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Abstract: The k-set tree connectivity, as a natural extension of classical connectivity, is an extremely
significant index to measure the fault-tolerance of interconnection networks. Let G = (V,E) be
a connected graph and a subset S C V, an S-tree T = (V’,E’) of graph G is a tree that contains
the subset S. Any two S-trees T and T’ are internally disjoint if and only if E(T) NE(T') = &
and V(T) N V(T’) = S. The cardinality of maximum internally disjoint S-trees is defined as ¢ (S),
and the k-set tree connectivity is denoted by #x(G) = min{xs(S)|S C V(G) and |S| = k}. In this
note, we determine the k-set tree connectivity of hierarchical folded hypercube when k = 4, that is,
k4(HFQ,) = n+ 1, where HFQ),, is hierarchical folded hypercube for n > 7.
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1. Introduction

All graphs in this paper are finite simple and undirected. For more terminology and notation that
are used but not described here, refer to reference [1]. A network is commonly molded by a graph
G=(V,E ), where vertices correspond to processors and edges correspond communication links. For
any vertex x € V, let Ng(x) = {y € V(G)\x|xy € E} be the neighbour set of x in the graph G, and
Nglx] = Ng(x) U{x}. Letdg(x) = [Ng(x)| be the degree of x in G. Besides, we use §(G) and A(G) to
denote the minimum degree and maximum degree of G, respectively. If 5(G) = A(G), then G is called
a regular graph. For any 4,b € V, an (a,b)-path is a simple graph whose vertices begin with 4 and
end with b. Any two (4, b)-paths A and B are internally disjoint if and only if V(A) N V(B) = {a, b}.
For any vertex set S C V, let G(g] be the induced subgraph of G that contains all the vertices of S.
For convenience sake, let [n +1] = {1,2,...,n+ 1} and use “w.l.0.." to express“Without loss of
generality". Let x = x1x, ... X, be n-bit binary string and x; be the i-th bit of x. Denotes H(x, y) by the
Hamming distance of two distinct n-bit binary strings of x and y is that the number of positions where
they differ.

With the rise and rapid development of high-performance parallel computer science, more and
more attention is being paid to interconnection networks with excellent performance. An eminent
topological structure can significantly improve the reliability of a network. Therefore, it is essential to
consider the fault tolerance of the network while designing the topology of the network. This means
that the interconnection network should be able to operate effectively even when certain nodes and
edges fail, ensuring that it retains specific network properties. In fact, the topological structure of
an interconnection network commonly modeled by an undirected simple graph G = (V, E), where
every vertex corresponds to a processor, and each edge corresponds to a communication link. Then
many computer scientists and engineers use some parameters of graph theory to design and analyzing
topological structures of interconnection networks, for instance the connectivity.

The connectivity x(G) of a connected graph G is the minimum cardinality of vertices whose
removed to obtain a disconnected graph or only a vertex. A famous theorem that we know of
Whitney[2] gives another equivalent definition of connectivity. For any vertex set S = {x,y}, let
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kc(S) be the maximum cardinality of internally disjoint paths joining x and y in G. Then x(G) =
min{xs(S)|S C V and |S| = 2}. However, the connectivity has an evident drawback that in the
practical application of interconnection networks, the probability of all neighbours adjacent to a vertex
failing at the same time is extremely small. Therefore, it is not precise enough to measure the fault
tolerance of a network by the parameter of connectivity.

In order to better evaluate the fault tolerance level of a network, Chartrand et al.[3] extended the
connectivity and came up with the concept of the k-set tree connectivity. For any vertex set S C V, G(g
as the induced subgraph of G is actually a tree. An S-tree T = (V’, E’) of a connected graph G is a tree
that contains the subset S. Two S-trees T and T’ are internally disjoint if and only if E(T) NE(T') = &
and V(T) N V(T') = S. Let kg(S) be the maximum number of internally disjoint S-trees in graph G.
The k-set tree connectivity is denoted by x;(G) = min{xg(S)|S C V and |S| = k}.

The relation between the tree connectivity and the connectivity and the bounds of the tree
connectivity have been extensively investigated [4—6]. Furthermore, the 3-set tree connectivity of
some networks have been studied. Such as, Chartrand ea al. explored the 3-set tree connectivity of
complete graphs[7]. Li ea al. derived the 3-set tree connectivity of card product graphs[8]. Li et al.
determined product graphs[9]. Li et al. evaluated the 3-set tree connectivity of complete bipartite
graph[10]. Zhao et al. investigated the 3-set tree connectivity of star graphs and alternating group
graphs[11]. However, there are few results about 4-set tree connectivity. The results known about 4-set
tree connectivity of networks so far, are hypercubes[12], exchanged hypercubes[13] and dual cube[14]
and hierarchical cubic networks[15]. For more researches and results about the k-set tree connectivity,
refer to [16-19,22,23].

In this paper, we study the 4-set tree connectivity of the hierarchical folded hypercube.

