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Abstract

The main aim of this paper is to investigate multifarious properties and relations for the
gamma distribution. The approach to reach this purpose will be introducing a special
polynomial including gamma distribution. Several formulas covering addition formula, de-
rivative property, integral representation and explicit formula are derived by means of the
series manipulation method. Furthermore, two correlations including Bernoulli and Euler
polynomials for gamma distribution polynomials are provided by utilizing of their generating
functions.
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1. INTRODUCTION

The gamma distribution is frequently used to model waiting times. For instance, in life testing, the
waiting time until death is a random variable that is frequently modeled with a gamma distribution. Also,
the importance of the gamma distribution is mainly due to its connections to the normal and exponential
distributions (see [2-5,7,8]). In the literature, Kang et al. [4] considered special polynomials involving expo-
nential distribution, which is related to life testing and then they derived diverse formulas and identities such
as the symmetric property, recurrence formula and summation formula. Jambunathan [3] provided certain
significant properties of the gamma distribution in order to show certain useful applications to sampling
problems. Khodabin et al. [5] introduced the generalized gamma distribution that is a flexible distribution
in statistical literature, which covers exponential, gamma, and Weibull distributions and also gave several
important properties for this distribution. Mead et al. [7] defined modified generalized gamma distribu-
tion so as to investigate greater flexibility in modeling data from a practical viewpoint and they derived
multifarious identities and properties of this distribution, including explicit expressions for the moments,
quantiles, mode, moment generating function, mean deviation, mean residual lifetime and expression of the
entropies. Rahman et al. [8] considered k-gamma and k-beta distributions and moments generating function
for the mentioned distributions in terms of a new parameter k£ > 0 and developed a lot of properties of these
distributions.

Before going to handle the gamma distribution, we need to mention the gamma function.

The gamma function, which is firstly considered by Leonard Euler, is an extension of the factorial function
to real (and complex) numbers. This function denoted by I' (r) is defined by the following improper integral
for r > 0:

I'(r)= /000 2 e " da, (1.1)
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which holds the following properties (¢f. [2,3,5,7,8] and also see the references cited therein)

e r
/ o lem Wiy = L) for w >0, (1.2)
0 w”
'(r+1) = rI'(r), (1.3)
'n+1) = n! for n=1,2,3,.... (1.4)
Dividing both sides of (1.1) by I' (r), it becomes
<1 < W
1 :/ " le %dx :/ trlemwtdt, 1.5
o T0) o T o)

where there is a change of variable x = wt. Thus, the probability density function of a gamma distribution
(or called two-parameter family of continuous probability distributions) with parameters r > 0 and w > 0,
denoted by f (¢t : w,r), is defined as follows

w _gr—le=wif ¢> ()
tiw,r) =<0 ’
fltzwm) { 0 if t<o0,

where X is a continuous random variable (see [2,3,5,7,8]).
Some properties of the gamma distribution are stated below.

(1.6)

Proposition 1. Let w > 0 and r > 0. The gamma distribution possess the following properties (cf.

[2,3,5,7,8)):
() (Mean) E(X) = =
(i) (Varience) V (X) = =
(i5i) (Mode) M (X) = T;l forr>1
(iv) (Moments) E(X") = gforn:LQ,...,

The following sections are planned as follows: the second section includes a definition of a special poly-
nomial including gamma distribution which we call gamma distribution polynomials and provides various
formulas and identities including addition formula, derivative property, integral representation and explicit
formula. The third section gives two relationships covering the Bernoulli and Euler polynomials for gamma
distribution polynomials by using their generating functions. The last section of this paper examines the
results attained in this paper.

2. THE GAMMA DISTRIBUTION POLYNOMIALS

In this part, we define a special polynomials for gamma distribution polynomials which we call gamma
distribution polynomials. We then investigate and research several relations and identities for these polyno-
mials.

Kang and Lee [4] defined a special polynomials & (z : w) including exponential distribution given by the
following generating function

i ¢(z:w) " = ete, (2.1)
— n!  ewt

and investigated diverse properties covering recurrence formula, symmetric properties and summation for-
mula. When z =0 in (2.1), we get

> t" w

n=0
which is the probability density function of exponential distribution (¢f. [2,4]) in conjunction with the

parameter w > 0.
Motivated by above, we now give our main definition.
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Definition 1. Let w > 0 and r > 0. We introduce special polynomial &, (x : w,r) covering gamma distrib-
ution by the following exponential generating function:

e tn W' trL in
Z@n(azzw,r)azr(r) oot € (2.3)

which we call the gamma distribution polynomials.

