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1. Introduction

Ever since the birth of Black-Sholes theory [6] and local volatility [9,10], construction of the
implied volatility (IV) surface that is free of arbitrage has been an active research area. Although it
may seem to be a simple task at the first glance, as pointed out in [29], constructing arbitrage-free IV
surfaces that fit specific market conditions remains a challenging task for many sell-side institutions.

In a recent work [30] of Zetocha, an optimal transport-inspired approach has been introduced to
understand the arbitrage-free shaping of IV surfaces. In this approach, a fundamental concept that
mathematically describes the calendar no-arbitrage is the convex order “<.,” : for random variables X
and Y, we say X < Y if for any convex function ¢, it holds

Elp(X)] <E[p(Y)]. @

Given a set of random variables Xj, ..., X, in convex order, i.e. X; <¢x Xj11 (i =1,...,n— 1), they
become the marginals of a martingale measure (thus free from calendar arbitrage); see Theorem 2.6 of
[5] or Theorem 8 of [27]. It is therefore desirable to produce sequences of random variables that obey
consecutive convex orders.

Notice however, that checking (1) for each and every single convex function ¢ is usually impossible
in applications. A more natural and practical ordering between two random variables X and Y with
the same mean is the so-called “One-X" order: we say X <p,.—x Y if there is some ¢ > 0 such that

Vt < ¢, Fx(t) < Fy(t) and Vt > ¢, Fx(t) > Fy(¢), (2)

where Fx and Fy are the cumulative distribution functions (CDF’s) of X and Y, respectively. In this
situation, the graphs of Fx and Fy intersects at the single point (¢, Fx(c)). Usually, by inspecting the
graphs of the corresponding CDF’s, one could easily check the One-X order between a pair of random
variables.

Besides the convenience, a key property mentioned in Theorem 3 of [30] (see also Lemma 2 of
[23]) is that for random variables X and Y with the same mean, X <p,,_x Y implies that X <. Y.
Moreover, the One-X order is preserved under the optimal transport maps generated from continuous
and strictly increasing functions defined on R ; for more detailed discussions see Section 6.2 of [30].

It is natural to guess whether these two orderings are actually equivalent: as asked by Conjecture
1 of [30], when E[X] = E[Y] and the CDF’s are both continuous and strictly increasing, is it true that
X < Yimplies X <ppe—x Y?

To answer this question, let us examine these concepts in a broader scope: both the convex order
and the One-X order have their corresponding parts in the study of actuarial science, and their relations
have been studied in the seminal work of [22]. In fact, unlike the convex order, the One-X order (or the
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dangerousness order in the language of actuarial science) is not necessarily transitive, and as shown in
[22], it is the transitive closure “ <p«" of the One-X order that becomes equivalent to the convex order.
We therefore expect a negative answer to the above mentioned conjecture. In the next section we will
rigorously define the ordering concepts and summarize their relations. Then in Section 3 we will
present a counterexample to Conjecture 1 of [30].

The rest of the paper devotes to discussing various conditions and methodologies on constructing
IV surfaces that are free from both the butterfly arbitrage and the calendar arbitrage. We will focus
on conditions that guarantee there to be no calendar arbitrage when working in the space of implied
density functions, whose existence would already rule out the butterfly arbitrage.

In Section 4 we consider random variables with real-analytic CDF’s, and for each pair of such
random variables with equal mean and in convex order, we prove the existence of finitely many
consecutive One-X inequalities interpolating between them (Theorem 2) .

In Section 5 we will discuss how the One-X property could be deduced from several important
concepts such as tofally positive of order 2 (T P,), reverse rule of order 2 (RR3), and unimodality of density
ratios, which are introduced to the study of convex ordering through the seminal work [24,25].

The last section is devoted to a general discussion on several aspects of the IV surface construction
and highlight a novel approach: we propose to apply the martingale interpolation techniques to the
construction of the intermediate implied density functions at maturities with poor liquidity; we will
also discuss a framework of synthetic IV generation that harnesses the power of machine learning.

2. Background

In this section, we will first recall the definitions and properties of some well-known stochastic
orders between one-dimensional random variables, which will be used intensively in the later sections.
Then we will introduce the dangerousness and the One-X property which enable us to state and
understand the meaning of the conjecture in [30].

2.1. Stochastic Orders and Their Properties

In this section we present rigorous mathematical definitions of the related stochastic orders, as
well as some useful properties. We assume that there are two random variables X and Y with CDF’s
Fx and Fy respectively.

Definition 1. X is smaller than Y in the increasing convex order, denoted as X <., Y, if for any real-valued
increasing convex function f,

E[f(X)] < E[f(Y)], 3)
provided both expectations exist.

