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Simple Wave Approximation
Eugene Kogan

Department of Physics, Bar-Ilan University, Ramat-Gan 52900, Israel; Eugene.Kogan@biu.ac.il

Abstract

In the first part of the paper we obtain the analytic solution for the profile of a shock wave in a nonlinear
lossy transmission line, constructed from the inductors, the capacitors and the resistors. both the
charge of a capacitor and a current through the inductor are obtained as the functions of the time and
space coordinate. In the second part of the paper we formulate the simple wave approximation for the
nonlinear lossless transmission line.

Keywords: nonlinear transmission lines; shocks; solitons

1. Introduction
The concept that in a nonlinear wave propagation system the various parts of the wave travel with

different velocities, and that wave fronts (or tails) can sharpen into shock waves, is deeply imbedded
in the classical theory of fluid dynamics [1]. The nonlinear electrical transmission lines (where the
nonlinearity can be either due to nonlinear capacitors or nonlinear inductors forming the line, or both)
are of much interest both due to their applications, and as the laboratories to study nonlinear waves [2].
A very interesting particular type of signals which can propagate along such lines - the shock waves -
is attracting interest since long ago [3,4]. We published a series of papers on the travelling waves in
nonlinear transmission lines: the kinks, the solitons and the shocks (see the most recent publication of
that series and the references therein [5]).

In the present short note we would like to add to our previous publications on the subject. In the
first half of the paper we start from reproducing in a concentrated form the analytic results for the
profile of the shock wave in the transmission line with the nonlinear capacitors obtained in Ref. [5].
Those results were obtained by reducing the second order ordinary differential equation describing
the travelling waves i the transmission line and factorising the thus obtained equation for the definite
values of the parameters. While in the latter publication only the charge of the capacitors was analysed
as the function of the time and the coordinate (which is equivalent to studying the voltage in the line
as the function of the time and the coordinate), in the present note the time and coordinate dependence
of the current is also calculated.

The second half of the paper is dedicated to the presentation of the simple wave approximation
to the wave equation describing general lossless transmission line, which allows to decouple the
nonlinear wave equation into two separate equations for the right- and left-going waves [6–8]. While
we used this approximation previously for the Josephson transmission line (JTL) [9–11], here we
formulate the approximation for the case when both the inductors and the capacitors are nonlinear [5].

2. The Circuit Equations
The transmission line constructed from the identical nonlinear inductors and the identical nonlin-

ear capacitors is shown on Figure 1.
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Figure 1. Lossy nonlinear transmission line

We take the capacitors charges Qn and the integrated voltages on the inductors

Φn ≡
∫

Vndt (1)

as the dynamical variables. The circuit equations (Kirchhoff laws) are

dQn

dt
= In − In+1 +

1
RL

d
dt
(Φn − Φn+1), (2a)

dΦn+1

dt
= Vn − Vn+1 + RC

d
dt
(Qn − Qn+1). (2b)

To close the system (2) we should specify the connection between the voltages on the capacitors
Vn and the charges and also between the currents through the inductors In and the integrated voltages

Vn = V(Qn), (3a)

In = I(Φn). (3b)

In the continuum approximation we treat n as the continuous variable x (we measure distance
in the units of the transmission line period) and approximate the finite differences in the r.h.s. of the
equations by the first derivatives with respect to x, after which the equations take the form

∂Q
∂t

= −∂I(Φ)

∂x
− 1

RL

∂2Φ
∂x∂t

, (4a)

∂Φ
∂t

= −∂V(Q)

∂x
− RC

∂2Q
∂x∂t

. (4b)
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Further on we’ll consider the travelling waves, for which all the dependent variables depend upon the
single independent variable τ = t − x/U, where U is the speed of the wave. For such waves (4) turns
into the system of ODE which after integration takes the form

1
RL

dΦ
dτ

= UQ − I(Φ) + Ĩ, (5a)