Upon setting « = 0 in Definition 1, we obtain the following Taylor series expansion about ¢ = 0:

rtrl

Z@ w,T) Fir)ﬁff(t:w,r), (2.4)

where &, (0: w,7) := &, (w, r) that we call the gamma distribution numbers.
If we choose w = % and r = ¥, we then get a new special polynomial for the y2-distribution (or chi-squared

2 2
distribution) (¢f. [2]), which we call y?-distribution polynomials as follows:
Z By (r:v)— = 72%6””. (2.5)
n! I (%) ez

Taking x = 0, the y2-distribution polynomials &, (x : v) reduce to the corresponding numbers &, (0 : v) :=
£, (v), which is also new, given by

s3] m 9-% 31
Y R (0) = (2.6)
=0 n. F (5) ez

which is the probability density function of chi-squared distribution with the parameter v > 0, (¢f. [2]).

Remark 1. Substituting r = 1 in (2.3), the gamma distribution polynomials reduce to the exponential
distribution polynomials € (z : w) in (2.1), cf. [2,4].

We now investigate some properties of the gamma distribution polynomials &,, (z : w, ) and the gamma
distribution numbers &,, (w,r). We firstly give the following relation.

Theorem 1. The following correlation

B, (z:w,r) i( )xkﬁn_k(w,r) (2.7)

k=0
holds true for w >0 and r > 0.

Proof. By Definition 1, using the Cauchy product rule for the power series, we readily see that

& tn w1 i
Z@n(flﬁ:w77")a = mge
S IATUED o
n=0
S <k>x B lw,)
n=0 k=0
which provides the asserted result (2.7). O
We state the following theorem.
Theorem 2. (Derivative Property) The following formula
d
@Gjn (z:w,r) =n&,_1 (w,7) (2.8)

is valid for w > 0 and r > 0.


https://doi.org/10.20944/preprints201908.0212.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 August 2019 d0i:10.20944/preprints201908.0212.v1

4 Ugur Duran and Mehmet Acikgoz

Proof. By Definition 1, we acquire

— d . o d [ wn T
2 O @iy = dx(r(r)ewte )
oWttt d o,
-t ()
B w” t'r'fl i
o T(r) e+t
s tn+1
= 2671 (w,r) 1
n=0
which means the desired result (2.8). O

We give the addition formula for the gamma distribution polynomials.

Theorem 3. (Addition Formula) The following equality

n

Bty =3 () e swn) (2.9)

k=0
holds true for w > 0, r > 0 and x,y being real numbers.

Proof. By Definition 1, using the Cauchy product rule for the power series, we readily see that

iﬁ (z+y:w 7‘)ﬁ S Eet(”w
o " 7l I(r) ewt
_ w” tr—l tmeyt
L(r) et
> n X n
= Z@n (x:w,r) ' Zy";
n=0 n=0
(oo} n n n
= LY ({)pensteany
n=0k=0
which implies the claimed result (2.9). O

We now give the following theorem.
Theorem 4. (Integral Representation) The following integral formula

Gz +&:w,r) =G (z+p:w,r)

— (2.10)

3
/ G, (z+y:wr)dy =
m

holds true for w >0 and r > 0.

Proof. In view of derivative property (2.8), using the Fundamental Theorem of Calculus, we easily get

¢ ¢ d G (x+y:w,r)
/#QSH(JJ—I—y.w,r)dy = /ﬂ<dy 1 )dy

3

G (z+y:w,r)
n+1 u
Gz +&:w,r) =G (z+p:w,r)
n—+1
which gives the asserted result (2.10). O
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Some special cases of the integral representation are stated below.
Corollary 1. For w > 0 and r > 0, we have

Gpr1(z+1l:w,r)— Gy (z:w,r)
n+1

)

1
/ &, (x+y:w,r)dy
0

G (L:w,r) —Bhp (w,r)

1
an LW, d = )
/0 (y:w,r)dy i1

€ ¢ : — ¢, :
/en(:c—ky:w)dy = nt1 (€ +¢ w7)1-|-1 1 (z+p w),
N

We state the following theorem.