2. Preliminaries

An n-dimensional hierarchical folded hypercube HFQ,, can be divided into 2" clusters, say C;,
Cy, ..., Con and every cluster is isomorphic to the n-dimensional folded hypercube FQ,,. Any vertex
a € V(HFQ,) can be denoted by a two-tuple address a = (c(a), p(a)), where both ¢(a) and p(a) are
n-bit binary strings. The first binary string c(a) identifies the cluster the vertex a belong to and the
second binary string p(a) identifies the vertex within the cluster. Two vertices a = (c(a), p(a)) and
b = (c(b), p(b)) are adjacent in HFQ,, if and only if one of the following two prerequisites holds:

Ecu(HFQy) = {ab|H(P(a), P(b)) = 1},

Eo(HFQ,) = {ab| if c(a) = P(a), then c(b) = p(b) = c(a) otherwise, c(a) = P(b) and p(a) =

c(b)}.
Where E.,(HFQy) is called cube edge, which in a cluster of HFQ,, and E.-(HFQ,) is called cross
edge, which connecting two vertices in two distinct clusters of HFQ)j,.
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Figure 1. The 2, 3-dimension hierarchical folded hypercube.

Lemma 2.1. Let Cy, Cy, ..., Con be the 2" clusters of HFQy, for n > 7, we have

(1) Fori € [2"], let b € V(C;) with c¢(b) = p(b). The external neighbors of different vertices in
V(C;)\{b} distributes in distinct clusters of HFQy,. Besides, ifa € V(C;)\{b} with p(a) = p(b), the external
neighbor of a distributes in the same cluster with b.

(2) Fora € V(C;) and b € V(C;), there exist two cross edges between C; and C; for i # jand i,j € [2"]
ifand only if c(a) = c(b); otherwise there is just one cross edge.

(3) For any two vertices a,b € V(C;) in HFQ,, for i € [2"], the external neighbor of a and b can not be
the same vertex.

Proof. (1) Letby, by € V(C;)\{b} and by # by. By the definition of HFQy,, c(by) # p(b1), c(b2) # p(b2)
and p(b1) # p(b,). Therefore, the external neighbors of by and b, are (p(b1),c(b1)) and (p(b2), c(b2)),
respectively. Since p(b1) # p(bz), the external neighbor of by and b, distribute in different clusters

of HFQ,. In view of b € V(C;) and ¢(b) = p(b), the external neighbor of b is c(b) = p(b). Let
a € V(C;)\{b}, then c(a) # p(a) and the external neighbor of a is (p(a),c(a)). When (p(a) = p(b)),
the external neighbors of a4 and b belong to the same cluster of HFQ),,.

(2) By (1), it is clear that the result holds.

(3) Leta,b € V(C;) fori € [2"] and suppose that a and b have a same external neighbor, denote
by x, then a and b are the two external neighbors of x, a contradiction.

O

Lemma 2.2. Let C1,Cy,...,Con be the 2" clusters of HFQ, for n > 7. Then, arbitrary vertex b =
(c(b),p(b)) € V(C;) fori € [2"], N, (b)| = n + 1, we have
(1) The external neighbors of the distinct vertices in Nc,(b) distribute in different clusters of HFQ,.

(2) When c(b) = p(b)(c(b) = p(b)), there is one and only one vertex b; in Nc,(b) with the external

neighbor belongs to the same cluster with the vertex v and b; = (c(b), p(b))(c(b),
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p(b)). Otherwise, all the vertices in N, (b) with the external neighbors distribute in different clusters with the
vertex b.

Proof. (1) wlo.g,letb € V(Cy). Recall that C; = FQy,, which is (n + 1)-regular, therefore |N¢, (v)| =
n+1.Asn > 7, forany by, by € Nc,(b), p(b1) # p(b2). By (1) of Lemma 1, the external neighbors of
vertices in N¢, (b) distribute in different clusters of HFQ,,.
(2) By the definition of HFQ,, the result can be obtained directly.
O

Lemma 2.3. Let Cq,Cy, ..., Con be the 2" clusters of HFQ, and N = HFQ, [U;-‘:1 V(Cij)]for ij e v(2"),
wherek > 1and n > 7, then N is connected.

Proof. wlo.g, let N = HFQn[U;?:1 V(C;)]. By (2) of Lemma 1, there exists at least one cross edge
between arbitrary two different clusters of HFQj,. Therefore, N is connected.
O

Lemma 2.4. [20] The folded hypercube FQ,, is (n + 1)-regqular and x(FQ,) = n+1 forn > 2.

Lemma 2.5. [21] The hierarchical folded hypercube HFQ,, is (n + 2)-reqular and x(HFQy) = n + 2 for
n>2.

3. The 4-set tree connectivity of hierarchical folded hypercube

In this part, we determine the k-set tree connectivity of folded hypercubes HFQ,, when k = 4.
Thatis, x4 (HFQy,) = n+ 1 where n > 7.
The following lemma provides a sharp upper bound for our main result.

Lemma 3.1. [5] Let G be a connected graph of order |V (G)| with minimum degree 5(G). Then . (G) < §(G)
for3 <k < |V(G)|. In addition, if there exist two adjacent vertices of degree 6(G), then x;(G) < 5(G) — 1 for
3<k<|V(G)|.

