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Abstract: Both drag and lift forces impact an inclined plane when it is dragged through a granular 

bed. In this paper, the following results have been obtained: the drag and lift forces grow with the 

velocity of motion; when the immersion depth is constant, the inclination angle has no effect on 

drag force, however, the lift force increases linearly with this inclination angle; the ratio of drag and 

lift forces is exactly equal to the tangent value of the inclined angle. In order to describe this physical 

process macroscopically, a continuum wedge model based on the Coulomb model is established to 

predict drag and lift forces. Particularly，the dynamic friction angle in the assumed shear band is 

predicted as a function of both inclined angle and moving velocity. 
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1. Introduction 

Much of the matter on the surface of the earth is granular, such as sand, soil, snow etc. Granular 

materials can be found in geotechnical, industrial and agricultural processes. Activities such as 

mixing, plowing, skiing, and excavation all involve motion through a granular material[1]. Drag force 

is the main focus of rigid bodies dragged through granular media. We have already investigated the 

drag force on vertical plates[2], however, an inclined plate also experiences a lift force when it is 

dragged through a granular material, making the mechanical properties more complicated. Figure 

1(a) shows a vertical plate, of width 𝐿and immersion depth 𝑍, moving horizontally through granular 

matter that has volumetric density 𝜌∗. A wedge is created that slides along the shear band, which 

resembles a mass sliding along an inclined plane as shown in figure 1(b). In addition to the drag force 

𝐹𝑑, the forces acting on the wedge are gravity, 𝑚𝑔, the normal force, 𝑁, and the frictional resistance, 

𝜇𝑁, see figure 1(c). The pushed wall is a inclined plate with a width of 𝐿,as shown in figure 1(d). 

Figure 1(e) shows all the forces applied on the wedge. 

 

figure 1(a)                     figure 1(b) 
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figure 1(c)            figure 1(d) 

 

figure 1(e) 

Figure 1 | Schematic showing Coulomb’s method of wedges 

The drag force applied on the vertical plate[2] can be obtained by extending Coulomb’s model, in 

which a passive yielding force can be determined through limit equilibrium, and can be described as  

𝐹 = 𝑚𝑔
𝑠𝑖𝑛 𝜃+𝜇 𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠 𝜃−𝜇 𝑠𝑖𝑛 𝜃

                             

(1) 

where 𝜃 is the angle of inclination,𝜇is the frictional coefficient and 𝑚 =
1

2
𝜌∗𝑍2𝐿/ 𝑡𝑎𝑛 𝜃 is the mass 

of the wedge[3]. When passive yielding occurs within the granular matter in front of the advancing 

wall, the Coulomb model indicates that the wedge inclination angle is related to the internal frictional 

angle (𝜙):𝜃0 =
𝜋

4
−

𝜙

2
. 

However, the influence of the plow speed on drag and lift forces acting on the inclined plate is still 

poorly understood. Although the Coulomb model takes the inclined retaining wall into account, the 

influence of the velocity and inclination angle still requires investigation. Recent work by Baptiste 
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Percier et al.[4] dealing with an incline plow moving over a granular bed illustrates that drag and lift 

forces are not directly dependent on the velocity, but are proportional to the weight of the wedge that 

is formed from the pile-up in front of the plate. However, in this paper, we consider a more 

complicated geometry, in which both the position and direction of the shear band are varied. This 

makes the frictional properties complicated. Through the Discrete Element Simulation we find that 

drag and lift forces are very sensitive to the plow speed. We examine the total force applied on the 

inclined plate moving over large distances in granular beds through the Discrete Element Method. 

Inclined plates can induce both drag and lift forces. We further develop Coulomb’s model, using the 

drag velocity and inclined angle as variables. As far as we know, this is the first attempt to apply 

Coulomb’s model to the case where the velocity and inclination angle are varied. 