Theorem 5. The following relations

G, (z:wr)=(-1)""6,(—z: —w,r) (2.11)
and
&, (z:w,r)=2"6, (:z: - g : g,r) (2.12)
hold true for x being a real number, w > 0 and r > 0.
Proof. Via Definition 1, we obtain
e tn W' 757"—1
Z G, (r:wr)— = ———0e
| t
= n! L' (r) e
r r—1
(w0 (=) (D))
F(T) e(—w)(—1t)
00 . m
= - Z (-1)" 6, (—z:—w,r)—
n=0
and
& n T r—1
w'ot w
6, (r:wr)— = etla=%)
nz:% ( ) n! I (r) o(5)t
(g)" ¢! .
= 97 2 t(sz)
L () (3):°
> W w t"
= vy e (r-5inr)y
which proves the asserted results (2.11) and (2.12). O
We give the following theorem.
Theorem 6. The following relation
n+r—1
n! n+r—1 _
" = O Z ( k >1" (1) Brpr1 e (@ w,r) W (2.13)

k=0

is valid for x being a real number, w > 0 and r > 0.
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Proof. In terms of the Definition 1, we derive

e = Z@n(x:w,r)ae t7t !
n=0
= t = n " r—1
= Z@n(m:wﬂ‘)n!z n't
n=0 n=0
x© n tn—r—i—l
= Z " T(r) G,k (z:w,r)w
k n!
n=0 k=0
which means the desired result (2.13). O

We here provide the following theorem.

Theorem 7. The following explicit formula for the gamma distribution polynomsials

n+r—1 w” -
n+r—1 & e f m=1-r
Gpir1-k (T w, — )" ={ T 2.14
kzzo ( k ) +r=1ok (72,7 (@ — ) {0 if n>1—r ( )

is valid for x being a real number, w > 0 and r being positive integer.

Proof. From the Definition 1, we attain

w" — c- . " t(w—x)1—r
m = Z@n(ﬂf.w,'r)ae t
n=0
oo tn s n thrlfr
= Z@n(x:w,T)HZ(w—x) o
n=0 n=0
© o n & tn—7'+1
= ZZ() (:w,r)(w—2a) .
n=0 k=0
which means the desired result (2.14). O
An immediate result of the Theorem 7 is given as follows.
Corollary 2. We have
n+r—1 w” .
n+r—1 k N Zf ’I’L:1—7“7
G —z)" =< Tm 2.15
2 ( k > w1k 7)) {o if n>1-r. (2.15)

k=0

The identities (2.14) and (2.15) provide us to compute the gamma distribution polynomials and numbers.
The first few polynomials and numbers are calculated as follows:

G (z:w,r) = &g (w,r) = (; ,

& (z:w,r) = G (w —z), | 6 (w,r)= "Ii(j)l,

Gy (z:w,r) = T) —2)°, | &y (w,r) = FT(:)Z, (2.16)
Gs(x:w,r) = F"J (w—2), | s (w,r) = Fr(i;

Gy (z:w,r) = £ ( —a)t, | By (w,r) = S,

Here, we provide a symmetric property for the gamma distribution polynomials.
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Theorem 8. The gamma distribution polynomials satisfy the following summation formula for x being a
real number, w > 0 and r > 0:
n—2k
(%) (2.17)

" /n a a b b b\ "2
= Z (k)Qﬁnk (mg .wg,r) (o) (ya .wam) (a) .

k=0

Proof. By means of the Definition 1, we consider

Thus, we get

S HC R R ON SCACIERION
) HCE DRGSO
and similarly
= B S e
- Bl () REe (i) 65
= Sy (e beg e (el ()0

which imply the claimed result (2.17). O
A specific case of the Theorem 8 is given below.
Corollary 3. We have
- 11
Z (n) (G <x : w,r) & (ya : wa,r) a2
k a a

k=0

n

= Z (n) &,k (za : wa,r) Gy <y1 : wl,r> akn,
k a a

k=0
Here is a summation formula for the polynomials &,, (z : w, ).

Theorem 9. The following summation formula

G, (z+y:wr) = f: Ek: (Z) (i) (1) &, (—w,r) abuynF (2.18)

k=0 u=0

holds true for x,y being real numbers, w,r being positive real numbers.
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Proof. From Definition 1, by using the Cauchy product for power series, we observe that

. (_t)n w” tril —t(x
Z®n (z+y:—w,r) o (*1)m T tHzty)
n=0
U —
T ortmert
00 n n n . o m o) ntn
= 2 (Z (u) o, @) )m ()" =
n=0 \u=0 " n=0 ’
oo n k
n k—u+1 — _ n—=k tm
= S () vt e ety
n=0 k=0 u=0
e t
= Z Z Z <k> < > >n+u+1 ®u (w,r) xk—uyn—kﬁ’
n=0 k=0 u=0 :
which means the desired result (2.18). O

Hence, the Theorem 3 and Theorem 9 yield to the following results given as Corollary 4, Corollary 5,
Corollary 6 and Corollary 7 .