The following three Lemmas describe several clear and crucial properties on k-connected graphs,
which provide great convenience when we construct internally disjoint paths.

Lemma 3.2. [1] Let G be a k-connected graph and u and v be arbitrary two distinct vertices of G. Then there
are k internally disjoint paths joining x and y in G.

Lemma 3.3. [1] Let G = (V, E) be a k-connected graph, arbitrary vertex u € V,let Y C V\{u} be a vertex
subset of V and |Y| > k. Then, there exists a k-fan in G from u to'Y.

Lemma 3.4. [1] Let G = (V,E) be a k-connected graph and U, W C V be two disjoint vertex subsets with
|U| > kand |W| > k. Then, there exist k disjoint (U, W)-paths in G.

The following two Theorems on the folded hypercube FQ,, are very beneficial to our proof of the
main result.

Theorem 3.1. [25] k3(FQ,) = n, where n > 2.
Theorem 3.2. [26] k4(FQ,) = n, wheren > 7.
Lemma 3.5. Let C1,Cy, ..., Con be the 2" clusters of HFQy, forn > 7 and S = {x,y,z,w} C V(HFQy).

Let [SNV(C;)| = 3and |[SNV(C;)| = 1 for different i,j € [2"], then there exist n + 1 internally disjoint
S-trees in HFQy,.
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Proof. w.l.o.g., suppose that |[SNV(Cy)| =3 and [SNV(Cy)| = 1. Let {x,y,z} C V(C;) and w €
V(Cy). See Figure 2. By Theorem 3.1, there are n internally disjoint trees Tl, Tz, s, Tn connecting x, y, z.
Recall that C; = FQ,, for each i € [2"]. By Lemma 2.4, k(FQ;,) = n + 1, there are n + 1 neighbors
X1,X3,..., X1 of xin Cy. Letx; € V(T;) fori € [n] and X = {x1,x2,..., %11, X}.

Note that X = {xq,x2,...,x,4+1,x}, it is potential that y € X or z € X. To avoid repetition, we
only consider the case of y ¢ X and z ¢ X, as the discussion about y € X or z € X is similar. By (2) of
Lemma 2.2, there are at most two vertices of X with the external neighbors belonging to C,, and the
two vertices must be x and x;, for some i € [n + 1]. To obtain the main result, we need two consider
following three cases.

Case 1. There are two vertices in X with the external neighbors belonging to Cs.

"~
RS C
=
83\
&

Cn+2 Cn+3 Cl+2 Cn,+4
(1<i<n-1)

Figure 2. The explanation of Case 1.

w.l.0.g., assume that the two vertices are x and x,, thatis ¥/, x, € V(C,). Let x; € V(C;,) and
there exists a vertex w; € V(Cij2) and such that w! € V(C,) for i € [n —1]. Since C;. is connected,
there exists a path P; joining x} and w; in Cj,, fori € [n —1]. Let W = {w},...,w)_,,x,,x'}. By
Lemma 3.3, there are n + 1 disjoint paths P, P,,..., P, ,; from w to W, and such that x; € V(P/),
x, € V(P,), x' € V(P ;) fori € [n—1]. wlo.g., suppose that y’ € V(Cyy2), 2 € V(Cyy3),
w' € V(Cyia). By Lemma 2.3, HFQ, [Uf’;’f .,V (C;)] is connected, then there is a tree T connecting
y,7 and w'. Let T, = T; U xixi UP;,Uw;wl UP! fori € [n—1], T, = Ty Uxyx, UP, and Tyyq =
xx'UP,  Uyy' Uzz’ Uww' UT, then Ty, Ty, ..., Ty are n + 1 internally disjoint S-trees.

Case 2. There is only one vertex in X with the external neighbor belonging to Cs.

Case 2.1. ' € V((Cp).

Cy Cy

y/ { P1 (I w'
/!
T z
( »

Cn+3 Cn+4 Ci+2 C71+5
(1<i<n)

Figure 3. The explanation of Case 2.1.

Recall that, we consider that y,z ¢ X, by (2) of Lemma 2.2, y/,z' ¢ V(C,). Let x; € V(Cij)
for i € [n]. Since Cjy, is connected, there is a path P; joining x/ and w; in Cjy5, and such that
w; € V(Cy) fori € [n]. Let W = {w),...,w),x'}. By Lemma 3.3, there are n + 1 disjoint paths
P{,P,,..., P, between w and W, and subject to x; € V(P/), x' € V(P} ) fori € [n]. wl.o.g., assume
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that y’ € V(Cyy3), 2 € V(Cyiq), W' € V(Cyys). By Lemma 2.3, HFQH[U?i:+3V(Ci)] is connected,
then there is a tree T connecting v,z and w'. Let T; = T; U xix; U P, Uw;w} UP/ fori € [n] and
Ty =xx'UP,  Uyy' Uzz' Uww' UT, then Ty, Ty, ..., T, 4 are n + 1 internally disjoint S-trees.
Case 2.2. x/ € V(C,) for certain i € [n +1].
w.l.o.g., suppose that x], € V(C;). By Lemma 2.1, at most one vertex of i’ and z’ belongs to C;.
Case2.2.1. v,z ¢ V(Cy).
Let x; € V(Ciyp) fori € [n —1]. Since Ci; is connected, there exists a path P; joining x} and w;
in Ci;,, and such that w} € V(C,) for i € [n —1]. w.lo.g., assume that x’ € V(C,42). Note that, y’
or z/ may belongs to the same cluster C;, with some x/ for some i € [n — 1]. We need to discuss the

following two situations.