Since any increasing convex function can be obtained as the limit of linear combinations of the
functions in the form ¢(x) = (x —z)™, z € [0, 00), (3) in the above definition can be replaced by

Vz >0, E[(X —2)T] <E[(Y —2)7]. 4)

Using integration by parts it is also easy to show that (4) is equivalent to the following integral
inequality of their corresponding CDF's:

V220, [T - Fe()dx < [ Fely)dy. ©)

If we replace increasing convex function by convex function, then X is called smaller than Y in convex
order, denoted as X <., Y; recall (1). When E[X] = E[Y], one can show that these two orders are
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equivalent, ie. X <;. ¥ <= X <. Y; see Theorem 4.A.35 of [26] for more details. Under the
assumption that E[X] = E[Y], we can therefore use these two definitions in an exchangeable manner.

Lemma 1 (Theorem 2.3.10 [3]). Let X and Y be two random variables. Then X <;.. Y if and only if
O (X) <icx ¢(Y) for all real valued increasing convex function ¢.

In particular, as multiplication by a positive constant is an increasing convex function, we have
X< Y <= V>0, cX <jep Y. (6)

Lemma 2 (Theorem 2.3.13 [3]). Let Xj, ..., Xy, and Y1, ..., Yy be two sets of independent random variables. If
Xi <icx Yiforalli =1, .., n, then

Xz' Sicx

Y..

M=
-

Il
-
Il

i 1

We therefore have the following useful corollary for the construction of the counterexample:

Corollary 1. Given two sets of independent random variables Xy, ..., Xy and Y1, ..., Y, such that X; <jc, Y;
foralli=1,..,n. Ifcq,..., cy are positive numbers, then

n n
Y eiXi <iex Y ciYi
i=1 i=1

2.2. One-X Order and A Related Conjecture

To recall the One-X order defined in (2), we start with the more general definition of the danger-
ousness ordering which has been introduced to the study of the actuarial science by [22].

Definition 2. Given non-negative one-dimensional random variables X and Y whose CDF’s are Fx and Fy
respectively, X is called less dangerous than Y, denoted by X <p Y, if there exists some ¢ > 0 such that
Fx < Fy over [0,c), Fx > Fy over (¢, 00), and E(X) < E(Y).

When E(X) = E(Y) is required, this relation is called One-X in [30]; in this case we will write
X <one-x Y.
As mentioned before, we have the following implication:

Theorem 1 (Theorem 3 of [30]). Given non-negative one-dimensional random variables X and Y such that
E[X] =E[Y], then X <ppe_x ¥ = X < Y.

The inverse to this theorem is conjectured by Zetocha:

Conjecture 1 (Conjecture 1 of [30]). Given non-negative one-dimensional random variables X and Y whose
CDF'’s are Fx and Fy respectively. Suppose Fx and Fy are continuous and strictly increasing functions on R4,
and E[X]| = E[Y], then X <cx Y = X <ope_x Y.

By providing a counterexample to this conjecture in the next section, will show that a single One-X
inequality is not enough for a pair of random variables satisfying the convex ordering.

2.3. Inter-Disciplinary Concept Comparison

Till now, we have seen several orderings such as the convex order, the One-X order, and the
dangerousness order. Some of these concepts occur in financial mathematics, and some of them
originates from actuarial science. In this subsection we will try to make a more systematic summary of
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these concepts and some results, aiming to build a dictionary between some of the important concepts
from the two fields.

For the sake of simplicity, we will work under the assumption that all the distributions are non-
negative, continuous and with the same mean. Given two random variables X and Y with continuous,
strictly increasing CDF’s and the same mean, the following table briefly summarizes the various
orderings in different contexts:

Financial Mathematics Concepts Actuarial Science Concepts
One-X Order: X <ppe_x Y Less Dangerous: X <p Y
Increasing Convex Order: X <., Y Stop-loss Order: X < Y
Convex Order: X <. Y Transitive closure of <p: X <p« Y.

In each of the first two rows, the concepts are mathematically defined in identical manners. The
two concepts in the third row are shown to be equivalent by Corollary 4.4 [22]. Moreover, the lack
of transitivity of <p,._x or <p makes them inequivalent to <.y, and their transitive closure <p- is
defined as following: X <p- Y if there is a sequence of random variables {X, }?> ; such that X = X,

Xu <p X,+1 and that X, — Y weakly. Notice that under the assumption E[X] = E[Y], it consequently
holds that E[X]| = E[X,,] foralln =1,2,3,....

3. A Counterexample to Conjecture 1

In this section, we begin with reviewing some conditions on the existence of (increasing) convex-
order between two distributions belonging to some specific exponential families. We will then construct
two random variables with the same finite mean that are in convex order; moreover, they have
continuous and strictly increasing CDF’s, but their CDF’s cross more than once: this violates the
corresponding One-X inequality and becomes a counterexample to Conjecture 1.

3.1. (Increasing) Convex Order Between Exponential Family Distributions

We will consider the Gamma and the Weibull distributions. Conditions on the existence of
increasing convex order between two given Gamma or Weibull distributions are given following their
definitions. We follow [3] for the notations and the main results in this part.

Definition 3. (Gamma Distribution) A non-negative continuous one-dimensional random variable X follows
the Gamma distribution, denoted by X ~ G(w, B), if its probability density function (PDF) is given by

a1,-3)
fx) = xﬁ“l"(rx)ﬁ'x € (0,0),

where & > 0 is called shape parameter, B > 0 is called scale parameter.

