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Abstract: Atomic clocks are crucial in understanding the connections between electrodynamics and gravitation.
To this purpose a revisitation of a well-known derivation of Schiff, about variation of period of atomic clocks,
is performed. The Weak Equivalence Principle and Special Relativity are found not sufficient to derive, from
Schiff’s proposal, gravitational time dilation, even to a first order approximation. Schiff’s derivation of time
dilation in absence of gravitation, can match, toa all orders of approximation, relying on conservation of energy,
the one derived in static gravitation. Energy conservation and WEP bridge the two interactions, such that,
variations of periods of oscillators on Earth depend on their kinetic energy and potential energy, referred to
the Earth-Centered Inertial frame.
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1. Introduction

Atomic clocks rely on quantum physics and are affected by gravitation and dynamics. Frequency
shifts of oscillators due to time dilation are phenomena experienced daily (in GPS for example). The
aim of this script is to show that a common origin, for both phenomena in gravitation and
electrodynamics, exists and involves energy conservation laws. In the 60’s, Schiff [1],[2], claimed to
have derived the first order approximation of Gravitational Time Dilation (GTD) from Special
Relativity (SR) and the Weak Equivalence Principle (WEP) alone, the base of Schiff’s conjecture [1],[3].
By performing a careful analysis of Schiff’s derivation, it is possible to check the validity of that
conjecture. The paper is articulated in the following chapters.

Section II is a revisitation of Schiff’s thought experiment on Time Dilation, of two accelerated
clocks, whose ratio of their periods is re-derived pointing out some key aspects. An equivalent
configuration of one accelerated clock, compared with two stationary clocks is studied, it is also
obtained by applying the conservation of energy.

Einstein’s derivation in Section III brings to the same expression [4], [5], [6], calculated in section
II, to which the Equivalence Principle (EP) was originally applied to find the Gravitational Redshift.
The remarkable differences between Schiff’s and Einstein’s derivations stimulates the application of
EP to Schiff configuration.

In Section IV, the application of the EP to Schiff’s configuration is presented. It emerges that
Schiff’s derivation of time dilation in absence of gravitation and the Weak EP, are not sufficient to get
the GTD, conservation laws are needed.

Section V deals with Dicke’s derivation of GTD, based on conservation laws in gravitation, very
close to Schiff’s derivation. At variance with Nobili et al.’s claims [1] both Dicke’s and Schiff’s
derivations besides WEP, rely on the work of forces and mass energy equivalence. WEP and Work of
the relevant interactions can be used to derive correctly the experimentally verified physical relations.

In Section VI are described the relationships between electrodynamics (SR) and gravitation for
frequency shifts of oscillators at higher orders, relevant to time dilation. Schiff’s and Dicke’s
derivations, relying on WEP (not on EP), and conservation laws, match with the results of GR in static
gravitation at all orders of approximations. Frequency shift of atomic clocks depend on the energies
at stake, referred to the Earth Cantered Inertial (ECI) frame.



2. Schiff’s Derivation of Time Dilation

A revisitation of Schiff’s derivation [2], of the variation of periods of accelerated clocks, is
presented. Two alternatives are also illustrated, to arrive at the same physical relations in order to
convey its importance. Clocks are displaced in Figure 1,2 horizontally, rather than vertically, as in [1],[2], to
illustrate the sequence of events in accelerated motion, in absence of gravitation.
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Figure 1. A and B, equally accelerated, pass, in sequence, right in front of C at rest.

e A, B, Care atomic clocks with same period T.

e A, Bare set at a distance H, B measures the acceleration g, in absence of gravitation.

e vaand vs, are the speeds of each clock, as they sweep in near coincidence with C, at rest in the
inertial reference frame IRFO.

e  taand ts (with ts > ta) are measured by C.

e  The comparisons between the periods of clocks Ta (ta) and Ts(ts) occurs with A at C(ta) and

with B at C(ts).
From Special relativity: Ta (ta) = T /N(1-va(ta)?/c?) same for B at ts, hence

Ta(t)/Ta(ta) = V(1-va(ta)?/c2)/N(1-ve(ts)?/c?) (1)
Equation (1) is a ratio of two transverse Doppler. Being va/c<vs/c<<1, by power series in va?/c?

