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Abstract: In this study, the cumulative effect of the empirical probability distribution of a random
variable is identified as a factor that amplifies the occurrence of extreme events in datasets. To quantify
this observation, a corresponding information measure is introduced, drawing upon Shannon entropy
for joint probabilities. The proposed approach is validated using selected market data as case studies,
encompassing various instances of extreme events. In particular, the results indicate that the introduced
cumulative measure exhibits distinctive signatures of such events, even when the data is relatively
noisy. These findings highlight the potential of the discussed concept for developing a new class of
related indicators or classifiers.
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1. Introduction

The ability to differentiate between volatility inherent to the given data and introduced by a
temporal dependency on external variables is necessary for efficient modeling. This is particularly
important in the case of significant anomalies, or extreme events, and their impact on the overall
distribution of gathered data. For this purpose, an analytical tool with a solid theoretical foundation
and straightforward implementation is required. In search of such a tool it is essential to understand
what constitutes an extreme event and what are its characteristics in an ex post analysis. In loose terms,
extreme events are represented by imbalanced data in the time series, which occur irregularly and
introduce either extremely low or high values [1]. This implies knowledge of an expected magnitude
of the data, with all that lay beyond labeled as extreme. One way to express this is by stating that values
resulting from extreme events deviate by more than several standard deviations. As such, extreme
events span various domains, from science and technology to social studies, and may include sudden
outbreaks of devastating infectious diseases, solar flares, extreme weather conditions or financial crises
[2—4].

This unexpected and complex character of extreme events introduces significant challenges in
their theory and modeling. In particular, since all these events often result from strong non-linear
interactions across various lengths and time scales, they render conventional perturbative methods less
effective [5]. Unfortunately, artificial intelligence has also yet to come to the rescue. Although, there
have been attempts to mitigate discussed problems via machine learning (both classical and quantum),
not always is there enough data or computational power to perform such simulations [6,7]. Finally, it
is important to note that the extreme events contribute to the tails of probabilistic distributions, having
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minimal effect on mean values but significantly impacting volatility and variance. Interestingly, this
opens a promising avenue since one way to analyze volatility is through the measure known as entropy,
an analytical concept that also underlines the information theory [8]. In this sense, entropy estimates
uncertainty and randomness of a data allowing to discuss its related fluctuations, distributions, and
patterns [9-16]. As a result, entropy constitutes a potentially highly relevant framework for discussing
the impact of sudden events across different fields [17-19].

In the present work, it is argued that the entropy can be considered as indicator for extreme
events, as motivated by its inherent nature and previous studies [19]. Here, this claim is formally
justified by following the two point argumentation. First, it is known that the entropy increases as
the uncertainty (volatility) of the data rises, meaning that the extreme events should result in the
heightened entropy [16,19]. Hence, a simple cumulative process can be considered to further magnify
this aspect, leading to a characteristic pattern in the entropic spectrum. This process relates directly to
the evolution of the empirical probability distribution. As more data points are taken into account, the
observed probability distribution (empirical distribution) gradually converges to the true probability
distribution, in accordance with the law of large numbers. Under this assumption the entropy may
decrease for a balanced data, signifying reduction in uncertainty and the dominance of a few stable
outcomes. By systematically comparing the cumulative distributions generated in this process with the
relatively uniform distribution expected for extreme event data, the desired amplification of the latter
can be achieved. This approach may be particularly significant as it enables a retrospective analysis,
tracing back from the extreme event while cumulatively incorporating data. As a result, it should be
possible to develop indicators or techniques for detecting sudden changes in data by considering them
as a reference point in time.

This work is organized as follows: Section II introduces the methodology and theoretical back-
ground based on the concept of entropy. Section III explores the properties of the data used in this
study and provides a detailed analysis of the extreme event signatures within the entropic spectrum.
The manuscript concludes in Section IV, which offers a summary and outlines future perspectives. The
study is supplemented by an appendix presenting the summary statistics of the analyzed data.

2. Methodology

To quantify the discussed cumulative effect we recall the conventional discrete Shannon entropy,
given by [8]:

n

H=-) p(x)np(x), 1)
i=1

for a total of n outcomes, where:

p(xi) = (xip1 — %) f(xi41), )

represents the probability of the value x;, in the Riemann approximation, occurring for a discrete
random variable of interest. As such, the Eq. (1) measures information content of data in nats (meaning
the base of logarithm in Eq. (1) is e), accounting for the probability distribution across all possible
states. Note that for the discrete case, n constitutes the number of intervals (known also as bins or
classes) within the probability distribution. Here, to keep analysis on the same footing, # is assumed
after the Vellman formula, which is optimal considering the population and variability of the discussed
datasets [20].

