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Abstract: We present a differential-calculus-based method which allows one to derive more identities
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1. Introduction

Let F; and L; be the jth Fibonacci and Lucas numbers, defined for all integers by

o — Bl S
= “_g, Li=d+p, (1.1)
where & = (1++/5)/2, the golden ratio, and 8 = (1 — /5)/2 = —1/a. Of course, a + B = 1,4 = —1,

a—ﬁ:\@.

Our goal in this paper is to present a method which allows the discovery of more identities from
any known Fibonacci-Lucas identity having at least one free index, that is an index that is not being
summed over.

To illustrate what we mean, consider the identity

4%1 (—1)i1 (411j+ 1)

4 4 4
Fyp=25" (F2n+k+1 - an+k) , (12)
=0

derived, among other similar results, by Hoggatt and Bicknell [2]. This identity has a free index, k.
Working only with the knowledge of (1.2), our method allows us to derive the following presumably
new identity:

4§1 (1) (4nj+ 1)

FlLjix = 25" (F ki1 Lontkr1 — F§n+kL2n+k> ; (1.3)
=0

which, in turn, implies the identity

4n+1 . An + 1
Z (_1)] 1< ] ) 22j+k = 25”F2(4n+k+1). (14)
j=0
We are not done yet, as (1.4) implies
4n+1 . An + 1
2 (=1) 1( i )F4j+2k = 25"L2(4n+k+1)/' (1.5)
j=0
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which finally implies
dn+1
1({4n+1
Y, (1! < j ) Lyjiok = 5" Fypan ) (1.6)
j=0

Thus, the four identities (1.3), (1.4), (1.5) and (1.6) all follow from a knowledge of (1.2).

As another example, consider the following well-known identity (see, for example, Hoggatt and
Ruggles [3, Theorem 4]):
-1

1 1
= tan~! = tan ! (1.7)

tan .
Foiq 2%k Foryo

Our method shows that (1.7) implies the following apparently new identity:

Logy1 Lok Lo
2 = 2 :
F2k+1+1 E+1 F,+1

Let (Gj) ez be the gibonacci sequence having the same recurrence relation as the Fibonacci and Lucas
sequences but starting with arbitrary initial values; that is, let

Go=4a,G=bG =Gj_1+Gj2 (j=2), (1.8)
where a and b are arbitrary numbers (usually integers) not both zero.

The method to be developed in this paper also applies to the gibonacci sequence; so that more gibonacci
identities can be discovered from any known gibonacci identity containing at least one free index. For
example, our method shows that the following identity of Howard [6, Corollary 3.5]:

FsGyeyy + (_1)r71ster = F Gy, (1.9)

containing three free indices 7, s and k, implies the following identities:

LsGiyr + (—=1)" 'L Gy = Fy(Giyss1 + Grys—1), (1.10)
Fs (Gxyrs1 + Gryr—1) + (1) Ls— G = Ly Gy, (1.11)
Ls (Gk+r+1 + Gk+r—1) + (_1)r5ster =L, (Gk+s+1 + Gk+s—1> . (1.12)

Consider the generalized Fibonacci sequence (W;) = (Wj(a, b; p)) defined, for all integers and arbitrary
real numbers g, b and p # 0, by the recurrence relation

Wo=a, Wy =0, I/V] = ij_l + Wj—2/ j=>2, (1.13)
with W,]' = W,]’+2 — pW,]‘Jrl.

Note that the (W;) sequence studied here is a special case of the Horadam sequence [4], corresponding
to setting g = —1 in that sequence.

Two important cases of (W;) are the special Lucas sequences of the first kind, (U;(p)) = (W;(0,1;p)),
and of the second kind, (V;(p)) = (W;(2, p;p)); so that

Up=0 U =1, u] = pujfl + uj*Zr ] >2, (114)

and
Vo=2Vi=p, Vi=pVi1+Vin j=2 (1.15)

with U_]- = Ll_]-+2 — pu_]-+1 and V_j = V_j+2 — pV_]'_H.

doi:10.20944/preprints202311.0284.v1
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We will show that the new method also applies to the generalized Fibonacci sequence. For example,
we will see that the identity [4, Equation (3.14)]:

UyWiyq + U Wi = Wiy (1.16)

implies
ViWii1 + VieaWe = Wi + W1 (1.17)

The new method presented in this paper provides some illumination on some observations noted by
researchers (see, for example, Long [9], Dresel [1] and Melham [11]).

2. The method

Delaying rigorous justification to section 4, we present the method and give examples.

Here then is how to obtain more identities from any given Fibonacci-Lucas identity having a free
index:

1. Let k be a free index in the known identity. Replace each Fibonacci number, say Fy...), with
a certain differentiable function of k, namely, f(h(k,---)), with k now considered a variable;
and replace each Lucas number, say Ly, ..), with a certain differentiable function I(h(k, - - - ))-
The subscript & will be considered a function of several variables; that is variable k and other
parameters (if any) indicated by ellipses - - - . The explicit form of f(h(k,---)) or I(h(k,---)) will
not enter into play.