and vs?/c2, Ts(ts)/Ta (ta) = 1+(vs(ts)>-va2(ta))/2c2 + O((v/c)*) (1.1)

From kinematics, g times the displacement H, gives gH=f: gas = f;f (g)vdt=(VBz-VA2)/2 2)

From (1) and (2) it is Ts(ts)/Ta(ta) = (1+gH/c?) (3)
From S=1/2 g*t2 + vo*t, where S=H, and va=vo, the following time interval is quickly derived from

kinematics Atschitt = t8 — ta = (V(va2+2gH) - va)/g. (4)

That is the time taken by the system to pass from the speed va to vs, as measured from the
stationary clock C. From Equation (4) ts = ta + Atschitt and from Equation (3) it is
Ts(ta + Atscnitr)/ Ta(ts) = (1+gH/c?) (%)
Same results can be obtained by considering only the clock B of Figure 1, passing in front of twin
clocks at rest.
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Figure 2. Twin clocks C’ and C” at rest, and one accelerated clock.

The accelerated clock B faces in sequence C" and C” at t’ and t”. The same reasoning to obtain
Equation (1) follows: being vs(t”)*-vs(t')>=2gH
To(t”) /Ta(t’) =V(1-va(t')2/2)N(1-vB ()2 c?) = 1+(va(t”)2-vB(t')2)/2c, (6)
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with Atscnitr =t~ t = [V(ve(t')2+2gH)-ve(t')]/g, it is Ta(t'+ Atscnirr)/ Ta(t’) = (1+gH/c?), same as Equation (5)
but only the clock B is involved.

Schiff’s derivation is indeed equivalent to a comparison of the periods of one accelerated clock,
along the displacement H, with two stationary clocks. The alternative derivation just proposed will be
named Accelerated single clock configuration (ASCC) : two inertial observers and one accelerated
observer. It provides an alternative to Schiff’s kinematical derivation, useful in paragraph four.

The dynamical version of ASCC, a third way to obtain the same results, involves an IRFo attached
to a massive platform P (the LAB), inertial during the whole experiment. If bodies are accelerated
from P, a variation of their kinetic energy is involved, as measured at rest with P. The work,
performed by a force F, provides an acceleration g to a mass m along H, giving, the conservation of
energy theorem, the following as already applied in [10]

W=mgH =[] F dS = [} m(S)vdt=m(vs(t")-vs(t)))/2 (7)

By considering the first order approximation in SR of work performed per rest energy, W/mc? from
(7): m(vs(t”)2-vs(t')?))/2 /(mc?) = mgH/(mc?) the (6) is again obtained, using (1.1) also (5) is obtained.

The clock B in Figure 2 is accelerated between C’ and C” and the variation of its rate, at the first
order, is a function of the difference of its kinetic energy, per unit of its rest energy. In ASCC the ratio
of frequency of oscillators is mainly a consequence of the conservation of energy which also applies
to the original Schiff’s derivation first illustrated.

The derivations just described give a preliminary account about how conservation laws are
related to time dilation of atomic clocks, confirmed by experiments relevant to transverse doppler
and time-dilation [7], [8],[9]-

A review of Schiff’s derivation of variation of periods of clocks , in absence of gravitation, has
been provided, by presenting two equivalent ways to compute the same quantity. Einstein’s
derivation of the same relation between frequencies of oscillators is now considered and the relevant
application of the Equivalence Principle is provided.

3. Einstein’s Derivation and the EP

Einstein obtained the same expression as (3) by involving only two accelerated clocks, in absence
of gravitation set at distance H, resorting to emission/absorption of EM waves. Feynman [5],
following Einstein’s reasoning, considered the emission of EM waves within a rocket, endowed with
proper acceleration g, illustrated in Figure 3.
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Figure 3. An accelerated rocket: the rear receives waves from the front.

