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Abstract

This paper develops the linear-algebraic foundations of the Convex Least Squares Programming
(CLSP) estimator and constructs its modular two-step convex optimization framework, capable of
addressing ill-posed and underdetermined problems. After reformulating a problem in its canonical
form, A")z(") = b, Step 1 yields an iterated (if r > 1) minimum-norm least-squares estimate z(") =
(A(Zr ) )™b on a constrained subspace defined by a symmetric idempotent Z (reducing to the Moore-
Penrose pseudoinverse when Z = I). The optional Step 2 corrects Z(") by solving a convex program,
which penalizes deviations using a Lasso/Ridge/Elastic net-based scheme parameterized by « € [0,1]
and yields z*. The second step guarantees a unique solution for « € (0,1] and coincides with the
Minimum-Norm BLUE (MNBLUE) when « = 1. This paper also proposes an analysis of numerical
stability and CLSP-specific goodness-of-fit statistics, such as partial R?, normalized RMSE (NRMSE),
Monte Carlo t-tests for the mean of NRMSE, and condition-number-based confidence bands. The
three special CLSP problem cases are then tested in a 50,000-iteration Monte Carlo experiment and on
simulated numerical examples. The estimator has a wide range of applications, including interpolating
input-output tables and structural matrices.
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1. Introduction

As existing literature on optimization — for example, Nocedal and Wright [1], pp. 1-9 and
Boyd and Vandenberghe [2], pp. 1-2 — points out, constrained optimization plays an important
role not only in natural sciences, where it was first developed by Euler, Fermat, Lagrange, Laplace,
Gauss, Cauchy, Weierstrass, and others, but also in economics and its numerous applications, such
as econometrics and operations research, including managerial planning at different levels, logistics
optimization, and resource allocation. The history of modern constrained optimization began in
the late 1940s to 1950s, when economics, already heavily reliant on calculus since the marginalist
revolution of 1871-1874 [3], pp. 43-168, and the emerging discipline of econometrics, standing on
the shoulders of model fitting [4] (pp. 438—457), internalized a new array of quantitative methods
referred to as programming after the U.S. Army’s logistic jargon. Programming — including classical,
linear, quadratic, and dynamic variants — originated with Kantorovich in economic planning in the
USSR and was independently discovered and developed into a mathematical discipline by Dantzig
in the United States (who introduced the bulk of terminology and the simplex algorithm) [5] [6],
pp. 1-51. Since the pivotal proceedings published by Koopmans [7], programming became an integral
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part of mathematical economics [8-10], in both microeconomic analysis (an overview is provided in
Intriligator and Arrow [11], pp. 76-91) and macroeconomic modeling, such as Leontief’s input-output
framework outlined in Koopmans [7], pp. 132-173 and, in an extended form, in Dorfman et al. [12],
pp. 204-264.

Calculus, model fitting, and programming are, however, subject to strong assumptions, in-
cluding function smoothness, full matrix ranks, well-posedness, well-conditionedness, feasibility,
non-degeneracy, and non-cycling (in the case of the simplex algorithm), as summarized by Nocedal
and Wright [1], pp. 304-354, 381-382 and Intriligator and Arrow [11], pp. 15-76. These limitations have
been partially circumvented by developing more strategy-based than analysis-based, computationally
intensive constraint programming algorithms; consult Frithwirth and Abdennadher [13] and Rossi
et al. [14] for an overview. Still, specific cases of constrained optimization problems in econometric
applications, such as incorporating the textbook two-quarter business-cycle criterion into a general
linear model [15] or solving underdetermined linear programs to estimate an investment matrix [16],
remain unresolved within the existing methodologies and algorithmic frameworks. In response, this
text develops a modular two-step convex programming methodology to formalize such problems as
a linear system of the form Az = b, including linear(ized) constraints Cx 4+ Sy* = by, with k < m,
where A € R™*" is a partitioned matrix, C € Rk¥P and S € RF*(=P) are its submatrices, b € R is a
known vector, and z € R" is the vector of unknowns, which includes both the target solution subvector
x € R? and an auxiliary slack-surplus subvector y* € R"~7, introduced to accommodate inequalities
in constraints. The focus is on its linear algebra foundations with corresponding theorems and lemmas,
followed by a discussion of numerical stability, goodness of fit, and potential applications.

The text is organized as follows. Section 2 summarizes the historical development and recent
advances in convex optimization, motivating the formulation of a new methodology. Section 3 presents
the formalization of the estimator, while Section 4 develops a sensitivity analysis for C. Section 5
introduces goodness-of-fit statistics, including the normalized root mean square error (NRMSE) and its
sample-mean test. Section 6 presents special cases, and Section 7 reports the results of a Monte Carlo
experiment and solves simulated problems via CLSP-based Python 3 modules. Section 8 concludes
with a general discussion. Throughout, the following notation is used: bold uppercase letters (e.g.,
A, B, C, G, M, S) denote matrices; bold lowercase letters (e.g., b, x, y, z) denote column vectors; italic
letters (e.g., i, ], k, m,n, p, A, w) denote scalars; the transpose of a matrix is denoted by the superscript
T (e.g., X"); the inverse by —1 (e.g., Q~1); generalized inverses are indexed using curly braces (e.g.,
G2 ); the Moore-Penrose pseudoinverse is denoted by dagger (e.g., A"); £y norms, where 1 < p < oo,
are denoted by double bars (e.g., || - ||2); and condition numbers by x(-). All functions, scalars, vectors,
and matrices are defined over the real numbers (R).

2. Historical and Conceptual Background of the CLSP Framework

Convex optimization — formally, x* = arg minycg» f(x), subject to convex inequality constraints
gi(x) < 0 and affine equality constraints ;(x) = 0 [2], pp. 7, 127-129, encompassing, among others,
least squares, linear programming, and quadratic programming — has its roots in differential calculus,
a concept developed independently by Newton — who was influenced by Wallis and Barrow — in
1665-1666 (published posthumously in 1736), and by Leibniz, who drew among others on Pascal, in
1673-1675 (published in 1684 and 1686) [17], and, in its constrained form, by Lagrange in the 1760s.
Calculus-based optimization dominated analytical methods in mathematics and physics until the 19th
century, during which period it was superseded in specific applications by model-fitting techniques,
driven by empirical inconsistencies in classical mechanics, particularly in celestial motion [18], pp. 11-
61. Subsequent contributions by Euler, Laplace, Cauchy, and Weierstrass helped shape the modern
algorithmic treatment of calculus-based optimization, as presented in, for example, Nocedal and
Wright [1], pp. 10-29 and, for economic applications, in Intriligator and Arrow [11], pp. 53-72 and Ok
[19], pp. 670-745. In (micro)economic theory, Lagrangian optimization was introduced by Edgeworth,
who applied it in 1877 to utility maximization, in 1879 to utilitarian welfare distribution, and in 1881
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to general equilibrium via the contract curve [20]. Since the 19th century, optimizing differentiable
scalar-valued functions has become the foundation for the fitting techniques in mathematical statistics
[4], pp. 494-510.

Stigler [18], pp. 11-61 traced the pre-19th century history leading to the invention of the least
squares method (named after the original French term la méthode des moindres carrés, henceforth abbrevi-
ated as LS) by Legendre in 1805, Adrain in 1808-1809, and independently by Gauss in 1809 (although
the latter claimed to have been using the method since 1795; a rigorous discussion of the priority
dispute between Gauss and Legendre, a well-known case study in the history of scientific priority, is
provided in Plackett [21] and Stigler [22] [23], pp. 320-331). The method’s formalism evolved from
Gauss’s, Yule’s, and Laplace’s pre-matrix notations to Pearson’s, Fisher’s, Frisch’s, Aitken’s (who
is believed to anticipate the Gauss-Markov theorem [24]), and Bartlett’s use of Cayley’s 1850s and
subsequent methodologies, with the modern y = Xb notation, where X is a matrix and y, b are vectors,
introduced around 1950 and already in use by Durbin and Watson, among others [25]. LS became an
essential tool at the dawn of modern econometrics and its application in linear regression (ordinary
least squares, OLS) intensified with the creation of the Cowles Commission in the 1930s-1940s U.S. and
the works of Fisher, Koopmans, Haavelmo, Stone, Prest, and others [26], pp. 117-145, [27], pp. 7-12.
Contrary to the stricter assumptions of pure calculus-based optimization, LS (a) enabled modeling
over discrete or irregular data, and (b) incorporated residuals, moving beyond exact curve fitting,
while still ensuring minimum variance among unbiased linear estimators under the Gauss—-Markov
theorem.

Early efforts to estimate the normal equations X'y = X" Xb, where X' X is the sum-of-squares
and cross-products matrix, spurred the development of generalized inverses, numerically stable matrix
decompositions, and regularization techniques to tackle rank-deficient and ill-posed problems; consult
Gentle [4], pp. 126-154, 217-301 for a comprehensive modern overview. Their interconnection —
namely, for the Moore-Penrose pseudoinverse At, which has been computed predominantly through
singular value decomposition (SVD) since the 1960s, as introduced by Golub and Kahan [28] (a
numerical algorithm for the weighted pseudoinverse was provided in the 1980s by Eldén [29]) and
was demonstrated, among others, in the 1970s by Ward [30], p. 34 and, more profoundly, in the
2010s by Barata and Hussein [31], pp. 152-154 to be the limit of a Tikhonov regularization formula
A" = lim, o(ATA+ yl)_lAT, where I € R"*" is an identity matrix for A € R"*" and u is a
parameter (for a detailed presentation of the regularization in its original notation, consult Tikhonov
et al. [32], pp. 10-67) — has become a standard perspective in modern numerical analysis and forms
the foundation of the CLSP framework, the first step of which is Z = Gb, where G is either At e Rrnxm
or a constrained reflexive inverse G{12} ¢ R"*",

As documented in the seminal works of Rao and Mitra [33], pp. vii-viii and Ben-Israel and
Greville [34], pp. 4-5, 370-374, the first pseudoinverses (original term, now typically reserved for
AY) or generalized inverses (current general term) emerged in the theory of integral operators —
introduced by Fredholm in 1903 and further developed by Hurwitz in 1912 — and, implicitly, in the
theory of differential operators by Hilbert in 1904, whose work was subsequently extended by Myller
in 1906, Westfall in 1909, Bounitzky in 1909, Elliott in 1928, and Reid in 1931. The cited authors attribute
their first application to matrices to Moore in 1920 under the term general reciprocals [35] (though some
sources suggest he may have formulated the idea as early as 1906), with independent formulations
by Siegel in 1937 and Rao in 1955, and generalizations to singular operators by Tseng in 1933, 1949,
and 1956, Murray and von Neumann in 1936, and Atkinson in 1952-1953. A theoretical consolidation
occurred with Bjerhammar’s [36] rediscovery of Moore’s formulation, followed by Penrose’s [37,38]
introduction of four conditions defining the unique least-squares minimum-norm generalized inverse
G = A", which, for G € R, can be expressed in the following way:

(i) AGA = A (ii) GAG = G (iii) (AG)" = AG (iv) (GA)' =GA (1)
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In econometrics, it led to conditionally unbiased (minimum bias) estimators [39] and a redefinition of
the Gauss-Markov theorem [40] in the 1960s, superseding earlier efforts [41].

Further contributions to the theory, calculation, and diverse applications of G were made in
the 1950s—early 1970s by Rao and Mitra [33,42] (a synthesis of the authors’ previous works from
1955-1969), Golub and Kahan [28], Ben-Israel and Greville [34], Greville [43,44,45,46], Cline [47], Cline
and Greville [48], Ben-Israel and Cohen [49], and Lewis and Newman [50] (the most cited sources
on the topic in the Web of Science database, although the list is not exhaustive; consult Rao and
Mitra [33], pp. vii-viii for an extended one), which, among others, introduced the concept of a {-}-
generalized inverse G € Al}, where A} C R"*" is the space of the {-}-generalized inverses of
A € R™*" — hereafter, {i, j}-inverses for i > 1, {i, j, k}-inverses, Drazin inverses, and higher-order G
are disregarded because of their inapplicability to the CLSP framework — by satisfying a subset or all
of the (i)—(iv) conditions in Equation (1), as described in Table 1. Formally, for G e Al 1, e RX7,
I, € R™*™ and arbitrary matrices U,V € R"*" any {1}-inverse, including all {1, j}-inverses and At
can be expressed as G = G} + (I, — G A)U 4 V(I,, — AG}), out of which only G = At and a
constrained G = G{12} ¢ R"*" _ here, the Bott-Duffin inverse [51], expressed in modern notation as
Al = PL(PLAPY)TPR, where P5 € R™*™ and P§ € R"*" are orthogonal (perpendicular) projectors
onto the rows and columns defined by an orthonormal matrix S — can be uniquely defined (A{ under
certain conditions) and qualify as minimum-norm unbiased estimators in the sense of Chipman [39]
and Price [40].

Table 1. Selected types of generalized inverses G € ALY where Al C R™™ x € R", and b € R™.

Type of Inverse Terminology Properties

G € AL} iff AGA = A. Hence, Gb is a solution to
Ax =Dbforallb € R(A).

G € Al?iff AGA = A and GAG = G.

Each {1,2}-inverse defines a direct sum N (A) @
{1,2} Reflexive Inverse R(G) = R", R(A) @ N(G) = R™. For comple-

mentary subspaces (N, R), Gy r is unique, with

R(Gyr)=Rand N(Gyr) =N.

G ¢ AU13}iff AGA = A and (AG)" = AG. Hence,
{1,3} Least Squares Inverse Gb is the least-squares solution minimizing the

norm ||Ax — b||%

G c A4} iff AGA = Aand (GA) T = GA. Hence,

{1,4} Minimum Norm Inverse ~ Gb is the minimum-norm solution of Ax = b for
allb € R(A).

The unique G = At € A{1234} is the least-squares
minimum-norm solution.

{1} Equation Solving Inverse

{1,2,3,4} Moore-Penrose Inverse

Source: Adapted from Campbell and Meyer (2009, Table 6.1, p. 96) [52] (pp.- 91-119) as a summary of Rao and Mitra [33],
pp- 44-71, Rao and Mitra [42], Ben-Israel and Greville [34], pp. 40-51, and Wang et al. [53], pp. 10-19, 33-42.