2. By applying the usual rules of calculus, differentiate, with respect to k, through the identity
obtained in step 1.

3. Simplify the equation obtained in step 2 and take the real part of the whole expression/equation,
using also the following prescription:

Rf(hk, ) = Fy,.oos (2.1)

RI(h(k,-~)) = Lyge...)s (2.2)
0 ~ Luggoy

?]‘Bﬁf(h(k,)) = Ina, (2.3)
d

R Uk, ) = Fyk,..)V5Ina; (2.4)

where X denotes the real part of X.
Remark 2.1. Formally, the method described in this section proceeds in two easy steps:

i Treat the subscripts of Fibonacci and Lucas numbers as variables and differentiate through the
given identity, with respect to the index of interest, using the rules of differential calculus.
ii Make the following replacements:

9 Lyk,...y o
S Fhk) = 5 3t ), (2.5)
d 0

For example, given the fundamental identity:

By = LiF,

doi:10.20944/preprints202311.0284.v1
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we have, by step i,
d d d d
= ok (LyFy) = L Fie + FegpLis
so that, by step ii, using (2.5) and (2.6), we get
Loy d Ly
2 2 (2k) = Ly X —%£ + F, x FV5;
\/5 dk( ) k \/5 k k
and hence,
2Ly = L7 4+ 5F. (2.7)

Note that in using this two-step version of the method; if imaginary quantities appear in the final
identity (such as would happen when one differentiates (—1)" with respect to m), terms containing
such quantities must be dropped. Such a situation is automatically handled in the full implementation
of the method as described in steps 1 to 3 above.

2.1. Examples

We illustrate the method with a couple of examples from familiar results.
2.2. Example from a connecting formula between Fibonacci and Lucas numbers
In this example we show that

Ly = Fey1 + By = 5Fc = Lgyr + Lea-

Following step 1 we write
I(k) = f(k+1)+ f(k—1) (2.8)
and (step 2) differentiate with respect to k, obtaining

d d d
1) = L fk+ 1)+ 2 f (k= 1),

Step 3 now gives

d d
%dkl(k) dkf(k—i—l)—l—ﬂ?ﬁf(k—l),
and by (2.3) and (2.4),
L
V5 Ina = k“lnzx—f— k— na;
k V5 \[
that is

SFe = Litq + Li—1-
2.2.1. Example from the fundamental identity of Fibonacci and Lucas numbers

In this example we demonstrate that:
Fop = LyF, = 2Ly = L} + 5F~. (2.9)

For the identity Foy = LiF, step 1 is
f(2k) = 1{k)f (k);

where k is now considered a variable.

Following step 2, we differentiate with respect to k to obtain

d d d
20 (k) = 1K) e F(K) + F(R) 1K)
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Step 3 gives
d d d

Thus, using (2.3) and (2.4), we have

Loy Ly
2——Ina =L,—
NG V5

which, dropping In « and multiplying through by V5, is

Ina + Fk\fSFk Inw;

2Ly = L? +5F2.
The interested reader may wish to verify that
2Ly = LI +5FF = Fy = LiF.

2.2.2. Example from the multiplication formula of Fibonacci and Lucas numbers

Here we show that the multiplication formula

Fyym + (=1)"Fp = LnFx

implies

Litm + (=1)" Li—m = LmLg
and

Liym — (=1)"Ly_,,, = 5F,F.
We write

fle4m) + (=1)" f(k —m) = 1(m)f(k);

so that, treating k as the free index of interest gives

Skt m) - (1) 2k~ m) = 1m) % (K).
Thus,
9 D 9
R F(k+m) + (<1)" R f(k— m) = 1(m) RS £ (k)
and hence, by step 3,

L L L
B n a4 (=1)" " Ing = L, —% Ina;

V5 V5 V5

from which we get (2.10).

Taking m as the index of interest and differentiating (2.12) with respect to m yields

O Skt m) — ()" f k= m) + (<1)" ik~ m) = () (),
so that 5 ; ;
ROkt m) — (1" R f(k—m) = FR -1 (m);
and hence

Lk+m mLk—m
Ina — (-1 Ina = F.F, \fSIna;
V5 e TR o

from which (2.11) follows.

50f 20

(2.10)

(2.11)

2.12)
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The reader may verify that the remaining multiplication formula can be discovered by
differentiating (2.10) with respect to m.

2.2.3. Example from an inverse tangent Fibonacci number identity

Consider the following identity:

E L L
172 pan 1 =M tan ! ™ even, (2.13)

tan
Forom—1 Logym—1 Lok43m—1

which can be derived using the inverse tangent addition formula and basic Fibonacci-Lucas identities.