The emission occurs at frequency fa from an oscillator A, towards the observer in B, detecting fs
at the rear of the rocket. The finite travel time of the pulse is approximated by H/c [5],[13]. The speed
v is the instantaneous speed of B in the event of detection, in the IRF of emission. It involves a
Longitudinal Doppler (LDE) for a moving observer, which gives, to the first order (v/c<<1), fa/fs = (1

+v/c) [5], where v=g*H/c hence fa/fs= (1+gH/c?) (8)
According to SR the ratio of the proper times of the clocks, is the reverse of the frequency of the
radiation exchanged [4],[5],[6], hence for periods of clocks it is: Ts/Ta = (1+gH/c?); 9)

The application of the equivalence principle is now considered. The first two groups of clocks in
Figure 4, are under acceleration with no gravitation, displayed in a vertical arrangement, as originally
proposed by the authors.
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Figure 4. Twin clocks A and B in constant acceleration and in static gravitation.

Equation (8) represents also, to the first order, the redshift verified in the Harvard Tower
experiments [12]. An observer, at the bottom of the Tower, detects the acceleration g and a blueshift
of the incoming radiation. Similarly, at the rear of a rocket (Einstein’s case) with acceleration g, an
observer detects the same blueshift of incoming radiation from a source at his front. That is the
Equivalence Principle (EP) conceived by Einstein: indistinguishable configurations from local
(elevator) observers. That implies a physical equivalence between a constant gravitational field and
acceleration and between a free-falling frame and an inertial frame of reference.

With the application of the EP to Equation (9), where H is sufficiently short, to grant a constant
gravitational field, it can be written the following [1] (Ts/Ta)grav = (1+ gH /c?) (10)

Equation (10) is experimentally tested as the first order approximation of time dilation,
according to General Relativity. Schiff claimed the application of WEP to obtain Equation (10). By
extending such result piecewise, with @z the Newtonian gravitational potential, setting A®g = gH, for
every stretch where gravitation can be considered constant,(Ts/Ta)gav = (1+ ADg /c?)
(11)

Equations (5) and (8)-(9) belong to quite different physical configurations. Since Schiff declared
to have applied the WEP to arrive at the GTD, it is quite important to check first what happens if the
EP is applied. The first observer in free fall in Figure 4, at rest with the stationary clock, does not
detect any acceleration, a proper configuration must be found to let Schiff’s derivation comply with
the EP.

4. Schiff’s Application of EP and WEP

As represented in Figure 5, to maintain the same experiences in gravitation and acceleration, an
equivalent configuration to Schiff’s in accelerated motion (the first in Figure 4), must involve clocks
in free fall.
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Figure 5. A clock in free fall is compared with fix clocks in a gravitational field.



From Straumann [15]: “In any arbitrary gravitational field no local experiment can distinguish a
freely falling non-rotating system from a uniformly moving system in the absence of gravitation”. In
Figure 5, clocks A and B, in static gravitation are compared with C free falling.

The clock C has the same role of the stationary clock in the configurations presented in section
II and an observer comoves with it. While C, freely falling, faces A, only the kinetics va can make a
difference, whose calculations are the same as in section II, as also described in [10]. In a similar
fashion the values of the ratio of the periods of clocks in gravitation as in Equation (5), are obtained.
Since the observer in both cases does not feel any acceleration, the Principle of Equivalence holds,
Schiff’s configuration is compliant with EP and Ts(ta + Atschitr)/ Ta(ts) = (1+gH/c?) as expected.

The correct application of the EP has been provided to Schiff’s derivation in SR, by exploiting
the experiences of an observer in free fall and clocks at rest in static gravitation. Such derivation is
totally different than Einstein’s. It is still quite unclear on which base Schiff said to have exploited
only WEP to pass from time dilation in SR to GTD. A clearer idea of the implications of the EP is
provided by the application of the principle to ASCC, proposed in section II. The same arrangement
is displayed vertically in Figure 6, equivalent to the one proposed by Schiff. The observer is
accelerated now, same as Einstein’s observer in the rocket.
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Figure 6. ASCC: Top view, no gravitation, two stationary clocks, one accelerated.

The ASCC is characterized by clock B having a longer period when moving relative to the inertial
C’ and C”. The counterpart of ASCC in gravitation is now named Gravitational single clock
configuration (GSCC), as in Figure 7. The observer in B is at rest in a gravitational field. The clock C’
is dropped from above with C” (inertial as the one at rest in ASCC), passing close by, at speed vc (t').
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Figure 7. GSCC: One clock in static gravitation and free two falling in sequence.