Co
! / v Z m
;
w;
Chyo Cita Chys Chta Cnys

(I1<i<n-1)

Figure 4. The explanation about y/,z' ¢ V(C; ) fori € [n — 1] of Case 2.2.1.

When v/, 2z ¢ V(Ciyp) fori € [n—1]. wlo.g., suppose that y' € V(Cy43), 2 € V(Cysa),
m € V(Cpys) and such that m’ € V(Cy). Let W = {w},w),...,w;,,m'}. By Lemma 3.3, there
exist n 4 1 disjoint paths P, P;,..., P, ; from w to W, and such that P}, be the path joining w
and m’. By Lemma 2.3, HFQ, [Ufj’f .,V(Ci)] is connected, then there exists a tree T connecting
x',y,z and m. Let T; = T, U xix, UP,Uww,UP! fori € [n—1], T, = T, U xpx), UP, and T, 1 =
xx'Uyy' Uzz' UP) ; Umm' UT, then Ty, Ty, ..., Tyyq are n + 1 internally disjoint S-trees.

Wheny' € V(Ciyp) orz’ € V(C;y,) for certaini € [n —1].

w.lo.g., suppose that y' € V(C,41) and 2’ € V(Cp43). Thatis, x],_;,y' € V(Cy11). Letw,_1,8 €
V(Cps1) and w),_, € V(Cp), 8 € V(Cpy3z). Let A= {x],_,,¥'}, B={w,_1,¢} and A,B C V(Cy41).
By Lemma 3.4, there exist two internally disjoint (A, B)-paths, saying P,_; and Q, subject to P,_; be
the path from x],_; to w,_1 and P be the path from y’ to g. Similar to the case of i, z’ ¢ V(C;.,) for
i € [n— 1], we get n internally disjoint S-trees Ty, Ty, ..., Ty. Let m € V(Cy4q) and m’ € V(Cp). By
Lemma 2.3, HFQ,, [Ufjf .,V (Ci)] is connected, then there exists a tree T connecting y', 2/, ¢ and m. Let
Tpp1 = xx'Uyy' UzzZ’ UQUgg' UP;,  ,Umm' UT.

w
w)

/ !
Wy, 1 W

Chia Ciio Cnit Chais Chrya
(1<i<n-2)

Figure 5. The explanation about y' € V(C;,) for some i € [n — 1] of Case 2.2.1.
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Case 2.2.2.y' € V(Cp) or 2’ € V(Cy).

w.l.o.g., assume that y’ € V(C,), by (2) of Lemma 2.2, y must be the neighbor of x,, in C;. Then
The proof is similar to that of Case 1.

Case 3. None of the vertex in X with their external neighbor belongs to Cj.

By (2) of Lemma 2.1, y’ and z’ may belong to C,. We consider the following three subcases to
obtain the result.

Case 3.1. i/, z' € V(Cp).

By (2) of Lemma 2.2, y is adjacent to z in C; and ¥’ is adjacent to z’ in C,. Let x} € V(Cy,) for
i € [n—1]. Since Cj is connected, there is a path P; joining x} and w; in C;», and subject to w} € V(C,)
fori € [n]. wlo.g., assume that x’ € V(Cy13), w' € V(Cy44). By Lemma 2.3, HFQ, [Uf‘;“,f+3V(Ci)] is
connected, then there exists a tree T connecting x” and w'. Let W = {w}, w},...,w},y'}. By Lemma
3.3, there exist 1 + 1 disjoint paths P}, P;,..., P, ; from w to W, and such that P, ; is the path joining
v and w. Let T; = T; U x;jx; U P; Uw;w; U P/ for i € [n].

When 2z’ € V(P/), for certain i € [n+1]. wlo.g, suppose that z’ € V(P ;). Let T,41 =
xx'Uyy' Uzz' Uww' UP,, UT.

|
/”/

p fwi w’
7
i f

T

Cn+3 CH—Q Cn+4
(1<i<n)

Figure 6. The explanation about z’ € V(p), ;) of Case 3.1.

When z' ¢ V(P]), fori € [n+1]. Since y' is adjacent to 2/, let R = P, ; Uy'z’. Obviously,
P{,P;,..., P}, R are disjoint paths. Let T, ;1 = TUxx’ Uyy Uzz' Uww' UR.

Case3.2.y € V(Cy) orz' € V(Cp).

Is clear that, similar to that of Case 2.1, we can get n + 1 internally disjoint S-trees.