One of the applications of this plate-induced granular flow is to washboards or corrugated roads 

caused by vehicles moving through granular material such as sand or soil[4-8]. In this case, the rolling 

wheel is simplified as an inclined plate[5,8]. The aim of the present paper is to derive a simple model 

for the drag and lift forces acting on the plate, accounting for the velocity and the inclined angle, the 

latter of which is a proxy for the wheel diameter. The drag speed is one of the controlling variables 

in washboard dynamics[9], which is the reason we focus one the velocity effect in the present paper. 

Figure 2 shows a wheel on a sandy road and its simplified model. Although there were some results 

using the Discrete Element Method[10,11], the influence of both drag velocity and angle of attack 

(inclined angle) is have not yet been investigated in detail. 

 

Figure 2 | Wheel effect and its simplified model 

2. Method  

Based on our work in reference[2], we investigate the effects of drag velocity and angle of inclination 

on drag and lift forces through the Two-dimensional Discrete Element approach. Figure 3(a) shows 

the normal contact model, in which 𝑐𝑛 is the normal damping constant, 𝑐𝑛 = 2𝛽√𝑚∗𝐾𝑛, where 𝑚∗ =

𝑚1+𝑚2

2
 is the average mass of the two contacted particles，and 𝐾𝑛 is the normal stiffness. Figure 3(b) 

shows the tangential contact model, in which 𝐾𝑠  is the tangential stiffness, and 𝜇𝑝  is the inter-

particle friction coefficient. 

Hence, the normal and tangential contact forces can be described as 

 {𝐹𝑛 = 𝐾𝑛𝛿𝑛 − 2𝛽√𝑚𝐾𝑛𝛿𝑛
•
.

𝐹𝑠 = 𝐾𝑠𝛿𝑠 ≤ 𝜇𝑝𝐹𝑛

                            

(2) 
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where 𝛿𝑛  and 𝛿𝑠  are the normal and tangential deformations, respectively, 𝛿𝑛
•

 is the normal 

deformation rate, and 𝑚 is the particle mass. The time step is 6.2×10-5s (which is 7% of the critical 

time step 𝑡𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
2√𝑚/𝑘

𝜋
). 

 

figure 3(a)                                    figure 3(b) 

Figure 3 | Contact model in (a) normal and (b) tangential directions 

The DEM model is shown as figure 4(a), and its flow field is illustrated in figure 4(b). The container’s 

height is 0.3m, its width is 0.6m, and its immersion depth is 0.08m. The inclined angle 𝐴 is set to 

30°,45°and 60°, and the velocity 𝑉 is set to 0.2m/s, 0.1m/s and 0.02m/s. All the particles in this paper 

are represented by cylinders with lengths of 1 meter. The radii of the cylinders are set to 5mm with 

20% random polydispersity, with a density of 2550kg/m3, a packing fraction of 0.84. The microscopic 

friction coefficient (inter-particle friction coefficient 𝜇𝑑) between particles is 0.46, the stiffness is 1×105 

N/m, and the stiffness of the rigid body is 10 times larger than that of particles[2]. Since the particles 

during drag always suffer from elastic deformation, we use a simple linear elastic particle-particle 

contact model. However, the particles suffer energy dissipation, so we consider a normal contact 

damping that is confirmed by our free fall test based on reference[12]. From the free fall test, the 

coefficient of restitution can be obtained, and the relation between the coefficient of restitution  

𝑐𝑅and the damping ratio 𝛽 can be described as 𝛽 = 𝑓(𝑐𝑅).  
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figure 4(a) 

 

figure 4(b) 

Figure 4 | DEM model of the inclined plate dragged through granular media 

Our study also shows that the microscopic parameters such as the inter-particle friction and stiffness 

have little influence on drag and lift forces if there is no friction between the rigid body and the 

particles (not detailed in this paper). The friction between the rigid body and particles is not taken 

into account in this paper. The reason is that we focus on the frictional effects among the particles 

themselves. We are more interested in the drag and lift forces that are caused by the flow of particles 

rather than the interaction of friction from the rigid body itself. This can be exactly controlled by DEM 

simulation, which is why we only use DEM tools here. 

