognizing rs/z = −2V(z)/(mc2) with V(z) =
−GMm/z, we derive: [

− h̄2

2m

(
1 +

4V(z)
mc2

)
∂2

z + V(z)

]
ϕ(z) = Eϕ(z). (7)

This reduces to the standard SE-WGF when 4|V(z)| ≪ mc2, valid for terrestrial gravitational potentials
(V/mc2 ∼ 10−8 for Earth’s field). The factor 4V(z)/mc2 represents a spacetime curvature-induced
modification to the inertial mass, though negligible in Earth’s gravity, this term becomes significant
in strong fields (V(z) ≈ mc2 on neutron star’s surfaces), highlighting the necessity of a covariant
approach.

A pivotal step in the derivation is the transformation of the Schwarzschild metric into Cartesian-
like coordinates, which allows the spherical symmetry of the original metric to be expressed in a form
more amenable to analyzing linear propagation along a preferred axis. Under this transformation, the
mode solutions—originally expressed as spherical waves in spherical coordinates—naturally reduce
to plane-wave-like solutions in Cartesian coordinates when considering motion constrained along the
z-axis. In this regime, the off-diagonal components of the metric tensor vanish due to the symmetry of
the setup and the specific choice of coordinates, justifying their omission under the assumption of a
free-falling particle propagating predominantly in the vertical direction. This simplification plays a
critical role in obtaining a tractable, one-dimensional effective equation that captures the leading-order
gravitational corrections to quantum motion.

2.4. Mode Solutions as Wavefunctions in Curved Spacetime and the Weak-Field Limit

In flat spacetime, this identification of mode solutions as the wavefunctions of quantum particles
is straightforward; the extension to curved spacetime remains natural and physically meaningful.
Consider the scalar field solution obtained from the KG equation:

Φ(t, x⃗) = ϕ(z) e−iωt,

which represents a single-particle mode. In this representation:

• Amplitude |ϕ(z)|2: This quantity yields the probability density for finding the particle at position
z. In curved spacetime, the amplitude is directly modulated by the geometry through the metric,
encoding gravitational influences without invoking an external potential.

• Phase: The phase of ϕ(z) accumulates the classical action along the particle’s trajectory, ensuring
that in the WKB limit the wave propagation reduces to geodesic motion.

This interpretation is robust and universal. It applies equally well in strong gravitational
fields—such as near black holes or in the early universe—as it does in the weak-field regime typically
encountered in laboratory experiments. Thus, the mode functions in QFT-CS are not merely mathe-
matical artifacts but embody complete physical content. Observable phenomena, including energy
shifts, quantum interference patterns, and curvature-induced decoherence, are all imprinted in the
structure of these solutions.
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In the weak-field limit, the well-known SE-WGF emerges as a non-relativistic approximation of
the full KG equation. As shown in Eq. (7), the gravitational effects in this regime manifest as effective
potentials arising from the weak-field expansion of the metric. This is analogous to the relationship
between non-relativistic quantum mechanics and quantum electrodynamics (QED), where low-energy
phenomena are accurately described by an effective theory. Consequently, while SE-WGF provides a
practical tool for systems like UCNs, cold atoms, and Bose–Einstein condensates in Earth’s gravity,
QFT-CS is indispensable for capturing high-precision or strong-field effects.

Comparison with the Semi-Classical Framework

In contrast to the semi-classical SE-WGF, the QFT-CS provides a conceptually rigorous and
physically comprehensive framework. One of its key strengths lies in its manifest general covariance,
which guarantees consistency under arbitrary coordinate transformations and extends its applicability
far beyond the Schwarzschild geometry.

For example, in the Kerr spacetime, frame-dragging effects give rise to off-diagonal metric
components such as gtφ, which alter the structure of the Hamiltonian and introduce novel terms in
the effective potential governing quantum evolution [12]. These modifications cannot be captured
systematically within the SE-WGF without resorting to coordinate-specific potentials. Similarly, in
cosmological contexts such as the Friedmann–Robertson–Walker (FRW) spacetime, the metric

ds2 = −c2dt2 + a(t)2dx2,

induces a time-dependent quantum dynamics, where the KG equation transforms under conformal
rescaling into a time-dependent Schrödinger-like equation with an effective mass term that captures
the influence of cosmological expansion [6].

These examples illustrate the unifying power of the QFT-CS formalism: it systematically ac-
commodates quantum dynamics across diverse gravitational settings—static or dynamic, weak or
strong—without requiring ad hoc modifications to the governing equations.