Case 3.3.y' ¢ V(Cy) and 2’ ¢ V(Cy).

Note that, y’ or z’ may belongs to the same cluster C;, with x/ for some i € [n].

Wheny',z' ¢ V(Ciy,) fori € [n]. wlo.g., assume thaty’ € V(C,14) and 2’ € V(C,45). Similar to
that of Case 3.1, we get 7 internally disjoint S-trees. By Lemma 2.3, HFQ, [U"">, . V(C;)] is connected,

i=n+3
then there exists a tree T connecting x',y,z" and m. Let T, 1 = xx’ Uyy' Uzz' Umm' U P, UT.

Crts Ciyo Chiia Chs
(I1<i<n)

Figure 7. The explanation of Case 3.3.


https://doi.org/10.20944/preprints202310.1402.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 October 2023 doi:10.20944/preprints202310.1402.v1

8 of 14

When y' € V(Cjyp) or 2’ € V(Ciyo) for certain i € [n]. w.lo.g., suppose that y’ € V(Cp42) and
z' € V(Cpya). Thatis, x},y € V(Cyy2). Let wy, f € V(Cpy2) and w), € V(Ca), f' € V(Cyia). Let
C={x,y}, D = {wy, f} and C,D C V(C,). By Lemma 3.4, there exist two internally disjoint
(C,D)-paths, saying P, and R, subject to P, be the path joining x], and w,, subject to R be the
path joining ' and f. Similar to the subcase of i,z ¢ V(C;y,) fori € [n], weget Ty, To,..., Ty n
internally disjoint S-trees. Let m,z’ € V(C,44) and m’ € V(Cy). By Lemma 2.3, HFQn[U?:JfﬁV(Ci)]
is connected, then there exists a tree T connecting x/,2/, f/ and m. Let T, = xx’ Uyy’ Uzz URU
fflup, Umm' UT.

O

Lemma 3.6. Let C1,Cy, ..., Con be the 2" clusters of HFQy, forn > 7 and S = {x,y,z,w} C V(HFQy).
Let [SNV(C;)| = 2and |SNV(C;)| = 2 for different i,j € [2"], then there exist n + 1 internally disjoint
S-trees in HFQy,.

Proof. wl.o.g., suppose that [SNV(Cy)| =2, |SNV(Cy)| = 2. Letx,y € V(Cy) and z,w € V(Cy).
By Lemma 2.5, k(C1) = k(C) = n + 1, then there exist n + 1 internally disjoint paths Py, P, ..., P11
joining x and y in C; and n + 1 internally disjoint paths P}, P;,..., P, joining z and w in Cp. Let
xi € V(P)NN(x) and z; € V(P/) N N(z) fori € [n+1]. Let X = {x,x1,x2,...,%,41} and Z =
{z,21,22,...,2n41}- Select n vertices from )A(, namely X, subject to the external neighbor of arbitrary
vertex in X doesn’t distribute in C,. As the same way, select n vertices from 2, namely Z, subject
to the external neighbor of arbitrary vertex in Z doesn’t distribute in C;. By Lemma 2.2, it can be
done. wlo.g., suppose that X = {xq,x,...,x,} and Z = {z3,25,...,24}. By (1) of Lemma 2.2,
any vertex in X(resp.Z) with its external neighbor belongs to different clusters. Let vertex subset
X' = {x},x5,...,x, 1} and vertex subiet 7' =A{z},25,..., 2 1}

Case 1. There are two vertices in X with the external neighbors distribute in C,.

By (2) of Lemma 2.2, two vertices x’, x;, . ; € V(Cz). By (1) of Lemma 2.2, any vertex in X(resp.Z)
with its external neighbor belongs to different clusters. To avoid repetition, we just consider the vertices
in X' U Z’ distribute in distinct clusters, as the discussion of some vertex xf belongs to the same cluster
with 2/ is similar. Let ] € V(Cjy,) and z} € V(Cy4i12) fori € [n]. By Lemma 2.3, HFQn[U;?;riiLZV(C]-)]
is connected, then there exists a tree T; connecting x}and z}. Let T; = P; U x;x} U T, U P! Uz;z! fori € [n].

When x’ or x;, ; distributes in V(P;) for some i € [n + 1]. w.l.o.g., assume that x), ., € V(P, ;).
Let Tn+1 = Pn+1 U Xn+1.x;1+1 U Py/z-i,-l'

Tpt+l $;1+1
T<->y 7<->1
Ty 2
(H 02

Cita Cotive
(1<i<n) (1<i<n)

Figure 8. The explanation about x” or x}, ,; distributes in V(P/) of Case 1.

When " and x;,; don’t belong to V(P{) for i € [n+1]. Since C; is connected, there is a
path R joining x” and z, that is RN N¢,(z) # @. wlo.g, let RN Ng,(z) = {zy41}. Let T, =
Py Uxx'URUP, ;. -
Case 2. There is only one vertex in X with the external neighbor distributing in C,.

The proof is similar to that of Case 1.
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Case 3. None of the vertex in X with their external neighbor distributes in Cy.