Starting from the early 1960s, Cline [47], Rao and Mitra [33], pp. 64-71, Meyer [54], Ben-Israel
and Greville [34], pp. 175-200, Hartwig [55], Campbell and Meyer [52], pp. 53-61, Rao and Yanai
[56], Tian [57], Rakha [58], Wang et al. [53], pp. 193-210, and Baksalary and Trenkler [59], among
others, extended the formulas for A" to partitioned (block) matrices, including the general column-
wise, A; € R™"™M A, € R™"™, and ny + np = n — and, equivalently, row-wise, A; € R™*",
A; € R™*" my +my = m, — cases (employed in the numerical stability analysis of the CLSP
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estimator for Ceanon = [C S] in the decomposition A = BCcanon + R given A € R"*", Ceanon € Rkxn
and B = AC!, ., = A[C S]" e R™xk):

canon

A AJZ({Al AZ}T[Al AQD

where rank([A; Ap]) < rank(A;) + rank(A;), with equality iff R(A1) NR(A;) = {0}, and strict
inequality iff R(A1) NR(Az) # {0}. For the original definitions and formulations, consult Rao and
Mitra [33], pp. 64-66 and Ben-Israel and Greville [34], pp. 175-200.

To sum up, G (especially AT), SVD, and regularization techniques — namely, Lasso (based on the

+

+
Al A AIA2] lAj} )

.
Aq Az] =
[ AJA; AJAy| |A)

{1-norm), Tikhonov regularization (hereafter, referred to as Ridge regression, based on the ¢,-norm),
and Elastic Net (a convex combination of ¢; and ¢, norms) [4], pp. 477-479 — have become an integral
part of estimation (model-fitting), where A" can be defined as a minimum-norm best linear unbiased
estimator (MNBLUE), reducing to the classical BLUE in (over)determined cases. These methods have
been applied in (a) natural sciences since the 1940s [32] (pp. 68-156) [36,51] [60], pp. 85-172 [61-63],
and (b) econometrics since the 1960s [39,40] [64], pp. 36-157, 174-232 [65], pp. 61-106 [66], pp. 37-338
in both unconstrained and equality-constrained forms, thereby relaxing previous rank restrictions.
The incorporation of inequality constraints into optimization problems during the 1930s-1950s
(driven by the foundational contributions of Kantorovich [67], Koopmans [7], and Dantzig [6],
along with the later authors [5]) marked the next milestone in the development of convex opti-
mization under the emerging framework of programming, namely for linear cases (LP) — for-
mally, x* = argmaxycgn ¢' x subject to Ax < b, x > 0 (with the dual A* = argminycgn b'A
subject to ATA > c), where A € R™" b € R", and ¢ € R" — and convex quadratic ones
(QP) — formally, x* = argminxeRn{%xTQx—i— ch} subject to Ax < b (with the dual A* =
arg max,cgr {—%(ATA +0)TQ Y ATA +¢) - bT)\}), where Q € R™ " is symmetric positive def-
inite, c € R", A € R, and b € R"™ — [2] (pp. 146-213) (for a classification of programming,

consult Figure 1) [6] (pp. 1-31) [1], pp. 355-597, with Dantzig’s simplex and Karmarkar’s interior-point
algorithms being efficient solvers [68,69].

Discrete or Continuous
Multistage or Non-Multistage
(Dynamic or Non-Dynamic)

[

Probabilsi
I .
Linear Nonlinear [No Opponents} [Against Opponents}
LP QP

Known Unknown Two- Multi-

General | | Special | | Convex Non- Proba- Proba- Person | | Person
Struc- Struc- QP with | | Convex bility bility Games | | Games
tures tures psd. Q Distribu- Distribu-

tion tion

Figure 1. LP and QP in programming. Adapted from Dantzig (1990, Figure 1.4.1, p. 8) [6] (pp. 1-11).

In the late 1950s-1970s, the application of LP and QP extended to LS problems (which can
be referred to as a major generalization of mainstream convex optimization methods; consult Boyd and
Vandenberghe [2], pp. 291-349 for a comprehensive modern overview) with the pioneering works
of Wagner [70] and Sielken and Hartley [71], expanded by Kiountouzis [72] and Sposito [73], who
first substituted LS with LP-based (¢;-norm) least absolute (LAD) and ({s-norm) least maximum
(LDP) deviations and derived unbiased (£,-norm, 1 < p < co0) estimators with non-unique solutions;
whilst, in the early 1990s, Stone and Tovey [69] demonstrated algorithmic equivalence between LP

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.2192.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2025 d0i:10.20944/preprints202509.2192.v1

6 of 36

algorithms and iteratively reweighted LS. Judge and Takayama [74] and Mantel [75] reformulated
(multiple) LS with inequality constraints as QP, and Lawson and Hanson [64], pp. 144-147 introduced,
among others, the non-negative least squares (NNLS) method. These and further developments are
reflected in the second step of the CLSP framework, where Z = Gb is corrected under a regularization
scheme inspired by Lasso (« = 0), Ridge (@« = 1), and Elastic Net (0 < a < 1) regularization, where
2° = argminepi{ (1 - @)z~ 2, +aflz 2|} }, subject to Az = b.

The final frontier that motivates the formulation of a new framework is the class of ill-posed problems
in Hadamard'’s sense [4] (pp. 143, 241), i.e., systems with no (i) feasibility, x ¢ F := {x| Vi gi(x) <
0, hj(x) = 0}, (ii) uniqueness, Ix; # xp : Ax; = Axy, (iii) stability, Ve > 0, 36 > 0: ||b —bs|| < =
HAJfb — Afb; H > ¢, or formulation — as a well-posed LS, LP, or QP problem — of solution under
mainstream assumptions, where A € R™*" x € R", and b € R™, such as the ones described in Bolotov
[15,16]: namely, (a) underdetermined, rank(A) < min(m, n), and/or ill-conditioned linear systems,
k(A) = ||A|[2]|At|2 > 1, A € R™*", in cases of LS and LP, where solutions are either non-unique or
highly sensitive to perturbations [76,77]; and (b) degenerate, #{active constraints at x} > dim(x) = n,
with cycling behavior, cTx) = ¢ Tx(k) and x(k+1) # x®), x € R", in all LP and QP problems,
where efficient methods, such as the simplex algorithm, may fail to converge [78,79]. Such problems
have been addressed since the 1940s-1970s by (a) regularization (i.e., a method of perturbations) and
(b) problem-specific algorithms [2] (pp. 455-630). For LS cases, the list includes, among others, Lasso,
Ridge regularization, and Elastic Net [4] (pp. 477-479), constrained LS methods [80], restricted LS [81],
LP-based sparse recovery approaches [77], Grobner bases [82], as well as derivatives of eigenvectors
and Nelson-type, BD, QR- and SVD-based algorithms [83]. For LS and QP — among others, Wolfe’s
regularization-based technique for simplex [84] and its modifications [78,79], Dax’s LS-based steepest-
descent algorithm [85], a primal-dual NNLS-based algorithm (LSPD) [86], as well as modifications
of the ellipsoid algorithm [87]. A major early attempt to unify (NN)LS, LP, and QP within a single
framework to solve both well- and ill-posed convex optimization problems was undertaken by Ubi
[88,89,90,91,92], who proposed a series of problem-specific algorithms (VD, INE, QPLS, and LS1).
Figure 2 compares all the mentioned methods by functionality.

Problem Class/ LS, based LS, based LP/ Regular- Problem-
_ + t Qp "o o
Method onA~l onA'orAg ization specific
Well-posed
unconstrained Full-rank e e o . g
or equality- Overdetermined ) ) ° ° °
! . y Underdetermined ° ) ° )
constrained
Well-posed Full-rank [ ° °
with inequality ~ Overdetermined ) ) )
constraints Underdetermined ° ° pe
1ll-posed Full-rank ° °
unconstrained  Overdetermined ° °
or constrained  Underdetermined ° °

Figure 2. Applicability of selected types of convex optimization methods across problem classes.

Therefore, to accommodate all considered problem classes, a modular two-step CLSP consists of (first,
compulsory, step) minimum-norm LS estimation, based on A’ or Af, followed by a (second, optional,
step) regularization-based correction, contributing to the generalization of convex optimization
methods by eliminating the need for problem-specific algorithms.

3. Construction and Formalization of the CLSP Estimator

Based on the citation and reference counts, as well as in-group relevance (i.e., the number of
citations within the examined collection) of the selected sources (consult Figure 3), this text incorporates
the seminal studies on the topic, with the exception of historical seminar proceedings (e.g., Nashed)
and a few secondary contributions by Ben-Israel, Sergienko, and Grafarend (Lawson and Hanson,
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erroneously indicated as missing due to incomplete monograph indexing, are already included
in the bibliography as a 1995 reprint of the 1976 edition [64]). Hence, it can be claimed that the
CLSP framework is grounded in the general algorithmic logic of Wolfe [84] and Dax [85], as further
formalized by Osborne [78], who were among the first to introduce an additional estimation step into
simplex-based solvers.

Z. Litmaps

Boyd, 2010
\

wson, 1976

Pénruse, 1955
/J

Q

\ 7
/ \
Rossi, 2008 Campbell, 2009

Donohgi200g \ N
-~ N

Stiglg 1881

2208 .0
30,5,

MBltati; 2017 ‘
& oaz.Wsw
e, 2002 - 0
.* Bw‘e\ss A\ X
~Sog 00.
L) lair, 1986 Ubiv20\6\5

Pla%e tt§1950

WhikhonovA1990
[ &) i Jozs
gntorcvich, 2012

S

Pem‘"‘ose, 19/55
| /

Nashed, 1976

* /4

Ubi, 2013

Figure 3. Map of citation and reference counts for the above-cited sources, where hollow circles are suggested
items. Monographs not indexed in the database are denoted as (?). Adapted from Litmaps (Shared Citations &
References), available at https:/ /www.litmaps.com/ (accessed on June 30, 2025).

The proposed CLSP estimator is modular — i.e., it comprises selectively omittable and repeatable
actions for enhanced flexibility — and consists of two steps: (a) the first, grounded in the theory of
(constrained) pseudoinverses as summarized in Rao and Mitra [33], Ben-Israel and Greville [34],
Lawson and Hanson [64], and Wang et al. [53], is iterable to refine the solution and serves as a
mandatory baseline in cases where the second step becomes infeasible (due to mutually inconsistent
constraints) — as exemplified by Whiteside et al. [93] for regression-derived constraints and by Blair
[76,94] in systems with either too few or too many effective constraints; — and (b) the second, grounded
in the theory of regularization and convex programming as summarized in Tikhonov et al. [32], Gentle
[4], Nocedal and Wright [1], and Boyd and Vandenberghe [2], provides an optional correction of
the first step, drawing on the logic of Lasso, Ridge, and Elastic Net to address ill-posedness and
compensate for constraint violations or residual approximation errors resulting from the first-step
minimum-norm LS estimate. This structure ensures that CLSP is able to yield a unique solution under a
strictly convex second-step correction and extends the classical LS framework in both scope and precision.
The modular algorithmic flow is illustrated in Figure 4.
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Transform to the canonical form:
Az —p

T

Step 1: Estimate Z(")
using (A()t or (A(Zr))1L
J

Refine
solution?

Perform
correction?

Iterate Step 1

Ll

&

& | No

;‘;—3 Step 2: Regularize z(r) Step 2 fails =
% reflecting Lasso, Ridge, Elastic Net <T|‘
£ 1 5

(N
s Return the final solution: : g
Z*

Figure 4. Algorithmic flow of the CLSP Estimator. Decision nodes (diamonds) indicate modularity.

The first process block in the CLSP algorithmic flow denotes the transformation of the initial
problem —X;, = Proij{QX[ﬁ'\L/f] € RV : Vy<ics gi(xpm, X1) z Yi, Vi hi(xm, xe) = nj}, where Proj, is
the projection onto the x,s coordinates, x); € R?~! is the vector of model (target) variables to be
estimated (X%;), x. € R/, I > 0, is a vector of latent variables that appear only in the constraint
functions g;(-) and #;(-), such that Qx[¥}] = x € R?, Qx is the permutation matrix, and g;(-) E Vi
and h;(-) = 7; are the linear(ized) inequality and equality constraints, V; ;77;,17; € b — to the canonical
form Az = b (a term first introduced in LP [6] (pp. 75-81)), where (a) Al ¢ RM*1 g the
block design matrix consisting of a V;g;(-)-and-V;h;(-) constraints matrix C € RKXP, a model matrix

R*("=P) and either a zero matrix 0 (if r = 1) or a reverse-sign — i.e., based on — sign(-) — slack matrix
Sresidual = {0 diag(f Sign((b — A(’_l)i(r_l))kﬂ:m))} € Rm=K)x(n=p) (provided r > 1):

C S
A — 0, initial iteration, r=1 (©)
M

Sresidual, SUbsequent iterations, r > 1

and (b) z(") = {(y"((,?)*} € R" is the full vector of unknowns, comprising (model) x") € R and (slack)

* (r)
(y(')> = [ & } e R"7P, ylm > 0and y](r) = 0 — an equivalent problem [2] (pp. 130-132), where

Yresidual
gi()* = gi(-)+ Siiyl@ = 0 and k()" = hj(-). The constraint functions g;(-)* and k;(-)* must be
linear(ized), so that C,S C AN = cx() +§ (y(’)) f o by, k < m.
In practical implementations, for problems with (m > mg) V (n > ng), where E is an estimability
limit, the partitioning A = {A;?bs et ip, ].E}, Msubset = Mreduced — 1, Msubset = Mreduced — 1, IE €

{1,...,[ m —‘},andjge{l,...,[ 1 W},canbeused,leadingtoatotalof([ 1 W{ 1L —D

Mgubset Msubset Mgubset Msubset
r r r) . .
Af‘elluced € RPMreduced*Mreduced, composed of Agu)bset and Z:az(,j)' I & Tsupset C {L,-..,m}, j & Tsubset C
{1,...,n}, with a total of ([m " tD b, € RMeduced:
(r) , (r)
(‘r‘) — QI AZsubset/\7subset Z] ¢tysubse'c uirj QJ b — QI bIsubset ( 4)
reduced A () (r) A’ L. b ) b
Ziéz—subset ai,j Ziéz—subset Z:j¢~-7subset ai,j lgIsubset 1
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Y af? are then treated as slack rows/columns, i.e., incorporated into S, to act as balancing adjustments
since the reduced model, by construction, tends to inflate the estimates @; e
The second process block, i.e., the first step of the CLSP estimator, denotes obtaining an (iterated

if r > 1) estimate z") = G)b (alternatively, ([ms‘t”bset—‘ . [ﬁ—‘) -times Zf‘ellu ed = szzlu ceq Pr. With
21(;)15 = {iféziéiiﬁ) Mg 1 nsubset}) through the (constrained) Bott-Duffin inverse G(") = (A(Zr ))Jr €