If X ~ G(a, B), then E[X] = ap.

Definition 4 (Weibull Distribution). A non-negative continuous one-dimensional random variable X follows
the Weibull distribution, denoted by X ~ W (a, B), if its CDF is given by

F(x)=1- e (@ xe (0,00),
where o > 0 is called scale parameter, B > 0 is called shape parameter.

If X ~ W(a, ), then E[X] = aT (1 + ).

Given two random variables which follow either the Gamma or the Weibull distributions, let’s
state some sufficient conditions to guarantee the existence of increasing convex order relation between
them. These sufficient conditions are adopted from Section 2.9.1 of [3] :
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Lemma 3. Given two random variables X; ~ G(a;, Bi),i = 1,2, if a1 > ap and w181 < ayfy, then
X1 Siex X2. If a1B1 = o, then X1 <cx Xo.

Given X; ~ W(a;, B;),i = 1,2,if B1 > Baand aqT(1+1/B1) < al'(1+1/B2), then Xy <iex Xo. If
Délr(l + 1/,31) = 0(21—'(1 + 1/,32), then X1 <cx Xo.

Here we rely on the fact that if two non-negative random variables with the same mean follow
increasing convex order, then they are in convex order; see Theorem 4.A.35 of [26].

3.2. The Counterexample

We consider the following random variables with the same mean:
X; =05Y;1 +02Y;p+03Y;3 (i=1,2),

where the six independent random variables are
L4 Yll ~ G(3,1/3), le ~ G(10,3), Y13 ~ W(O.S,l),‘
L4 Yzl NG(1/3,3), Y22 NG(3,10), Y23 NW(1/12,1/3).

By Lemma 3, it is clear that Y1; <y Y21, Y12 <¢x Y22 for the two pairs of Gamma distributions,
and each pair share the same mean. For the pair of Weibull distributions Y33 and Y>3, notice that
B3 =1 > 1/3 = PBy3; moreover, since I'(1+1/B13) =T (2) = land T(1+1/B23) =T(4) = 6, it
follows

F+1/pa) _ 1 _ ax

T(1+1/Bx3) 6 ap’

Therefore Y13 <jcx Y23 by Lemma 3. Since X; (i = 1,2) are positive linear combinations of Yj;’s, we
have X; <. Xj by Corollary 1.

We can also plot the CDF’s of each pair of Y3j and Y5 (j = 1,2,3), and their CDF’s satisfy the
One-X inequality for each j. According to Theorem 3 of [30], we can therefore conclude that Y1; <cx Y3;
for each j = 1,2, 3; this is consistent with our analysis above. The plots of each pair of CDF’s can be
seen in Figure 1.

To conclude our argument on this counterexample, let us plot the CDF’s of probability distribu-
tions X; and X5 in Figure 3, where we can easily see that they intersect more than once, as we can
numerically check that

Fx,(0.5) = 0.28521275 < 0.54714305 = Fx, (0.5),
Fx, (3) = 0.7961403 > 0.74182055 = Fy, (3),

but on the other hand

Fx, (20) = 0.82747431 < 0.86400305 = Fx, (20),
Fx, (40) = 0.97101896 > 0.95225997 = Fy, (40).

Therefore X1 Lone—x X2, but we have already shown that X; <. X;. This completes the counterex-
ample.
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4. One-X Interpolation Between Convex Ordered Pairs

Although Conjecture 1 fails in the most general scenario, we may focus on smaller classes of
distributions and obtain a partial inverse to the implication “<p,,—x=<.". Before determining
which classes of distributions are viable in practice, let us discuss a general result.

4.1. A General One-X Interpolation Result

As mentioned in Section 2.3, the One-X order (or the dangerousness order) is not transitive, and
its transitive closure requires inserting extra terms in between two random variables satisfying the
convex order. Theoretically there might be infinitely many intermediate terms appearing.

But from a practical point of view, we are mainly interested in the assumptions that two random
variables share the same mean, they are positive, and their CDFs have finitely many intersections.

The random variables represent the distribution of tradable assets on different expires, thus, they
are positive in nature.

Let’s consider a few typical underlying assets; we will show that we can always assume they are
martingales, and, thus, their marginal distributions share the same mean.

When the underlying is of equity class, the existence of dividends brings challenges into the
construction of IV and local volatility surface. One way to bypass this is the pure stock process [8]:
assume that the equity price is S;, the pure stock X; is defined as Sy = Ay + B;X; where A; + By = F;
and F; is the stock’s forward price. As shown in [8], X; is a positive martingale with E[X;] = 1, and all
the pricing theories can be transformed from S; to X;. In particular, the construction of IV surface or
the implied density will be associated with the X; process.

When the underlying is of fixed-income class, the typical options are caps/floors and swaptions.
For caps/floors, the underlying is the forward rate which is a martingale under T-forward measure;
for swaptions, the underlying is the swap rate which is a martingale under swap measure (for more
technical details, see [1]).