We now demonstrate that (2.13) implies

1 BowLokiom—1 LinFojim—1 LonFaoky3m—1
= = — , meven. (2.14)
5 F§k+2m—1 + F22m L%k-l—m—l + L%ﬂ L%k+3m—1 + L%ﬂ
We treat k as the free index of interest. Step 1 gives
-1 f(2m) P | I(m) -1 I(m) .
ko —1) ™ Ikt m—1) ™™ i2ktam—1) @15)
so that step 2 yields
2f(2m) d
Fokrom -1+ fampak F =1
B 21(m) 2]
= l(2k+m—1)2+l(m)Zﬁl(2k+m_1) (2.16)
21(m) d
12k +3m —1)2 +1(m)? ol (B +3m = 1),

whence taking real part and replacing the derivatives using (2.3) and (2.4) gives (2.14).
By treating m as the free index, the interested reader can verify, using our method, that (2.13) also
implies

2 Fy_ Fy_ F _1Ln+F _
fo 2k—1 S 2k—1 . 2k+3n; 1Lm + 2k;2m 1 meven 2.17)
F2k+2m71 + FZm L2k+m71 + Lm L2k+3m71 + Lm

2.3. Extension to a generalized Fibonacci sequence

We now describe how the method for obtaining new identities from existing ones works for the
generalized Fibonacci sequence (Wj(a, b;p)) whose terms are given in (1.13). The scheme is the
following.

1. Let k be a free index in the known identity. Replace each generalized Fibonacci number, say
Wi(k,...), with a certain differentiable function of k, namely, w(h(k, - - - )), with k now considered
a variable.

2. By applying the usual rules of calculus, differentiate, with respect to k, through the identity
obtained in step 1.

3. Simplify the equation obtained in step 2 and take the real part, using also the following
prescription:

Ruw(h(k,---)) = Wiy, (2.18)

~InT; (2.19)

doi:10.20944/preprints202311.0284.v1
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where T = (p+A)/2and A = /p? + 4.

Note that, on account of (4.7) and (4.9), for the special Lucas sequences, (2.18) and (2.19) reduce to

Ru(h(k,---)) = Up,...), (2.20)
A

RO ulh(k, - )) = k) o (2.21)

ok
and

Ro(h(k,---)) = Vi) (2.22)
d

%ﬁv(h(k, s )) = uh(k’,,, )Ah’l T, (223)

of which the Fibonacci and Lucas relations (2.1)—(2.4) are particular cases.

For the gibonacci sequence, (2.18) and (2.19) reduce to

Re(hk, ) = Gy, (2.24)
Gh(ks1 ) + Ghik—1....
akg(h(k ) = h(k+1, )\@ h(k=1,-)

Ina. (2.25)

2.4. More examples

We give further examples involving the gibonacci sequence and the generalized Fibonacci sequence.

2.4.1. Examples from an identity of Howard

Consider the following identity, derived by Howard [6, Corollary 3.5]:
FsGryr + (=1)'F_, Gy = F:Grys, (2.26)
Identity (2.26) has three free indices 7, s and k.
We write
fl&)gk+r)+ (=1 f(s —r)g(k) = f(r)g(k +s). (227)
Treating s as the index of interest and differentiating (2.27) with respect to s gives
Uk 1) £(6) + (—1) g6 3 F(s = 1) = £(r) 3-gle+);
ds ds ds ’
so that, taking the real part, we get
G %if(s) +(-1)"1G ?Rif(s —r)=F %Eg(k+ s)
kT s K os " os '

We now use (2.3) to replace the derivatives on the left hand side and (2.25) to replace the derivative on
the right hand side, obtaining

LsGrsr + (=1)'Ls G = Fy(Gygs1 + Grs—1)- (1.10)

On the other hand, treating r as the index of interest and differentiating (2.27) with respect to r yields

F) gk )+ (1) i s = r)g(K) — (1) (k) f(s 1)

= glk+5) ()


https://doi.org/10.20944/preprints202311.0284.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 November 2023 doi:10.20944/preprints202311.0284.v1

8 of 20
so that, taking real part,
F El?ig(k—i— r)—(-1)"1G %if(s -7 =G %if(r)
T or K or kst g A
Use of (2.25) and (2.3) finally gives
Fs (Gisr1 + Gr—1) + (=1)"Ls—r G = Lr Gy (1.11)

The interested reader is invited to discover, by differentiating with respect to s, that (1.11) implies
Ls (Gkyry1 + Gryr—1) + (=1)'5F—+ G = Lr (Giysy1 + Grys—1) 5 (2.28)
and that differentiating (2.26) with respect to k does not produce a new result.
2.4.2. Example from a general recurrence relation
Consider the following identity of Horadam [4, Equation (3.14)]:

UrWiyq + U1 Wi = Wiy (2.29)

We write
u(r)wk+1) 4+ u(r — Dw(k) = wlk +r);

and differentiate with respect to r, obtaining
iu(r) xw(k+1)+ iu(r —1) xw(k) = iw(k—l— r);
dr dr ~or ’

so that, taking real part, we find

d d 0
%Eu(r) X Wiy1 + %Eu(;’ —1) x Wi = &ng(k +7);

and hence, upon using (2.21) and (2.19) to replace the derivatives, we obtain

ViWi1 + Vi i Wi = Wi + Wir—1e (1.17)

In particular,
Villey1 + ViU = Vi, (2.30)
ViVier + Vi Vi = (P + 4) Uy (2.31)

2.4.3. Example from a multiplication formula

Here we will demonstrate that the identity [4, Equation (3.16)]:
Wicr + (=1) Wy = Vi Wi
implies the identity
(Wigr1 + Wigr—1) = (=1 (Wi + Wip 1) = U WiA% (2.32)

We write
wk+r)+ (=) wlk—r)=v(r)wk)
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and differentiate through with respect to r to obtain
9 ok +7) + (—1) ik — 1) — (—1) Lk — r) = w(k) Lo(r);
or ar dr * 7
so that
R w(k +7) — (—1)RLw(k — ) = wE)R-Lo(r)
or or N dr 7"
Using (2.19) and (2.23), we get
Wk+r+1 Z Wk"ﬂ’—l _ (_1)1’ (Wk—7+1 X Wk—r—l) — WkurA, (233)
and hence (2.32).
Identities
Vigr — (1) Vi, = Uk, 2 (2.34)
and
Uprr — (_1)ruk—r = U Vi (2.35)

are special cases of (2.32).

3. Applications

In this section, we pick various known results from the literature and apply our method to discover
new identities.

3.1. New identities from an identity of Long

Long [10, Equation (44)] showed that, for a non-negative integer n and any integers k and r,

n
Z (7) Frpokj = L{F, ip, ifkiseven. (3.1)
j=0

Based on the knowledge of (3.1) alone, we will derive the results stated in the proposition.

Proposition 1. If n is a non-negative integer, k is an even integer and r is any integer, then

" . (n _
2 Z] (]) Lr+2k]’ = 51’1LZ 1Fr+nka + nL];er+nkr (3.2)
j=0
n n 1
2)j < ].> Fryoxj = Ly Ly uicFie + nLEE 4k (3.3)
j=0

Identity (3.1) contains two free indices r and k. Treating r as the index of interest immediately gives the
Lucas version of (3.1), namely,

n
Z (7) Lyyoxj = L{L,ipk, if kiseven;

coming from
Y (”‘) RO f(r +2k) = 1(K)"R o (1 4 k)

and prescription (2.3).

doi:10.20944/preprints202311.0284.v1
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To derive (3.2), write (3.1) as
" n
) ( .)f(r +2kj) = 1(k)" f (r + nk);
=0 \J
treat k as the index of interest and differentiate with respect to k (step 2) to obtain
2 2] f r+2kj) = nl (k)" 1f(r + nk)il(k) + nl(k)”if(r + nk)
ok ok ok ’
and, taking real part,
2 2Kj) = nLyUEy o RI(K) + LR k 34
2] akfr‘f' j) =nLi Frpnk ﬁ()"'nk ﬁf(r—i—n). (3.4)

Thus (3.2) follows from step 3 of section 2, after using (2.3) and (2.4) to replace the derivatives in (3.4).

To derive (3.3) treat r as the free index of interest in (3.2) and write
2 Z]( )l r+2kj) = 5nL}~ 18 f(r +nk)f(k) +nLkagl(r+nk)

3.2. New identities arising from an identity of Hoggatt and Bicknell
Based on Hoggatt and Bicknell’s result [2, Identity 2':

4n+1 ) 4n+1

-1 4
Y (—1y ( j >F = 25" (P2n+k+1 F2n+k>/ (1.2)
=0

we wish to derive the four identities (1.3), (1.4), (1.5) and (1.6) stated in the Introduction section.

Write (1.2) as
Y (Tt <4”].+ 1)f(j +k)*t = 25" (f(zn +k+1)* = f(2n+ k)4) ;

and differentiate through, with respect to k, to obtain

4n+1

3 0 (M sk g+
9 N
= 25" (4f(2n+k+1) akf(2n—i—k+l) af(2n+k)° akf(Zn—i-k));

and taking real parts:

4n+1

Y (Tt (4"; 1) +k§Rakf(] +k)

= 25" (4p2n+k+1§)%akf(2n +k+1) - 4F2n+k8%akf(2n + k)) .
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Thus,

(o )t

L L
— 2511 <P3 2n+k+1 F3 2n+k) ;
2n+k+1 \/g 2n+k \/g

and hence (1.3). Identities (1.4), (1.5) and (1.6) are derived in the same manner; (1.4) is obtained
from (1.3), etc.

