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CONSTRUCTION OF THE TYPE 2 DEGENERATE MULTI-POLY-EULER
POLYNOMIALS AND NUMBERS

WASEEM AHMAD KHAN, MEHMET ACIKGOZ, AND UGUR DURAN

ABSTRACT. In this paper, we consider a new class of polynomials which is called the multi-poly-Euler poly-
nomials. Then, we investigate their some properties and relations. We provide that the type 2 degenerate
multi-poly-Euler polynomials equals a linear combination of the degenerate Euler polynomials of higher
order and the degenerate Stirling numbers of the first kind. Moreover, we provide an addition formula and
a derivative formula. Furthermore, in a special case, we acquire a correlation between the type 2 degenerate
multi-poly-Euler polynomials and degenerate Whitney numbers.

1. INTRODUCTION AND PRELIMINARIES

Special functions has recently been applied in numerous fields of applied and pure mathematics besides in
such other disciplines as physics, economics, statistics, probability theory, biology and engineering, cf. [1-24]
and see also the references cited therein. One of the most important families of special functions is the family
of special polynomials, c¢f. [1,3-8,10,21,23,24]. Intense research activities in such an area as the family of
special polynomials are principally motivated by their importance in both pure and applied mathematics and
other disciplines. The degenerate forms of special polynomials is firstly considered by Leonard Carlitz [2] by
defining the degenerate forms of the Bernoulli, Stirling and Eulerian numbers. In spite of their being more
than sixty years old, these studies are still hot topic and today enveloped in an aura of mystery within the sci-
entific community. Now, the degenerate forms of special polynomials are considered and studied intensively
by several mathematicians, cf. [6-8,14-21,23]. For instance, Duran and Acikgoz [6] considered the degenerate
truncated exponential polynomials and gave their several properties. After that, degenerate truncated forms
of various special polynomials including Genocchi, Bell, Bernstein, Fubini, Euler and Bernoulli polynomi-
als were introduced via the degenerate truncated exponential polynomials and their various properties and
relationships by using the series manipulation method and diverse special proof techniques were derived in
[6]. Duran and Sadjang [8] considered the fully degenerate Gould-Hopper polynomials with a ¢ parameter
and the Gould-Hopper-based fully degenerate poly-Bernoulli polynomials with a ¢ parameter and then gave
some of their properties including not only difference rule, inversion formula and addition formula but also
multifarious correlations and implicit summation formulas. Kim et al. [14] introduced degenerate polyex-
ponential functions and the degenerate type 2 poly-Bernoulli polynomials, and also provided some explicit
expressions and various identities. Kim and Kim [15] considered degenerate poly-Bernoulli polynomials by
means of the degenerate polylogarithm function, and investigated several properties and relations. Kim et
al. [16] defined a new type of the degenerate poly-Genocchi polynomials and numbers constructed from the
modified polyexponential function and the degenerate unipoly Genocchi polynomials, and derived several
combinatorial identities and some explicit expressions. Kim [17] introduced a degenerate form of the Stirling
polynomials of the second kind and proved some novel relations and identities for these polynomials. Kim
and Kim [18] considered a new type degenerate Bell polynomials via degenerate polyexponential functions
and then gave some of their properties. Kim et al. [20] introduced degenerate multiple polyexponential
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function which is multiple version of the degenerate modified polyexponential function and also, by means
of this function, considered the degenerate multi-poly-Genocchi polynomials. Moreover, multifarious ex-
plicit expressions and some properties were investigated and studied in [20]. Lee et al. [23] studied a new
type of the type 2 poly-Euler polynomials and a new type of the type 2 degenerate poly-Euler polynomials
by utilizing the modified polyexponential function. Thereafter, several expressions and identities for these
polynomials were shown in [23].

In this paper, we introduce a novel class of degenerate multi-poly-Euler polynomials and numbers by means
of the degenerate multi-polyexponential function and studied their main explicit relations and identities. This
work is organized as follows:

e Section 2 includes several known definitions and notations.

e In Section 3, we consider a novel class of degenerate multi-poly-Euler polynomials and numbers and
investigate their diverse properties and relations.

e The last section outlines finding gains and the conclusions in this work and mentions recommendations
for future studies.