Now, let’s consider the assumption that there are only finitely many intersections between the
CDFs of two marginal distributions. Notice that the usual density functions in practice are real analytic
function, we can prove the following proposition for two continuous positive probability .

Proposition 1. Given two random variables X; (i = 1,2) whose CDF’s, denoted by Fy, respectively, are
defined on [0, ), if their CDF’s are real-analytic, then the number of intersections of Fx, and Fx, is at most
countable. If we further assume that the density function of X, dominates that of Xy, then there are finitely
many intersections.

Proof. We begin with covering [0, c0) by US> [n,n + 1]. Define h := Fx, — Fx,, h is also analytical
whose zero points correspond to the intersection numbers of Fx, and Fx,. Let’s show that over each
sub-interval [, n + 1], h has finitely many zeros, thus, it has at most countably many zeros. [n,n + 1]
is a compact set in R!. If 1 has infinitely many zeros, then by Bolzano-Weierstrass Theorem, the set of
zeros has a convergent sub-sequence in [1, 1 + 1]. Therefore, by identity theorem, & must be zero on all
of [n,n + 1] which implied / is identically zero. This is a contradiction to the assumption that X; and
X5, are different.

Let’s denote the density functions by f;, i = 1,2. If X, dominates Xj, then limy_c }% = oo.
Thus, there exists a positive number A such that Fx, and Fx, intersects at most once over [A, ).
Following the same argument as above, we can show that Fy, and Fx, only intersect finite many times

over [0, A]. Thus, if X, dominates X;, their CDF’s have only finitely many intersection points. []

Remark 1. In Proposition 1, we prove the result under the general assumption that the CDF/PDF of the random
variables are real-analytic function, and the proof is from scratch. As discussed below in Section 4.2, we are
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more interested in the case when the density function is a log Gaussian mixture. In this case, the result of this
proposition is a direct consequence of Proposition 4.1 in [13] .

From the above discussions, we can see that the our above assumptions are quite natural yet
still can largely cover the cases one can meet in practice. Now, we are ready to state and prove the
following theorem which is one of the main result of this paper:

Theorem 2. Given two non-negative one-dimensional random variables X and Y which share the same mean,
and their CDF’s, Fx and Fy, cross finitely many times (say, n times), then X <. Y if and only if there
exists a sequence of random variables 71,2y, ..., Zy such that X = Z1,Y = Z,, and Z; <ope—x Zit1 for
i=1,2,..,n—1

Proof. The if part is relatively straight forward. By Theorem 3 of [30], the One-X order implies the
convex order. Thus, for any i < n, Z; <ppe—x Zii1 implies that E[Z;] = E[Z; 1] and Z; <¢x Z;41.
These two properties are both transitive, and thus X = Z; <. Z, = Y. (Notice that if one fixes  as 2,
then this is the original conjecture).

Now, let us prove the only if part. By Theorem III.1.3 of [19] or Theorem 1.1, Chapter IV of [18],
X <& Y and n intersections of the CDF’s implies that there exists a sequence of random variables
{Z;}!; suchthat X = Z,Y = Z, Z; <p Zij1, fori = 1,2,..,n — 1. By Definition 1, this implies
E[Z;] < E[Z;;1]; however, notice that E[Z;] = E[X] = E[Y] = E[Z,], and thus, all the random
variables in this sequence share the same mean which shows that Z; <,,,_x Z;;1,fori=1,2,...,n —
1. O

Remark 2. When Fx and Fy cross possibly infinitely many times, one needs to replace the finite sequence
{Z;}", in Theorem 2 by a possibly infinite sequence which convergences to'Y in both distribution and mean
(which is called “stop-loss convergence”). A proof of this generalization can be found in Section 4 of [22];
compare also the transitive closure <p« of the dangerousness order mentioned in Section 2.3. An example when
there are infinitely many intersections is given below. !

Example 1. An example where there are infinitely many intersections can be found in [13]. Assume that X is a
log normal random variable whose density function is

1 1 X 2
U, 0) = ——|In{ =) +05 2> ,
fLN(x;lv) r exp( 2<n< > [% )

random varible Y, introduced by Heyde, is defined to have a density function

fu(x;e,xp) = fin(x 1, 0) (1 + esin(ZZZH ln<;>>)

then their CDFs of X and Y have infinitely many intersections.

4.2. Log Gaussian Mixtures

There are several very popular IV surface construction methods, besides the well-known para-
metric method such as stochastic volatility inspired IV surface [12], another major approach is through
the construction of implied density per time-slice. One benefit of this method is that the existence
of implied density function implies no butterfly arbitrage automatically. Consequently, the main
challenge remains to deal with the calendar arbitrage, for which the existence of One-X orders will
play a key role.

1 The authors are thankful for the communications with Prof. Dan Pirjol who pointed out these interesting proposition and

example.
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Notice that the implied density in [30] obeys log normal distribution. This assumption helps
to explain the theoretical foundations explicitly and facilitates the implementation of the proposed
IV surface construction method. However, as pointed out in [13], a single log normal distribution
alone suffers the difficulty of fitting the IV smile in the real market, especially before the companies’
earning dates when the implied volatility smile may become W-shape. Therefore, we propose to use
mixtures of log normal distributions (aka log Gaussian mixtures) to fit the implied density functions.
The rational of this proposal is also based on the fact that Gaussian mixtures are weakly dense in the
set of probability distributions; see Page 65 of [14].