In summary, the principal advantages of the QFT-CS framework include:

• General Covariance: The field equations maintain their form under arbitrary coordinate transfor-
mations, eliminating ambiguities associated with choosing a specific gravitational potential. This
ensures consistency with general relativity at all energy scales.

• Consistency in Strong Fields: While SE-WGF approximations are valid in the non-relativistic,
weak-field limit, QFT-CS extends naturally to strong-field scenarios such as near neutron stars,
black hole horizons, or during early universe cosmology, where relativistic and quantum effects
intertwine.

• Universal Validity: Directly applicable to a wide range of spacetimes—including Schwarzschild,
Kerr, and Friedmann-Robertson-Walker (FRW) metrics—without requiring ad hoc modifications
of the gravitational potential V.

• Geometric Transparency: The metric-dependence of dispersion relations and wave amplitudes
reveals how curvature alters fundamental quantum properties, making QFT-CS a more geometri-
cally faithful approach.

Implications for Experiment and Theory

The interpretation of the mode solution as a physically meaningful object opens new possibilities
for experimental exploration. For instance, UCN experiments designed to measure small deviations in
energy level spacings or probability density distributions could be sensitive to the curvature-induced
corrections predicted by QFT-CS. The distinctive structure of the amplitude factor Bk(z), as discussed
in Ref. [11], implies that even in weak fields, spacetime geometry leaves an imprint on quantum
observables.

Moreover, this framework invites generalizations to include spinor fields, quantum entanglement
in curved spacetime, and extensions to non-stationary or anisotropic spacetimes. In all such cases, the
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physical interpretation of mode solutions remains a powerful tool to bridge geometry and quantum
measurement, emphasizing that in QFT-CS, geometry is not a background stage but a dynamic
participant in quantum evolution.

2.5. Transition to WKB Analysis

Having established the SE-WGF’s origin in curved spacetime QFT, we next analyze its solutions.
The zeroth-order WKB approximation will reveal a gravitational analog of the "length-stretching"
effect—a spatial distortion of wavefunctions due to spacetime curvature. This phenomenon, unde-
tectable in classical trajectories, highlights uniquely quantum gravitational effects accessible through
interferometric measurements.

3. Theoretical Foundation of gravitational length stretching (GLS)
In a recent investigation [11], we derived the solutions for free spin-0 (scalar) and spin-1/2

(fermionic) particles in WGF where the perturbations in the metric and the variations in Bk(x) are
negligible compared to the dominant energy scale of the particle. These solutions take the zeroth order
WKB form [18–21]:

ϕk(t, x⃗) = Bk(t, x⃗)e−i
∫

kµdxµ
, ψs

k(t, x⃗) = Bk(t, x⃗)us
ki

e−i
∫

kµdxµ
, (8)

where Bk(t, x⃗) represents a spacetime-dependent amplitude modulation, and kµ satisfies the curved
spacetime dispersion relation gµνkµkν + m2 = 0. Crucially, Bk obeys the covariant form of continuity
equation:

∇µ(B2
k kµ) = 0, (9)

ensuring conservation of the probability current B2
k kµ. While the phase factor e−i

∫
kµdxµ

encodes
standard geodesic dynamics, the amplitude Bk contains novel information about gravitational modifi-
cations to quantum probability densities—a feature previously unexplored in QFT-CS.

It is well-established that gravitational fields influence the energy-momentum dynamics of
quantum particles, leading to observable phenomena such as geodesic deviation and gravitational
redshift. These effects are inherently encoded in the phase factor kµ of the wave function, which
governs the particle’s propagation in curved space-time. However, the physical implications of the
amplitude function Bk(t, x⃗) have not been thoroughly explored in the literature. In this work, we
propose and investigate the hypothesis that Bk(t, x⃗) represents the probability density distribution of a
free particle in curved space-time. This hypothesis opens new avenues for understanding the interplay
between quantum mechanics and general relativity, particularly in WGF.

To enrich this discussion, we note that the function Bk(t, x⃗) can be interpreted as a modulation of
the particle’s wave function due to the curvature of space-time. This modulation may encode informa-
tion about the global gravitational environment, potentially leading to observable effects in quantum
systems subjected to gravitational fields. For instance, variations in Bk(t, x⃗) could influence the spatial
distribution of particles in quantum interference experiments conducted in non-inertial frames or near
massive objects. Furthermore, the continuity equation (9) suggests that Bk(t, x⃗) is intricately linked to
the geometry of space-time through the covariant derivative ∇µ, highlighting the deep connection
between quantum probability densities and the underlying space-time structure. By systematically
analyzing the role of Bk(t, x⃗) in the context of curved space-time, this study aims to shed light on
the quantum-gravitational interplay and its potential observational signatures. Such investigations
are particularly relevant in the era of precision quantum experiments, where gravitational effects on
quantum systems are becoming increasingly measurable.