Now, lets consider a dataset that contains information about an extreme event, along with
preceding data, which is divided into chronologically sorted and equally sized parts. In the extreme
limit, it can be qualitatively argued that such blocks exhibit relatively similar probability distribution,
except for the portion related to the extreme event. By following in spirit the most biased distribution
principle, familiar in some stochastic processes [16], the former dataset blocks will exhibit a bias
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toward a few stable outcomes, which will be further amplified when their probability distributions are
combined. This observation can be quantified by introducing the following cumulative entropy for the
m-th dataset part:

n

Hy = — Z; p(Xi0, s Xign) I P(Xi0, oves X)) ®)
iz
which is formally a joint entropy for the m blocks of data, where the information is cumulated by
adding dataset parts while keeping the same number of outcomes. This means the higher m the more
information is contained within the cumulative entropy. This rule applies to all dataset blocks except
the one related to an extreme event (m = 0), for which Eq. (3) reduces to Eq. (1). Such process allows
to increase the discrepancy in entropy values between higher m terms and reference case when m = 0.
This is to say, the entropy value corresponding to the extreme event can be magnified for its better
detection, as initially desired.
Note that, by definition, the H;, is non-negative and sub-additive quantity, inheriting these
characteristics from Eq. (1). Moreover, it does not rely on any assumptions about the underlying
probability of a data block but instead seeks to uncover its intrinsic characteristics through entropy.

3. Results and Discussion

To validate the cumulative entropy concept and its underlying rationale, several benchmark
datasets are examined. In particular, these consist of market data centered around three key dates,
each corresponding to a selected extreme event that occurred in the last decade, i.e.:

e June 24th, 2016, marking the announcement of the Brexit referendum results,
*  March 16th, 2020, the global black monday reflecting economic panic due to COVID-19 pandemic,
*  February 24th, 2022, denoting the beginning of Russian invasion on Ukraine.

All the above events are captured here in the time series of exchange rates between gold and the
U.S. dollar. The total data coverage includes 30 working days before the event, the day of the extreme
event itself, and 10 working days after it. Note that the assumed data range directly follows earlier
logic of cumulative entropy, which should be determined for the data preceding extreme event, serving
as a reference point. This also allows to consider some dates prior this event, to see how corresponding
entropic spectrum compares between periods with different reference points. For the same reason
the subsequent 10-working-days periods are considered to include the reference points in the future,
beyond the extreme event day.

For convenience the information about the time series of interest is encoded via intraday log-
returns () as:

Pi __ Pji—Pj-1
Pj-1 pi-1

where p; (pj_1) is the closing price of an asset on the j-th (j — 1-th) half-hour interval. Such log-returns

(4)

serve as a stationary time series representation of the price changes, capturing the relative magnitude
of intraday fluctuations.

The graphical representation of the intraday log-returns for the exchange rates between gold and
the U.S. dollar is presented in Figure 1 (A)-(C). In a chronological order, they correspond directly to the
events listed above. For clarity and transparency, the data range is restricted to the extreme event day
+10 days. The extreme event day is additionally marked by the blue shaded area and magnified in the
inset for further details.

It can be observed that the depicted returns qualitatively exhibit the expected increase in turbu-
lence within the blue shaded area, as evidenced by strong deviations from equilibrium. This effect is
particularly pronounced in Figure 1 (A) and (C), which illustrate data behavior for the first and second
considered event, respectively. Therein, the transient deviations are nearly four times the equilibrium
value. In comparison, the second midterm event is much more noisy across the entire time range,
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constituting interesting case study when the event of interest is less evident. In what follows, this
example extends presented analysis to the cases when events detection is more difficult, allowing
to benchmark cumulative entropy concept in complex scenarios. For more details of the considered
datasets please refer to Appendix A, where summary statistics are given.
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Figure 1. The intraday log-returns for the three selected datasets of interest (see text for more details). The data
range for each subfigure is restricted to the extreme event day (blue shaded area) £10 days. The central regions
are additionally magnified in the insets, with the exact dates depicted.
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However, in the present paper it is argued that the extreme event is not only reflected in the
spectrum of intraday log-returns but can be also observed in the corresponding empirical probability
distribution. In Figure 2 (A)-(C), such discrete distributions are presented for each considered total
dataset (blue color) and for partial data that refers to the days when the extreme events occur (orange
color). By inspecting these results crucial observations can be made that confirm earlier argumentation.
In details, the total data is relatively tinner than distribution for the extreme event day. That means
information contained within the latter dataset is less ordered and the corresponding outcome is more
uncertain. This clearly shows that data for the extreme event day incorporates some randomness
into the related total dataset. In other words, as more data is introduced to a dataset, the discrepancy
between resulting distribution and the distribution for a single day data, increases. Since this cumula-
tive effect is directly related to the information content within some data, it can be quantified by the