To avoid repetition, we just consider the vertices in X’ U Z’ distribute in distinct clusters, as the
discussion of some vertex x; belongs to the same cluster with z] is similar. This can be done for n > 7.
Letx! € V(Ciyp) and z} € V(Cn+l+3) fori € [n+1]. By 2 of Lemma 2.1, C; 5 is connected to C,, 13,
then there is a tree T; connectmg x}and z/. Let T; = P; U x;x} U T, Uz zi fori e [n+1].

O

Lemma 3.7. Let C1,Cy, ..., Con be the 2" clusters of HFQy, forn > 7 and S = {x,y,z,w} C V(HFQy).
Let [SNV(C)| =2,|SNV(C;)| = 1and |[SNV(Cy)| = 1 for different i, j, k € [2"], then there exist n + 1
internally disjoint S-trees in HF Q.

Proof. w.lo.g., suppose that [SNV(Cy)| =2,|SNV(Cy)| =1and [SNV(C3)| = 1. Let {x,y} C V(Cy),

z € V(Cp) and w € V(C3). By Lemma 2.5, k(C1) = n + 1, then there are n + 1 internally disjoint paths

Py, P,...,Pyiqjoining xand yin Cy. Letx; € V(P;) N N(x) fori € [n+1]and X = {x1,x2,..., %41, x}.

Note that, it is possible that y € X. In fact, to avoid repetition, we only consider the case of y & X.
Case 1. There exist three cross edges between X and V(C, U C3).

v ; .
z Z T Yl ’ w

7 m
Z@rl
/
7 'n wh
z; e

Ch

Chis Cits
(1<i<n-1)

Figure 9. The explanation of Case 1.

w.Lo.g., assume that there are two cross edges between X and C, and one cross edge between
X and C3. By Lemma 2.2, suppose that x’, x; ,; € V(Cz) and x), € V(C3). Let x; € V(Ci;3), where
i € [n—1]. Since Ci,3 is connected, there is a tree T; connecting z;, w; and x/ in Cl+3 and such that
zi € V(Cy), wi € V(C3z). There are two cross edges between C; and C, then z ¢ HFQu[V(CL U
CoUCjy3)] fori € [n—1]. wlo.g., letz € V(Cy43). Since Cy43 is connected, there is a path R
joining z’ and m in C,;43 and such that m’ € V(C3). Let Z = {2},2),...,2,_1,X,x;, 1} and W =
{w),wy,...,w,_,x,,m'}. By Lemma 3.3, there exist n + 1 internally disjoint paths P;, P}, ..., P,
between z and Z, sub]ect to zj € V(P’) x' e V(P’) and x; ., € V((P,,) fori € [n—1]. Slrmlarly,
there are n + 1 1nternally dls]omt paths P, Py, ..., P,,1 from w to W, such that w) € V(P ), xl, € V(P,)
and m' € V(P, ) fori € [n—1]. LetT; = P Uxixi UT; Uzizi UP Uww, UP, fori € [n—1],
T, = P,Uxx' UP, Ux,x,UDP, and Ty, 1 = Pyy1Uxyqqx,, UP,  UzZ URUmm U Py

Case 2. There exist two cross edges between X and V(C; U C3).

Case 2.1. There are two cross edges between X and C,.

w.lo.g., suppose that x’,x/, € V(C). Similar to Case 1, we by replacing subset

+1
!/ _ / / / / 3 J—
Z = {zl,zz,...,znfl,x,xnﬂ} to subset Z = {z,2),...,2,,%,,} and replacing subset W =
{w),w), ..., w),_;,x,m} tosubset W = {w],w),..., w,m'}, we get Ty, To, Ty—1, T,41 1 internally

disjoint S-trees. As for the n-th S-tree, we changed T, = P, Uxx’ U P, U x,x), U D, into T, =
P;Uxyx), UT, Uzyz), UP,Uw,w, UP,.
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Chta Cirs
(1<i<n)

Figure 10. The explanation of Case 2.1.

Case 2.2. There is one cross edge between X and Cy, the other between X and Cs.

Case 2.2.1. ¥/, x! € V(C, U C3) for certain i € [n+1].

w.l.o.g., assume that x' € V(Cy), x],,; € V(C3). By Lemma 2.2, the vertices in {x,x),...,x;}
distribute in different clusters. Let x; € V(Ci;3) for i € [n]. Since Cj;3 is connected, there exists a
tree T connecting x},zj, w; and such that z} € V(Cy), w, € V(C3). Let Z = {z],2,...,2),,x'} and
W = {w},wy,...,w,,x; ,}. By Lemma 3.3, there exist n + 1 internally disjoint paths P1/ PZ, Py
fromzand Z, n+1 1nternally dlS]Oll’lt paths Py, Py, ..., P, .1 from w to W and subject to zi € V(Pl’ ),
X' e V(P ) w; € V(P), x, 1 € V( P,.1), wherei € [n ] Let T; = P;Ux;x, UT; Uz;z, UP Uww| U P,
where i € [n]. Let Tj,11 = Pn+1 Uxx'UP,  Uxpp1x, U Py

Case 2.2.2. 1/, x;. € V(CaUG3), fori #jandi,j € [n+1].

w.l.o.g., suppose that x;, € V(Cy), x,,,; € V(C3) and x} € V(Ciy3), wherei € [n —1].