In figure 4(a), the rigid body is configured at a certain immersion depth and angle initially denoted 

by the purple and red dashed lines, respectively. Then the rigid body moves horizontally towards 

the ending position (represented by the yellow dashed line) under a constant velocity. In order to 

avoid boundary effects, the distance from the initial position to the left boundary and the distance 

from the ending position to the right boundary are all more than 10𝑑. Every effective value is obtained 

by averaging 50 different numerical tests. The displacement field during the drag can be seen from 

figure 4(b)，where the lengths of the arrows reflect the displacement magnitudes. 
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3. Results 

Figure 5 illustrates the effect of velocity on drag and lift forces when the inclination angle is 60°. It is 

obvious that both the drag and lift forces increase with the drag velocity. A negative value of the drag 

force indicates that its direction is opposite to the velocity. Although there is boundary effect where 

the drag force increases dramatically near the final boundary[13], we do not consider this effect in 

this paper because we focus on effects far from the boundary. Actually, we restrict the total 

displacement to a reasonable range so that boundary effects can be avoided. 

 

Figure 5(a) 

 

Figure 5(b) 

Figure 5 | Velocity effect on (a) drag and (b) lift force when the inclined angle A is 60° 
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The effects of the inclination angle on drag and lift forces (drag velocity is 0.1m/s) are described in 

figure 6. It shows that the drag force is almost independent of the inclination angle. However, the lift 

force exhibits completely different behaviour. When the immersion depth and drag velocity are both 

held constant, the drag force can maintain a constant value no matter how big the inclination angle 

is. 

 

Figure 6(a) 

 

Figure 6(b) 

Figure 6 | Effect of angle of attack on (a) drag and (b) lift force when the drag velocity is 0.1m/s 

The effects of velocity and inclination angle on the drag and lift forces still need to be investigated. 

We found through DEM simulation that the ratio of drag and lift force is equal to the tangent value 

of the inclination angle (see figure 7).  
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Figure 7 | Relation of 𝐹𝑑  and 𝐹𝑙 𝑡𝑎𝑛 𝐴 

Next, we describe the drag and lift forces in a continuous way. From the velocity field we can see that 

there is a rather clear shear band from the bottom of the rigid body to the granular bed surface. Based 

on our simulations, we have found that the angle of repose remains constant. For a certain 

displacement and inclination angle, the total area of the triangle (or the mass) in front of the plate is 

the same no matter how large the speed is. It is rather difficult to judge in this case where the exact 

position of the shear band is. Here we propose a special way to deal with this: we assume that the 

shear band is clear enough, so in a certain displacement x , the total area (mass) is certain and the 

shape of the wedge remains constant. Therefore， the only difference should be the frictional 

property in the shear band. Based on this concept, we propose a dynamic friction coefficient , which 

is equal to the tangent value of the dynamic friction angle . 

The reason we use this dynamic friction coefficient is that the flow induced by the inclined plate is 

not quasi-static. In references[14-15], they showed that the effective friction coefficient depends on 

the inertial number,𝜇𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 = 𝜇(𝐼) . The inertial number[16], which can quantify the flow regime, 

can be expressed as: 𝐼 =
𝛾
•
𝑑

√𝑃/𝜌𝑑
, where 𝛾

•
 is the shear rate, 𝑑 is the grain diameter, 𝑃 is the confining 

pressure and 𝜌𝑑 is the grain density. Figure 8 shows the distribution of inertial number when 𝑥 =

6𝑑 in three different cases: (a)𝑉 =0.2m/s,𝐴 =60°; (b)𝑉 =0.1m/s, 𝐴 =45°; (c)𝑉 =0.02m/s, 𝐴 =30°. It is 

rather clear that inertial number is roughly larger than 10-3(dense flow) nearby the plate and smaller 

than 10-3(quasi-static) in the majority of the regions. Generally, the inertial number near the wedge 

increases with the drag velocity. Since the inertial number varies in the different regions and for 

different time steps, the flow regime is rather complicated. Therefore, it is not easy to capture how 

the inertial number changes in the assumed shear band. This is why we use a variable friction 

coefficient, termed the “dynamic friction coefficient,” to simplify this complicated friction property 

in the assumed shear band. The dynamic friction angles in different cases are shown in table 1. 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 July 2019                   doi:10.20944/preprints201906.0307.v2

https://doi.org/10.20944/preprints201906.0307.v2


 