Their period is compared with the period of B at closest distance, the observer in B, experiences
the same as in ASCC. Gravitation is the same in B, for clocks which pass by and static gravitation
makes no difference. The Equation (5) is found again, thanks to the kinetics of the moving clock due
to their potential [10]. Same experiences are granted: in both cases, the observer detects the same



acceleration g. The EP holds: experiences, of the observer in B, in fact, before and after the interval
Atschitr, provide the same ratio between clocks, as in static gravitation and identical measured
accelerations.

The same result, with the configuration just illustrated, is easily obtained by lowering a body of
mass m in gravitation. The amount of energy “mgH” is given away, thanks to the mechanical energy
theorem [10]. By replacing mgH with mA®; and dividing it, as well, by the rest energy, the relation
between the periods is: Tcr = T ¢*(1+Adg/c?) where ADy = O(C”)-O(C’) with Dg<0, the difference of
gravitational potentials.

All the configurations in gravitation, relevant to the configurations in section II, have been
analyzed. The EP was exploited in its full form with free-fall/inertial-motion and static-gravitation/
acceleration. It is evident that, in all configurations, conservation of energy plays a fundamental role,
both in absence (ASCC) and in presence of gravitation (GSCC). Such principles can be considered
implicit in the application of the EP.

WEP and SR are not enough to find the gravitational time dilation, it would be impossible to
obtain the values of the gravitational time dilation without conservation laws. The gravitational
potential is not determined by WEP. Conservation Laws (CL) in gravitation are needed to arrive at
an expression of GTD valid to a first order approximation.

5. Conservation Laws - Dicke’s Derivation

Equation (5), for oscillators in electrodynamics, has the same form as in the gravitation up to a
first order approximation, although SR and WEP should not be sufficient at all to arrive at the GTD.
According to Dicke [1]: “The red shift can be obtained from E6tv0s, mass-energy equivalence, and
the conservation of energy in a static gravitational field...”.

Dicke’s derivation of the gravitational redshift [11] at the first order (a direct consequence of the
GTD) and also Feynman’s [5- (42.12)], followed also by other authors [4 — (pag.17)], involves quanta
of EM radiation. SR is necessary for Dicke’s derivation, but also the conservation laws in gravitation.

Dicke’s derivation of GTD considers an atom, excited by a quantum hvo, then lifted for a height
H. A work W must be performed, against gravitation along H, on the relevant mass hvo/c? of the
absorbed quantum, such that W= gH*hvo /c2. Then the atom de-excites by emitting back, from above,
the quantum of EM radiation, detected blue shifted by the quantity hvo(gH/c?), to avoid a perpetuum
mobile. That implies hv = hvo(1+gH/c?) or hv = hvo(1+Adg /c?) which gives the formula of the
gravitational frequency shift: Av/vo= ADg/c2.

As shown so far, Schiff’s and Dicke’s derivations of GTD, are based on same principles,
obtaining, from quite different mechanisms, effects of the same class of phenomena to the first order
approximation.

WEP certifies the equilibrium balance between the interactions (Fa=Fg) whose displacement of
their point of application occurs in free fall of bodies, irrespective of their composition. But how free
falling occurs in time (worldline), depends on the kinetics of bodies in a center of gravitation, hence
it relies on the conservation of energy.

In the Earth Centered Inertial frame (ECIF), the conservation of energy in electrodynamics + WEP + energy
conservation in static gravitation determines the work necessary to change the speed of a unit mass.

The work of forces, WEP and mass energy equivalence, establish a relationship between periods of
clocks in electrodynamics and gravitation. With v the frequency of the clock AT/T = -A®./c?= AQg/c?=
- Av/v. When both static gravitation and electrodynamics are involved in a physical configuration,
the previous can be written as

-AT/T = (AK/m) /c? - (AU/m)/c2 = (AK — AU)/mc? (12)

That formula can be found in [5] when Feynman derived the variation of the rates of the clocks
illustrating the action principle. In the previous section the kinetics of free fall was just a consequence
of the differences of gravitational potential at which, according to the Conservation laws (CL), the
two clocks were set before free falling.