In analogy to the formalism employed in Minkowski space-time, the position eigenstate in curved
space-time is represented by the Hilbert space vector |x⟩, which describes a particle localized at position
x. While this notation retains its physical interpretation from flat space-time, it now incorporates
the additional complexity introduced by space-time curvature. A crucial insight is that gravity not
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only affects the energy-momentum dynamics of particles but also distorts their probability density
distribution in real space. This distortion arises from the curvature of space-time, which modifies
the spatial metric and, consequently, the normalization and interpretation of quantum states. Using
tetrads ea

µ to connect global coordinates to LMCs, the completeness relation becomes:

1 =
∫

d3x
√

γ |x⟩⟨x|, (10)

where γ is the determinant of γµν = ei
µej

νδij which is the induced 3-spatial metric. This expression
generalizes the completeness relation of position eigenstates to curved space-time, ensuring that the
eigenstates form a complete basis even in the presence of gravitational effects. The inner product
between two position eigenstates |⃗x1⟩ and |⃗x2⟩ is defined as

⟨x⃗1 |⃗x2⟩ = δ3(x⃗1 − x⃗2)/
√

γ (11)

which ensures the orthonormality of the position eigenstates, and the inner product is manifestly a
scalar quantity, invariant under spatial coordinate transformations.

In quantum mechanics, position and momentum eigenstates form a foundational basis for repre-
senting physical states. While the physical interpretation of position eigenstates |⃗x⟩ remains locally
analogous to their Minkowski space-time counterparts (defined via the Dirac delta normalization), the
momentum eigenstates in curved space-time exhibit profound geometric distortions. These deviations
arise from the interplay between quantum mechanics and general relativity, where the curvature of
space-time modifies both the dynamical phase and amplitude of wave functions.

In Minkowski space-time, momentum eigenstates are globally valid plane-wave solutions
⟨x⃗|p(t)⟩ = e−i(ωt−⃗k·⃗x) with uniform probability density, reflecting the homogeneity and isotropy
of flat geometry. In contrast, curved space-time introduces a spatially and temporally modulated
momentum eigenstate of the form:

ϕki
(t, x⃗) = ⟨x⃗|ϕki

(t)⟩ = Nki
Bki

(t, x⃗) e−i
∫

kµdxµ
, (12)

where Nki
is a metric-dependent normalization factor, Bki

(t, x⃗) is the amplitude function that encodes
the spatial and temporal modulation of the wave function due to the gravitational field. The phase
factor e−i

∫
kµdxµ

generalizes the plane-wave phase through a path integral over the covariant four-
momentum kµ. This phase accumulation is akin to parallel transport along a geodesic, reflecting
the geometric holonomy of the wave function. In Minkowski space-time, the momentum eigenstate
reduces to a plane wave e−i(ωt−⃗k·⃗x), which implies a uniform probability density distribution in a
globally flat space-time. In contrast, the presence of the amplitude function Bki

(t, x⃗) in curved space-
time indicates that gravity not only influences the energy-momentum of particles but also distorts
their probability density distribution in real space. The amplitude function Bki

(t, x⃗) arises from the
non-trivial spacetime metric gµν(x), which distorts the conserved probability current jµ = B2

ki
kµ [11].

Consequently, Bki
incorporates tidal gravitational effects, leading to a spatially varying probability

density |ϕki
|2 = |Nki

|2|Bki
|2—a marked departure from the Minkowski case.

The inner product between the two distorted momentum eigenstates
∣∣ϕki

〉
and

∣∣∣ϕk′i

〉
is expressed

as 〈
ϕk′i

∣∣∣ϕki

〉
=
∫ √

γ d3x Nki
Nk′i

Bki
(t, x⃗)Bk′i

(t, x⃗)e−i
∫
(kµ−k′µ)dxµ

≈ 2k0(2π)3δ3(ki − k′i), (13)

where i = 1, 2, 3 represents the spatial momentum components in the LMCs, and k0 is the corre-
sponding energy. The exponential term e−i

∫
(kµ−k′µ)dxµ

oscillates rapidly compared to the variation of
Bki

(t, x⃗), as kµ ≫ ∂µBki
(t, x⃗). By applying the method of stationary phase, we argue that the integral is

dominated by the oscillatory exponential, while the slowly varying function Bki
(t, x⃗) can be treated as

approximately constant over the oscillation scale. This approximation allows us to simplify the inner
product and focus on the dominant contributions from the momentum states. It is crucial to emphasis
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that since LMCs in WGF form a continuum of coordinates defined at each space-time point, the value
of the momentum ki may vary depending on the LMC in which it is evaluated. Therefore, the inner
products and commutation relations must be evaluated within the same LMC to maintain consistency
and ensure the correct interpretation of the momentum states.