Directly combining Theorem 2 and Proposition 1 (see also Proposition 4.1 in [13]), we have the
following result for log Gaussian mixtures:

Theorem 3. Given two random variables X and Y whose distributions are log Gaussian mixtures; suppose
E[X] = E[Y], then X <cx Y if and only if there exists a sequence of random variables Z1,Z5, . .., Zy such that
X=7Z,Y=2Zyand Z; <ope_-x Zix1 fori=1,2,..,n—1.

In Section 6, we will further elaborate on the convex ordering of log Gaussian mixtures concerning
the construction of IV surface.

5. TP,, RR;, Unimodality of Density Ratio and Convex Ordering

As mentioned in the introduction, it has been an active research area to understand various
conditions which guarantee that there is no calendar arbitrage between two given marginal densities.
In the recent work [24,25], concepts such as TP, RR; and unimodality of density ratio have been
introduced to the field. In particular, various sufficient conditions for the existence of convex order
between given marginal densities have been discovered based on the information associated with
these concepts. In this section, we study how similarly proposed conditions can lead to the more
geometrically intuitive One-X property which is stronger than (and thus implies) the the convex
ordering.

5.1. A Brief Review of the Concepts

We begin with recalling the definitions and key properties.

Definition 5 (Total Positivity of Order 2 (TP)). Let K(x,y) be a function defined over the product of
intervals I, X L. If it holds

Vx1,x2 € Iy, Vy1,y2 € Iy, x1 < x2 and y1 < yp = det

K(x1,y1) K(x1,42) ~0
K(x2,y1) K(x2,y2)| —

then K(x,y) is called totally positive of order 2, denoted as TP;.

Definition 6 (Reverse Rule of Order 2 (RRy)). Let K(x,y) be a function defined over the product of intervals
Iy x I,. If it holds

Vx1,x2 € I, Vy1,y2 € Iy, x1 < xpandy; <y» = det

K(x1,1) Kxw) | _
K(x2,y1) K(x2,y2)| ~—

then K(x,y) is called reverse rule of order 2, denoted as RRj.

These two concepts are obviously in some form of duality, as one sees from the following criteria
for TP, and RRj:

Proposition 2. Assume that K(x,y) > 0 for all (x,y) € Iy x I,. Then

. K(XZ/y)
1. K(x,y)is TP <— K(xLy)

is increasing in y, for any fixed x1 < xo, and
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K(x,y)is RRy <= ﬁgi% is decreasing in y, for any fixed x1 < x;
2. ifK(x,y) is differentiable in x, then

K(x,y)is TP, <= 2 InK(x,y) is increasing in y, and

K(x,y)is RRy <= Zlog(K(x,y) is decreasing in y;
3. ifK(x,y) is, moreover, twice differentiable, then

K(x,y)is TP, <= %an(x,y) > 0, and

K(x,y) is RRy <= %InK(x,y) <0.

These properties are well-known and can be easily verified by elementary calculations; see also
Section 2.1 of [25].

Definition 7 (Unimodality of Density Ratio). Assume that there are two non-negative random vari-
ables X1 and X, with the same mean, and that their pdf's fi(x) (i = 1,2) are continuous and posi-
tive on the interval (x.,x*), where we denote x, = inf{x € R:maxj_1,P(X; < x) >0} and x* =
sup{x € R : max;_1, P(X; > x) > 0}. We call Xy and X, satisfy the unimodality of density ratio if there

exists X € (x«, x*) such that the ratio ggg is increasing in x over (x,X), and decreasing over (X, x*).

In real world applications, X; and X, are the marginals of the underlying S; with X; = S;, and
X, = St,, where t; < t; denote the time-to-maturity. In consideration with option pricing the following
result in [25] is useful:

Proposition 3 (Corollary 3.1 of [25]). Given a non-negative underlying process S¢, and assume that the
marginals Sy, and Sy, (t; < to denoting the time-to-maturity) have the same mean. If the density functions of
S, and Sy, satisfy the unimodality of density ratio, then

e C(K, tp)/C(K, ty) is increasing for K € (x4, x*), and

e P(K,tp)/P(K,ty) is decreasing for K € (x.,x*),

where C(K, t;) (resp. P(K, t;)) denotes the call (resp. put) option price with strike = K and riskless rate = 0.

A thorough study of this property is in Section 3 of [25].

5.2. Relation with the One-X Property

Here we emphasize that instead of directly proving the existence of convex ordering out of
the above reviewed conditions, we notice that they actually imply the stronger ordering, the One-X
property between marginal CDF’s. Firstly, considering the unimodality of density ratio, we have the
following result.