2. DEFINITIONS

Let Z denotes the set of all integers, R denotes the set of all real numbers and C denotes the set of all
complex numbers. Let A € R/ {0} (or C/{0}). The degenerate exponential function e (¢) is defined as follows

eX(t) = (14 M) F = Z(m‘)n,xg, (2.1)

where (z)on = 1 and (z)p\ = z(z — A)---(x — (n — 1)A) for n > 1, ¢f [1,2,6-8,14-23] and see also the
references cited therein.

It is easily observed that limy_.o e%(t) = e®’. Notice that e} (t) := ex().

The usual Bernoulli B, (z) and Euler E,, () polynomials (c¢f. [3]), and the degenerate Bernoulli B, » (z)
and Euler E,, ) (z) (cf. [1,6,8,14-21,23]) polynomials are defined by the following generating functions:

> t" t > ot i
Eﬁ Bn (LL') ﬁ = ot 16 and Eﬁ Bn,)\ (:C) E = me)\ (t) (22)
n=0 n=0
and
00 00
t" 2 " 2
E, = e d E, —=———e3(t). 2.3
3B @) = e A 3B @) = g (2.3
The polyexponential function Eig(z) is defined by (cf. [13])
. Zoo z"

n=1
For k =11in (2.4), it yields Ei;(z) = e* — 1.
The modified degenerate polyexponential function Eiy »(z) is defined by (c¢f. [14])
(W

Eij\(z) = Z:l mx” (2.5)

It is note that for k = 1, Eij x(x) = ex(z) — 1.
Let k € Z and X € R. The degenerate version of the logarithm function log, (1 + t) given by (c¢f. [15])
o0 tn
n—1
log\(1+1) = Z AT (M) e

n=1

which is also the inverse function of the degenerate exponential function ey (t) as shown below

ex(logy(1+1)) =log, (ex(1+1t)) =1+t.
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In [23], the type 2 poly-Euler polynomials Er(lk)(x) and the type 2 degenerate poly-Euler polynomials
Efbk;\(x) are introduced by means of the following generating functions to be

= t" Ei (log(1 + 2t)) oot (k) " Eiga (log(1+2¢)) ,
; k(eT d ZEnk)\ - kt)(\e,\(t)—ﬁ-l) )\(t)' (26)

Multifarious relations and identities for these polynomials are investigated intensely in [23].
The degenerate Stirling numbers of the first kind (¢f. [15, 16]) and second kind (¢f. [1,6,8,15-21,24]) are
defined, respectively, by

ZSunkt—‘—w (k> 0) (2.7)
and
e n e _ 1\k
> Soatn k)l = 0D o5 ) (2.8
=k

Noting here that as A — 0, the degenerate Stirling numbers of the first kind Si x(n, k) and second kind
Sa.a(n, k) reduce to the usual Stirling numbers of the first kind S (n, k) and second kind S3(n, k) as follows
(cf. [1,6,8,15-21,23,24])

ZSlnk - M(icz()),

k!

and
-1

ZSan _ k,) (k> 0).
3. Type 2 Degenerate Multi-Poly-Euler Polynomials
Let k1, ks, , k. € Z. The degenerate multi-polyexponential function is given by, (cf. [20])
. Dy oa e (D), az™
Elklak27"'7kra)\(x) = Z ( )| ) ( ) 1, k1 k.’ (31)
0<ni<ne< - <ny (nl - 1) Y (nr - 1)'n1 C T
where the sum is over all integers ny,ns, - -+ ,n, satisfying 0 < ny; < ng < --+ < n,.. By means of this function,

(khkz,

Kim et al. [20] defined and investigated the degenerate multi-poly-Genocchi polynomlals 9, hr) (z) given

by the following generating function to be

o0 .
t" 'E 1 1+t
Z g(kukz, kr)(x)i _ Bk, ks, ,kr,k( OgA( + ))egf\(t). (3.2)

= nl (ex(®) + 1)

Motivated by the definition of degenerate multi-poly-Genocchi polynomials, utilizing the degenerate multi-
polyexponential function (3.1), we consider the following definition.