In reference to Schiff’s derivation, of the gravitational redshift A®g/c?>=Af/f , it was declared by
Nobili et al. [1]: “it is important to stress that it has been obtained using neither the conservation of



energy nor the mass-energy equivalence, all that is required is that the clocks obey the WEP like
ordinary bodies and the special theory of relativity”. On the contrary, although the EP is sufficient to
pass from SR to GR in a first order approximation, involvement of conservation laws cannot be
avoided if WEP is used. In Schiff’s configuration the application of EP involves implicitly an
application of conservation laws.

Slow speeds have been considered so far and short distances, for first order approximations.
Since Equation (1) is exact, nothing would forbid to extend Schiff’s derivation of GTD to higher
orders. The results of the previous section, derived with the EP, could be extended naturally to higher
orders if acceleration and gravitation were measured the same, granting same experiences, but it is
not the case. To provide a suitable connection between time dilation in electrodynamics and
gravitation to higher orders of approximation, the price to pay, is to drop the “physical equivalence”,
resorting only to conservations laws.

6. WEP and Energy Conservation

High speeds and non-straight trajectories are now considered. Conservation laws and WEP
would make it possible to support a transition from electrodynamics to gravitation to find GTD in
such cases, while the EP would stop to a very limited first order approximation in time, space and
speed.

Frequency shifts of clocks in centrifuges were verified by Kiindig, considering the formula Afa
/fo=-1/2 v?/c2[16] . It means that the detected frequency shifts of photons is Afpn/fo =ATa/T = 1/2 v?/c?
with fo the emitted frequency at rest, a first order approximation, with v =1 A(1-v?/c?). is

ATa/T = Afpn/fo=v - 1 (13)

The general relation is expressed by Equation (1) and presented also in [20- 4.2] , suitable also
for rotations.A and B, in circular motion, are attached to the same shaft (same angular speed w,
around O) as in Figure 8 while C" and C”, are at rest: A passes close to C’ and B close to C” along the
same shaft.

Figure 8. Clocks A and B in a centrifuge with same angular speeds.

Since, in the very short period T, as measured from each stationary clock, the trajectory is
virtually a straight line, it is possible to follow again the reasoning already followed in section II and
obtain Equation (1). Since vs = wrb> wra= va , for detected photons it becomes fs/fa=V(1-va2/c2)/N(1-
vs?/c?)) >1, meaning that there is a blueshift if light passes from A to B.

From Equation (1) Ts=Tays/ya, AT/Ta= (ya-y8)/ya (14)

The work of a force F=dp/dt =d(mvy)/dt, to provide a speed vo to a mass m in a IRF, is the
relativistic Kinetic Energy W=[, Fds= [;” m("=)vdt = (ye-1) Eo =Kra
Since the variation of kinetic energy in general is AKs,a = - Eo (ya-ys) >0, from Equation (14) AT/T *Eo=
Eo (ya-yB)/va, hence AT/Ta= -AKs,a/ (yaEo)
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With A stationary, AT/Ta=-AKs/ Eo, the variation of the period of an oscillator B is a variation of
its relativistic kinetic energy per unit of rest energy, referred to an inertial frame.

It is AT/T = -A®/c2, where Dr(r)c = c2(y-1) representing the relativistic centrifuge potential, with
@(0)=0 and U = mc?(y-1) = Eo (y-1) the rotational K.E., a form of “potential energy”.

Schiff’s derivation in SR is extended to support more general configurations. Dicke’s reasoning
in gravitation is extended to centrifugal configurations. In such cases, one must consider the work to
provide the absorbed quantum with the same kinetics belonging to the point of absorption on the
disk. The energy shift previously found, as hv = hvo(1+A®g /c?) or hvo(1+1/2v%c?), at higher orders
becomes hv = hvoy. From hv-hvo= (y-1) hvo, it is found again AE/ Eo= (y-1), where Eo (y-1) is the
potential energy of the mass relevant to the absorbed photon. A photon, departing from the center of
a disk, will be detected blue-shifted by an observer sitting on the disk, complying with Kiindig's
results.