R™™ [51] [53](pp. 49-64), defined on a subspace specified by a symmetric idempotent matrix Z € R"*"
(regulating solution-space exclusion through binary entries 0/1, such that P; = Z restricts the domain
of estimated variables to the selected subspace, while P§ = I, leaves the data vector, i.e., the input
b, unprojected). G = (A(Zr ) )t reduces to the Moore-Penrose pseudoinverse G") = (A ¢ Rxm
when Z = I,,, and equals the standard inverse G(") = (A("))~1iff Z = I, Arank(A")) = m = n:

1—
20 = (Al = [(Z(A(r))TA(r)Z) Z(A)T ]b 72=7-=27" 5)
The number of 1terat10ns (r) increases untll a termination condition is met, such as error

1 Nz
Gl - 220, - 5]
cal implementations, Z(") is efficiently computed using the SVD (see Appendix A.1).

‘ (b — A=zl H ‘ < €0r I > Iimit, whichever occurs first. In practi-

The third process block, i.e., the second step of the CLSP estimator, denotes obtaining a regularized
solution z* (alternatively, ( { m W : { 1 W ) -times 2} 4, .oq With 2} . = {2* (ie.fe) })

Msyubset Nsubset reduced, 1:mgypget, 1:Msupset

— unless the algorithmic flow terminates after Step 1, in which case z* = z(") — by penalizing

deviations from the (iterated if r > 1) estimate z(") reflecting Lasso (¢ = 0 & Z* = zZ) + 4,
where @ = argminy |luf;, st APz +u) = b), Ridge (¢« = 1 & z* = 20 + (AM)tA)g,
where (AM)TA() = Pr(aT), a projector equal to I iff A" is of full column rank, and @ =

argming |[ull3, s.t. AC)(Z") +u) = b), and Elastic Net (0 < a < 1 & 2* = 20) + (1 —a)d +
a(A)FAM)G, where @ = argming { (1 — &) |[ul; + a|lul3}, s.t. AT)(EZ) +u) = b) [4] (pp. 477-479),
2] (pp. 306-310):

% _ . 1_ H ()
z arg;r&%nn{( a)||z—z .

o

2
2}, xel0,1, stAPz=p (6)

where the parameter « may be selected arbitrarily or determined from the input b using an appro-
priate criterion, such as minimizing prediction error via cross-validation, satisfying model-selection
heuristics (e.g., AIC or BIC), or optimizing residual metrics under known structural constraints. Al-
ternatively, « may be fixed at benchmark values, e.g., « € {0, 1, 1}, or based on an error rule, e.g.,

| Jalle A0
K = mln<<1|’(bA(’)i<*\)|F|> +(1||(2b>a=A(17)2*)
m 2) p=0 Vm 2

by solving a convex programming problem, which, in practical implementations, Z* is efficiently

) — 1) , e — 01. The final value Z* is obtained
€
a=1

computed with the help of numerical solvers.

This formalization of the process blocks ensures that the CLSP estimator yields a unique final
solution z* under regularization weight « € (0, 1] owing to the strict convexity of the objective
function (consult Theorem 1 for a proof). For « = 0, the solution remains convex but may not be
unique unless additional structural assumptions are imposed. In the specific case of & = 1, the
estimator reduces to the Minimum-Norm Best Linear Unbiased Estimator (MNBLUE), or, alternatively,

to a block-wise Mgypset X Msubset-MNBLUE across G I —‘ . { 1 D reduced problems (for a proof,

Msubset Nsubset

consult Theorem 2 and its corollaries).

Theorem 1. Let ") = (A(Zr ))+b be the r-iterated estimate obtained in the first step of the CLSP algo-
rithm, and let Z* be the second-step correction obtained through convex programming by solving Z* =

2
argminzeRn{(l - a)Hz —z(") ) Hz — 3z 2}, w e (0,1, st Az = b (ie., the reqularization

parameter excludes a pure Lasso-type correction), then the final solution Z* is unique.
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Proof. Let z(") = (A(Zr ))+b denote the linear estimator obtained via the Bott-Duffin inverse, de-
fined on a subspace determined by a symmetric idempotent matrix Z, and producing a condition-

ally unbiased estimate over that subspace. The Bott-Duffin inverse (A(Zr ))+ is given by (A(Zr ))Jr =

(Z(A(’) )TA(r)Z) +Z(A(’) )T, and the estimate z(") is unique if rank(A()Z) = dim(R(Z)). In this case,
Z(") is the unique minimum-norm solution in R(Z). In all other cases, the solution set is affine and
given by z(") = (A(Zr ))er + [ker(A(’)Z) N ’R(Z)} , where the null-space component represents degrees
of freedom not fixed by the constraint A(")Z, hence z(") is not unique. At the same time, the second-step

2
z—2" ) over the affine

+o¢Hzf”i(’)
1

estimate Z* is obtained by minimizing the function (1 — «) ‘

(hence convex and closed) constraint set () = {z c R” ‘ Az = b}. Under « € (0, 1], the quadratic

2

term uc”z —z) ) contributes a positive-definite Hessian 2a I > 0 to the objective function, making it a

strictly convex parabola-like curvature, and, given F (r) # @, the minimizer z* exists and is unique.
Therefore, the CLSP estimator with & € (0, 1] yields a unique z*. O

Corollary 1. Let the final solution be 7* = z(") = (A(Zr))*b, where (A(Zr))Jr denotes the Bott-Duffin inverse
on a subspace defined by a symmetric idempotent matrix Z. Then (one-step) Z* is unique iff rank (A" Z) =

dim(R(Z)). Else, the solution set is affine and given by z* € (A(Zr))+b + [ker(A(r)Z) N ’R(Z)}, which

implies that the minimizer z* is not unique, i.e., #arg min(-) > 1.

Corollary 2. Let Z* be the final solution obtained in the second step of the CLSP estimator by solving

z* = argmin,cpn { Hz —zm

}, s.t. Az = b (ie., the reqularization parameter is set to & = 0,

corresponding to a Lasso correction). Then the solution Z* exists and the problem is convex. The solu-
tion is unique iff the following two conditions are simultaneously satisfied: (1) the affine constraint set
F) = {z eR" | ALz = b} intersects the subdifferential of ||z — 2(")||1 at exactly one point, and (2) the

objective function is strictly convex on F"), which holds when F(7) intersects the interior of at most one orthant
in R". In all other cases, the minimizer z* is not unique, and the set of optimal solutions forms a convex subset of

—z
VA z

the feasible region F\"); that is, the final solution z* € arg min, . -

Y where arg min(-) is convex

and #argmin(-) > 1.

Theorem 2. Let z(") = (A(Zr ))“Lb be the r-iterated estimate obtained in the first step of the CLSP algo-
rithm, and let Z* be the second-step correction obtained through convex programming by solving z* =

, s.t. Az = b (ie., the regularization parameter is « = 1, corresponding

a2
arg min,cgn { Hz -z )
to a Ridge correction), then Z* is the Minimum-Norm Best Linear Unbiased Estimator (MNBLUE) of z under
the linear(ized) constraints set by the canonical form of the CLSP.

Proof. Letz(") = (A(Zr ) )™b denote the linear estimator obtained via the Bott-Duffin inverse, defined

on a subspace determined by a symmetric idempotent matrix Z, and producing a conditionally un-
1.
biased estimate over that subspace. The Bott-Duffin inverse is (A(Zr ) )= (Z(A(’) )TA(’)Z) Z(AHT
and the estimate Z(") is unique if rank(A(VZ) = dim(R(Z)). Given the linear model derived
from the canonical form b = A("z(") 4 ¢, where ¢ are residuals with E[e] = 0, it follows that
EE"] = E[(AY)b] = (AY)ED] = (AY)TADz(). Substituting (AY)) yields Ez"] =
t
(Z(A(’))TA(Y)Z) Z(AM)TAZ("), By the generalized projection identity (A(Zr))'['A(r)Z = Z, one
obtains E[z(")] = Zz("), which proves conditional unbiasedness on R(Z) (and full unbiasedness if
Z =1). Subsequently, the second-step estimate Z* is obtained by minimizing the squared Euclidean
distance between z() and z, subject to the affine constraint A(")z = b, which corresponds, in geometric
and algebraic terms, to an orthogonal projection of Z(") onto the affine (hence convex and closed)
subspace F(") = {z eR”

Az = b}. By Theorem 1, the unique minimizer z* exists and is given

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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explicitly by z* = z(") + (A"))* (b - A(r)i(’)). This expression satisfies the first-order optimality
condition of the convex program and ensures that z* is both feasible and closest (in the examined
{>-norm) to Z(") among all solutions in F ("), Therefore, z* is (1) linear (being an affine transformation
of a linear estimator), (2) unbiased (restricted to the affine feasible space), (3) minimum-norm (by
construction), and (4) unique (by strict convexity). By the generalized Gauss-Markov theorem [33]
(Chapter 7, Definition 4, p. 139), [34] (Chapter 8, Section 3.2, Theorem 2, p. 287), it follows that Z* is
the Minimum-Norm Best Linear Unbiased Estimator (MNBLUE) under the set of linear(ized) constraints
Az=b. O

Corollary 3. Let the canonical system A")z(") = b be consistent and of full column rank, A") € R™*",
m > n, and rank(A(")) = n. Suppose that the CLSP algorithm terminates after Step 1 and that Z = 1,,
such that z* = ) = (A)b = (A TA) YA Tb. Then, provided the classical linear model
b = A"z 4 ¢, where E[e] = 0 and Cov(e) = 021,y, holds, the CLSP estimator is equivalent to OLS while
Z* is the Best Linear Unbiased Estimator (BLUE).
Corollary 4. Let 2 = Al b
. reduced Z oduiced, Teduced = T
defined on a subspace determined by a symmetric idempotent matrix Z,.4,.4, and producing a conditionally

be the r-iterated estimate obtained via the Bott-Duffin inverse,

unbiased estimate over that subspace. Subsequently, the estimate Z,,, ., is obtained by minimizing the squared

Euclidean distance between 2521;1 ced M4 Zyogyced, SUbject to the affine constraint Al

reduce
~x _ f=x(igjE) ~% . . ~ . . .
Zi i =  reduced, Limoypuet Lt | Then each zy,;, ., is the Minimum-Norm Best Linear Unbiased Estimator

(MNBLUE) under the linear(ized) constraints defined by the canonical form of each reduced system of the CLSP,
and Z* is a block-wise Mgypset X Nsubset-MNBLUE corresponding to each of the ([ m —‘ . { o —D reduced

Msypset Nsybset

i Zreduced = br., such that

problems.

4. Numerical Stability of the Solutions z") and z*

The numerical stability of solutions in each step of the CLSP estimator — both the (iterated if
r > 1) first-step estimate z(r) (alternatively, 21(;)15 = {ig()jééifl) Moot ] Maubct }) and the final solution z*

. ~ ~3k, (ZE rjE)
alternatively, zf . = <z
( Y Z; E/JE reduced, 1:Mgypset, 1:Msubset

}) — depends on the condition number of the design
matrix, k(A(")), which, given its block-wise formulation in Equation (3), can be analyzed as a function
of the “canonical” constraints mairix Ceanon = [C S] € RkX" a5 a fixed, r-invariant, part of A, For
both full and reduced problems, sensitivity analysis of x(A(")) with respect to constraints (i.e., rows)
in Ceanon, especially focused on their reduction (i.e., dropping rows), is performed based on the

decomposition:
A =B Cpon + RM =B [C S] +RM, RO = A(r)(I _ PR([C S}T)) 7)

where B(") = AU)CH e R"*k, denotes the constraint-induced, r-variant, part of A, and, when the

rows of A" lie entirely within R (Ccanon), i-€., Al = A(r)PR([C ) © R =,
K(A(r)) < K(B(r)> 'K(Ccanon)
K(A) + Ary < (K(B(’>) + AKB)  (k(Ceanon) + Akc) (8)
= x(B")) - %(Ceanon) + Akp - £(Ceanon) + k(BM)) - Akc + Akp - Axc
i.e., a change in x(A(")) consists of a (lateral) constraint-side effect, x(B(")) - Ak, induced by structural
modifications in Ceanon, an (axial) model-side effect, Axp - k(Ccanon ), reflecting propagation into B(")
— where B(") = A(r)CIamon and A = f(Ccanon,Mgg)nm) MEQLOH = g(M, s(r_l)), and eV = b —

A=D1z =1 (for a “partitioned” decomposition of B(") given the structure of .., see Appendix A.2),
— and the (non-linear) term, Axp - Axc.
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The condition number of Ceanon € RF*, #(Ceanon ), the change of which determines the constraint-

side effect, x(B(")) - Akc, can be itself analyzed with the help of pairwise angular measure between row
vectors CZT, c].T € Ceanon, Wwhere i,j € {1,...,k}. For any two cl.T, c].T € Rlxn (alternatively, in a centered
form, & =¢/ —¢, a]T = ch —¢; € RV, with ¢ = £ Yy cix, G = & Y4y ¢jx), i # J, the cosine of
the angle between them cos(0; ;) (alternatively, a Pearson correlation coefficient p = cos(0; ;)), captures
their angular alignment — values close to 1 indicate near-collinearity and potential ill-conditioning,

whereas values near 0 imply closeness to orthogonality and improved numerical stability:

T .
¢ ¢

v =1 J
e 12+ llef 112

cos(6; ;) €[-1,1] )

ClTr C/Teccanon/ l?é]

The pairwise angular measure can be aggregated across j (i.e., for each row ;") and jointly across
i,j (i.e., for the full set of (;‘) = k(k; 1 unique row pairs of Ccanon), yielding a scalar summary statistic
of angular alignment, e.g., the Root Mean Square Alignment (RMSA):

1 k 2 k-1 k
RMSAl = ﬁ 2 COSZ(GI',]'), RMSA = m Z Z cos? (91,]) (10)
! k=1) 5 j=it1

j#i

where RMSA; captures the average angular alignment of constraint i with the rest, while RMSA
evaluates the overall constraint anisotropy of Ccanon. As with individual cosines cos(Gi,]-) (alternatively,
o= cos(éi,]-)), values near 1 suggest collinearity and potential numerical instability, while values near
0 reflect angular dispersion and reduced condition number x(Ccanon). The use of squared cosines
cos? (6;7) (alternatively, 0% = cos? (91-,]-)) in contrast with other metrics (e.g., absolute values) maintains
consistency with the Frobenius norms in «(Ccanon) and assigns greater penalization to near-collinear
constraints in Ceanon. Furthermore, a combination of RMSA;, i € {1,...,k}, and the above-described
marginal effects, obtained by excluding row i from Ccanon — namely, K(B(r)) . AK(H'), Angi) - €(Cecanon ),
and Ax| AK(C_i) if R(") = 0 — together with the corresponding changes in the goodness-of-fit statistics
from the solutions (") (=) and 2*(=?) (consult Section 5), can be visually presented over either all i, or a
filtered subset, such that RMSA; > threshold, as depicted in Figure 5.