When ' € V(Cp), by 2 of Lemma 2.1, ' ¢ V(C;UCyU...UCpy2). wlo.g., assume that
x" € V(Cpy3). As Cpy3 is connected, there is a path Q joining x” and m, subject to m’ € V(C,). Let
Z ={z},2,...,2,_4,x,,m'}. Note that, it is possible that z € Z. To avoid repetition, we just consider
the case of z ¢ Z, as the discussion of z € Z is similar. By (2) of Lemma 2.1,z ¢ V(CUCyU...UCy3).
wlo.g., let 2/ € V(Cpi4). As Cpyq is connected, there is a path R joining z’ and g and subject to
g € V(C3). Let W = {wf,w),..., w),_1,X),,4,8'}. By the Lemma 2.4, x(C;) = k(C3) = n+ 1. By the
Lemma 3.3, there are P}, P;, ..., P, ; n+ 1 internally disjoint paths betweenzand Zand P}, P, ..., P, 4
n+1 1nternally disjoint paths between w and W such that z; € V(P/), x, € V(P’ ),m' € V(P ;) and
w, € V(P), g € V(Py), x},, € V( nH)forz € [n—1]. LetT = P;Ux;x, UT; Uzzi UP Uww), UPZ,
wherez €n—1],Ty = PyUxux;, UP,Uzz/ URUgZQ U Pyand T,yq = Pn+1 Uxyq1%,,4 U Py Uxx'U

QuUmm' UP;_,.

o z; Lo Ti Y w

Cria Cuis Ciss
(1<i<n—1)

Figure 11. The explanation of ' € V(C,) of Case 2.2.2.

When y' € V(C3), similar to the situation of ¥/ € V(C;), we obtain n + 1 internally disjoint
S-trees.
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When v’ € V(C;,3), for certaini € [n — 1]. Similar to the situation of y’ € V(C,), we obtain n + 1
internally disjoint S-trees.

Wheny' ¢ V(HFQ,)\ U2 V(C;). wlo.g., assume that y' € V(Cy43). Since C,3 is connected,
there is a path M joining i’ and m, subject to m’ € V(Cy). Let Z = {2},2),...,2,,_1,x,,m'} and W =
{w),wy,...,w),_,8 %, 1} and subject to g’ € V(C;). By the Lemma 2.4, k(Cp) = K(C3) =n+ 1. By
the Lemma 3.3, there are P|, P}, ..., P/ 41 1+ linternally disjoint paths between zand Z, Py, P, ..., P41
n + 1 internally disjoint paths from w to W such that z; € V(P;), x;, € V(P,), m" € V(P,_ ;) and
w) € V(P), ¢ € V(P,), X1 € V(P,11), where i € [n —1]. We obtain Ty, Ty, ..., T,,_1 1 —Al internally
disjoint S-trees, similar to the situation of y' € V(Cy). Let Tyy1 = Pyy1 U Xpy1%),, 1 U Py Uyy' U
MUmm'UP,_,. For the n-th tree, we consider the following two situations. First, assume that
m' € V(P/) for certaini € [n+1]. w.l.o.g., suppose that g’ € V(P}). Let T, = P, Ux,x), UP, Ugg’ U Py.
Next, suppose that ¢’ ¢ V(P/) fori € [n+1]. As C, is connected, there is a path Q joining z
and ¢’. Thatis, RN N(z) # @. wlo.g, let RNN(z) = {z,}, thatis RNV (P,) = {z.}. Let
T, = P, Ux,x, UP,URUgg" UD,.

Case 3. There exist one cross edge between X and V(Cp U C3).

Suppose that the cross edge is between X and V(Cy).

Case 3.1. x' € V(Cy).

By Lemma 2.2, the vertices in {x/,x),...,x;,} distribute in distinct clusters of HFQ,. Let
x| € V(Ciy3), where i € [n+1]. Since C;y3 is connected, there is a tree T; connecting x/,z;, w;
and subject to z; € V(Cz), w; € V(C3), where i € [n+1]. Let subset Z = {2,2),...,2),,} and
subset W = {wj,w), ..., w, ;}. By Lemma 2.4, x(C;) = K(Ci) = n+1. By Lemma 3.3, there are
P{, Pé, s, P,’1 pn+l internally disjoint paths }:letween zand Z, Py, Pz/,\. .., Py 41 n+ 1internally disjoint
paths between w and W. Let T; = P; U x;x} U T; U 2z, U P/ Uw;w! U P; for i € [n+1].

z -z Y w

/ i '
2 u,r,/i
Cy \01 Cy

Ciys
(1<i<n+1)

Figure 12. The explanation of Case 3.1.