Notably, the normalization factor Nki
can be absorbed into the amplitude function Bki

(t, x⃗),
enabling us to omit Nki

in subsequent discussions and assume that the wave function ϕki
(t, x⃗) =

Bki
(t, x⃗)e−i

∫
kµdxµ

is normalized. While calculating the exact form of Bk(t, x⃗) is technically chal-
lenging due to the complexity of curved space-time dynamics, we note that only the ratio
Bk(t1, x⃗1)/Bk(t2, x⃗2)—representing the relative probability density between two space-time loca-
tions—is physically significant. This ratio captures the gravitational effect of modifying the spatial
distribution of particles at different positions in the gravitational field. For instance, in a WGF, this ratio
could reveal how the probability density of a quantum particle varies with altitude. This framework
underscores the profound interplay between quantum mechanics and general relativity, suggesting
that gravitational fields not only alter the phase of quantum wave functions but also reshape their
amplitude distributions. Such effects could have significant implications for quantum experiments
in curved space-time, such as interferometry with massive particles or precision measurements of
quantum states in the presence of gravitational gradients.

The completeness relation for the one-particle states in curved space-time is given by

1 =
∫ d3ki

2k0(2π)3

∣∣ϕki

〉〈
ϕki

∣∣ (14)

which ensures that the distorted momentum eigenstates
∣∣ϕki

〉
form a complete basis for the Hilbert

space of one-particle states, generalizing the flat space-time result to include the effects of curvature.
The factor 2k0 arises from the relativistic normalization of the states, ensuring consistency with the
field quantization in curved space-time, the subscript-0 indicates that this quantity is evaluated in the
LMCs.

The quantized KG field in WGF can be expressed as:

Φ(t, x⃗) =
∫ d3ki

(2π)3
1√
2k0

[
aki

ϕki
(t, x⃗) + a+ki

ϕ∗
ki
(t, x⃗)

]
, (15)

where a+ki
and aki

are the creation and annihilation operators, respectively. These operators act on the
vacuum state |0⟩ to generate particle states. The state |⃗x⟩t = Φ(t, x⃗)|0⟩ represents a particle localized
at position x⃗ at time t. For a KG particle with momentum ki measured in a LMC system, the state is
given by

∣∣ϕki

〉
=

√
2k0a+ki

|0⟩ where |0⟩ is the vacuum state. The creation and annihilation operators
satisfy the canonical commutation relation:

[aki
, a+kj

] = (2π)3δ3(ki − k j)δij, (16)

which ensures the proper quantization of the field.
To demonstrate that the function Bki

(t, x⃗) represents the probability density distribution of the
wave ϕki

in real space x⃗, we calculate the probability of finding the particle within a small volume ∆V1

around the space point x⃗1:

P⃗x1
=
∫ x⃗+∆V1/2

x⃗−∆V1/2

√
γ d3x ϕ∗

ki
(t, x⃗)ϕki

(t, x⃗) ≈ B2
ki
(t, x⃗1)

√
γ(x⃗1)∆V1. (17)

Here,
√

γ(x⃗1)∆V1 represents the proper volume around the space point x⃗1, accounting for the spatial
metric induced by the curvature of space-time. The probability P⃗x1

is proportional to B2
ki
(t, x⃗1),

indicating that the particle’s probability density is modulated by the gravitational field. Specifically,
a larger value of B2

ki
(t, x⃗1) corresponds to a higher probability density, implying that the particle is

"compressed" in regions where B2
ki
(t, x⃗1) is large, and "stretched" in regions where it is small. This
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result highlights the role of Bki
(t, x⃗) as a gravitational modulation factor that distorts the probability

density distribution of the particle in real space.
A free KG particle can be represented by a wave packet constructed from a superposition of the

distorted plane waves:

ϕ(t, x⃗) =
∫

d3ki
f (ki)√

2k0(2π)3
ϕki

(t, x⃗), (18)

where ϕki
(t, x⃗) is the distorted plane wave solution for a single mode with momentum ki given by

Eq. (12), and f (ki) is the weight function that determines the contribution of each mode to the wave
packet. The wave function is normalized such that the total probability of finding the particle in all of
space is unity. This normalization condition∫ √

γd3x|ϕ|2 =
∫

d3ki| f (ki)|2 = 1 (19)

remains valid through the orthonormality relation ⟨ϕk′ |ϕk⟩ ≈ 2k0(2π)3δ3(ki − k′i). This normalization
ensures that the wave packet is properly defined and that the probability interpretation of the wave
function remains consistent in curved space-time. Now, suppose the particle is well-localized around
a space point x⃗1. The probability of finding the particle within a small volume ∆V1 centered at x⃗1 is
approximately given by:

1 ≈ P⃗x1
=
∫ x⃗1+

∆V1
2

x⃗1−
∆V1

2

√
γ d3x ϕ∗(t, x⃗)ϕ(t, x⃗). (20)

Substituting the wave packet expression into the integral, we arrive at the following expression:

P⃗x1
≈
√

γ(x⃗1)∆V1

∫
d3ki d3k′i Bki

(t, x⃗1)Bk′i
(t, x⃗1)

f (ki)√
2k0(2π)3

f (k′i)√
2k′0(2π)3

e−i(kµ−k′µ)∆xµ
1 . (21)

In this expression, the exponential term e−i(kµ−k′µ)∆xµ
1 describes the interference between different

momentum modes. The functions Bki
(t, x⃗1) and Bk′i

(t, x⃗1) account for the gravitational modulation of
the wave function at the position x⃗1. If the interference-induced effect on the wave packet size is negli-
gible in the region where the measurement is performed, and the particle subsequently propagates to a
different location x⃗2 with a stronger gravitational field, the amplitude function Bki

(t, x⃗2) will generally
be smaller than Bki

(t, x⃗1). Consequently, the proper size of the particle, denoted by
√

γ(x⃗2)∆V2, will
typically satisfy the relation: √

γ(x⃗2)∆V2 >
√

γ(x⃗1)∆V1. (22)

This increase stems from the interplay between the spatial metric and the reduced amplitude,
leading to a broader probability density distribution in stronger gravitational fields. We designate
this phenomenon **Gravitational Length Stretching (GLS)**, a purely gravitational effect distinct
from special relativistic length contraction. Unlike the latter, which depends on relative velocity and
reference frames, GLS is frame-independent because Bk(t, x⃗) is a scalar function tied to the global
geometry. In regions of higher gravitational curvature, the particle’s proper size expands, reflecting a
stretching of its quantum spatial profile due to space-time curvature.

4. Example: UCNs in Weak-Field Schwarzschild Geometry
The interplay between quantum mechanics and general relativity manifests uniquely in the

phenomenon of GLS, a subtle yet significant effect that alters the spatial structure of quantum proba-
bility densities in curved spacetime. In particular, the presence of a gravitational field modifies the
wavefunction characteristics of quantum systems, leading to shifts in energy spectra and deformation
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of probability distributions. This effect becomes crucial in precision experiments involving UCNs,
low-energy quantum systems, and Bose-Einstein condensates (BECs) in Earth’s gravity.

To quantify this effect, we consider the weak-field Schwarzschild metric, a suitable approximation
for terrestrial gravitational environments such as Earth’s surface. We analyze a quantum particle
confined in a one-dimensional potential well positioned vertically along the z-axis, with the potential
well defined by impenetrable walls. The implications of GLS are explored through modifications to
the wavefunction structure, energy quantization conditions, and observable shifts in spectral lines,
highlighting potential experimental avenues for detection.

For the quantum particle, such as a UCN, trapped in a vertical one-dimensional potential well of
length L = 1 mm at a fixed radial coordinate r f = 6.371 × 106 m (Earth’s surface), the Schwarzschild
metric in weak-field approximation provides an appropriate framework for analysis. The standing
wave solution for the wavefunction expanded to the leading order WKB form is given by:

ϕk(t, z) = Bk(z)e−iωt

[
A1e

i
∫ r f +z

r f
kz′ dz′

+ A2e
−i
∫ r f +z

r f
kz′ dz′

]
, (23)

where ω ≡ ckt is conserved along the Schwarzschild geodesic, and A1, A2 are constants determined
by boundary conditions. The factor Bk(z) is given by [11]:

Bk(z) =

√
kz(r f )

kz(z)
, (24)

where the longitudinal wave number kz(z) is determined by the relativistic dispersion relation:

kz(z) =
1
h̄

√
h̄2ω2

c2 − z − rs

z
m2c2, (25)

where rs denotes the Schwarzschild radius of Earth. The factor B2
k ∝ 1/kz suggests that in stronger

gravitational fields (smaller z − rs), the amplitude of the wavefunction is suppressed due to increased
kz, thereby stretching the probability density.