Constraint RMSA; (total: w) AK(C_i) Axé_i) Axg_i) |G0F(_i)|
$ o +A +A A 1 £A
e +A +A A 1 £A |
e +A +A A £A
e +A +A A £A
e +A £A S
o —mmmmmmmeoo +A +A A1 A
# mmmmmmmmmm +A +A A EA |

Figure 5. Schematic correlogram of constraint rows i with high alignment (RMSA; > threshold). Each row
encodes directional alignment and symbolic marginal effects on model conditioning and fit.

5. Goodness of Fit of the Solutions z(") and z*

Given the hybrid structure of the CLSP estimator — comprising a least-squares-based (iterated if

(n  _ {’z\(r)’ (ie.jE)

r > 1) initial estimate (") (or z;”. }), followed by a regularization-based

iE,jE reduced, 1:mgypget, 1 Msybset
. . ~x o (igjE) _ i ill- -
final solution z* (or z; je = Zreduced, Tmg e, 17 pset ) — and the potentially ill-posed or underdeter

mined nature of the problems it addresses, standard goodness-of-fit methodology — such as explained
variance measures (e.g., the coefficient of determination, Rz), error-based metrics (e.g., Root Mean
Square Error, RMSE, for comparability with the above-described RMSA), hypothesis tests (e.g., F-tests
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in the analysis of variance and t-tests at the coefficient level), or confidence intervals (e.g., based on
Student’s ¢- and the normal distribution) — requires appropriate adaptation to be uniformly applied
to both full and reduced problems, with some statistics applicable only to Step 1 and/or under specific
conditions (namely, the ANOVA F- tests, t-tests, and confidence intervals). In response, several more
robust metrics are developed below: partial R?, normalized RMSE, t-test for the mean of the NRMSE,
and a diagnostic interval based on the condition number.

For the explained variance measures, the block-wise formulation of the full vector of unknowns

r (r)
2 = [(y ) )*} € R", — obtained from x(") = Qy [xf‘f)} € R? (where x( ) € RP1 s the vector of model
XL
(r)

(target) variables and x;

and a vector of slack variables (y(7)> T e R , — the design matrix A(") = [Cc‘m‘m] € R™ ", where

-canon

e R!, 1 >0, is a vector of latent variables present only in the constraints)

Mg}m = [M {0, r = 1; Siesiqual, 7 > 1}] € RU"K)*7 is the “canonical” model matrix, and the input
b= [L’Iﬂ € R™, all necessitate a “partial” RZ? to isolate the estimated variables X*, where, given the
vector 1= {1,...,1}T,

[by —Mxf5 o1 A
R s = 1= 2, by = —— Y by, (1)
pere! [ow =B} ek

provided that rank(A(")) = n, m > n, ie., applicable strictly to (over)determined problems. If
C=0ck=0Ay=0 < n=p,then A") =Mand R;arﬁal reduces to the classical R?.

Next, for the error-based metrics, independent of rank(A (")) and thus more robust across underde-
b artial)r @ Root Mean Square Error (RMSE) can be defined for both (a) the
full solution Z*, via RMSE =

1 NG
; \/ﬁb Az

partial —

termined cases (in contrast to R?

) serving as an overall measure of fit, and (b) its variable

component X*, via RMSE \/17 |bks1.m — MX*||,, quantifying the fit quality with respect to the

estimated target variables only (in alignment with R?_. ). Then, to enable cross-model comparisons

partia
and especially its use in hypothesis testing (see below), RMSE must be normalized — typically by the
standard deviation of the reference input, o}, or 0},,,, — yielding the Normalized Root Mean Square
Error (NRMSE) comparable across datasets and/or models (e.g., in the t-test for the mean of the
NRMSE):
1 Hb NG
NRMSE = "

T IPrs 1 — MK

—k k+1:m 2

2/ NRMSEpartial == (12)
(43 Oby

The standard deviation is preferred in statistical methodology over the alternatives (e.g., max-min
scaling or range-based metrics) because it expresses residuals in units of their variability, producing a
scale-free measure analogous to the standard normal distribution. It is also more common in practical
implementations (such as Python’s sklearn or MATLAB).

Also, for the hypothesis tests, classical ANOVA-based F-tests and coefficient-level t-tests — relying
on variance decomposition and residual degrees of freedom — are applicable exclusively to the
least-squares-based (iterated if r > 1) first-step estimate Z(") and to the final solution z* = z(), given
a strictly overdetermined A Z() = b, ie, rank(A(r)) = n, m > n (an OLS case), and under the
assumption of homoscedastic and normally distributed residuals. Then, in the case of the F-tests,
the test statistics follow the distributions (a) F ~ F(q,m —n) and (b) Fpartial ~ F (qpartial, M — 1), @
Wald-type test on a linear restriction — with the degrees of freedom g = n — 1 and gpartian = p — 1 if
x(") is a vector of coefficients from a linear(ized) model with an intercept and g = 1 and gpartial = P
otherwise, — yielding (a) Hp : z = 0 and (b) Hg artial . 2(r) — Rg(") = 0, where R € RP*" is a
restriction matrix:

-1
- . = fpar (K27 [R<(A<*>>TA<’>)*1RT] (R2")
o partial —

203

(13)

20|;

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.2192.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2025 d0i:10.20944/preprints202509.2192.v1

14 of 36

In the case of the t-tests, (a) Vie{l,.“,n} t; ~ ty—n (n test statistics) and (b) V;c {1,...p} tpartial,i = £ (p test
statistics), given that the partial result X(") or X* = X(") is a subvector of length p of 2") (also z* = z(")),
yielding (2) Vic (1, Ho: 2 = 0and (b) Vie(r, ) HE™™ 2 20 —0:

2"
b - A(V)E(V)Hz) LA TAD) 1]

’ vie{l,...,p} tpartial,i = i (14)

1

Vie(r,.ny ti = ( ;

m—n

An alternative hypothesis test — robust to both rank(A(")) and the step of the CLSP algorithm,
i.e., valid for the final solution Z* (in contrast to the classical ANOVA-based F-tests or coefficient-level

t-tests) — can be a t-test for the mean of the NRMSE, comparing the observed NRMSE ;s (as jo), both
o
typically from a uniformly (a structureless baseline) or normally (a “canonical” choice) distributed
random input b ~ U (0, Iy) or b ~ N (0, I,;) — both the distributions being standard, — for
T =1,...,T, where T is the sample size, yielding t ~ t7_1 with Hy : NRMSE,; = NRMSEg;,, and
Hy : NRMSEg,; # NRMSEq, for the two-sided test and H; : NRMSEyu,s = NRMSEg;, for the
one-sided one:

full and partial, to the mean of a simulated sample NRMSE_. ’ , generated via Monte Carlo simulation,

(15)

~over - T
f— NRMSESlm NRMSEobs i NRMSEsim = % Z NRMSE(T)

P sim
\/ 1771 Eor (NRMSE(]), — NRMSEqir, ) =

justified when b(") is normally distributed or approximately normally distributed based on the
Lindeberg-Lévy Central Limit Theorem (CLT), i.e., when T > 30 (as a rule of thumb) for b(*) ~
U(0, I;). Then, Hy denotes a good fit for Z* in the sense that NRMSE,s does not significantly
deviate from the simulated distribution, i.e., Hy should not be rejected for the CLSP model to be
considered statistically consistent. In practical implementations (such as Python, R, Stata, SAS, Julia,
and MATLAB/Octave), T typically ranges from 50 to 50,000.

Finally, for the confidence intervals, classical formulations for (a) zl(r), ie{l,...,n},and (b) xlm,
i€ {1,...,p},—based on Student’s t- and, asymptotically, the standard normal distribution, t ~ t,_,
and z ~ N (0, 1), — are equivalently exclusively applicable to the least-squares-based (iterated if r > 1)
first-step estimate Z(") and to the final solution z* = 2(") under a strictly overdetermined A(")z(") = b,
ie., rank(A(r)) = n, m > n (an OLS case), and assuming homoscedastic and normally distributed
residuals. Then, provided « € (0, 1), such as « € {0.01, 0.05, 0.1}, the confidence intervals for (a) zl(r)

and (b) xfr) are:

r r 1 N
vie{l,...,n} Zz( ) € 2<1 ) Ttyn1-as2- m—n Hb — Az

Vie(t,pp ¥

/ [(AC)TAM)-1]
2 \/ 1 (16)
_ )
given that the partial result X(") or * = X(") is a subvector of length p of Z") or z* = 2("). For n > 30,
the distribution of the test statistic, t,,_, 1_,/2, approaches a standard normal one, Z;_,», based on
the CLT, yielding an alternative notation for the confidence intervals:

)

Vie{1,..n} Zfr € 21(’) + 7
(r)

Vie(1,...p} xf’) =z

. (N TAM)-1] .
L [(A)TAD) 1], W)

An alternative “confidence interval” — equivalently robust to both rank(A()) and the step
of the CLSP algorithm, i.e., valid for the final solution zZ* (in contrast to the classical Student’s ¢-
and, asymptotically, the standard normal distribution-based formulations) — can be constructed
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deterministically via condition-weighted bands, relying on componentwise numerical sensitivity. Let the
residual vector b — A()Z* be a (backward) perturbation in b, i.e.,, Ab = b — A(")z*, Then, squaring

both sides of the classical first-order inequality ”HAA ””2 <x(A (’)) ””AbHHZ yields ):’n#(%)) < K(A(r))2 .

712 where 1(AD) = [AO[4][(AD)H [, = % Gmax and. 0,y 5 being the

rank(A

[b—AC
Ibl2

biggest and smallest singular values of A(") — iff o, ank(a®)) > 0/ [[b][2 > 0. Under a uniform relative
squared perturbation (a heuristic allocation of error across components as a simplification, not an
assumption) of z*, rearranging terms and taking square roots of both sides gives Vic(y _,y |AZf| <

25| - x(AL)) . w and a condition-weighted “confidence” band:

Hb - Az
ek ) Vie(t,.p) Xi =% (18)

Vieqr,.ny 2 €% - | 1% k(A0 .

which is a diagnostic interval based on the condition number for z*, consisting of (1) a canonical-form

system conditioning, K(A(’)), (2) a normalized model misfit, W, and (3) the “scale” of the

final solution, Z*, without probabilistic assumptions. A perturbation in one or more of these three

components, e.g., caused by a change in RMSA resulting from dropping selected constraints (consult

Section 4), will affect the limits of z*. Under a perfect fit, the interval collapses to z; € z; 4-0 and, for
k(A")) > 1, tends to be very wide.

To summarize, the CLSP estimator requires a goodness-of-fit framework that reflects both its
algorithmic structure and numerical stability. Classical methods remain informative but are valid only
under strict overdetermination (m > n), full-rank design matrix A, and distributional assumptions
(primarily, homoscedasticity and normality of residuals). In contrast, the proposed alternatives —
partial (b) NRMSE and NRMSE i1, (¢) t-tests for the mean of NRMSE with the help of
Monte Carlo sampling, and (d) condition-weighted confidence bands — are robust to rank deficiency

(a) partial R?

and ill-posedness, making them applicable in practical implementations (namely, CLSP packages in
Python, R, and Stata).

6. Special Cases of CLSP Problems: APs, CMLS, and LPRLS/QPRLS

The structure of the design matrix A in the CLSP estimator, as defined in Equation (3) (consult
Section 3), allows for accommodating a selection of special-case problems, out of which three cases are
covered, but the list may not be exhaustive. Among others, the CLSP estimator is, given its ability to
address ill-posed or underdetermined problems under linear(ized) constraints, efficient in addressing
what can be referred to as allocation problems (APs) (or, for flow variables, tabular matrix problems,
TMs) — i.e., in most cases, underdetermined problems involving matrices of dimensions m x p to be
estimated, subject to known row and column sums, with the degrees of freedom (i.e., nullity) equal to
n —rank(A)) > mp +s* — (% + §> —q, where 0 < s* < (% + ?) + g is the number of active (non-
zero) slack variables and 0 < g < rank(Mpartia1) < min(k, mp) is the number of known model (target)

myp
variables (e.g., a zero diagonal), — whose design matrix, A(") € RO +k)xn, comprises a (by con-

(12 ®1) ®1,,)T‘<1m® (1?®1j>>T1T c

myp
R TT M (where 1 = {1,...,1}), a model matrix M = (o] [Mpé‘fﬁa‘} QR € RFXMP — in a trivial case,

vention) row-sum-column-sum constraints matrix C =

Mpartial € Imp — a sign slack matrix S = QS [Sscvﬁ ----- ose{-1, +1} diag(c1,....o: }QS € R 7)x (n=mp) , and
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either a zero matrix 0 (if r = 1) or a (standard) reverse-sign slack matrix Sesiqual € RKkx(n=mp) (provided

r>1): i ]
(1 o1) @1,
1 I 1 S
wo—| L (o) (19)
0, initial iteration, r=1
M
Sresidual, SUbsequent iterations, r > 1

where 7 and ? denote groupings of the m rows and p columns, respectively, into i and j homogeneous
blocks (when no grouped row or column sums are available, i = j = 1); with real-world examples
including: (a) input-output tables (national, inter-country, or satellite); (b) structural matrices (e.g.,
trade, country-product, investment, or migration); (c) financial clearing and budget-balancing; and
(d) data interpolations (e.g., quarterly data from annual totals). Given the available literature in 2025,
the first pseudoinverse-based method of estimating input-output tables was proposed in Pereira-Lépez
et al. [95] and the first APs (TMs)-based study was conducted in Bolotov [16], attempting to interpolate
a world-level (in total, 232 countries and dependent territories) “bilateral flow” matrix of foreign
direct investment (FDI) for the year 2013, based on known row and column totals from UNCTAD
data (aggregate outward and inward FDI). The estimation employed a minimum-norm least squares
solution under APs (TMs)-style equality constraints, based on the Moore-Penrose pseudoinverse of a
“generalized Leontief structural matrix”, rendering it equivalent to the initial (non-regularized) solution
in the CLSP framework, z(!) = A(Zl)+b. As a rule of thumb, AP (TM)-type problems are rank deficient
for m > 2 A p > 2 with the CLSP being a unique (if « € (0, 1]) and an MNBLUE (if « = 1) estimator
(consult Section 3).