Definition 1. Let k € Z. Type 2 degenerate multi-poly-Euler polynomials (’3 kl’kz’ h ’kr)(m) are defined by the
following Taylor expansion about t = 0:

(kaska,o k) AU Bk ko k,ox (logy (1 +2¢))
@ 1, 25" 7 — 1,N2, sy x t . 33
Z )n! tr(ex(t) +1)" ex(®) (3.3)

In the case when & = 0 in (3.3), the type 2 degenerate multi-poly-Euler polynomials (’E(kl’kz" o )( )

reduce to the corresponding numbers, that is the type 2 degenerate multi-poly-Euler numbers denoted by
@(khkm' ke
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kQ"“’kT)(x) reduce to a

Remark 1. Letting A — 0, the type 2 degenerate multi-poly-Euler polynomials Qfgfi\

ko, 7k7‘)(x)
’

new type multi-poly-Euler polynomials which we denote @5{“ which are different from the poly-

E(khkz, k) (x)

nomials introduced by Jolany et al. [10], as follows:

= t"  FEi oo, (log(1+ 2t
3 it Bt (o 10 o
n! tr(et +1)

Remark 2. In the case when r = 1, the type 2 degenerate multi-poly-Euler polynomials reduce to a new type
degenerate poly-Euler polynomials that we denote Gik; (x), which are different from the polynomials ET(Lk; (x)
in (2.6) defined by Lee et al. [23], as follows:

= t" _ Eig (logy (1 + 21))
) E— (). 3.4

ngo n,)\(x)n! t(e)\(t) + 1) e/\( ) ( )
Also, when © = 0 in (3 4), these new type degenerate poly-Euler polynomials Qf( )( ) reduce to the corre-
sponding numbers @n s that is, @m)\( )= GSTA.

Now, we investigate some properties of the type 2 degenerate multi-poly-Euler polynomials. From Defin-
ition 1, we observe that

Z @(khkm k) ) " _ Eikl,kmm ke, A (log/\(l + 2t)) e (t)
n! tr(ex(t) + 1)" A

oo

- Zg(khkz’u) n.z

n=0

> - n (k1,ko, Ky t"
= 2 (Z <m> Camd )(x)m“> b

n=0 \m=0

which gives the following theorem.

Theorem 1. The following relation

n
(k1,k2, kr) § : khkz, k)
an,)\ n m,A ($)m7,\

m=0
holds true for n > 0.

Remark 3. When X\ approaches to 0, we get the following known relation for the multi-poly-FEuler polynomials
(cf. [4, 10])

Bk k) (z) = 3 <n>E7(lk1#f2,“',k7-)xm'
m

m=0

The degenerate Euler polynomials of higher order are given by the following Maclaurin series:

T t 2 " x
ZE( NG = (o) o

cf. [1, 6, 23] and also see the references cited therein. We also notice that when r = 1, the degenerate

Euler polynomials of higher order reduce to the degenerate Euler polynomials in (2.3), namely, E,(Zl)(:v; A) =
En’)\(ZL').
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From Definition 1 and (3.1), we see that

i k17k527 k) {L') " _ 6?\( ) Z (1)711,)\ co (1)nr,)\(log)\(1 + 2t))n7
n=0 nl o t(ea(t) + 1) 0<ny<no<--<np (np =1t (ny — 1)!nk1 ey

(¢t Dy (D, ! mtm
s ( Z (Dnyx (D, ane! — ZSanr —

)
tr(e}‘(t) + 1)7’ 0<ni<na<---<ny (nl - 1)' e (nT - 1)'”1 M T =y,

o 1 2T6z(t) > (1)n1,>\~--(1)nr’)\51,>\(m,m)nr' m tm
_2rtr<m>z ( 2 Lo [ S o >7n!

m=n, \0<ni<ns<--<n, (n1 - 1)' Ny — 1)!n1 R (O
_ ! iE(r)(x. A)Zl 3 3 Wnar - (W, AS1A (M 20 ) 21! 2m> 2
- r n ) kr
ort — I =t \oeny comen, (m1 =D (0, — 1)!n’f1 ey fnff m!

t’l’L—T

vy oy s (W AE (2 ) S10 (0 =)
=0m=00<n1<n2<--<n, (nl - 1)' e (nT - ]')'nllfl T nrr lln’:": n!
which means the following theorem.

Theorem 2. For ky,ko, - k. € Z, and n,r € N with n > r, we have

n+r (r)
nE TA A D) (D 2 S - _
gliyharn k) () = 5= W nir m(l”' ') 5 ! (Dnyx - (D, 1,Ak(n+7“ ., ) gm—r_
= (n+7r—m)m! Ocmcatcn, (1= D) (n, — Dl "'”r Lnkr

Remark 4. When r = 1, we have

n+l oo

mel
e®l@) =n 3% n+1_u 1 T Brt1-ma(@)S1a(n + 1 —m, 1),
m=0 [=1

which is a new relation including a new type degenerate poly-Euler polynomials (3.4), degenerate Fuler
polynomials (2.8) and degenerate Stirling numbers of the first kind (2.7).