3.3. New identities from an inverse tangent identity

Proposition 2. If k is any integer, then

Loygy1 Lo Lok (3.5)
. )
B +1 B+l B ,+1

Ly (Bt D(Fn+1)  (B,+1)  (B+1)

= (3.6)
LokLokia  (Fjq +1) Loj+2 Lo
Recall 1 .
-1 1 1
tan =tan " — —tan"~ . (1.7)
Fata Foi Fayo
To derive (3.5), write (1.7) as
1 1 1
-1 —1 —1

MOFok+n T Fee M f2k+2) (37)

and differentiate with respect to k to obtain

1 d
f(2k+1)2+1 dk

1 d 1 d
)T k21

Fk+1)

= farr a J@,

and, taking real part,

1
BN
P22k+1 dk
1 4 1 d
BT R F(2K) + e R f(2k+2),

and hence (3.5), upon using (2.3). Identity (3.6) is a rearrangement of (3.5).
Simple telescoping of (3.5) and (3.6) produces the results stated in the next proposition.

Proposition 3. If n is any integer, then

2 ~ 27
w1l 20 B+l

7

i Lypyr 3 Ly(ny1)
=1 F
Lok+1 (F22k + 1) (F 2k+4-2 + 1) 2(n+1) +1 g

Loy L L 3’
=1 Lakbok+2 (p k+1+1) 2n+2
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with the limiting case:

i S )
> =z,
S Bt 2

3.4. New identities from an identity of Jennings

Jennings [7, Theorem 2] showed, among results of a similar nature, that

n+7j\ .2
F, Z )+ n+])< N ]) Lij = Fous1)k-

Writing
i (—1) (kD)) <” +]) (k)Y = f((2n+1)k)
=0 2]

and differentiating with respect to k gives

< ) (e 1) () N (] K () (1) n+j\; 219
E (n+])m< 2 ) +2 2;( 2 >l(k) (k)
2n—|—1 d f((2n+l)k)

and taking real parts,
(k+1) (n+j)n; (1 +7\ ;215 4
Z 2j ( 2 Ly Rk

C2n+1,d Fonik o, d
= T R (@ ) - “EE R (),

which, by (2.3) and (2.4) gives

n N N i 2n+1Lonre Fonrk Ly
)k )y (” f1> 12 1F /5 — ( - =k
];)( ) T\ g ) % F 5 V5

and hence the result stated in the next proposition.

Proposition 4. For non-negative integers k and n, we have
n
k N (T 1
1‘:’2 +( "+])]< Y > K =10 ((2” + 1) ExLoni1yk — F(Zn—i—l)kL%) .

We also have the following divisibility property.
Proposition 5. If n and k are non-negative integers, then

10 divides (21 + 1) FycL (o 1)k — Fans1)kLk-
3.5. New identities from Candido’s identity

Setting x = Gy, ¥y = G4 in the algebraic identity

2 (x4 +yt 4+ (x + y)4) = (xZ +y2 4 (x + y)z)2 (3.8)
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gives the following generalization of Candido’s identity:

2
2(G+ Gl +Glyz) = (G +Gly + Gl - (3.9)
Writing
2
2(g(k)* + gk +1)* +g(k+2)") = (g(k) +g(k+1)* + gk +2)?)
differentiating with respect to k and applying the prescription (2.24) and (2.25) gives
2 (G;?(Gkﬂ +Gi-1) + Gi1 (Gryz + Gr) + Gip(Grya + Gk+1))

= (Gf + Gfiq + Giya) (Gr(Gry1 + Gro1) + (310)
Gr11(Gr2 + Gi) + Giy2(Gryz + Giy))

which can be arranged as stated in the next proposition.

Proposition 6. For every integer k,

G2 (Grt1(Grya + Gi) + Gir2(Giys + Gigr) — Gi(Grs1 + Gr_1))
+ Gi1 (Ge(Giy1 + Gi—1) + Gir2(Grss + Gig1) — Gi1 (Gria + Gi))

(3.11)
+Gi 15 (Gi(Gia1 + Gi1) + Gt (Gisa + Gi) — Gisa(Gras + i)
=0.
In particular,
FFarss + By Fayz = R o Faks, (3.12)
LiFokys + L1 Fak o = Lo Pk (3.13)
Subtraction of (3.12) from (3.13) gives
Fe1Fx1Fok43 + FeFeroFok2 = Fer1Fev s Fok1s (3.14)
while their addition yields
2 2 2 2 _ 2 2
(Fer + 1) Faers + (Fean + Fo) Fakya = (Fiys + B Farr (3.15)

Before closing this section, we bring forth a Candido-type identity of R. S. Melham and discover new
identities from it. Melham [12, Theorem 1] has shown that:

2
2n—1

2 2 (4 4 4 1 .