RC
dQ
dτ

= UΦ − V(Q) + Ṽ, (5b)

where Ĩ and Ṽ are the constants of integration.
Equation (5) contains 3 arbitrary constants - U, Ĩ and Ṽ. Since we are considering localized

travelling waves, it would be convenient to take as the constants Q1, Q2, Φ1, Φ2, defined by the
equations

lim
τ→−∞

Q(τ) = Q1; lim
τ→+∞

Q(τ) = Q2; (6a)

lim
τ→−∞

Φ(τ) = Φ1; lim
τ→+∞

Φ(τ) = Φ2, (6b)

and connected by the relation

Q2 − Q1

Φ2 − Φ1
=

I2 − I1

V2 − V1
. (7)

Thus Equation (5) can be presented as

1
RL

dΦ
dτ

= U(Q − Q2)− I(Φ) + I2, (8a)

RC
dQ
dτ

= U(Φ − Φ2)− V(Q) + V2, (8b)

where I2 = I(Φ2) and V2 = V(Q2).
The speed of the travelling wave is

U =
I2 − I1

Q2 − Q1
=

V2 − V1

Φ2 − Φ1
. (9)

3. Half-Nonlinear Transmission Line
Further on we consider transmission line with the linear inductors (Φ = LI). and nonlinear

capacitors. We can exclude the current from (8) and after a bit of algebra obtain closed equation for
Q(τ)

LRC
RL

d2Q
dτ2 + RC

dQ
dτ

+
L

RL

dV(Q)

dτ

= U2L(Q − Q2)− V(Q) + V2, (10)

and the travelling speed is given by the equation

U2 =
1
L

V2 − V1

Q2 − Q1
. (11)

The solution of (10) should satisfy the boundary conditions (6a).
Let us approximate V(Q) for Q between Q1 and Q2 as

V(Q) = const +
Q + βQ2

Cs
, (12)
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where β and Cs are constants. Let us also take V(Q) in the last term in the l.h.s. of (10) in the linear
approximation. In this cases, (10) becomes

T2 d2Q
dτ2 + τR

dQ
dτ

= F(Q), (13)

where

T2 ≡ LCsRC
RL

, (14a)

τR ≡ RCCs +
L

RL
. (14b)

and

F(Q) = β(Q − Q1)(Q − Q2), (15)

We can also improve the approximation (12) by modifying it to

V(Q) = const +
Q + βQ2 + γQ3

Cs
, (16)

where γ is also assumed to be constant. This modification can be important when Q1, Q2 are close to
zero and, as it normally happens, the charge is an odd function of the voltage. In this cases (13) is still
valid but (15) becomes

F(Q) = γ(Q − Q1)(Q − Q2)(Q + Q3), (17)

where

Q3 ≡ β

γ
+ Q1 + Q2. (18)

4. The ODE Which Doesn’t Contain Explicitly the Independent Variable
Following the well known in mathematics principle, stating that the more general the problem

is, the easier it is to solve it, let us change gears and instead of (13) and (17) consider the generalized
damped Helmholtz-Duffing equation [11]

xττ + kxτ = γx(xn − x1)(xn + x3), (19)

where n, k, γ, x1, x3 are constants, with the boundary conditions

lim
τ→−∞

x(τ) = x1/n
1 , lim

τ→+∞
x(τ) = 0. (20)

Equation (19) doesn’t contain explicitly the independent variable τ. This prompts the idea to
consider x as the new independent variable and

p =
dx
dτ

(21)

as the new dependent variable. In the new variables (19) takes the form of Abel equation of the second
kind [? ].

ppx + kp = γx(xn − x1)(xn + x3). (22)
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The boundary conditions in the new variables are

p
(

x1/n
1

)
= p(0) = 0. (23)

One can easily check up that for γ and k connected by the formula

k2 =
γ[x1 + (n + 1)x3]

2

n + 1
, (24)

the solution of (22) satisfying the boundary conditions (23) is

p = mx(xn − x1), m =

√
γ

n + 1
. (25)

Substituting p(x) into (21) and integrating we obtain the solution of (19) as

x(τ) =
x1/n

1 .