In view of Definition 1, we see that

oo .
E1,ka, ek tm Biky kg, kox (lOg (1+2t))
S el ) gy O Bliade e 0L 2 20) g

n=0 tT(E)\(t) + ]-)T A
N bk ) o B r
_ S et S,
n=0 m=0
S n n e n
-3 (2 () wmetis o) &
n=0 \m=0 :

which implies the following theorem includes the addition formula for the type 2 degenerate multi-poly-Euler
polynomials.

Theorem 3. The following addition formula

el e = 3 (1 wnaelin e

=0

is valid for ki, ko, k. € Z and n > 0.
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To investigate the derivative property of the type 2 degenerate multi-poly-Euler polynomials, we now
consider that

> d (k1,ka, k) t" Eik Koo oor ko X\ (log)\(l + 2t)) d
@lkLkz, ke _ 1,K2, K, T (¢
Z (.’L’) TL' tr(E)\(t) + 1)7" d.Te)\ ( )

t"l
— Z@(lﬂlm k) ) '>\ (1+)\t)

[e’e) l+1
= Z @;’fi\vkz, ik Z ) -1y
n=0 1=1
1+1 n
= ZZ@(klvkz, ok )( )+ G 1t i
WA 1’
n=0 (=1 "
which provides the following theorem.
Theorem 4. The following relation
d (ki ko, k) N ke o) (DT
— g =nl! G —A 3.5
dx n,A (:C) n ; n—1I,\ (:C) (n . l)'l ( )
is valid for ki, ko, -+ k. € Z and n > 0.
Remark 5. Upon setting r = 1, we acquire
d (k) nl 1)l+1 -1
¢!l —— A\
dx Z T ”‘ -l

which is the derivative formula for the new type degenerate poly-Euler polynomials (3.4).

Remark 6. Taking r =k =1, we attain
1)l+1

d ( -1
P _”'ZE" D@
which is the derivative formula for the degenerate Euler polynomials, cf. [6].

By means of Definition 1, we attain that

(kg K 1" Bk ko ko) (loga(1+28))
Z@ )n! B triex(t) +1)" extt)
Eiky ks, kp,n (logy (1 +2¢)) .
= ke ok H—1+1
YOS
_ Eig, ks, log, (142t x
S (”g )( ))Z(Z><6A(t>1>l
=0
Ot o > tm
- Z gl 7' ST@)i D 8o (m1) —
30 m=l ’
-y (Z Z( )@hSaa m. 1) e;’“l;’i?;""’“) =
n=0 \m=0 1=0 e

where the notation (z); is falling factorial and is defined by (x)g = 1 and (z), = z(z —1)---(x — (n — 1))
forn>1,cf [1,2,6,7,8,14, 15,16, 17, 18, 19, 20, 21, 22, 23]. Therefore, we arrive at the following theorem.


https://doi.org/10.20944/preprints202008.0706.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 August 2020 d0i:10.20944/preprints202008.0706.v1

Theorem 5. The following correlation

) = 30 () @i tm ) et

m=0 [=0

is valid for ki, ko, - k. € Z and n > 0.
Remark 7. In the case when r = 1, we acquire

G(k) ZZ( ) )iS2, (m, 1) € n)m)\’

m=0 [=0

which is a relation for the new type degenerate poly-Fuler polynomials (3.4) and the degenerate Stirling
numbers of the second kind (2.8).

Kim [17] introduced the degenerate Whitney numbers which are defined by the generating function to be

e _ 1\k ) n
%e%) =D Waa(nk IA);—,, (k> 0).
' n=~k .

Remark 8. In the special case m =1 and o = 0, the degenerate Whitney numbers Wy, o(n, k|\) reduce to
the the degenerate Stirling numbers Sz x (n, k) of the second kind in (2.8), that is, W1 0(n, k|\) := S2.x (n, k).