6 ( Y Gk+j> = by (Gk—l—n—Z +4Gr 1 +4G, + Gk+n+1> ;
=0

from which, writing f(2n) for F,,, g(k + n — 2) for Gy,,,_», etc. , and differentiating with respect to k,
we have

2n—1 "o 2n—1 ) a )
12 ) g(k+)) 28(k+j) 58 (k+))
j=0 j=0

= f(2n)? (4g(k +n— 2)3%8(’( +n—2)+16g(k+n— 1)3%g(k +n—1) (3.16)

+16g(k +n)? J

0
— 3 2
akg(k—i—n) +49(k+n+1) akg(k+n—|—l)> .
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Taking the real part according to the prescription of steps 2 and 3, using (2.24) and (2.25) to replace the
derivatives, we obtain the result stated in the next proposition.

Proposition 7. If n is a non-negative integer and k is any integer, then

2n—1 ) 2n—1
6, Gy ), Gik(Giyrr1 +Gjrk)
j=0 =0
(3.17
= F22n (GI?Jran(GkJrnfl + Gk+n73) + 4Gl§+n71(Gk+n + Gk+n72) )
+4Gp (Grinst + Girn1) + Gpi1 (G + Gk+n)) -
In particular,
2n—1 ) 2n—1 ) ) )
6 ) Fix Y Bjiak=Fs (Fk+n72F2(k+n—2) +4F 1 Bakn-)
j=0 j=0 (3.18)
2 2
4 Foken) + Fk+n+1F2(k+n+1))
and
2n—1 ) 2n—1 ) ) )
6 ). Lix ), Bk =F3, (Lk+n—2F2(k+n72) +4Li 1B ka1
j=0 j=0 (3.19)
+4L%+HF2(k+n) + L%+n+1p2(k+n+1)) .
Subtraction of (3.18) from (3.19) gives
2n—1 2n—1
6 Y. FirriFi1 ), By
j=0 j=0
(3.20)
= F22n (Fk+nflPk+n73F2(k+n72) =+ 4Pk+nPk+n72F2(k+n71)
+4Fc i1 Fern—1Fkpn) + Fk+n+2Fk+nP2(k+n+l)) .
3.6. New identities from the Gelin Cesaro identity
The Gelin Cesaro identity
Fi-2Fj1F1Fy2 = Ff =1 (3.21)
has the following generalization (Horadam and Shannon [5, Identity (2.5), ¢ = —1]):
Wi o Wi 1 Wi 1 Wig = Wi+ (1) yWE — 8% (3.22)
where v = e(p? — 1), 5 = ep and e = pWoW; + W3 — W2.
For the sequence of Lucas numbers, y = 0 and e = 5 = 4, so that
Li—aLi_1Lip1Ligo = L} —25; (3.23)
while for the gibonacci sequence, v = 0,6 = ¢ = GyG; + G — G} and
G-2Gk-1G41Grr2 = Gf — &% (3.24)

Writing
w(k —2)w(k — Dw(k+ Dw(k +2) = wk)* + (—=1)*yw(k)? — 52
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and differentiating with respect to k and making use of (2.18) and (2.19) from section 2.3 yields the
result stated in the next proposition.

Proposition 8. For every integer k,

(W1 + Wi3) W1 Wi a Wi
+ Wi—o (Wi + Wie2) Wi 1 W2
+ Wi o Wi—1 (Wi + Wiey2) Wiio (3.25)
+ W2 Wk— 1 Wit (Wigs + Wi1)
= 2Wi (Wit + Wie1) @WE + (—1)%9).
In particular,
(Gr—1 + Gx—3)Gr—1Gr41Gs2
+ Gr—2(Gk + Gk—2)Gr+1Gr2
+ Gr—2G—1(Gg + Gi42) G2 (3.26)

+ Gr—2Gk-1Gk41(Gry3 + Giy1)
= 4G} (Gi1 + Ge1);

with the special cases
Fey1FeaFar—s + Fe1FeaFaxgs = 2R Ly = 2F Fy (327)

and
Lip1Lis2Fo—3 + Lio1LioForys = 2L3F = 2L Foy; (3.28)

where, to arrive at (3.27) and (3.28), we used
Feyr+Fe1 =Ly, Liyr + Lg1 =5E,

and [14, Identity (16a)]
LuwFy 4+ LyFy = 2Fn4n.