In addition to the APs (TMs), the CLSP estimator is also efficient in addressing what can be
referred to as constrained-model least squares (CMLS) (or, more generally, regression problems, RPs)
—i.e., (over)determined problems involving vectors of dimension p to be estimated with (standard) OLS
degrees of freedom, subject to, among others, linear(ized) data matrix D € RF*P-related (in)equality
constraints, Vic(y  » Ci = T;D € R"*F, where T; € R™ *k is a transformation matrix of D, such as
the i-th difference or shift (lag/lead), and C;x z vi, — whose design matrix, A g REL mitk)xn

. . . C u , .
consists of a u-block constraints matrix C = [Cl} € R(Zizy mi)xp (Vieq1,..uy Ci € R™*P), u > t, a data

u

matrix as the model matrix M = D € R¥*P, a (standard) sign slack matrix S € R(XEZ mi) > (n=p)  and
either a zero matrix 0 (if ¥ = 1) or a (standard) reverse-sign slack matrix Siegiqual € RK*("=P) (when

r>1): ) i
G
S
A(”) = Cu (20)
D 0, initial iteration, r=1
Sresidual, Subsequent iterations, r > 1

with real-world examples including: (a) previously infeasible textbook-definition econometric models
of economic (both micro and macro) variables (e.g., business-cycle models), (b) additional constraints
applied to classical econometric models (e.g., demand analysis). Given the available literature in 2025,
the first studies structurally resembling CMLS (RPs) were conducted in Bolotov [15,96], focusing on the
decomposition of the long U.S. GDP time series into trend (y;) and cyclical (ct) components — using
exponential trend, moving average, Hodrick-Prescott filter, and Baxter-King filter — under constraints
on its first difference, based on the U.S. National Bureau of Economic Research (NBER) delimitation of
the U.S. business cycle. c; was then modeled with the help of linear regression (OLS), based on an n-th
1

order polynomial with extreme values smoothed via a factor of 5= and simultaneously penalized

via an n-th or (n + 1)-th root, ¢; = By + p1 f( {m ”“{/H;?f(t —t)- ﬁ)dt + €¢, where By, 1 are the

model parameters, V1 <<, t; are the values of the (externally given) stationary points, and ¢; is the error.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.2192.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2025 d0i:10.20944/preprints202509.2192.v1

17 of 36

The order of the polynomial and the ad-hoc selection of smoothing and penalizing factors, however,
render such a method inferior to the CLSP. Namely, the unique (if « € (0, 1]) and an MNBLUE (if « = 1)
CLSP estimator (consult Section 3) allows (a) presence of inequality constraints and (b) their ill-posed
formulations.

Finally, the CLSP estimator can be used to address (often unsolvable using classical solvers)
underdetermined and/or ill-posed — caused by too few and/or mutually inconsistent or infeasible
constraints, as in the sense of Whiteside et al. [93] and Blair [76,94], — LP and QP problems, an approach
hereafter referred to as linear/quadratic programming via regularized least squares (LPRLS/QPRLS):
CLSP substitutes the original objective function of the LP/QP problem with the canonical form
A"z = b (i.e., focusing solely on the problem’s constraints, without distinguishing between the LP

(r)
and QP cases) with X}, = Projxx[) {QX k%} € RV : V<< gi(xx[),x({)) ; Yi, Y hj(xg\z),x(Lr)) = 77]'} C
L

z* being the solution of the original problem — where Qx is a permutation matrix, and g;(-) E Vi
and /;(-) = 7; represent the linear(ized) inequality and equality constraints,V; jv;,7; € b — and the
degrees of freedom being equal — under the classical formalization of a primal LP/QP problem
(consult Section 2) — to 1 — rank(A(")) > (p +5) — (1} + Meg + Myn) = p — Mgy, where p is the
length of xg\?, § = Myp + Myy is the number of introduced slack variables, while 1,5, > 0, meq > 0, and
My, = p denote the numbers of upper-bound, equality, and non-negativity constraints, respectively
(under the standard assumption that all model variables are constrained to be non-negative). In the

LPRLS/QPRLS, the design matrix, A(") € R("u+Meq+mun) 1 by the definition of LP/QP, is r-invariant

and consists of a block constraints matrix C = FZ:] € ROmw+metmm)xp where C,, € RMubP,
Cey € R™0*P, and Cpuy = I, € RP¥P, a (standard) sningn slack matrix S € RMupMegtmm)x(n=p) anq
Mcanon = @:
Cup
AV =AW = ||c,| S 1)
Ci’”’l

Given the available literature in 2025, the first documented attempts to incorporate LS into LP and QP
included, among others, Dax’s LS-based steepest-descent algorithm [85] and the primal-dual NNLS-
based algorithm (LSPD) [86], whose structural restrictions — in terms of well-posedness and admissible
constraints — can be relaxed through LPRLS/QPRLS, still guaranteeing a unique (if « € (0, 1]) and an
MNBLUE (if « = 1) solution (consult Section 3).

7. Monte Carlo Experiment and Numerical Examples

The Monte Carlo experiment and the simulated examples presented below illustrate the applica-
bility of the CLSP to the AP (TM), CMLS (RP), and LPRLS/QPRLS problems. The standardized form
of Cin the APs (TMs), i.e.,, C = f(m, i, p,j), with given S and r, enables large-scale simulation of the
distribution of NRMSE — a robust goodness-of-fit metric for the CLSP — through repeated random
trials under varying matrix dimensions m x p, row and column group sizes i and j, and composition
of M, inferring asymptotic percentile means and standard deviations for practical implementations
(e.g., the t-test for the mean). This text presents the results of a simulation study on the distribution of
the NRMSE from the first-step estimate z(!) (implementable in standard econometric software without
CLSP modules) fori = 1,j =1,8S = Q,Z = L1 & (A(Zl) )t = (AW, and r = 1, conducted
in Stata/MP (set to version 14.0) with the help of Mata’s 128-bit floating-point cross-product-based
quadcross () for greater precision and SVD-based svsolve () with a strict tolerance of c ("epsdouble")
for increased numerical stability, and a random-variate seed 123456789 (see Appendix B.1 containing
a list of dependencies [97] and the Stata .do-file). In this 50,000-iterations Monte Carlo simulation
study, spanning matrix dimensions from 1x2 and 2x1 up to 5050, random normal input vectors
b ~ N(0, L, ,,x) were generated for each run, applied with and without zero diagonals (i.e., if,
under [ = 0 & xp = @, xp1 = X = z1.p € R™F is reshaped into a (m x p)-matrix Xjy = X € R™*P,
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then Vic (1, min(m,p)} Xii = 0). Thus, a total of 249.9 million observations (= (50 - 50 — 1) - 2 - 50,000)
was obtained via the formula NRMSE = ﬁ |b—AM ((A(l) )+b> ||l2/ o, resulting in 4,998 aggregated
statistics of the asymptotic distribution, assuming convergence: mean, sd, skewness, kurtosis, min,
max, as well as p1-p99, as presented in Figure 6 (depicting the intensity of its first two moments, mean
and sd) and Table 2 (reporting a subset of all thirteen statistics for m, p mod 10 = 0).

Mean (without zero diagonal) Mean (with zero diagonal)
50 50
- 160
45 45 L 20
- 140
40 40
- 60
- 120
35 35
s =
a 2 50
2 100 2
g 30 £ 30
= =
[=} [=3
o 8 22 40
o =3
5 5
22 g% 30
z v 2
15 15
40 20
10 10
5 20 5 10
(U 04
< o =1 a 5 & 2 a 3 2 2 < o e a & & B a g < 2
Number of rows (m) Number of rows (m)
Standard Deviation (without zero diagonal) Standard Deviation (with zero diagonal)
-0 0 - 60
45
S100 4 - 50
. 3
& 80 & 40
E 2 30
g £
= =
i=3 =3
< 60 &2 30
=} =3
8 5
£ £
z 40 20
“ s
10
20 10
5 5
[URY 04
S » 2 =2 & 8 8 8 8 % 8§ S v 2 =2 & 8 8 B 8 % g
Number of rows (m) Number of rows (m)

Figure 6. Heatmaps (based on seaborn’s viridis colormap) of means, mean = W 2?2’?00 NRMSE;, and
standard deviations, sd = \/ W Z?g’?OO(NRMSEi — mean)2, computed from the NRMSE of z(1) = (A(1))*b,
where x = vec(X € R"*?, 1 <m, p <50) C z, under two structural variants: with and without a zero diagonal
(Vie(1,...min(m,p)} Xii = 0). Color reflects the magnitude of the statistic, with lighter shades indicating higher

values. The figure was prepared using matplotlib in Python 3.
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Table 2. Subset (at m, p mod 10 = 0) of the summary statistics for NRMSE from the Simulation Study.

w
] 2
g 2 = %
< o g ] 10 =3 15 10 o
m Pl g @ z E E g = 24 4 7 & 2 3
~ &
2
Without Zero Diagonal

10 10 | 000.81 000.59 000.82 003.24 000.00 003.52 000.01 000.06 000.33 000.70 001.18 001.94 002.47
10 20 | 001.53 001.14 000.92 003.60 000.00 008.10 000.02 000.12 000.62 001.31 002.21 003.70 004.80
10 30 | 005.30 003.96 000.95 003.69 000.00 027.25 000.09 000.41 002.13 004.51 007.65 012.95 016.90
10 40 | 007.56 005.67 000.97 003.77 000.00 046.23 000.12 000.61 003.02 006.45 010.90 018.59 024.18
10 50 | 025.08 018.95 000.99 003.84 000.00 127.63 000.39 001.98 009.99 021.10 036.31 061.64 080.75
20 10 | 000.57 000.43 000.93 003.60 000.00 002.73 000.01 000.04 000.23 000.49 000.83 001.39 001.79
20 20 | 007.90 005.85 000.89 003.48 000.00 040.71 000.13 000.64 003.18 006.77 011.48 019.17 024.57
20 30 | 004.10 003.03 000.92 003.61 000.00 021.59 000.06 000.33 001.68 003.50 005.92 009.92 012.87
20 40 | 005.85 004.37 000.95 003.71 000.00 031.73 000.09 000.47 002.36 005.00 008.44 014.27 018.65
20 50 | 008.52 006.36 000.94 003.63 000.00 043.37 000.14 000.68 003.44 007.22 012.36 020.73 026.90
30 10 | 002.89 002.16 000.97 003.78 000.00 015.48 000.05 000.23 001.16 002.47 004.17 007.05 009.19
30 20 | 002.85 002.11 000.92 003.58 000.00 014.28 000.05 000.23 001.16 002.43 004.12 006.88 008.93
30 30 | 004.44 003.32 000.94 003.66 000.00 022.66 000.07 000.35 001.78 003.76 006.43 010.85 014.08
30 40 | 008.73 006.50 000.95 003.69 000.00 048.55 000.14 000.69 003.56 007.47 012.61 021.13 027.85
30 50 | 005.61 004.22 000.96 003.69 000.00 031.96 000.09 000.44 002.25 004.75 008.10 013.70 017.94
40 10 | 000.55 000.41 000.98 003.80 000.00 003.10 000.01 000.04 000.22 000.47 000.79 001.35 001.76
40 20 | 004.67 003.48 000.93 003.66 000.00 025.54 000.07 000.35 001.87 003.97 006.74 011.34 014.83
40 30 | 001.39 001.04 000.95 003.69 000.00 006.70 000.02 000.11 000.56 001.18 002.01 003.40 004.39
40 40 | 000.27 000.20 000.96 003.71 000.00 001.48 000.00 000.02 000.11 000.23 000.39 000.67 000.87
40 50 | 000.29 000.21 000.95 003.69 000.00 001.58 000.00 000.02 000.11 000.24 000.41 000.70 000.91
50 10 | 003.74 002.82 000.99 003.84 000.00 023.34 000.06 000.29 001.50 003.16 005.37 009.20 012.13
50 20 | 001.65 001.24 000.95 003.68 000.00 008.17 000.03 000.13 000.67 001.40 002.39 004.05 005.26
50 30 | 005.24 003.90 000.94 003.69 000.00 028.36 000.08 000.42 002.12 004.47 007.56 012.74 016.54
50 40 | 000.47 000.35 000.97 003.73 000.00 002.40 000.01 000.04 000.19 000.40 000.67 001.15 001.49
50 50 | 000.23 000.17 000.94 003.64 000.00 001.21 000.00 000.02 000.09 000.20 000.33 000.56 000.73