Utilizing Definition 1, we attain that

Z@Mh% w+®ﬁ:ﬁmmw,ﬂxﬂﬁm
n=0 n' tr( (t) + 1)

_ Eig, kg, kA (IOg)\(l + 2t))6a(t) (ei)f(t) — 14 1)z

ex(®)ex"(t)

t(ex(t) + 1)" A
Eip, g orr 1083 (14 20)) o o (2, 4 1
fry 2 2 AL - 1
tT(eA(t) + 1)7’ ) (t); 1 (e)\(t) )
By g, bor (1083 (1+28) o~ (ef(t) =)'
o tr(ex(t) +1)7 ;u (@) Ul A
Biry koo oo (1083 (1+28) o=, (ef(®) = 1)
pu— ? 2 2 Akl t
t(ex(t) + 1) ;“( A )
0 (ko A )tn oo n n
sR2,0 Ry l
_Z(’En’l 2 EZZu(x)qua(n,H)\)—
n=0 n=0 [=0
tn
= Z (Z Z( ) )W (m, L)€L 2 ’k’")> ik
n=0 \m=0 [=0 ’

which provides our last theorem as follows.

Theorem 6. For ki,ks, - k. € Z andn > 0, we have

e P (A E TR

m=0 [=0

Remark 9. Upon setting r =1, we get

¢ (zu+a) ZZ() (@) Waa(m, 1 [)EX

m=0 [=0

which is a relation between the degenerate Whitney numbers and the new type degenerate poly-Euler polyno-
mials (3.4).
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4. Conclusions

As is known, for k € Z, the polylogarithm function is defined by (c¢f. [4, 10])
‘,L.n
Li = —.
ir(2) Z nk
o<n
It is easily seen that Lij (z) = —log (1 — z).
For ki, ks, -k, € Z, the multiple polylogarithm function [4, 10, 19] is given by
: z"
Lik, koo e (2) = > T TR
0<n;<na<- <Ny

where the sum is over all integers ni, ns,--- ,n, satisfying 0 < ny <ng < -+- < n,.

By means of the multiple polylogarithm function, the degenerate multi-poly-Bernoulli polynomials are
introduced (cf. [4, 10, 19]) as follows

(oa koo o) N8 Tk gy, (L —€77)
Koy ik I sR2, t). 4.1
Zﬁ )TL' (e)\(t)—l)r 6)\() ( )
Then, several properties for those polynomials are investigated.

A slightly different version of the polylogarithm function, the polyexponential function Eij(x) are defined
as an inverse to polylogarithm function as follows (cf. [13])

n

n=1
For k =1 in (2.4), it yields Ei;(z) = e* — 1.
The modified degenerate polyexponential function Eij A(:c) are defined by (cf. [14])

Eip (2 :Z n_llnk a.

It is note that for k = 1, Ei; x(z) = ex(z) — L.
Let k1, ko, , k. € Z. The degenerate multi-polyexponential function is given by, (cf. [20])

Ei (z) = > (D (Dn, a2
K1k, kX (ng — 1)l (n, — Dkt .opke”
0<ni<ng<--<nn " 1 "

where the sum is over all integers ni, no, - - -, n, satisfying 0 < ny < ng < --- < n,. By means of this function,
Kim et al. [20] defined and investigated the degenerate multl—poly-Genocchl polynomials g(kl’kQ’ hr) (z) given
by the following generating function to be

o0

" IEi 1 1+¢
G o) () 22 Tk, ,kT,A(OgTA( + ))ei(t).
n! (ex(t)+1)

n=0
Motivated and inspired by the definitions of the degenerate multi-poly-Bernoulli polynomials and the
degenerate multi-poly-Genocchi polynomials introduced by Kim et al. [20], in this paper, we have introduced
new generating function for the degenerate multi-poly-Euler polynomials, called the type 2 degenerate multi-
poly-Euler polynomials, by means of the degenerate multi-polyexponential function as follows:

t" Ei 1 14+ 2¢
Z @ k17k52 ) - = k1 ks, . Jor, A ( Og)\(r + ))eg)c\(t)
n! tr(ex(t) + 1)

Then, we have derived some useful relations and properties. In a special case, we have investigated a
correlation including the type 2 degenerate multi-poly-Euler polynomials and numbers, and degenerate
Whitney numbers. We have also analyzed several special circumstances of the results derived in this paper.
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In the future plans, we will continue to study degenerate versions of certain special polynomials and
numbers and their applications to probability, physics, and engineering in addition to mathematics.
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