Case 3.2. x; € V(Cy) for some i € [n +1].

w.l.o.g., suppose that x),  ; € V(C3) and x] € V(Ciy3) fori € [n].

When x" € V(C,14). By Lemma 2.2, the vertices in {x], x5, ..., x),} distribute in different clusters
of HFQ,. Let x] € V(Ciy3) fori € [n]. Since Cj;3 is connected, then there is a tree T; connecting
x;,z;, w; and subject to z; € V(Cz), w; € V(C3), where i € [n]. Let Z = {2},25,...,2,x, 1}, W =
{w],w), ..., w),, m} and subject to m’ € V(Cp14). By Lemma 2.4, k(C2) = x(C3) = n+ 1. By Lemma
3.3, there are P}, P;,...,P; | n+1 internally disjoint paths between z and Z subject to z; € V(P)),
X4 € VA(P,;H), n + 1 internally disjoint paths P, b,..., 1/5,1“ from w to W subject to w} € V(Igi),
m' € V(Pyy1) fori € [n]. Since C,4 is connected, then there exist a path R joining x” and m’. Let
T, = P U xle: UT;U ziz; U P! Uw;w} U P, where i € [n]. Let Ty q = Pyiq U Xpp1Xp, 1 UP Uxx' U
RUmm UP,yq.
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m
,wl
i

Cs

Chia Ciys
(1<i<n)

Figure 13. The explanation of x’ € V(C,14) of Case 3.2.

When x’ € V(Ciy3), by Lemma 2.2,y € V(C3) ory’ € HFQ,[U%., 4 V(C))], similar to the case
of x' € V(Cy44), we get n + 1 internally disjoint S-trees.
Case 4. There is no cross edge between X and V(C, U C3).
Similar to that of Case 3.1, we get n + 1 internally disjoint S-trees.
O

Lemma 3.8. Let C1,Cy, ..., Con be the 2" clusters of HFQy forn > 7 and S = {x,y,z,w} C V(HFQy).
Let |SNV(C)| =1, [SNV(C))| =1, [SNV(Ci)| = 1and [SNV(C))| = 1 for different i, j, k, 1 € [2"], then
there exist n + 1 internally disjoint S-trees in HF Q.

x w

R / w;
Zi
(@ / Cs (o

Cits
(1<i<n+1)

Figure 14. The explanation of Lemma 3.8.

Proof. w.l.o.g., suppose that SNV (Cy)| =1,|SNV(C)| =1, |SNV(C3)] =1and [SNV(Cy)| = 1.
Letx € V(C1),y € V(C2),z € V(C3) and w € V(Cy). Let X = {x1,x2,..., %511} C V(Cy), Y =
{viv2, -yt CV(Q), Z = {z1,22,..., 2011} C V(Cs), W = {wy,wy, ..., w1} € V(Cy). By
Lemma 2.5, k(Cq) = x(C2) = x(C3) = k(C4) = n + 1, then there are n + 1 internally disjoint paths
Py, P,,..., Py from x and X in Cy, 1 + 1 internally disjoint paths Pj, P;,..., P, ; from y and Y in
Cy, n + 1 internally disjoint paths Pj, P, ..., P,4+1 from z and Z in C3, n 4 1 internally disjoint paths
P, Py, ..., P, from zand Z in Cy, such that x; € V(P)), y; € V(P!), z € V(P;), z; € V(P;) and such
that {x},},z},w]} C V(Ciy4) fori € [n+ 1]. Since C;, 4 is connected, there exists a tree T; connecting
xbylzl,wlin Cipyfori € [n+1]. Let T; = T; U xix} Uyyi Uzizi Uwyw!; U P; U P/ U PiUP;forie [n+1].
O

Theorem 3.3. «4(HFQ,) =n+1, forn >7.

doi:10.20944/preprints202310.1402.v1


https://doi.org/10.20944/preprints202310.1402.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 October 2023 doi:10.20944/preprints202310.1402.v1

13 of 14

Proof. By Lemma 2.5, k(HFQ,) = n+ 2. By Lemma 3.1, x4(HFQ,) < §(HFQ,) —1 = n+ 1. By
Lemma 3.5, Lemma 3.6, Lemma 3.7, Lemma 3.8, we obtain that x,(HFQ,,) > n + 1. Thus, the result
holds.

O]

4. Concluding remarks

The hierarchical folded hypercube HFQ, is a more popular topology for designing the
internetworks due to its regularity, symmetry and many other unique properties. As one of the
important variants of the hypercube, hierarchical folded hypercube has received more attention and
many research results on hierarchical folded hypercube have emerged. We mainly study the 4-set tree
connectivity of hierarchical folded hypercube and obtain that «,(HFQ,) = n+ 1 for n > 7. Currently,
there are few results about k-set tree connectivity of networks when k = 4 and most of the results are
about k = 3. Our future work would like to consider the k-set tree connectivity of some network for
k > 5 and it will be a great challenge.

Funding: Supported by Qinghai University Science Foundation of China (No. 2023-QGY-6), the National Science
Foundation of China(Nos. 12261074, 12201335 and 11661068).
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