Substituting k + 2 for k and arranging (3.27) and (3.28) as

2
Fori1 Fyyy 2K ,Foia

FeFer1 o FesFea FE,—1

and )
For 1 Fokr7 2Li pForya
Lelir1  Liyalera  LE,—257

and the use of the telescoping summation formula

5 (0 (e (0" i) = X (0 e (2" (1)

k=1

yields the summation identities stated in the next proposition.
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Proposition 9. If n is a non-negative integer, then
k— _
i (=D 5 Porya _3 (= < Fanis _ _FPonis | Fanir > (3.29)
= Fl,—1 6 2 FoyiFuy2 FupoFugs  FugsFags
k— —
n(—D)LE o Foka _ 5 (= ( Fonys  __Bons Pz ) _ (3.30)
k=1 L%Jrz —-25 14 2 Ln+1 Ln+2 Ln+2Ln+3 Ln+3Ln+4
with
i (—1)F P2 ,Fopeya 5 (3.31)
4 6 :
= F,—-1 6
> (71)k_1L£+2F2k+4 5 330
T 25 14 (3.32)
k=1 k+2
Arranging (3.25) as
Wj—l + W]‘_3 4 W]' + W]'_z L W]'+2 + W]' L I/V]'+3 + I/V]’.H
Wi Wi Wit Wita (3.33)
_2Wi(Wjg + Wi_1) @W? + (=1)]7) '
Wi oW1 W1 Wi
and summing produces the next result.
Proposition 10. If n and k are integers then,
n (=1 2W k(Wi + Wieo1) @WF + (=1)1Ey)
= Witk 2Wik-1 Witk 1 Wisks2
_ (—1)r Witk + Wiz | Wi + Wia (3.34)
Witk-1 Wi—1
4 (—1)r Witk + Wikt n Witz + Wit
Whtkes2 Wit2

provided none of the denominators vanishes.

3.7. New identities from a reciprocal series of Fibonacci numbers with subscripts k2/

In this section we apply our method to discover new results associated with the following identity of
Rabinowitz [13, Equation (4)]:

1 1+U, N 1—(=D)F U,

n
. 3.35
];) Ui U Uk Hiar .
Writing
B (1) n_
L _lhu(k=1) 1-(-DF w(k2'-1) (3.36)

Jg u(k2iy — u(k) u(2k) u(k2n) '
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and differentiating with respect to k gives

no_2ip(k2)) 1 d (1+u(k—1)) d
gl e~ ama VT e &
(—Dkmi 2(1—(-1)k) d
T uk)  uk? k" u(2K)
2" 9 (k2" —1) 9, .
— u(kZW)ﬁu(kz _1)+7u(k2”)2 ﬁu(kz ).

Taking the real part while using (2.20)—(2.23), we have the next result.

Proposition 11. If n and k are positive integers, then

Ve | (D24 Y 20 (v 2

2 2 2 2 7
im0 Uiy Uy Uni Uiy
5 Vg (CDR2+ Vi 200 (C)OVa

2 2 2
=0 Uiy Ui U
Note that in arriving at the final form of the first expression in Proposition 11, we used

U, Vs — Vs = (—1)%2U,_s.

In particular, we have

2V, o 2A2 ol

L Pt
and )

1AV A 2"

Jg w., P W,

with the special cases

n . n+1
221122] _11_2 2
j=0 E 2 F3n
and
n 2]L2]'+1 2n+l
Lp S p

4, Justification of the method

In this section we provide the rationale behind the method that was described in section 2. To facilitate
the discussion, we need the closed formula for the generalized Fibonacci sequence (W;).

4.1. Closed formula for the generalized Fibonacci sequence

Standard methods for solving difference equations give the closed (Binet) formula of the generalized
Fibonacci sequence (W;) defined by the recurrence relation (1.13), in the non-degenerated case, p?+4 >
0, as

Wj = AT/ + B, (4.1)
where
Wl—W()O' B — W()T—Wl, (4.2)

A= ,
T—0 T—0
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with
p—VpP+4,

2 4

_ptVpPt4
=PrvEEs

T o=

so that

T4+0o=p, T—U:\/p2+4:A, and T = —1.

In particular,

u-="- v

=1+
] T—0 ]

Using the Binet formulas, it is readily established that
u_;j=(-1y'u, v=(-1)yv,
It is also straightforward to establish the following:
U+ Ui =V,
Ujyr — Uj1 = pUj,

Vigr + Vo = UjA?,

and

Vigr = Vio1 = pV;

Lemma 1. For any integer j,
AT — Bol = Wirr + Wit
A .

Proof. Let Q = At/ — Bo/. Then,

Q= AT 4 Boi T,

0Q = —AT1 — BoItL,

Thus,
Qx (t—0) = (AT]+1 + BUJH) + (A‘L’Vl + BUFl)
that is
QA = Wj+1 + W]‘,l.
0
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(4.3)

(4.4)

(4.5)

(4.6)

4.7)
(4.8)
(4.9)

(4.10)

7

Lemma 1 is at the heart of the justification of the calculus-based method of obtaining Fibonacci

identities.