Proposition 4. Assume that Sy, and Sy, satisfy the unimodality of density ratio, then Sy and Sy, satisfy the
One-X property, and thus, Sy, <jcx St,.

Proof. From the definition we have E[S,] = E[S,], and there exists ¥ € (x4, x*) such that the ratio
f(x/tl)

k) is increasing in x over (x4, X) and decreasing over (X, x*), where f(x, t;) denotes the pdf’s of Sy,
respectively fori =1,2.

Rename f(x,t;) = fi(x) withi =1,2, and set h(x) = gg) Then

Z

(0 = A - AAE)

d0i:10.20944/preprints202409.1533.v3
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Since h(x) increases on (x,, %), decreases on (%, x*) and f»(x)? > 0, we have

fix) f2(x) = fi(x) f2(x) >0, x € (x4, %);
f1(x) fa(x) = fi(x) f(x) <0, x €

—~

%, x*).
Since f1(x)f2(x) > 0 for x € (x., x*), we have

d d AR — () fx)
Infi(x) - Infox) = Zh(x fz(lx) 2,

and denoting p;(x) = 4 In f;(x) (i = 1,2), we have

p2(x) — p1(x) <0, x € (x4, %);
p2(x) —p1(x) >0, x € (%,x7).

In the notation of [3], this exactly means that S~ (p» — p1) = 1 with sign —, +. By Theorem 2.3.8 of [3],
we thus have S™(f, — f1) < 2 with sign +, —, + when equality holds.

Since E[S;,| = E[Sy,], if S™(f2 — f1) = 2 then it holds Sy, <cx St, according to Theorem 3.A.44
of [26]. Moreover, since S; is mainly considered as some underlying asset, we may assume S; > 0 in
practice. Consequently, S;; < S, implies that Sy, <., St,.

We therefore only need to show that the number of intersections S~ (f, — f1) # 0, 1:

e IfS™(f2 — f1) = 0, there is no intersection between the graphs of f; and of f,. Without loss of
generality, assuming f; < f on (x4, x*), we would arrive at the following contradiction

0=Els, ~ 1] = [ *(fx) ~ fi(x)ix >0,

since x, > 0.

e IfS™(fo— f1) = 1, then the graphs of f; and f; intersects at a single point xy € (x4, x*), with
signs —, + or 4+, —. In either cases, since lim,_,y, f;j(x) = lim,_,,« f(x) = 0 (i = 1,2), it always
holds [f1(x) — fa(x)](x — x9) > 0, and thus

0=E[St, ~ i) = [ [A(x) = £(x)](x — xo)dx >0,

which is impossible.

Therefore, it has to be the case that S~ (f, — f1) = 2, according to Theorem 3.A.44 and its proof of [26],
the CDF’s of Sy, and S;, only cross once, and thus S;; <jc St,. O

Next, we assume that there exists a positive number ¥ € (x,, x*) such that the positive density
function f(x, T) of the underlying asset St is TP, over (%, x*) and RR; over (x4, %), then the next
proposition states that any two marginal random variables S;, and S;, with t; < t; satisfy the One-X

property.

Proposition 5. Assume that f(x, T) is differentiable in x. If it is TP, over (x., %) and RR; over (X, x.), then
for any two given t; < ty, f(x,t1) and f(x,t2) satisfy the One-X property, and thus Sy, <icx St,.

Proof. We show that the above conditions lead to the same assumptions of Proposition 4. Consider
Section 2.2 of [24], replace f and g by F(x, t1) and F(x, tp) with F(x, t;) being the CDF of the marginal
random variable Sy, fori = 1,2 respectively Since f(x, T) is differentiable in x and is TP, over
(x4, %), by Item (2) of Proposition 2, - In f(x, T) is increasing in T which implies that 2 In f(x, t1) <
% In f(x, t;); notice that this is the right-hand side of (18) in [24], and we can conclude that F(x, t1) is
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convex with respect to F(x, t;). Then by (17) of [24], we could then conclude that ;Eig% is increasing

over (x,, X). With a similar argument, we can also show that J{Eig% is decreasing over (%, x*). Therefore,
% satisfies the unimodality of density ratio assumption in Proposition 4, which applies here. [

Remark 3. According to proposition 2.3 and the examples discussed in Section 4 of [24], we can see that the
assumptions in Proposition 5 are fairly natural and may see a wide range for applications.

Remark 4. From the discussions in Section 2.2 of [24], we can also see that if the given marginal random
variables have strictly increasing CDF’s over (x,x*), then the conditions in Proposition 4 and in Proposition 5

should be equivalent.

Example 2. At the end of this section, we look at one example - the Dagum density (see Section 4.6 of [24]). It
satisfies the conditions of Proposition 5, and by inspecting Figure 3 one easily sees that it also satisfies the One-X

property.
The pdf of the Dagum density fp(x, T) over (0,00) is given by

1
V1—e T

By Proposition 4.3 of [24], the Dagum density is TPy if x > 1, T > 0, and is RRy if x < 1, T > 0. With
o = 0.2 the CDF’s of fp(x,1) and fp(x,2) are plotted in Figure 3, which clearly shows a single intersection of
the graphs of these CDF’s on (0, 3).

fo(x, T) = (a(T) —1) (1 + x_“(T)> ‘M "M where a(T) =

CDFs of Dagum densities at T = 1 & 2 with sigma = 0.2

1.0 T=1
—_ T=2

0.8

Probability
o
o

o
s
L

0.2 4

0.0 1

0.‘0 0.‘5 1.‘0 l.‘5 2.‘0 2.‘5 3.‘0
Figure 3. Comparing the CDF’s of two Dagum densities at T =1 and 2.