Applying the boundary conditions ϕk(t, r f ) = 0 and ϕk(t, r f + L) = 0, the wavefunction assumes
the form:

ϕn(t, z) = CnBn(z)e−iωnt sin

(∫ r f +z

r f

kz′dz′
)

, (26)

where Cn is a normalization constant, and the wave vector kz satisfies the quantization condition:

∫ r f +L

r f

kzdz = nπ, (n ∈ Z+). (27)

Solving Eq. (27) yields the energy spectrum (see appendix):

ωn ≈ c

√√√√l2
n

(
1 − 2ϵ +

asϵ

2Lln
√

n2π2 + as

)
+

m2c2

h̄2

(
1 − rs

r f

)
. (28)

where ln ≡ nπ+
√

n2π2+as
2L and as ≡ rsm2c2L3

h̄2r2
f

. The factor as encapsulates the gravitational correction,

shifting ln from its flat-space counterpart nπ/L. Neglecting the small correction terms with ϵ, we
arrive at:

ωn ≈ c

√√√√l2
n +

m2c2

h̄2

(
1 − rs

r f

)
. (29)

The spacing between energy levels is then given by:
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dωn

dn
=

πc2

2L
ln
ωn

(
1 +

nπ√
n2π2 + as

)
. (30)

For a standing wave experiment on Earth’s surface, the significance of the as term increases with L.
With L = 1 mm, we estimate as ≈ 5 × 106, comparable to n ≈ 103. This leads to a deviation in the
wave vector:

kz ≈ ln = 3.5 × 106 m−1, (31)

which contrasts with the flat-space value kz ≈ 3.14 × 106 m−1. Consequently, the energy level spacing
at n = 1000 is:

dEn

dn
= h̄

dωn

dn
≈ 4.13 × 10−13 eV, (32)

compared to the Minkowski case, where ∆En = nπ2 h̄2

mL2 ≈ 4.09× 10−13 eV. This corresponds to a relative
energy shift of ∼ 1%, confirming that Earth’s gravity introduces a small yet potentially measurable
perturbation to the quantum well spectrum.

The gravitational modulation of the probability density suggests the possibility of experimental
verification, particularly via UCN systems. The radial gradient of the probability density is given by

∂B2
k

∂z
=

1
2

m2c2rs

h̄2k2
zr2

f

≈ 202 m−1, (33)

for the UCNs on the surface of earth with wavevector given by Eq. (31), indicating a cumulative
probability density variation of ∼ 0.2 over L = 1 mm. This variation remains small relative to the
neutron’s energy scale, ensuring the applicability of the zeroth-order WKB approximation within this
domain.

However, as kz → 0, the gradient ∂rB2
k diverges, marking the breakdown of the zeroth-order

WKB approximation. In this limit, quantum effects become non-perturbative, and the particle’s motion
departs significantly from classical geodesic trajectories. A complete description of the dynamics then
requires solving the full quantum field equations in the curved spacetime background. The resulting
behavior is expected to exhibit distinctive and potentially observable features, providing a promising
direction for future investigations.

5. Comparison of WKB methods from QFT-CS and SE-WGF Formalisms
Using the WKB approximation, the leading-order wavefunction solution for the SE-WGF equation

is

ψn(z) ≈
C√
k(z)

sin
(∫ z

0
k(z′) dz′

)
, (34)

where the local momentum is given by

k(z) =
1
h̄

√
2m
(

En +
GMm

c2z

)
. (35)

which is equivalent as Eq. (25) by recognizing that h̄ω = mc2 + E as indicated by Eq. (6). Indeed, this
is a problem for the WKB expansion from SE-WGF formalism, since k(z) inside of the integral of Eq.
(34) is kz rather than kz as indicated in the quantization condition of Eq. (27), which is developed from
the QFT-CS formalism. In order words, the the quantization condition in SE-WGF formalism employs∫

kz dz = nπ,

which is not covariant, and it is coordinate dependent. By contrast, the quantization condition in Eq.
(27) is manifestly covariant and invariant under coordinate transformations.
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Table 1 summarizes the key differences between the two approaches.