[exp(nmx1τ) + 1]1/n . (26)

Now consider the equation

xττ + kxτ = βx(xn − x1) (27)

with the boundary conditions (20). We can present (27) as

xττ + kxτ = βx
(

xn/2 − x1/2
1

)(
xn/2 + x1/2

1

)
. (28)

Hence we realize that for k and β connected by the formula

k = (n + 4)

√
βx1

2(n + 2)
, (29)

the solution of (27) satisfying the boundary conditions (23) is

x(τ) =
x1/n

1 .{
exp

[
n
√

βx1
2(n+2)τ

]
+ 1
}2/n . (30)

Let us return to (19) and modify it to

xττ + k(1 + 2βxn)xτ = γx(xn − x1)(xn + x3). (31)

Thus we take into account possible nonlinearity of friction. Thus instead of (22) we obtain

ppx + k(1 + 2βxn)p = γx(xn − x1)(xn + x3). (32)

Acting as above we obtain that for k and γ connected by the formula

k2 =
γ[x1 + (n + 1)x3]

2

(1 − 2βx3)(n + 1 + 2βx1)
, (33)

the solution of (32) satisfying the boundary conditions (23) is (25) (same as it was for β = 0), only
this time

m =

√
γ(1 − 2βx3)

n + 1 + 2βx1
. (34)
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Hence the solution of (31) with β ̸= 0 is of the same form as for β = 0 (Equation (26)), only with the
modified m.

5. Back to the Transmission Line
Now let us return to the transmission line. For Equation (13) with F(Q) given by (17), using the

results of the previous Section, we claim that when the parameters of the equation satisfy the relation

τ2
R

T2 =
γ(Q1 + Q2 + 2Q3)

2

2
, (35)

the solution of the equation can be expressed in terms of elementary functions:

Q = Q2 +
Q1 − Q2

exp(ψτ) + 1
, (36)

where

ψ =

√
γ

2
· Q1 − Q2

T
. (37)

For (13) with F(Q) given by (15), we claim that when the boundary conditions satisfy the relation

τR
T

= 5

√
β(Q1 − Q2)

6
, (38)

the solution of the equation can be expressed in terms of elementary functions:

Q = Q2 +
Q1 − Q2

[exp(χτ) + 1]2
, (39)

where

χ =

√
β(Q1 − Q2)

6
· 1

T
. (40)

Note that (36) doesn’t goes to (39) when γ → 0. More specifically, when γ → 0, the solution (36) goes
to the weak shock solution. On the other hand, the solution (39) corresponds to the case when both
terms in (13) are of the same order of magnitude.

We used previously the linear approximation for V(Q) in the last term in the l.h.s. of (10). Strictly
speaking, since we are considering nonlinear V(Q) in the r.h.s. of (10) more consistent would be to
treat the same way the l.h.s. Equations. (33), (34) allow us to go one step in this direction, that is to
consider V(Q) in the last term in the l.h.s. of (10) in quadratic approximation (for cubic nonlinearity of
V(Q)). As the result, Equations (35) and (36) slightly change and Equation (36) doesn’t change at all.

The analytic results for the profile of the shock wave were obtained by reducing the second order
differential Equation (10) to the first order one

T2 p
dp
dQ

+ τR p = F(Q) (41)

where p ≡ dQ/dτ. However, looking back to Equation (8) we see the opportunity to reduce the system
of two first order differential equations to the single first order one

1
RLRC

dΦ
dQ

=
U(Q − Q2)− I(Φ) + I2

U(Φ − Φ2)− V(Q) + V2
(42)

already at this stage. It would be interesting to try to obtain exact analytic solutions of (42) for some
values of the parameters.
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Postponing such attempt until later time, note here that Equation (42) allows us to obtain the τ

dependence of the current I which was absent in our previous publications. To achieve this aim let us
rewrite (42) in the form

I = I2 + U(Q − Q2)

− L
RLRC

[UL(I − I2)− V(Q) + V2]
dI
dQ

. (43)

The dependence Q(τ) being found earlier, Equation (43) gives infinite series for I(τ), and the first two
terms of the series are

I = I2 + U(Q − Q2)−
L

CsRLRC

I2 − I1

Q2 − Q1
F(Q). (44)

Thus from (36) follows

I = I2 +
I1 − I2

exp(ψτ) + 1

{
1 +

L(Q1 − Q2)

CsRLRC

exp(ψτ)

exp(ψτ) + 1

[
Q1 − Q2

exp(ψτ) + 1
+

β

γ
+ Q1 + 2Q2

]}
, (45)

and from (39) follows

I = I2 +
I1 − I2

[exp(χτ) + 1]2

{
1 +

L(Q1 − Q2)

CsRLRC[
1 − 1

[exp(χτ) + 1]2

]}
. (46)

6. The Simple Waves In A Lossless Nonlinear Transmission Line
In the previous part of the paper we considered a lossy nonlinear transmission line. The present

section is dedicated to a lossless one. The transmission line constructed from the identical nonlinear
inductors and the identical nonlinear capacitors is shown on Figure 2.