entropy.
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Figure 2. The discrete probability distributions for the three selected datasets of interest (see text for more details).
Each subfigure depicts function related to the given total dataset spanning range of 41 working days (blue color)
and to the partial data for the extreme event day only (orange color).

In Figure 3 (A)-(O) the behavior of introduced here cumulative entropy for three events of interest
is depicted. To capture the underlying features of entropy, the results are presented by employing
the 30-day moving window approach. Each window is constructed based on Eq. (3), assuming the
last point as a reference for m = 0 and every other point to be m days before that event. Note that m
numbers the parts, or blocks, that will be compared against each other, as explained in details in the
previous section. The analysis begins with interval ending 10 days before extreme event which next
sequentially advances every 5 days to conclude with the dataset for the reference point 10 days after
the extreme event. In this manner, the middle column (see Figure 3 (C), (H) and (M)) relates to the case
when the reference point corresponds to the given extreme event day and the presented results are
expected to exhibit some characteristic patterns. Indeed, the results for cumulative entropy, depicted
in the middle column, increase steadily as they get closer to the extreme event day, reaching maximum
value at reference point. In the first and third row (see Figure 3 (C) and (M)), this increase resembles
parabolic behavior and corresponds to the datasets where intraday log-returns at the extreme event
day present well indicated deviations from the rest of the data (see Figure 1 (A) and (C)). On the
other hand, in the middle row (see Figure 3 (H)) the underlying data is noisy and the behavior of the
results obtained for the cumulative entropy is more linear. Still this increase is monotonous without
any substantial drops. As such, all three sets of results, given in Figure 3 (C), (H) and (M), clearly
present somewhat ordered behavior that differentiate them from the cases when the reference point
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for calculations is assumed several days after or before the extreme event day. This proves the fact that
cumulative entropy may exhibits signatures of interest, even when dataset is relatively noisy.
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Figure 3. The cumulative entropy for the selected datasets of interest (see text for more details). The data range
for each subfigure is restricted to 30 working days. The depicted dates refer to the reference point, which is the

last data point at each subfigure.

The observed behavior aligns earlier argumentation, meaning that the entropy value on the day
of an extreme event can be magnified by calculating cumulative data for several days prior to this
point. In terms of information contained within each of the computed points, the results for m = 0
clearly correspond to the datasets which are most random and provide most uncertain message. As
the results get further from this reference points, more data is added to the corresponding probability
distributions and only some of the outcomes dominate. However, what is crucial to note, this behavior
is possible only when data with similar probability distributions is cumulated. This is to say, according
to the most biased distribution principle, the deterministic content increases, decreasing related entropy
values [16].

In relation to the above, none of other considered time windows follow this process. In other
words, it seems like it is difficult to obtain required bias between reference point and the cumulative
data when the former does not correspond to the atypical and significant deviation from the equilib-
rium, familiar for the extreme event. However, with an appropriate time step and careful real-time
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analysis some early indicators of the upcoming extreme events may be still possible to observe. For
example, in market data, investors may make moves that already influence an asset price, which can
be reflected in the entropic spectrum.

4. Results and Conlusions

In summary, in the present study the analysis was conducted to verify the idea of using entropy
measure for detecting extreme events in datasets. It was shown that entropy for joint probabilities can
be employed in a systematic manner to magnify data parts or blocks that contain information on an
extreme event. In particular, these findings were presented for three datasets of choice, containing
market data of exchange rates between gold and the U.S. dollar. Each of the datasets was associated
with one extreme event, namely: the announcement of the Brexit referendum results, the global black
monday due to COVID-19 pandemic, and the beginning of Russian invasion on Ukraine, respectively.
For all three datasets the characteristic signatures in the entropic spectrum were obtained, validating
to some extend the proposed theoretical framework.