Figure 8 | Inertial number distribution when 𝑥 =6𝑑 

Table 1 Dynamic friction angle (in degrees) under different inclination angles and drag velocities 

 𝐴 =30° 𝐴 =45° 𝐴 =60° 

𝑉 =0.2m/s 10 16 20 

𝑉 =0.1m/s 8 12 15 

𝑉 =0.02m/s  5 6 8 

As is shown in figure 9, the displacement of the inclined plate is x , the pile-up height is h , the angle 

of repose is 𝛼𝑟, the angle of the shear band is 𝜃, immersion depth is 𝑍, and 𝐶 is the clearance. 
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Figure 9 | Schematic side view of the model 

We calculate the pile-up height, which is 

ℎ = √2𝑥𝑍/(1/ 𝑡𝑎𝑛 𝐴 + 1/ 𝑡𝑎𝑛 𝛼𝑟).                               (3) 

The area of the triangle (wedge) is  

𝑆 = ℎ/2 • (ℎ + 𝑍)(1/ 𝑡𝑎𝑛 𝐴 + 1/ 𝑡𝑎𝑛 𝛼𝑟).                        
 (4) 

The tangent value of 𝜃 is 

 𝑡𝑎𝑛 𝜃 = 𝑍/[ℎ(1/ 𝑡𝑎𝑛 𝐴 + 1/ 𝑡𝑎𝑛 𝛼𝑟) + 𝑍/ 𝑡𝑎𝑛 𝐴]
.                  

(5) 

Hence, we obtain the total force applied on the inclined plate, which is 

𝐹 =
𝑆𝜌∗(𝜇𝑑 𝑐𝑜𝑠 𝜃+𝑠𝑖𝑛 𝜃)

𝑠𝑖𝑛 𝐴(𝑐𝑜𝑠 𝜃+𝜇𝑑 𝑠𝑖𝑛 𝜃)−𝑐𝑜𝑠 𝐴(𝜇𝑑 𝑐𝑜𝑠 𝜃+𝑠𝑖𝑛 𝜃)
.                            (6) 

Therefore, drag and lift force can be described as follows 

𝐹𝑑 = 𝐹 𝑠𝑖𝑛 𝐴                                    (7) 

   
𝐹𝑙 = 𝐹 𝑐𝑜𝑠 𝐴                                    (8) 

The ratio of drag and lift forces in reference[15] is slightly larger than that in this paper, it is likely 

because that the differences in the frictional properties of plate surfaces.  

The comparison of the predicted and simulated values of the pile-up height and total force when 𝑉 

=0.1m/s，𝐴 =45°are shown in figures 10(a) and (b), respectively. It can be seen that the model can 

predict the total force very well. The dynamic frictional angle 𝜙𝑑 is the only variable that is related 

to drag velocity and angle of attack. Specifically, the total force increases with both drag velocity and 

angle of attack due to the growing 𝜙𝑑. 
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Figure 10(a) 

 

Figure 10(b) 

Figure 10 | (a)Simulated values and predicted values for pile-up height, (b) Simulated values and 

predicted values for the total force acting on the plate;（𝑉 =0.1m/s，𝐴 =45°）.  

4. Conclusions 

In this paper, we have extended the traditional Coulomb passive earth pressure model. For this 

inclined plate dragging problem, we have found that the drag and lift forces are the vertical and 

horizontal components of the total force acting on the inclined plate, and this is in good agreement 
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with the results from the literature. In addition, we have proposed a dynamic friction angle and 

dynamic friction coefficient, which describe the complicated friction surface (shear band) very well. 

The advantage of this model is that it just has one variable-dynamic friction angle, which can be 

obtained by the parameters fitted in experiments or simulations, or empirically. Further work for our 

study may include the inner mechanics for this complicated frictional property in shear bands. 
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