Figure 2. Lossless nonlinear transmission line
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We take the capacitors voltages Vn and the currents through the inductors In as the dynamical
variables. The circuit equations (Kirchhoff laws) are

C(Vn)
dVn

dt
= In − In+1, (47a)

L(In+1)
dIn+1

dt
= Vn − Vn+1. (47b)

Further on we’ll consider C(V) and L(I) as known functions.
In the continuum approximation we treat n as the continuous variable x (we measure distance

in the units of the transmission line period) and approximate the finite differences in the r.h.s. of the
equations by the first derivatives with respect to x, after which the equations take the form

C(V)
∂V
∂t

= − ∂I
∂x

, (48a)

L(I)
∂I
∂t

= −∂V
∂x

. (48b)

The simple wave approximation allows to decouple the wave equations into two separate equa-
tions for the right- and left-going waves [6–8]. In our previous publications we introduced such
approximation for Equation (48) for the case of half-nonlinear transmission line (more specifically for
the case of JTL [9–11]). In the present Section we formulate the simple wave approximation for the
general lossless nonlinear transmission line including both the nonlinear inductors and the nonlinear
capacitors.

To formulate such approximation let us start from the small amplitude waves on a homogeneous
background V0, I0.

V = V0 + v, (49a)

I = I0 + i. (49b)

For such waves Equation (48) is simplified to

C(Q)
dv
dt

= − di
dx

, (50a)

L(I)
di
dt

= − dv
dx

, (50b)

(for brevity we have discarded lower index 0 in Equation (50)).
The solutions of Equation (50) are right- and left-propagating travelling waves, each depending

upon the single variable τ± = t ∓ x/u0, propagating with the speed

U(I, V) =
1√

L(I)C(V)
. (51)

The voltage and current in the "sound" wave are connected by the equation

v = ±Z(I, V)i, (52)

where

Z(I, V) =

√
L(I)

C(Q)
. (53)
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The simple wave approximation, that is decoupling of (48) into two separate equations for the
right- and left-going waves, is achieve by considering V as a function of I (or vice-verse). Then from
Equation (48) we obtain

C(V)

L(I)
dV
dI

=
dI
dV

, (54)

or equivalently

dV
dI

= ±Z(I, V). (55)

Substituting into (48) we obtain a system of two coupled equations for each of the simple waves

∂I
∂t

= ±U(I, V)
∂I
∂x

, (56a)

∂V
∂t

= ±U(I, V)
∂V
∂x

. (56b)

Further on for the sake of definiteness we’ll talk only about the right-going wave which corresponds
to taking the sign minus in the r.h.s. of both equations in (56).

The system (56) simplifies in half-nonlinear cases, that is when either the capacitor or the inductor
is linear. In the first case (C(V) =const)

U = U(I), (57)

and (56a) becomes closed equation for the current

∂I
∂t

+ U(I)
∂I
∂x

= 0. (58)

Instead of (56b) we can use equation

U = Z(I)I. (59)

Talking about this case we have in mind first and foremost the Josephson transmission line. Both
Josephson laws can be presented as

L(I) =
h̄

2e
√

I2
c − I2

, (60)

thus we obtain

U(I) =

√
2e
h̄C

4
√

I2
c − I2. (61)

However, the fully nonlinear case can also be treated easily. If we consider the initial value
problem

I(x, 0) = I0(x), V(x, 0) = V0(x), (62)

the solution of Equation (56) can be obtained by inspection [13]

I(x, t) = I0(ξ) (63a)

V(x, t) = V0(ξ), (63b)
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where

x − ξ = U(V0(ξ), I0(ξ))t. (64)