6. IV Surface Construction and Future Work

From the discussions of previous sections, we can see that the proposed models in [29,30] may
have difficulties in dealing with more complicated implied volatility construction problems such as
the W-shape before earning dates. We need more sophisticated models to fit the IV smiles better, and
as discussed in Section 4, a good candidate is the log Gaussian mixtures introduced in [13].

Since our focus is on fitting the implied density function instead of the IV curve per listed maturity,
it is well-known that there is no concern about the butterfly arbitrage, which is ruled out by the very
existence of the implied density function. We only need to eliminate the calendar arbitrage, which is
related to the convex order of the implied densities at different maturities; see Theorem 2.6 of [5] or
Theorem 8 of [27].
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6.1. Criteria for Log Gaussian Mixtures to the Obey Convex Order

In this subsection, without loss of generality, we will be working with the pure stock process X; as
mentioned in Section 4. Assume that there are two listed maturities T; < T, each having an implied
density function f; (i = 1,2) which is the marginal density function of the process X; at T;. Assuming f;
(i = 1,2) have log Gaussian mixture distributions, we would like to guarantee that there is no calendar
arbitrage between them, which means f; = X7, <¢x Xt, = f» under our assumptions.

There are relatively easy criteria when the implied density functions are from some common
probability families such as normal, exponential, etc.[3]. However, to the best knowledge of the authors,
when the density functions are complicated functions such as the log Gaussian mixture distributions,
there is no good theoretical criteria to compare their convex order. Here we discuss some feasible ways
to compare the convex order between two mixture of lognormal from a computational point of view.

By Lemma 1, we can further assume that the density functions are mixtures of normal distributions
instead of lognormal distributions.

x) =Y pijeij(x)
=

where p;; > 0 and Z L1 pij = 1; ij is the PDF of a normal random variable whose mean is y;; and
whose standard dev1at10n is 0j;.
Then we have

XT1 <cx XTz
= Vz, E[(Xr, —2)"] <E[(X, —2)7]
17 00
= Vz, ZP1]‘/Z (1= ®qj(x))dx < szk/ (1 — Dop(x))dx
j=1

<= minlL(z) >0,
zZER

where ®;; is the CDF of normal random variable whose mean is y;; and whose standard deviation is
0ij, and we define the function

L(z) := /Zoo (2 p1jP1j(x Z P2rPax )) dx.

As discussed in proposition 4.1 and section 4.2, it is reasonable to assume that the CDF’s of Xr,
and Xr, has finitely many intersections. Notice that the CDF of Xr, is ¥/1, p;®;(x), and we see that
L'(x) = 0 has only finitely many solutions: x1, xp, ..., X4, and

ZI:gﬂlg}r L(z) = min{L(x1),...,L(x4)}.

With the help of the following theorem, one can reduce the complexity of calculating L(x;,):

Theorem 4 (Theorem 1.3, Chapter IV [18]). Let X, Y be two random variables whose means are px, py,
whose CDF’s are Fx(x), Fy(x), and whose stop-loss transforms are respectively

i (x) 1= /x°°(1 — Fy(x))dx and 7y (x) i= /x°°(1 By (x))dx.

Suppose that their CDF’s cross d > 1 times at points x1, ..., xg, then one has X <;., Y if and only if one of the
following is fulfilled:
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1. the first sign change of the difference Fy(x) — Fx(x) occurs from — to +, there is an even number of
crossing points d = 2m, and the following inequalities hold:

mtx(x2j-1) < my(x2j-1), j=1,2,...,m;

2. the first sign change of the difference Fy(x) — Fx(x) occurs from + to —, there is an odd number of
crossing points d = 2m + 1, and the following inequalities hold:

px < py, and mtx(xzj) < 7wy (x), j=1,2,...,m.

Notice that L(x) = X, (x) — Txy, (x), and thus Theorem 4 can help reduce almost half of the
calculations of L(x;) (i = 1,2,...,4d).

6.2. Convex Ordering and IV Surface Construction
2

In this part, we will discuss some common practical issues encountered in IV surface fitting, and
propose several feasible methods to tackle them. Following the same spirit of the series of papers
[29,30], we first discuss implied density interpolation, and then consider synthetic IV generation.

e IV Interpolation

It is not an uncommon case that for three listed maturities Ty < T, < T3, there are high quality
quotes on T; and T3 while at T; there are few reasonable bid /ask quote pairs for periods of time.
In this case, we can fit implied density functions at T and T3, and we can assume that there is no
calendar arbitrage between them. To get an implied density function at T, one can do martingale
interpolation that guarantees no-arbitrage among the three implied density functions.