With Zero Diagonal

10 10 | 000.71 000.52 000.85 003.37 000.00 003.20 000.01 000.06 000.29 000.62 001.04 001.71 002.20
10 20 | 000.69 000.51 000.92 003.60 000.00 003.54 000.01 000.05 000.28 000.59 001.00 001.67 002.16
10 30 | 001.93 001.44 000.95 003.74 000.00 010.17 000.03 000.15 000.78 001.64 002.77 004.69 006.13
10 40 | 004.65 003.50 000.97 003.76 000.00 023.68 000.07 000.37 001.86 003.92 006.72 011.43 014.89
10 50 | 001.94 001.47 000.98 003.84 000.00 012.42 000.03 000.15 000.77 001.64 002.81 004.75 006.25
20 10 | 000.70 000.52 000.92 003.59 000.00 003.70 000.01 000.06 000.28 000.60 001.02 001.70 002.20
20 20 | 000.70 000.52 000.93 003.57 000.00 003.68 000.01 000.05 000.28 000.60 001.01 001.71 002.21
20 30 | 000.42 000.31 000.94 003.68 000.00 002.24 000.01 000.03 000.17 000.36 000.61 001.02 001.34
20 40 | 000.27 000.20 000.94 003.64 000.00 001.27 000.00 000.02 000.11 000.23 000.39 000.65 000.85
20 50 | 002.06 001.55 000.97 003.81 000.00 011.72 000.03 000.16 000.83 001.75 002.98 005.04 006.64
30 10 | 000.45 000.34 000.95 003.67 000.00 002.40 000.01 000.04 000.18 000.38 000.65 001.10 001.43
30 20 | 000.42 000.32 000.95 003.71 000.00 002.16 000.01 000.03 000.17 000.36 000.61 001.03 001.34
30 30 | 000.45 000.34 000.96 003.76 000.00 002.53 000.01 000.03 000.18 000.38 000.65 001.10 001.43
30 40 | 000.34 000.26 000.97 003.73 000.00 001.88 000.01 000.03 000.14 000.29 000.50 000.85 001.10
30 50 | 000.57 000.43 000.96 003.75 000.00 003.21 000.01 000.05 000.23 000.48 000.82 001.39 001.81
40 10 | 000.34 000.26 000.96 003.76 000.00 001.83 000.01 000.03 000.14 000.29 000.49 000.84 001.08
40 20 | 000.33 000.25 000.98 003.77 000.00 001.68 000.01 000.03 000.13 000.28 000.47 000.80 001.05
40 30 | 000.63 000.47 000.97 003.80 000.00 003.36 000.01 000.05 000.25 000.53 000.90 001.52 001.99
40 40 | 000.38 000.28 000.98 003.82 000.00 002.23 000.01 000.03 000.15 000.32 000.54 000.92 001.20
40 50 | 000.30 000.23 000.97 003.78 000.00 001.76 000.00 000.02 000.12 000.26 000.44 000.75 000.98
50 10 | 000.61 000.46 000.97 003.74 000.00 003.16 000.01 000.05 000.24 000.52 000.88 001.48 001.95
50 20 | 000.17 000.13 000.97 003.76 000.00 000.87 000.00 000.01 000.07 000.14 000.24 000.41 000.54
50 30 | 000.32 000.24 000.97 003.82 000.00 002.10 000.00 000.03 000.13 000.28 000.47 000.80 001.03
50 40 | 000.61 000.46 000.95 003.67 000.00 003.04 000.01 000.05 000.24 000.52 000.89 001.49 001.95
50 50 | 000.68 000.51 000.96 003.70 000.00 003.76 000.01 000.05 000.27 000.58 000.98 001.66 002.16

Source: self-prepared.

From the results of the Monte Carlo experiment, it is observable that: (1) the NRMSE from the
first-step estimate Z(1) and its distributional statistics exhibit increasing stability and boundedness
as matrix dimensions m x p increase — specifically, for m, p > 1, both the mean and sd of NRMSE
tend to converge, indicating improved estimator performance (e.g., under no diagonal restrictions,
atm = p = 5, mean = 1.84 and sd = 1.29, while at m = p = 45, mean = 0.21 and sd = 0.16); (2) the

zero-diagonal constraints (V;c g, y Xii = 0) reduce the degrees of freedom and lead to a much

.,min(m,p)
more uniform and dimensionally stable distribution of NRMSE across different matrix sizes (e.g., at
m = p = 5, mean drops to 1.17 and sd to 0.85, while at m = p = 45, mean rises slightly to 0.26 and sd to
0.19); and (3) the distribution of NRMSE exhibits mild right skew and leptokurtosis — less so for the

zero-diagonal case: under no diagonal restriction, the average skewness is 0.97 with a coefficient of

Distributed under a Cre Commons CC BY licen



https://doi.org/10.20944/preprints202509.2192.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2025 d0i:10.20944/preprints202509.2192.v1

20 of 36

variation of 38.16% (i.e., > 0.00), and the average kurtosis is 4.15 with a variation of 304.61%; whereas
under the zero-diagonal constraint, skewness averages 0.95 with only 8.57% variation, and kurtosis
averages 3.76 with 25.94% variation (i.e., > 3.00). To sum up, the larger and less underdetermined
(i.e., in an AP (TM) problem, the larger the M(!) block of A(V)) the canonical system A(Vz(1) = b, the
lower the estimation error (i.e., the mean NRMSE) and its variance, and, provided a stable limiting law
for NRMSE exists, the skewness and kurtosis from the simulations drift toward 0 and 3, respectively,
consistent with — but not proving — a convergence toward a standard-normal distribution.

For an illustration of the applicability of the CLSP to the APs (TMs), CMLS (RPs), and LPRL-
S/QPRLS, the author-developed cross-platform Python 3 module, pyclsp (version > 1.3.0, available
on PyPI) [98], — together with its interface co-modules for the APs (TMs), pytmpinv (version >
1.2.0, available on PyPI) [99], and the LPRLS/QPRLS, pylppinv (version > 1.3.0, available on PyPI)
[100] (a co-module for the CMLS (RPs) is not provided, as the variability of V;c(; 4 Ci = T;D

within the C = gl , u > t, block of Al prevents efficient generalization), — is employed

u
for a sample (dataset) of i random elements &; (scalars, vectors, or matrices depending on con-
text) and their transformations, drawn independently from the standard normal distribution, i.e.,

{X1, ..., X} LY (0, 1), under the mentioned random-variate seed 123456789 (configured for consis-
tency with the above-described Monte Carlo experiment). Thus, using the cases of (a) a (non-negative
symmetric) input-output table and (b) a (non-negative) zero-diagonal trade matrix as two AP (TM)
numerical examples, this text simulates problems similar to the ones addressed in Pereira-L6pez
et al. [95] and Bolotov [16]: an underdetermined X € R"*? is estimated — from row sums, column
sums, and k known values of two randomly generated matrices (a) Xiue = 0.5 (|X1] + [X1|T)

iid .
and (b) Xiue,ij = (A1) (1 — ﬂ{i:jgmin(m,p)})/ (Xl)i,j ~ N(0, 1), subject to (a) X;j > 0 and

(b) Xij > 0AVicq1, . min(mp)} Xii = 0 — via CLSP assuming x = vec(X) C z, M = (Tnp) 7,
brOW sums Xtruel

b = |:bcolumnsums:| = (lTxtrue)T ’ and Z ~ Z/{{l, .. ,mp} A\ |I| = k. The Python 3 COde, based
known values (VeC (Xtrue ) )1’

on pytmpinv and two other modules, installable by executing pip install matplotlib numpy
pytmpinv==1.2.0, for (a) m = p = 20 and k = 0.1 -mp = 40 and (b) m = p = 40 — estimated

with the help of Mmgypset X Msubset-MINBLUE across Gm;’l‘m—‘ . [WSU'LSJ) = G%] . [%D =9
reduced models Mequced = Preduced < 20 assuming an estimability constraint of mp < 400 — and
k =0.2-mp = 320, with a non-iterated (r = 1), unique (« > 0), and MNBLUE (¢ = 1) (two-step) CLSP

solution, is implemented in (a) Listing 1 and (b) Listing 2 (e.g., to be executed in a Jupyter Notebook).

Listing 1. Simulated numerical example for a symmetric input-output-table-based AP (TM) problem.

import numpy as np
from  tmpinv import tmpinv
import matplotlib.pyplot as plt

seed = 123456789
rng = np.random.default_rng(seed)

# sample (dataset)

m, p =20, 20 # matriz dimensions (m = p)

X_true = np.abs(rng.normal(size=(m, p))) # symmetric non-negative X_true

X_true = (X_true + X_true.T) / 2.0

idx = rng.choice(m * p, size=max(1, int(0.1 * (m * p))), # random numbers from
replace=False) # [0,(m * p) - 1], 10/ of total

# model

M = np.eye(m * p) [idx,:] # unit matric

b_row = X_true.sum(axis=1) # row sums (length m)

b_col = X_true.sum(axis=0) # column sums (length p)

b_val = X_true.reshape(-1, 1)[idx] # column wvector

bounds = (0, None) # non-negativity
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result = tmpinv(
M=M, b_row=b_row, b_col=b_col, b_val=b_val,
m=m, p=p, bounds=bounds, symmetric=True,
r=1, # a solution without refinement
alpha=1.0 # a unique MNBLUE estimator

# helpers
def fmt(v):
v = float(v)
return f"{v:.4e}" if abs(v) >= 1e6 or (v != 0 and abs(v) < le-4) else f"{v:.6f}"

# results

print("true X:")

print (np.round(np.asarray(X_true), 4))
print ("X_hat:")
print(np.round(result.x, 4))

print ("\nDegrees of freedom:")

dof = result.model.A.shape[1] - np.linalg.matrix_rank(result.model.A)
p_null = round(dof / result.model.A.shape[1] * 100, 2)

print (", nullity uuuuuuuuuooouuoouoou: s dof )

print (" percentage of total unknowns:", str(p_null) + "%")

print ("\nNumerical stability:")

print (", kappaC,:", fmt(result.model.kappaC))
print (", kappaB,:", fmt(result.model.kappaB))
print (", kappaA,:", fmt(result.model.kappald))

corr = result.model.corr()

plt.figure(figsize=(8, 4))

plt.grid(True, linestyle="--", alpha=0.6)
plt.bar(range(len(corr["rmsa_i"])), corr["rmsa_i"])
plt.xlabel("Constraint,index")
plt.ylabel("dRMSA, (row deletion effect)")
plt.title(f"CLSP Correlogram,(Total RMSA = {result.model.rmsa:.2f})")
plt.tight_layout ()

plt.show()

print ("\nGoodness-of-fit:")

x_true = X_true.flatten()

x_hat = result.x.flatten()

ss_res = np.sum((x_true - x_hat) ** 2)

ss_tot = np.sum((x_true - np.mean(x_true)) *x 2)

print (", R2_user_defined  ,uy:", fmt(1l - ss_res / ss_tot))

print (", NRMSE, uuuuuwuuuuuuuun s ", fmt (result.model.nrmse))

print (", Diagnosticyband,(min):", fmt(np.min(result.model.x_lower)))

print (", Diagnostic band,,(max):", fmt(np.max(result.model.x_upper)))

print (", Monte Carlo t-test:")

for kw, val in result.model.ttest(sample_size=30, # NRMSE sample

seed=seed, distribution="normal", # seed and distribution

).items():

print (£" uuo{kw}:{float(val) : .6£}")

In case (a) (see Listing 1 for code), the number of model (target) variables #x}, is mp = 400 with

a nullity of dim(ker(A())) = n — rank(A(1)) = 321, corresponding to 80.25% of the total unknowns.
Given the simulation of Xgue € R29%20 3 matrix unknown in real-world applications, —i.e., CLSP
is used to estimate the elements of an existing matrix from its row sums, Xruel € R20 column sums,
(lTXtrue) T € R% anda randomly selected 10% of its entries, (vec(Xrue) )7 € R* — the model’s good-
[vec(Xirue) XI5 ) ~

[[vee(Xirue)—1 gty T (vecXwe)) || )

0.278256 (i.e., CLSP achieves an improvement of AR? = 0.178256 over a hypothetical naive predictor

ness of fit can be measured by a user-defined R?> ~ max (O, 1-—
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reproducing the known 10% entries of Xi;,e, 7 and yielding a R? ~ 0.1, but still a modest value of R?,
i.e. a relatively large error, NRMSE = 12.649111) with X}, lying within wide condition-weighted di-

agnostic intervals X}, € {min(ij‘wrlower), max(ﬁ}k\d,upper)} = [—8.0847 x 10'>, 8.0847 x 10'°] reflecting
the ill-conditioning of the strongly rectangular A1) € R80%400 (A1)} = 49968 x 10'4, and only the
left-sided Monte Carlo-based t-test for the mean of the NRMSE (on a sample of 30 NRMSE values
obtained by substituting b with (b(T))i w
with the p-value ~ 1). In terms of numerical stability, x(Ccanon) = 4.8023 X 1014 ~ K(A(l)) with a
low RMSA;c(y, 401 = RMSA = 0.0400, as confirmed by the correlogram produced in matplotlib,

(0, 1)) suggesting consistency with expectations (i.e.,

indicating a well-chosen constraints matrix, even given the underdeterminedness of the model (which
also prevents a better fit).