The simple wave approximation (56) can be applied also to Equation (4). In fact, the dissipative
terms in the equation determine the profile of the shock. On the other hand, if we want to study
the formation of the shocks, then assuming these terms to be in some sense small, we can ignore the
influence of the dissipation on the process of the formation (until we don’t approach to close to the
singularity of the dissipationless equation). Thus ignoring the dissipation in (4) we may rewrite the
equation in the form

dQ
dV

∂V
∂t

= − ∂I
∂x

, (65a)

dΦ
dI

∂I
∂t

= −∂V
∂x

, (65b)

which coincides with Equation (48) if we put

C(V) =
dQ
dV

, L(I) =
dΦ
dI

. (66)

After that we can apply the procedure presented above in this Section.
Now let us forget about the dissipation and consider the strictly disssipationless case. If we want

to study the profile of the travelling waved in such case, additional complication (with respect to the
lossy case) arises. In the latter case we started from considering the discrete transmission line, but the
presence of the dissipation introduced the space scale into the system, and this scale was implicitly
assumed to be much larger than the period of the line [12]. This allowed us to use the continuum
approximation, actually ignoring the discrete nature of the system. For the lossless case the scale of
the localized travelling wave is determined by the period of the transmission line [9–11]. This makes
the continuum approximation inadequate and we introduced the quasi-continuum approximation [9],
which corresponds to approximating the finite differences in the r.h.s. of the equations (47) by the two
first terms in the Taylor expansion [9–11]. Thus instead of Equation (48) we obtain

C(Q)
∂V
∂t

= − ∂I
∂x

− 1
24

∂3 I
∂x3 , (67a)

L(I)
∂I
∂t

= −∂V
∂x

− 1
24

∂3V
∂x3 . (67b)

We studied in details the travelling waves described by these equations for the case of half-
nonlinear transmission line (more specifically for the case of JTL [9–11]). In distinction to the lossy
case, where the travelling waves turn out to be the shocks, in the lossless case the travelling waves
turn out to be the kinks and the solitons.

We also studied (with much less details) the formation of the solitons and the kinks via introducing
the simple wave approximation for the JTL. Now we want to formulate the simple wave approximation
for the general lossless nonlinear transmission line including both the nonlinear inductors and the
nonlinear capacitors on top of the quasi-linear approximation.

One must understand that Equation (48) (and hence Equation (56) can describe the formation of
the kinks and the solitons (until we don’t approach to close to the singularities of the equations). Our
present aim is to formulate the approximation which will describe both the formation of the kinks and
the solitons and their profiles.
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Starting from Equation (67) and repeating the process which led from (48) to (56) we obtain
instead of the latter

∂I
∂t

= ±U(I, V)

(
∂I
∂x

+
1
24

∂3 I
∂x3

)
, (68a)

∂V
∂t

= ±U(I, V)

(
∂V
∂x

+
1

24
∂3V
∂x3

)
. (68b)

Let us apply thus improved simple wave approximation to the JTL. In this case instead of
Equation (58) we obtain

∂I
∂t

+

√
2e
h̄C

4
√

I2
c − I2

(
∂I
∂x

+
1
24

∂3 I
∂x3

)
= 0. (69)

If we make an additional assumption |I| ≪ Ic, Equation (69) can be written down as [9]

∂I
∂t

+

√
2eIc

h̄C

(
∂I
∂x

− 1
12I2

c

∂I3

∂x
+

1
24

∂3 I
∂x3

)
= 0, (70)

where we have ignored the term proportional to I2∂3 I/∂x3. Looking at Equation (70) we recognize the
modified Korteweg-de Vries (mKdV) equation [14].

On the other hand, considering small variations of the current on the constant background
presented by Equation (49b), from (70) we obtain [9]

∂i
∂t

+

√
2e
h̄C

4
√

I2
c − I2

0(
∂i
∂x

− I0

4
(

I2
c − I2

0
) ∂i2

∂x
+

1
24

∂3i
∂x3

)
= 0, (71)

where we have ignored the term proportional to i∂3i/∂x3. Looking at Equation (71) we recognize the
Korteweg-de Vries (KdV) equation [14].

To conclude we state that we obtained the exact analytical expressions for the profile of the shock
waves (both the current and the voltage) in half-nonlinear transmission lines for the appropriate
values of the parameters. We also formulated the simple wave approximation for the lossless discrete
nonlinear transmission line.
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