Kiindig [16 - Equation (3)] used the relation fs/fa= V(1+2®Dea/c?),in the centrifuge, while in static
gravitation, Okun used Eo1ab/Eoloc= dt/dt= \(1+2P¢/c?) [18-Equation (9)].

Considering the substitutions in the ECI frame va?/2 =-®a, vs%/2 =-Op in Equation (1), it is Ts/Ta=
V(1+2Da/c2)N(1+2Ds/c?)

That is the ratio of the period found according to the Schwarzschild solution of GR in static
gravitation. The most general “relationship” between electrodynamics and gravitation has been
obtained, involving conservation of energy, that covers all the orders of approximation,

AT/T = N(1+2®a/c2)N(1+2D5/c?)] N(1+2DPs/c?) = ADas/c? hence AT/T = AUwl/Eo , by including the
kinetics AT/Ta= - AKrel/Eo + AUrel/Eo = - (AKcrel - AUrel)/Eo
Af/fa = (AKrel - AUret)/Eo (15)

Equation (15) accommodates inertial and gravitational effects on variation of frequency of
oscillators, as referred to the ECI frame. Equation (1) becomes, with v2 = -20 (with @ and v referred
to the ECI frame), the GTD according to General Relativity.

Dicke’s original derivation gets automatically extended to support higher order effects by
considering the “extended gravitational potential energies” AUre

Fock [21]: “We see the experimentally established presence of a frequency shift in the
Gravitational field and the possibility of compensating it by a transverse Doppler”.

Following Fock’s reasoning, a circular guide (Figure 9) in static gravitation, with no friction,
suspended with a clock A at its center, drives a moving clock C at speed v, and a clock B is set below
at distance H.

P H)A

g

Any frictionless closed loop is
good enough, since the proper
time is irrespective of the

B geometry of the trajectory.

Figure 9. Compensation of gravitational TD with kinetic TD.

In the configuration of Figure 9 the effects of kinetics and static gravitation combined give,
according to the Schwarzschild solution of GR Ts/Tc = \/(1+2CDc/c2—vc2/c2)/\/ (1+2Ds/c?).

Since no orbital motion is involved, replacing vc2 with @c is not possible. If the cancellation of
the two effects is imposed by Ts/Tc =1, then
V(142D -v/c2)=N(1+2DB/2) > 2De-v2 = 2B > 2(Pc-Dp)=v2 hence ADcs= vc? /2 (16)



The cancellation of gravitational effects with kinetics, as expressed by Equation (16), named
“zero beat”, can be found in the NASA official report of GP-A experiment [22]. It is valid to all orders
of approximation and guarantees that there is no frequency-shift between C and B, according to GR.
A blue-shift of radiation occurs for A-C same for A-B (redshift C-A same as the gravitational redshift
B-A). WEP and conservation laws makes the frequencies of oscillators in ED and static gravitation
match to any order of approximation. That gives a consistent common ground to all the
configurations presented. The previous derivations resorted to WEP and conservation laws in their
full form, avoiding the use of EP.

7. Conclusions

It is well known that a “physical equivalence”, is a very strong requirement, valid only locally
especially due to the “tidal effects” of the gravitational field. The following results emerged:

(1) The kinetic energy theorem and mass energy equivalence are sufficient to account for the
frequency shift of oscillators in electrodynamics, relevant to the time dilation at fist order.

(2) The application of the EP has been provided to Schiff’s original configuration. That helped to
clarify that WEP cannot be sufficient to obtain the gravitational time dilation without
conservation laws.

(3) Schiff’s and Dicke’s derivations, by applying the same principles, arrive at the gravitational time
dilation from quite different viewpoints, hence SR + WEP + CLcGrav = GTD , at variance with
Nobili et al.’s claims.

(4) Schiff’s and Dicke’s derivations of the gravitational redshift/time dilation, are extended to higher
orders, attaining a complete match with GR’s predictions for static gravitation.

(5) Variations of relativistic kinetic or potential energy per unit of relativistic energy, referred to the
ECI frame, account for the frequency shifts of oscillators in static gravitation relevant to time
dilation, in agreement with General Relativity.
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