Listing 2. Simulated numerical example for a (non-negative) trade-matrix-based AP (TM) problem.

import numpy as np

from tmpinv import tmpinv

123456789

rng = np.random.default_rng(seed)

seed

# sample (dataset)
m, p = 40, 40
X_true = np.abs(rng.normal(size=(m, p)))

matric dimensions (m = p)
non-negative X_true
X_true = X_true * (1 - np.eye(m, p))

idx = rng.choice(m * p, size=max(1l, int(0.2 * (m * p))),

zero diagonal
random numbers from
[0,(m * p) - 1], 20/ of total

HOR W W R

replace=False)

# model

M = np.eye(m * p)[idx,:] unit matriz

b_row = X_true.sum(axis=1) row sums (length m)
b_col = X_true.sum(axis=0) column sums (length p)

b_val = X_true.reshape(-1, 1)[idx] column wvector
bounds = (0, None)

result = tmpinv(

*HOW W™ R W

non-negativity

M=M, b_row=b_row, b_col=b_col, b_val=b_val,
m=m, p=p, zero_diagonal=True, reduced=(20,20), # reduced models of (20, 20)

bounds=bounds,

r=1, # a solution without refinement
alpha=1.0 # a unique MNVBLUE estimator
)
# helpers
def fmt(v):
v = float(v)

return f"{v:.4e}" if abs(v) >= 1le6 or (v != 0 and abs(v) < le-4) else f"{v:.6f}"

# results

print ("true X:")

print (np.round(np.asarray(X_true), 4))
print("X_hat:")

print (np.round(result.x, 4))

print ("\nDegrees of_freedom:")

dof = np.array ([CLSP.A.shape[1] - np.linalg.matrix_rank(CLSP.A)
for CLSP in result.modell)

p_null = np.array([round(dof[i] / result.model[i].A.shape[1] * 100, 2)
for i in range(len(dof))])

print ("Lunullityouuouooooooooooooooon !, np.min(dof) .item(), ",
np.max (dof) .item() )
print (" percentage of total unknowns:", str(np.min(p_null).item()) + "%", "-",

str(np.max(p_null) .item()) + "%")
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print ("\nNumerical stability,(min-max across models):")
kappaC = np.array([CLSP.kappaC for CLSP in result.model])
kappaB = np.array([CLSP.kappaB for CLSP in result.model])

kappalA = np.array([CLSP.kappaA for CLSP in result.model])

print (", kappaCy:", fmt(np.min(kappaC)), "-", fmt(np.max(kappaC)))
print (", kappaB,:", fmt(np.min(kappaB)), "-", fmt(np.max(kappaB)))
print (", kappaA,:", fmt(np.min(kappad)), "-", fmt(np.max(kappad)))

print ("\nGoodness-of-fit,,(min-max across models):")
x_true = X_true.flatten()
x_hat = result.x.flatten()
mask = np.isfinite(x_true) & np.isfinite(x_hat)
if mask.any(Q):
ss_res = np.sum((x_true[mask] - x_hat[mask])**2)
ss_tot = np.sum((x_true[mask] - np.mean(x_true[mask]))*x2)

nrmse = np.array( [CLSP.nrmse for CLSP in result.model])
x_lower = np.concatenate([np.array(CLSP.x_lower) .reshape(-1) for CLSP in result.modell)
X_upper = np.concatenate([np.array(CLSP.x_upper) .reshape(-1) for CLSP in result.modell)
print (", R2_user_defined  ,uuu:", fmt(1l - ss_res / ss_tot ))
print (", NRMSE L uuuuuuuuuuuuuu: s fmt (np.min(nrmse)) , "-", fmt(np.max(nrmse) ))
print (", Diagnostic band (min):", fmt(np.min(x_lower)), "-", fmt(np.max(x_lower) ))
print (", Diagnostic band (max):", fmt(np.min(x_upper)), "-", fmt(np.max(x_upper) ))
print (", Monte Carlo t-test:")
ttests = [CLSP.ttest(sample_size=30, seed=seed,

distribution="normal") for CLSP in result.model]
keys = ttests[0].keys()
for kw in keys:

val = np.array([t[kw] for t in ttests], dtype=float)

print (£" uuu{kw}:  {fmt (np.min(val) )} - {fmt (np.max(val))}")

In case (b) (see Listing 2 for code), the corresponding number of model (target) variables

in each of the ([%1 . [%D = 9 reduced design submatrices A;lliset - Aggu ced” #QX/L reduced” 1S

MeubsetPsubset < 361 — where Mgpeer < 20 —1 = 19 and pgypset < 20 —1 = 19, one row and
. . Ly—m 0

one column being reserved for } ¢ 7 al%) and ) ;s7 ai(}), which enter Aggluce gas S = {0 pj;:’j;;t]

and the vector of slack variables (/y;ﬁeduced) "t = [A* reduced so that CreducedXreduced +

yresidual,reduced:| C Zreduceas
SreducedYreduced = Pr,1:k (i-e., the slack matrix compensates for the unaccounted row and col-
umn sums in the reduced models as opposed to the full one, such as case (a)) — with a nullity
dim(ker(A](ri()jluce 1)) = Treduced — rank(A](r;gluce 1) € [2, 290] (per reduced model), corresponding
to 25.00%-72.68% of the total unknowns (per reduced model) — to compare, a full model, un-
der the same inputs and no computational constraints (i.e., mp % mgpg), would have a nullity
dim(ker(A(M)) = n — rank(A(1)) = 1168, corresponding to 73.00% of the total unknowns. In the ex-

amined example, — based on Xryel € R4, (lTXtrue) T €R¥ anda randomly selected 20% of entries

R40>40, _ the reduced-model block solution’s goodness of fit could not be ef-

HVEC(Xt )—Vec({i*'(iE’jE) })Hz
Tue M, reduced, 1:1mg oot 1M ybset o

2
[vecXrue) 1 oy 1 e (X)) |-

of the true matrix Xgue €

ficiently measured by a user-defined R? ~ max | 0, 1 —

0 (i.e., the block matrix constructed from ([%—‘ . [%—D = 9 reduced-model estimates led to

R? ~ max(0, —5.435377), but to an error proportionate to the one in case (a), NRMSE cquced €
[3.464102, 15.748016] (per reduced model)) — in contrast, a full model would achieve R? =~
max (O, 1-—

[ vec(Xiue) % |3

vee(Xure) ~1 g L1 (vee(Xurue)s) I3
29.427878 — with X} .quceq 1ying within strongly varying condition-weighted diagnostic inter-

) ~ (0.278427, but at a cost of a greater error, NRMSE =

vals S(\X/I,reduced € min(s‘\;ﬂ,lower,reduced)’ max(;‘\;{\/l,upper,reduced)}’ where min(&\;/l,lower,reduced) S
[—330.638753, —2.5009 x 10~"?] (per reduced model) and max(Xy; upper, reduced) € [—2-5456 X
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10719, 336.547225] (per reduced model), and varying results of Monte Carlo-based t-tests for
the mean of the NRMSE,.quced (0N a sample of 30 NRMSE.quceqd Values obtained by substitut-

ing b, with (bﬁr)) BSOS (0, 1)), where p-values range 4.8022 x 10~%-1.000000 (left-sided),
1

0.000000-1.000000 (two-sided), and 3.7021 x 10~2°~1.000000 (right-sided) (per reduced model) —
alternatively, a full model would lead to wider condition-weighted diagnostic intervals X, €

[mm(s‘\j\d,lower)' max(?}*\,{,upper)} = [-1.5357 x 10'°, 1.5357 x 10'¢] (i.e., reflecting the ill-conditioning

of the strongly rectangular A(1) € R400x1600 (A1)} = 22196 x 10'*) and only the left-sided Monte
Carlo-based t-test for the mean of the NRMSE (on a sample of 30 NRMSE values obtained by

substituting b with (bm) N (0, 1)) suggesting consistency with expectations (i.e., with the
1
p-value ~ 1). In terms of numerical stability, k¥ (Ccanon, reduced) € [2-236068, 6.244998] < K(A(l) )€

[4.509742, 9.325735] (per reduced model), which indicates well-conditioning of all the reducerad;lrig(jiels

— conversely, in a full model, x(Ccanon) = 1.0907 x 1014 < K(A(l)) (therefore, a full model ensures an
overall better fit but a lower fit quality, i.e., a trade-off).

As the CMLS (RP) numerical example, this text addresses a problem similar to the one solved

in Bolotov [15,96]: a coefficient vector B from a (time-series) linear regression model in its classical

(statistical) notation y; = x;f + €, s.t. Z}ii Bi = ¢ AViep Byr = 0 A Vicp Azyt % 0 with A"y,

denoting n-th order differences (i.e., the discrete analogue of ddn 4t) — where y; is the dependent variable,

xt = [1,x¢1,...,%; ;] is the vector of regressors with a constant, €; is the model’s error (residual), c is
a constant, and P & {t; : j = 1,...,k} is the set of stationary points — is estimated on a simulated
sample (dataset) with the help of CLSP assuming xjy = 8 € RP and D = X = [1,xy,...,x] € RF*P,
p = i+ 1. The Python 3 code, based on numpy and pyclsp modules, installable by executing pip
install numpy pyclsp==1.3.0,fork =500, p =6,c =1,y = DBtrue + €, where Vje{Z,...,6} D =4,
(), N0, 1), & € B, Buue = 175, (), N0, 1), X € RS € = X, (Xe); N (0, 1),
Xe € R%, and P = {t : Ay = 0}, with a non-iterated (r = 1), unique (« > 0), and MNBLUE (a = 1)
two-step CLSP solution (consistent with the ones from cases (a) and (b) for APs (TMs)), is implemented
in Listing 3 (e.g., for a Jupyter Notebook).

Listing 3. Simulated numerical example for a (time-series) stationary-points-based CMLS (RP) problem.

import  numpy as np

from clsp import CLSP

seed = 123456789

rng = np.random.default_rng(seed)

# sample (dataset)

k = 500 # number of observations in D
P =6 # number of regressors

c =1 # sum of coefficients

D = np.empty((k, p))

D[:, 0] =1.0 # constant

D[:, 1:]1 = rng.normal(size=(k, p - 1)) #D.,7 " N(0,1), 2 <= j<=7p
b_true = rng.normal(size=p) # b_true ~ N(0,1)

b_true = (b_true / b_true.sum()) * c

e = rng.normal(size=(k, 1)) #e "~ N(0,1)

y = (D @ b_true).reshape(-1, 1) + e # y.t =D @ b_true + e_t

# model

b = np.vstack([

np.asarray([c]), ¢ (the sum of coefficients)

np.zeros((k - 2, 1)), zeros
np.zeros((k - 1, 1)),

y

zeros

H R W W

values of y_t

D
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C = np.vstack([
np.ones((1, p)), # a Tow of ones
np.diff (D, n=2, axis=0), # the 2nd differences
np.diff (D, n=1, axis=0) # the 1st differences
1D)
S = np.block([
[np.zeros(( 1, k-2))], # a zero wvector
[np.diag(np.sign(np.diff(y.ravel(), n=2)))], # a diagonal sign matriz
[np.zeros((k-1, k-2))], # a zero matriz
D
model = CLSP() .solve(
problem="cmls", b=b, C=C, S=S, M=D,
r=1, # a solution without refinement
alpha=1.0 # a unique MNBLUE estimator
)
# results

print ("true beta (x_M):")
print(np.round(np.asarray(b_true) .flatten(), 4))

print ("beta hat, (x_M_hat):")
print (np.round(model.x.flatten(), 4))

print ("\nNumerical stability:")

print (", kappaCy:", round(model.kappaC, 4))
print (", kappaB:", round(model.kappaB, 4))
print (", kappaA,:", round(model.kappaA, 4))

print ("\nGoodness-of-fit:")

print (", R2_partial,, uuuuuuuun: ", round(model.r2_partial, 6))
print (", NRMSE_partial uuuuuu:", round(model.nrmse_partial, 6))
print (", Diagnostic band,(min):", np.round(np.min(model.x_lower), 4))
print (", Diagnostic band;(max):", np.round(np.max(model.x_upper), 4))

print (", Monte Carlo t-test:")
for kw, val in model.ttest(sample_size=30, # NRMSE_partial sample
seed=seed, distribution="normal", # seed and distribution
partial=True).items():
print (£"Luuu{kw}:  {float(val) : .6£}")

Compared to the true values Birye = [0.1687, —0.3593, 0.5969, —0.0628, —0.1742, 0.8307], the
CMLS (RP) estimate is § = X}, = [0.2024, —0.1121, 0.2095, —0.0396, —0.0296, 0.2611] with a modest
R;arﬁal = 0.293328 (i.e., a greater error, NRMSE ;i = 0.840638), moderate condition-weighted
diagnostic intervals X3, € [—29.7780, 30.3003], and only the right-sided Monte Carlo-based t-test for
the mean of the NRMSE ;5 (on a sample of 30 NRMSE, ;a1 values obtained by substituting b with

(b(T)) ' id (0, 1)) — in the example under scrutiny, NRMSE ;tia1 is preferable to NRMSE due to
yE > X — suggesting consistency with expectations (i.e., with the p-value ~ 1). Similarly, in terms of
numerical stability, «(Ccanon) = 138.6109 > x(A) =127.8287, indicating that the constraint block
is ill-conditioned, most likely, because of the imposed data- (rather than theory-) based definition of
stationary points, which rendered Step 2 infeasible (X}, = ig\}l)) (limiting the fit quality).

Finally, in the case of a LPRLS/QPRLS numerical example, this text simulates potentially ill-posed
LP (QP) problems, similar to the ones addressed in Whiteside et al. [93] and Blair [76,94]: a solution
x* E 0 in its classical LP (QP) notation x* = arg maxycpey c'x (x* = arg min, gy { %xTQx + ch}),
st. Ax <b = Ayx < by A Agyx = be; — where Q € RP*? is a symmetric positive definite matrix,

ceRP, A= [ﬁ;ﬂ € RMwtme)<p and b = [lf,i’qb] € R™Mu Mg — jg estimated from two randomly

generated (coefficient) matrices A, = A1, (1), ; S N(0, 1), and Agg = A5, (X2), ; i N(0, 1), and

two (right-hand-side) vectors b, = A3, (X3); id N(0, 1), and by = Xy, (Xy); iid N(0, 1), via CLSP
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assuming C = [ﬁ’:;’] ,S = Qé [SS g;"’ub} Qg, and b = []1’)’:;’] , Where Qé and Qlé are permutation matrices,
while omitting Q and c¢. The Python 3 code, based on numpy and pylppinv modules, installable
by executing pip install numpy pylppinv==1.3.0, for m,, = 50, me; = 25, and p = 500, with a
non-iterated (r = 1), unique (« > 0), and MNBLUE (« = 1) (two-step) CLSP solution (analogously
consistent with the ones from cases (a) and (b) for APs (TMs) and the one from CMLS (RPs)), is
implemented in Listing 4 (e.g., for a Jupyter Notebook).