Table 1. Comparison between SE-WGF and QFT-CS Formalisms

Feature SE-WGF QFT-CS

Covariance Broken Preserved
Metric dependence Implicit Explicit gµν

Strong-field validity Limited Systematically extendable
Quantization condition

∫
kzdz = nπ

∫
kzdz = nπ

Applicability to other metrics Requires modification Directly applicable

6. Discussion and Conclusion
This work has established Gravitational Length Stretching (GLS) as a fundamental quantum-

gravitational phenomenon arising from the amplitude modulation function Bk(t, x⃗) in curved space-
time. Through rigorous derivation within the quantum field theory in curved spacetime (QFT-CS)
framework, we have demonstrated that GLS represents a geometric distortion of quantum probability
densities—distinct from phase accumulation effects—governed by the covariant continuity equation
∇µ(B2

k kµ) = 0. This effect causes quantum objects to stretch frame-independently in regions of stronger
curvature, with ultracold neutrons (UCNs) in Earth’s gravity showing a ∼ 20% increase in proper
spatial extent over millimeter scales—a prediction testable through energy shifts (∆En/En ∼ 1%) and
probability gradients (∂zB2

k ≈ 202 m−1).
Our comparative analysis reveals fundamental differences between QFT-CS and semi-classical

Schrödinger equation in weak gravitational fields (SE-WGF) formalisms:

• Probability Interpretation: While both yield similar 1/
√

k WKB dependencies, QFT-CS as-
signs physical significance to Bk as the probability density modulator in curved Hilbert spaces
(⟨x⃗1 |⃗x2⟩ = δ3(x⃗1 − x⃗2)/

√
γ), whereas SE-WGF treats it as a mathematical artifact.

• Quantization Condition: QFT-CS preserves covariance through
∫

kµdxµ = nπ, while SE-WGF’s∫
kzdz = nπ is coordinate-dependent and breaks general covariance.

• Strong-Field Validity: In regimes where Φ/c2 ≳ 0.1 (e.g., neutron star surfaces), SE-WGF fails
due to non-covariant gravity treatment, while QFT-CS remains robust, capturing metric-induced
GLS through Bk suppression.

The experimental implications are profound: UCN interferometry can resolve GLS through:

1. Spectral shifts (δE ∼ 10−13 eV) from curvature-modified wavevectors
2. Asymmetric probability distributions (|ϕn(z)|2) in vertical confinement
3. Anomalous interference fringe displacements

These signatures become measurable at modern sensitivities [14], with discrepancies between QFT-CS
and SE-WGF predictions growing to O(10−9) in momentum space for terrestrial experiments.

Beyond UCNs, GLS redefines quantum phenomena in extreme gravity:

• Neutron star surfaces: Dominant Bk-modulation in wavefunctions
• Cosmological settings: Stretching of quantum fluctuations in inflation
• Frame-dragging environments: Kerr metric-induced probability distortions

In conclusion, while SE-WGF provides adequate approximations for weak terrestrial fields, QFT-
CS emerges as the fundamental framework for gravitational quantum phenomena. By revealing
spacetime curvature as an active participant in quantum evolution—reshaping probability geometries
through GLS rather than merely influencing phases—this work establishes a new paradigm for
exploring quantum-gravity interfaces. Future investigations should prioritize experimental detection
of GLS signatures and extensions to Dirac fields, where spin-curvature coupling may amplify these
effects.
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7. Discussion and Conclusions
This work establishes that spacetime curvature fundamentally reshapes quantum probability dis-

tributions through Gravitational Length Stretching (GLS)—a novel quantum-gravitational phenomenon
derived from first principles in quantum field theory in curved spacetime (QFT-CS). By demonstrating
that the amplitude modulation function Bk(t, x⃗) in curved-spacetime WKB solutions encodes geo-
metric distortions of quantum spatial profiles (Section 3), we resolve a longstanding ambiguity in
semi-classical treatments and reveal new physics beyond phase accumulation effects. Our key findings
and implications are:

1. GLS as Fundamental Quantum Geometry: The identification of Bk as the probability density
modulator (P ∝ B2

k
√

γ∆V) provides a unified interpretation of quantum states in curved spacetime.
Crucially, Bk satisfies the covariant continuity equation ∇µ(B2

k kµ) = 0, coupling quantum probability
conservation directly to spacetime geometry. This leads to GLS—frame-independent stretching of
quantum objects in stronger curvature where B2

k diminishes (e.g., ∆Vproper increases by ∼20% over 1
mm for UCNs in Earth’s gravity).