Ever since the introduction of martingale optimal transport (MOT) [16], martingale interpolation
has become an attractive research area. In [16], a straightforward generalization of the McCann's
interpolations from optimal transport (OT) is introduced, and can be viewed as martingale version
of McCann’s interpolations (Definition 2.9, [16]). Later, [4], from a probabilistic point of view,
proposes a Benamou-Brenier-type formulation of the martingale transport problem for given
distributions y, v in convex order. The unique solution M; to their problem is a Markov martingale
with several remarkable properties: in a specific way, it replicates the movement of a Brownian
particle as closely as possible, subject to the conditions My ~ y and M; ~ v. Similar to McCann'’s
displacement interpolation, M; offers a time-consistent interpolation between y, v as two margins.
Recently, [20] suggests a new framework. The authors introduce randomized arcade processes
(RAP) which can match any finite sequence of target random variables (in convex order) at fixed
times across the entire probability space. This makes RAP a powerful tool for strong stochastic
interpolation between target random variables. Then they introduce filtered arcade martingales
(FAM) which are martingales constructed using the filtrations generated by RAP. They provide an
almost-sure solution to the martingale interpolation problem and reveal an underlying stochastic
filtering structure. The paper shows that FAM can be informed by Bayesian updating when the
underlying RAP is conditionally-Markov, which adds an additional layer of sophistication to the
interpolation process.

These martingale interpolation methods are all good candidates for our implied density interpo-
lation purpose. Particularly, the last one which is inspired by the information-based approach
[7] helps provide more reasonablely interpolated results. We believe that such frameworks or
methods are suitable for implied density function, and thus IV interpolation, especially for the
pure stock process in equity or swaption in fixed income. In other words, as long as the underlying

2 Most of this part is based on or inspired by the last part of the second author’s PhD thesis [31], and all the contents are for
pure academic research purpose only.
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asset can be modelled as a martingale process, then the above discussed martingale interpolation
methods can be applied for implied density/IV interpolation.
The purpose of this interpolated implied density function at T; is two-folds. On the one hand, it
can provide an educated guess when there are few quotes; on the other hand, when there are a
few good bid/ask quotes but not enough for a good fitting, one can use the interpolated implied
density function as a reference when applying one’s own IV fitting method. For example, one
can fit one’s own implied density model and minimize the Kullback-Leibler divergence between
the fitted result and the interpolated one to avoid unexpected behaviours when searching for the
local minimum of the IV fitting loss function. One can also use the interpolated implied density
function to generate enough artificial mid quotes and fit a set of parameters for one’s own model.
This set of parameters can be used as a good initial guess to better fit one’s own model with
respect to the available (but not enough) market data.
Though several financial applications have been proposed, it seems that the current paper is one
of the first work considering to apply martingale interpolation to implied density interpolation
for maturities with poor liquidity and discussing the proper situation to apply this technique.

¢ Synthetic IV generation
Along with the rapid growth of generative Al such as generative adversarial nets (GAN) [15],
variational autoencoder (VAE) [21], diffusion model [17] etc, synthetic data generation and its
application in financial industry has become an active research area; see, for instance, the pioneer
work [2]. The properly generated synthetic financial data gives an extra edge in back-testing and
risk management on trading /hedging strategies. Since one of the most important components
in equity option market is the IV surface, we consider synthetic IV curve generation on a given
listed maturity.
Instead of pure non-parametric methods which focus on the direct generation of the IV curve, we
propose to apply a more parametric method. For instance, when dealing with pure stock price, for
a given listed maturity T, we can assume that the implied density function is of the form

fr(x) == ipigi(x)/ )

where 7 is a fixed large enough integer to generate the required IV smile, p; > 0 represents
the probability fr = g; such that } ' ; p; = 1, and g; is the PDF of a log Gaussian distribu-
tion whose mean is y; and whose standard deviation is ¢;. Then instead of learning the dis-
tribution of the IV curve itself, one can try to learn the distribution of the set of parameters
(1, P1, eoer Pris W15 wos Py oo 01, .., O ), UsIng the various generative Al algorithms mentioned above.
This approach has the following benefits:

-  the problem is reduced to a finite dimensional learning problem which is more feasible;

—  with the help of (7), the generated IV curve has no butterfly arbitrage naturally; moreover,
due to its parametric form, the resulted IV curve is smoother and stabler;

—  due to its parametric form, it is easier to estimate useful quantities such as skewness and
kurtosis of the underlying distribution, and compare them with the shape of the IV curve.

Also, notice the fact that mixtures of Gaussian distributions are dense in the set of probability
distributions with respect to the weak topology, with a properly chosen n, our assumption will
lose minimal information. Moreover, we can apply the above arguments to both bid and ask
quotes instead of the sole mid quotes.

Above we discuss and propose several ideas in IV interpolation and synthetic IV generation for
back-testing. In a forthcoming paper, we will implement these ideas and study their effects through
simulated and real-world data.
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