Corollary 4. We have

> (Lyrtontazuan - ZZ (1) (0) e e tcwmat s (2.19)

k=0

Corollary 5. We have
) (—D)" &, (—w, )z (2.20)

Corollary 6. We have

S (oen-EEQ O e e

k=0 =0u=0

Corollary 7. We have
Z < )QSk x:w,T) Z ( > D" 6y (—w,r). (2.22)

3. CORRELATIONS WITH THE BERNOULLI AND EULER POLYNOMIALS

In this section, two correlations including Bernoulli and Euler polynomials for gamma distribution poly-
nomials are provided by means of their generating functions.
The classical Bernoulli and Euler polynomials are defined by means of the following generating functions

= tm t
”E:O B, (x) o 16 (Jt] < 2m) (3.1)
and
EOO E, (z) ﬁ = Le” (Jt| < o). (3.2)
= n! el +1

See [1, 6] for details about the aforesaid polynomials. The Bernoulli numbers B,, and Euler numbers E,, are
obtained by the special cases of the corresponding polynomials at = 0, namely

B, (0) := B, and E,, (0) := E,,. (3.3)
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The Bernoulli polynomials and Euler polynomials are the most famous and important special polynomials
in the theory of umbral calculus and they appear everywhere in mathematics, mostly in analytic number
theory, elementary number theory, numerical analysis, ¢f. [1,6] and also see each of the earlier related ref-
erences cited therein. Cheon [1] acquired a simple correlation for the Bernoulli polynomials and the Euler
polynomials by utilizing their exponential generating functions. Kim et al. [6] studied some special polyno-
mials connected to Euler and Bernoulli polynomials and provide several correlations for these polynomials.
Then, they presented zeros of these polynomials by using the computer.

Now, we state the following theorem.

Theorem 10. The following relation
n+1 k
1 n+1 k
&, (z:w,r) = T ,;) ( i ) <UZ_O (u) &, (w,r) — B (wﬂ“)) Bhii-k (2) (3.4)
is valid for x being a real number and w,r being positive real numbers.

Proof. By Definition 1 and equality (3.1), we see that

= t" WwhtrTtet -1t
;671(:6'(#’7”)&  T(r) et ¢t e —1°
_ i@n(w e iﬁ 1 iBn(x) !
n=0 , n! n=0 n! n=0 nl
0 n n n tn—1
= Z (Z (u) Gy (w,r) — 6, (w,r)) — n(T) —
n=0 \u=0 n=0
0o n n k k tnfl
=y (k> <Z <u) &, (w,7) — &y (w,r)> By () —
n=0 k=0 u=0
which provides the asserted result (3.4). O

The immediate result of the Theorem 10 is given as Corollary 8.
Corollary 8. We have
n+1 k
&, (w,r) = %H kZ:O (n;: 1) <u¥0 (i) By (w,r) — By (w,r)) Bpnii_k.
Now, we state the following correlation with the Euler polynomials.
Theorem 11. The following relation
" /n "k
&, (z:w,r) = kZ:O (k) (Z (u) &, (w,r) + B (UJJ’)) En_i(z) (3.5)

u=0

holds true for w,r being positive real numbers and x being a real number.
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Proof. From Definition 1 and equality (3.2), we derive

o] tn w” tr—l et +1 2 e
nzzoﬁn(xuhr)ﬁ - I‘l(,r.) ewt 2 et+1€
= 2) Gu(wr) | D 1] D Enlr)
n=0 n=0 n=0
- " /n tn X =1
- ,;) (;} <U)®u (w,7) + &, (w,7) HHZ:%E” (z) —
= n k k tn
n=0 k=0 u=0
which means the desired result (3.5). .

The immediate consuquence of the Theorem 11 is stated in Corollary 9 as follows.

Corollary 9. We have

B (w,7) = zn: <Z> zk: (5) G (w,7) + B (,7) ) En_ s

k=0 u=0
4. CONCLUSION

In this paper, we have firstly aimed to investigate some properties and relations for the gamma distribution
and introduced a special polynomial including the gamma distribution. We then have derived various formu-
las and equalities such as explicit formula, derivative property, addition formula and integral representation
via the series manipulation method. Moreover, we have proved two relations for the mentioned polynomials
related to the classical Bernoulli and usual Euler polynomials by using their generating functions.
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