4.2. Justification of the method

Consider a generalized Fibonacci function w(x) defined by
w(x) = AT+ Bo*, x€R,

where A and B are as defined in (4.2) and 7 and ¢ are as given in (4.3).

Clearly,

(4.11)

(4.12)
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Theorem. The following identity holds:
W1+ W,_
R iw(x) = g, (4.13)
dx x=j€l A
where, as usual, R(X) denotes the real part of X.
Proof. We have
d X X
—w(x) = AT InT+ Bo*Ino
dx
= AT"InT— Bo*InT+ Bo*InT+ Bo¥Ino
= (AT — Bc*)InT + Bo* In(70);
that is,
%w(x) = (AT* — Bc*)InT+ Bo*In(-1). (4.14)

Evaluating (4.14) at x = j € Z, we have

2 o)

= (ATj - Baj) InT + B/ In(—1)
x=je

Wit + Wi »
_ % InT 4 Bo/ In(—1),by Lemma 1,

from which, on taking real parts, (4.13) follows, since o, A, B, Wit and W;_1 are real quantities and T
is a positive number. [J

Of course (2.3) and (2.4) are particular cases of (4.13) with A = V5, Fpp+F1=LjandLjy1 +Lj 1=
5F;. Similarly, (2.19), (2.21), (2.23) and (2.25) are all particular cases of (4.13).

Thus, given a (generalized) Fibonacci identity having a free index, on account of (4.11), (4.12) and (4.13),
we can replace (generalized) Fibonacci numbers with (generalized) Fibonacci functions, perform
differentiation and evaluate at integer values to obtain a new (generalized) Fibonacci identity.

References

1. L. A. G. Dresel, Transformations of Fibonacci-Lucas identities, Applications of Fibonacci Numbers 5
(St. Andrews, 1992), Kluwer Acad. Publ. , Dordrecht, (1993), 169-184.

2. V.E. Hoggatt Jr and M. Bicknell, Fourth power identities from Pascal’s triangle, The Fibonacci Quarterly 2:4
(1964), 261-266.

3. V.E.Hoggatt and Jr and I. D. Ruggles, A primer for the Fibonacci numbers:, part V, The Fibonacci Quarterly
2:1 (1964), 59-66.

4. A.F Horadam, Basic properties of a certain generalized sequence of numbers, The Fibonacci Quarterly 3:3
(1965), 161-176.

5. A.F. Horadam and A. G. Shannon, Generalization of identities of Catalan and others, Portugaliae Mathematica
44:2 (1987), 137-148.

6. E T. Howard, The sum of the squares of two generalized Fibonacci numbers, The Fibonacci Quarterly 41:1
(2003), 80-84.

7. D.Jennings, Some polynomial identities for the Fibonacci and Lucas numbers, The Fibonacci Quarterly 31:2
(1993), 134-147.

8.  T. Koshy, Fibonacci and Lucas numbers with applications, Wiley-Interscience, (2001).

9. C.T. Long, Discovering Fibonacci identities, The Fibonacci Quarterly 24:2 (1986), 160-167.

10. C.T.Long, Some binomial Fibonacci identities, in Applications of Fibonacci Numbers, Vol. 3, Dordrecht: Kluwer,
1990, pp. 241-254.


https://doi.org/10.20944/preprints202311.0284.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 November 2023 doi:10.20944/preprints202311.0284.v1

20 of 20

11. R. Melham, Generalizations of some identities of Long, The Fibonacci Quarterly 37:2? (1999), 106-110.
12.  R.S. Melham, Ye olde Fibonacci curiosity shoppe revisited, The Fibonacci Quarterly 42:2 (2004), 155-160.
13. S. Rabinowitz, A note on the sum Y1/ wyon, Missouri Journal of Mathematical Sciences 10 (1998), 141-146.
14. S. Vajda, Fibonacci and Lucas numbers, and the golden section: theory and applications, Dover Press, (2008).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and /or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202311.0284.v1

	Introduction
	The method
	Examples
	Example from a connecting formula between Fibonacci and Lucas numbers
	Example from the fundamental identity of Fibonacci and Lucas numbers
	Example from the multiplication formula of Fibonacci and Lucas numbers
	Example from an inverse tangent Fibonacci number identity

	Extension to a generalized Fibonacci sequence
	More examples
	Examples from an identity of Howard
	Example from a general recurrence relation
	Example from a multiplication formula


	Applications
	New identities from an identity of Long
	New identities arising from an identity of Hoggatt and Bicknell
	New identities from an inverse tangent identity
	New identities from an identity of Jennings
	New identities from Candido's identity
	New identities from the Gelin Cesàro identity
	New identities from a reciprocal series of Fibonacci numbers with subscripts k2j

	Justification of the method
	Closed formula for the generalized Fibonacci sequence
	Justification of the method

	References