As a result it can be concluded that the presented method, based on the cumulative entropy, may
be beneficial not only for the detection but also classification of extreme events in various datasets.
It can serve as a primary or supplementary indicator and classifier that builds upon the underlying
distribution of the considered data and the information encapsulated within it. In this manner, the
cumulative entropy appears as a universal and comprehensive measure that do not impose any
constraints on the corresponding probability distribution, but rather quantifies its underlying and
most important features and interdependencies. In this manner, the developed argumentation and
obtained results formalize earlier preliminary findings on cumulative entropy concept [19], addressing
previously unexplored essential theoretical aspects and providing a corresponding unified framework
along with its initial validation.

The above naturally calls for further verification by using large scale data. Of particular interest
should be noisy datasets, similar to the one for the global black monday caused by COVID-19 pandemic,
where the extraction of information on an extreme event is hindered. Another direction may be
implementation of cumulative entropy in the real-time techniques, which deal with the short time
windows suggesting opportunity to use developed here measures for early warning systems. The
presented study also poses questions on the potential of using the cumulative entropy or the underlying
most biased distribution principle in combination with other techniques, similarly to what has been
done recently for the geometric Brownian motion process [16]. One of the promising directions may be
be incorporation of the mentioned concepts into the machine learning or deep learning techniques, e.g.
toward improvement of the predictive capabilities of these methods.
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The appendix contains supplementary data to the analysis presented in the main text. In particular,

in Table A1, the summary statistics of the intraday log-returns are given for three considered datasets

that contain information on the analyzed extreme events.

Table Al. The summary statistics of the intraday log-returns for the three datasets containing information on

extreme events of interest i.e. the announcement of Brexit referendum results on June 24th 2016, the black Monday

on global markets due to the COVID-19 pandemic on March 16th 2020, and the beginning of the Russian invasion

on Ukraine on February 24th 2022. The statistics are given for the total period of time considered in the context of

each event. Additionally, the partial statistics are presented for five periods analyzed in terms of the cumulative

entropy.
Data Mean Minimum ‘ Maximum ‘ Skewness Kurtosis
Brexit referendum results (24.06.2016)
13.05.-13.06.2016 (1)5560089‘3' -0.007146 0.019459 3102121 55.668972
200520062016 | o724 0008101 | 0019459 | 2562111 44722231
25.05-24.06.2016 8'57752449' -0.008445 0.021147 3.140278 38.333012
02.06.-01.07.2016 | 0.000102 -0.008445 0.021147 3.047951 35.344655
09.06.-08.07.2016 3‘50471826' -0.008445 0.021147 1.818350 22838294
13.05.-08.07.2016 352036208' -0.008445 0.021147 2.315603 32.974605
Black monday due to COVID-19 (16.03.2020)
03.02.-03.03.2020 8‘5247892"" -0.014230 0.014090 -0.551528 16332172
10.02.-09.03.2020 (7)5037389‘3' -0.020675 0.015017 -0.856300 16.204503
17.02.-16.03.2020 8'59889146' -0.009986 0.010257 0.001460 8.739781
24.02.-23.03.2020 665'911197‘3' -0.020675 0.015444 -0.538275 5.644548
28.02.-30.03.2020 615‘0005926' -0.020675 0.015444 -0.414655 5.188489
03.02.-30.03.2020 (1)5431909‘3' -0.020675 0.015444 -0.500483 9.635541
Russian invasion on Ukraine (24.02.2022)
13.01.-10.02.2022 3'72763249’ -0.009664 0.006961 -0.907719 1453216
20.01.-17.02.2022 | 3313405 | -0.009664 0.009024 -0.393835 13.431958
27.01.-24.02.2022 85198343‘3' -0.016004 0.009024 1.927835 26.631340
03.02.-03.03.2022 3'57669708' -0.016004 0.013666 -0.824806 20.080578
10.02.-10.03.2022 3'5916852e' -0.016004 0.013666 -0.471262 12495533
13.01.-10.03.2022 3'58788458’ -0.016004 0.013666 -0.544695 18569120
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