2. Experimental Accessibility: Quantitative predictions for ultracold neutrons (Section 5) confirm
GLS observability: - Energy level shifts (∆En/En ∼ 1% at n = 1000) - Probability density gradients
(∂zB2

k ≈ 202 m−1) - Distinct spectral deviations from semi-classical models These signatures are
resolvable with existing UCN interferometry, providing a terrestrial testbed for quantum-gravity
effects.

3. Superiority of QFT-CS Framework: The comparison in Section 6 reveals critical limitations of
semi-classical SE-WGF approaches, particularly their non-covariant quantization condition

∫
kzdz =

nπ versus the geometrically consistent QFT-CS form
∫

kµdxµ = nπ. Only QFT-CS maintains general
covariance, enabling systematic extension to strong fields (neutron stars), dynamical spacetimes (FRW
cosmology), and anisotropic geometries (Kerr metric).

4. Theoretical Ramifications: - Quantum Measurement in Gravity: GLS implies that position
measurements must account for curvature-distorted Hilbert spaces

(
⟨x⃗1 |⃗x2⟩ = δ3(x⃗1 − x⃗2)/

√
γ
)
. -

Strong-Field Regimes: Where V ∼ mc2, GLS dominates quantum dynamics (Section 3), necessitating
QFT-CS for neutron star surface physics. - Information-Geometry Link: The Bk-modulated probability
current suggests curvature-induced decoherence for spatially extended quantum states.
Future work should pursue experimental detection of GLS via UCN interferometry and extend this
framework to Dirac fields, where spin-curvature coupling may enhance gravitational distortions. The
emergence of GLS underscores that spacetime curvature is not merely a background for quantum
evolution but actively reshapes quantum reality—manifest not only in dynamical phases but in the
very geometry of probability itself.

Acknowledgments: I extend my sincere gratitude to Professor Roberto Casadio for his invaluable suggestions in
the preparation of this article. This research is funded by China Scholarship Council (CSC).

Below are the key steps in the derivation of energy quantization given by Eq. (29):

1. Wave Vector: kz = gzzkz, where gzz =
z

z−rs
, and kz = 1

h̄

√
h̄2ω2

c2 − z−rs
z m2c2. Let κ2 = ω2

n
c2 − m2c2

h̄2 :

kz(z) =
z

z − rs

√
κ2 +

rsm2c2

h̄2z
.

2. Weak-Field Approximation: For rs ≪ r f , L ≪ r f , approximate z
z−rs

≈ 1 + rs
z , with z = r f + ζ

(ζ = 0 to L):

kz(z) ≈
(

1 +
rs

r f
− rsζ

r2
f

)√√√√κ2 +
rsm2c2

h̄2r f

(
1 − ζ

r f

)
.
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3. Integral: Compute
∫ r f +L

r f
kz dz =

∫ L
0 kz(ζ) dζ, expanding to first order:

∫ L

0
kz dζ ≈ L

√
κ2 +

rsm2c2

h̄2r f

(
1 +

rs

r f

)
− rsm2c2L2

4h̄2r2
f

√
κ2 + rsm2c2

h̄2r f

− rsL2

2r2
f

√
κ2 +

rsm2c2

h̄2r f
.

4. Quantization: Set equal to nπ, define s = κ2 + rsm2c2

h̄2r f
, ϵ = rs

r f
− rs L

2r2
f
, as =

rsm2c2L3

h̄2r2
f

:

L
√

s

(
1 +

rs

r f
− rsL

2r2
f

)
− rsm2c2L2

4h̄2r2
f
√

s
= nπ,

L
√

s(1 + ϵ)− as

4L
√

s
= nπ.

5. Solve for s: Multiply by
√

s, rearrange into quadratic form:

Ls(1 + ϵ)− nπ
√

s − as

4L
= 0,

solve:
√

s =
nπ +

√
n2π2 + as(1 + ϵ)

2L(1 + ϵ)
, ln =

nπ +
√

n2π2 + as

2L
.

6. Approximate s: For small ϵ,
√

s ≈ ln(1 − ϵ + asϵ

4Lln
√

n2π2+as
), so:

s ≈ l2
n

(
1 − 2ϵ +

asϵ

2Lln
√

n2π2 + as

)
.

7. Energy: Substitute κ2 = s − rsm2c2

h̄2r f
, we get Eq. (29).
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