Listing 4. Simulated numerical example for a underdetermined and potentially infeasible LP (QP) problem.

import numpy as np

from lppinv import lppinv

seed = 123456789
rng = np.random.default_rng(seed)

# sample (dataset)

A_ub = rng.normal (size=(50, 500)) # underdetermined LP/QP matriz
A_eq = rng.normal(size=(25, 500)) # underdetermined LP/QP matriz
b_ub = rng.normal(size=(50, 1)) # may be inconsistent with A_ub
b_eq = rng.normal(size=(25, 1)) # may be inconsistent with A_eq

model = lppinv(
A_ub=A_ub, A_eq=A_eq, b_ub=b_ub, b_eq=b_eq,
non_negative=False, # allow negative values

**

r=1,
alpha=1.0

a solution without refinement

**

a unique MNBLUE estimator

# results
print ("x hat,(x_M hat):")
print (np.round(model.x.flatten(), 4))

print ("\nDegrees of freedom:")

dof = model.A.shape[1] - np.linalg.matrix_rank(model.A)
p_null = round(dof / model.A.shape[1] * 100, 2)

Print ( "uunlﬂ-lit}’uuuuuuuuuuuuuuuuuuuuu3 ", dof )

print (" percentage of total unknowns:", str(p_null) + "%")

print ("\nNumericalg stability:")

print (", kappaC:", round(model.kappaC, 4))
print (", kappaB,:", round(model.kappaB, 4))
print (", kappal,:", round(model.kappah, 4))

print ("\nGoodness-of-fit:")

print (", NRMSE L uuuuwuuuuuuuuy: s round (model .nrmse, 6))
print (", Diagnostic band (min):", np.round(np.min(model.x_lower), 4))
print (", Diagnostic band (max):", np.round(np.max(model.x_upper), 4))

print (", Monte Carlo t-test:")
for kw, val in model.ttest(sample_size=30, # NRMSE sample
seed=seed, distribution="normal", # seed and distribution
).items():
print (£"_uuu{kw}: {float(val):.6£}")

The nullity (i.e., underdeterminedness) of the CLSP design matrix, A()), is dim(ker(A(1))) =
n — rank(A(1)) = 475, corresponding to 86.36% of the total unknowns, accompanied by a greater
(relatively high) error, NRMSE = 12.247449, moderate condition-weighted diagnostic intervals X3, €
[—1.2919, 1.3918], and only the right-sided Monte Carlo-based t-test for the mean of the NRMSE
(on a sample of 30 NRMSE values obtained by substituting b with (b(T))i KN (0, 1)) suggesting

consistency with expectations (i.e., with the p-value = 1). Similarly, in terms of numerical stability,
%(Ceanon) = 2.2168 = K(A(l)) = 2.2168, indicating that the constraint block is well-conditioned despite
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a strongly rectangular A() € R7>*5%0, Hence, CLSP can be efficiently applied to AP (TM), CMLS (RP),
and LPRLS/QPRLS special cases using Python 3, and the reader may wish to experiment with the
code in Listings 1—4 by relaxing its uniqueness (setting & = 0) or the MNBLUE characteristic (setting
a €0, 1)).

8. Discussion and Conclusions

The proposed modular two-step Convex Least Squares Programming (CLSP) estimator attempts
to supersede historical efforts developed mainly in the 1960s-1990s to address ill-posed problems in
both LS and LP (QP) — namely, the mentioned Wolfe [84], Stoer [80], Waterman [81], Dax [85], Osborne
[78], George and Osborne [79], Barnes et al. [86], Donoho and Tanner [77], Grafarend and Awange
[82], Bei et al. [87], and Qian et al. [83] — by correcting (1) the estimation, based on a Moore-Penrose
pseudoinverse At (which has already been applied in an ad hoc manner in the field, particularly in
econometrics in the 2010s; consult Pereira-Lépez et al. [95] and Bolotov [16]) and a Bott-Duffin inverse
A}, (based on the literature research, this text may be the first to consider a constrained generalized
inverse to generalize an A'-based estimator) with the help of a (2) regularization-based correction
[4] (pp. 477-479), achieving greater fit quality in terms of ensuring strict satisfaction of problem
constraints (previously infeasible under an Af-based solution), while yielding a (potentially) unique
and MNBLUE solution (by setting &« = 1). At the same time, CLSP is well grounded in the algorithmic
logic of the works in question, such as Wolfe [84] and Dax [85], as further formalized by, e.g., Osborne
[78]. However, the primary strength of the framework in question lies in its “generality”: in contrast
to the (individual) problem-specific algorithms, such as the ones developed by Ubi [88,89,90,91,92] —
routines combining (NN)LS, LP, and QP within a single framework to solve both well- and ill-posed
convex optimization problems, — CLSP provides a unified estimator with a proper methodology for
numerical stability and goodness-of-fit assessment, centered around RMSA and NRMSE. A secondary
strength is its practical “versatility”: through at least three classes of special cases — APs (TMs),
CMLS (RPs), and LPRLS/QPRLS, — it allows estimation of (rectangular) input-output tables (national,
inter-country, or satellite), structural matrices (such as trade, country-product, investment, or migration
data), and previously infeasible textbook-definition models of economic variables and/or LP (QP)
problems. Furthermore, the inclusion of A}, allows probabilistic and Bayesian applications, since its
subspace restrictions can be interpreted in terms of random variables, prior distributions, as well as
Monte Carlo-based inference. To conclude, CLSP has already been fully implemented in Python 3
(pyclsp, pytmpinv, and pylppinv) and is to be ported into R and Stata in the future, making it a readily
available alternative to purely theoretical or not freely accessible algorithms or proprietary packages,
and applicable in a real-world setting (such as econometric research, replacing [15,16,95] with the
two-step corrected estimation).
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Abbreviations

The following abbreviations are used in this manuscript (in order of their appearance in the sections):

CLSP Convex Least Squares Programming

LS Least Squares

OLS Ordinary Least Squares

NNLS Non-Negative Least Squares

SVD Singular Value Decomposition

LP Linear Programming

Qr Quadratic Programming

Lasso Least Absolute Shrinkage and Selection Operator
Ridge Ridge Regression (Tikhonov regularization)
MNBLUE  Minimum-Norm Best Linear Unbiased Estimator
BLUE Best Linear Unbiased Estimator

RMSA Root Mean Square Alignment

RMSE Root Mean Square Error

NRMSE Normalized Root Mean Square Error
ANOVA  Analysis of Variance

CLT Lindeberg-Lévy Central Limit Theorem

APs Allocation Problems

TMs Tabular Matrix Problems

UNCTAD UN Trade and Development

CMLS Constrained-Model Least Squares

RPs Regression Problems

NBER U.S. National Bureau of Economic Research

LPRLS Linear Programming via Regularized Least Squares
QPRLS Quadratic Programming via Regularized Least Squares
iid independent and identically distributed
Appendix A

This appendix presents (a) an equation of the Bott-Duffin inverse, (A(Zr ) )¥, based on the singular
value decomposition (SVD), as well as (b) a partitioned decomposition of B(").

Appendix A.1

Let A € R™%" be a real matrix, and let Z € R"*" be a symmetric idempotent matrix (i.e.,
Z? = Z = Z") defining a subspace restriction. Then, the Bott-Duffin inverse (A(Zr))+ € R is given
by the formula (A(Zr ) )7 = (Z(A(’) )TA(V)Z> +Z(A(r>)T, as defined in Equation (5), where the projected

Gram matrix Z(A(")) T A Z is computable via its SVD:
zZ(A)TAz —uzv' =uzu’ (A1)

where U, V € R"*" are orthogonal (since the projected Gram matrix is symmetric positive semidefinite,
U = V), and & = diag(cy,...,0mank,0,...,0) € R™" contains the singular values. Hence, for

1.
rt = diag(c; Y, ... 01 ,0,...,0), UZtUT substitutes (z(A(r>)TA<r)z) :

*/ Yrank’ -7

(A(Zr))+ _ (Z(A(r))TA(r)Z>+Z(A(r))T _ (UZ+UT)Z(A(r))T (A2)
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Appendix A.2

Let rank([C S]) < rank(C) + rank(S) in the analysis of numerical stability of the first estimate
Z("), as defined in Equation (2). Then a decomposition of B(") reveals how the interaction of constraints
C and slack structure S forms the curvature of the solution space:

B") —=A0[c 5] '

T (A3)

ST

c'c C's

(e sl sfun a0 S 6

While the block C'C captures the contribution of the constraints and STS reflects the curvature
introduced by slack variables, the off-diagonal blocks C TS and ST C encode cross-interactions between
constraints and slacks: if these off-diagonal blocks vanish, the effects are orthogonal and additive (in
the column space sense since C'S = 0 implies R(C) L R(S)); otherwise, C is orthogonalized with
respect to R(S), which is effected by (I — SST)C. Hence, the presence of S in [C S] can improve or
worsen the ill-posedness of the canonized problem: namely, C'S # 0 tends to worsen the condition
number «([C S]).

Appendix B

This appendix presents Stata code, i.e., a .do-file, for the Monte Carlo experiment, compatible
with version 14.0 and above (Stata/MP with at least four CPUs is recommended for replication —
specifically, 50,000 iterations require substantial CPU time and memory).

Stata/MP 14.0 dependencies:

TITLE
> SUMMARIZEBY’: module to use statsby functionality with summarize

DESCRIPTION/AUTHOR(S)
This routine combines the summarize command with statsby. It iteratively collects summarize
results for each variable with statsby and saves the result to memory or to a Stata .dta file.

KW: data management
KW: summarize
KW: statsby

Requires: Stata version 8

Distribution—Date: 20221012
Author: Ilya Bolotov, Prague University of Economics and Business
Support: email ilya.bolotov@vse.cz

INSTALLATION FILES
summarizeby.ado

summarizeby.sthlp

(type ssc install summarizeby to install)
Appendix B.1

Listing B.1. Stata code from the Monte Carlo experiment dedicated to mapping the distribution of NRMSE.

*! version 1.0.2 070ct2022
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version 14.0

*x# Bookmark #1
* ==== CHECK FOR MISSING SOFTWARE *

*x# Bookmark #2

* ==== CONFIGURATION *
clear all

tempfile tmpf DTA_FILE // temporary file
tempname t // temporary frame

glo date : di %tdCYND daily("$S_DATE", "DMY") // date

glo date = cond("‘l)ll 1= llll’ ll‘l)ll’ ll$datell)

glo compiled_by "Ilya Bolotov, MBA, Ph.D."
// load a pre-save (if applicable)
cap use "AP____DATA_pre-save.dta", clear

// create folder and/or open log

cap log using "AP DATA_$date.smcl", name(data) replace

**# Bookmark #3

* ==== MATA CODE *
sca ‘t’ = clock(c(current_date) + " " + c(current_time), "DMYhms")

// Experiment, QUAD PRECISION

mata: d = (1::50) // dimensions of ‘a’
mata: n = 50000 // iterations

loc RS real scalar

loc RV real colvector

loc RM real matrix

loc SS string scalar

loc T™M transmorphic matrix

loc PF pointer (‘RM’ function) scalar

loc VV void

loc version "version 14:"

mata:

mata set matastrict on

‘RS’ appinv_dist(‘RS’ r, ‘RS’ c¢,‘RS’ n, |‘RS’ f_d, ‘RS’ f_n, ‘RS’ tol,
‘RS’ seed, ‘PF’ dist) /* solver */

RV’ e, i
‘RM’ a, b

“TM> tmp, f

// general configuration

fd =fd !=.7fd :0 /* flag: zero-diagonal  */
fn =fn !=.7fn :0 /* flag: uniform|normal */
tol = tol !'= . ? tol : c("epsdouble") /* tolerance */
seed = seed != . 7 seed : 123456789 /* MC seed, distribution */
dist = dist ? dist : (f_n ? &appinv_rnormal() : &appinv_runiform())

// build the dataset (if the observation doesn’t exist)

if (st_nvar()) ///
if (sum(rowsum(st_data(., ("r","c","zerod")) :== (r,c,f_d)) :== 3)) ///
return(0)

else (r,c,f_d)
// TM problem, ‘a‘ and ‘b¢
a = I(m#IJ(1,c, D\IU,r, D#I(c)\
(f_d 7 (tmp=(I(min((r, c)))#(1,3(1,c,0)))[.,(1..min((r,c))*c)]),
J(rows (tmp) ,r*c-cols(tmp),0)

: J(0,r*c,.)) /* diagonal of ‘a’ -> 0 x*/
/* format: %e[2].0fc */
f = (tmp=trunc(floatround(loglO(n)))) + trunc(floatround(tmp / 3)) + 2
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printf ("\n{txt}Simulations ({res})"+ strofreal(f - 1)+".0fc{txt})\n", n)

printf("----+--- 1 ——-#--- 2 ——-#--- 3 ——-t--- 4 ———+--- 5\n")
/* perform MC with n simulations */
rseed(seed)

for (i=1;i<(n+1);i++) {
e = e\sqrt(quadcross((tmp=(b=(xdist) (r+c + (f_d ? min((r,c)) : 0), 1)) -
a * svsolve(a, b, ., tol)), tmp) / r / variance(b))
if (! mod(i, 5)) { printf("..... "); displayflush(); }
if (! mod(i, 50)) printf("%"+strofreal(f)+".0fc\n", i)

}

/*x/

(void) stata("preserve", 1)
(void) st_dropvar(.) /* e -> summarizeby */
(void) st_addvar("double", "NRMSE", 1)
(void) st_addobs(rows(e), 1)
(void) st_store(., ("NRMSE"), e)
(void) stata("summarizeby, clear 4", 1)

(void) st_addvar("long", ("r","c","zerod","rank","nvar"))
(void) st_store(st_nobs(), ("r","c","zerod","rank","nvar"),
(r,c,f_d,rank(a),(f_d ? r*c - min((r,c)) : r*c)))

(void) stata("save ‘tmpf’, replace", 1)
/* add variables (if none are declared) */
(void) stata("restore", /* pre-save result */ 1)
(void) stata("append using ‘tmpf’", 1)
(void) stata("save AP____DATA_pre-save.dta, replace", 1)
return(1)

}

‘RM’ appinv_runiform(‘RS’ r, ‘RS’ c) return(runiform(r,c)) /* dummy  */

‘RM’ appinv_rnormal (‘RS’ r, ‘RS’ c¢) return(rnormal(r,c,0,1))

for(i=1;i<=rows((tmp=d#J(rows(d),1,1),J(rows(d),1,1)#d));i++) { /* start  */
(void) appinv_dist(tmp[i,1], tmp[i,2], n, /* zerod */ O, /* normal */ 1)
(void) appinv_dist(tmpl[i,1], tmp[i,2], n, /* zerod */ 1, /* normal */ 1)

}

end

rm "AP____DATA_pre-save.dta" // delete pre-save
sca ‘t’ = clock(c(current_date) + " " + c(current_time), "DMYhms") - ‘t’
di as res "Completed in ‘=round(‘t’/1000, .001)’s" // print timestamp

*x# Bookmark #7

* ==== FINALIZE DATA i
// drop obsolete

drop if r == 1 & ¢c == 1

// order and sort
order variable N r c zerod nvar
sort r c zerod

// add data and variable labels
la data "Monte Carlo: mean NRMSE in general/zero-diagonal TM models, N = 50,000"
*ok ok ok

la var variable "variable name"

la var N "observations"

la var r "rows"

la var c "columns"

la var zerod "0 general TM, 1 zero-diagonal TM"
la var nvar "variables in ‘a‘"

la var rank "rank of ‘a‘"

// add data and variable notes
notes: Generated with random-number seed 123456789, descriptive /*
*/statistics collected with the help of summarizeby (SSC)
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notes: Compiled by $compiled_by on TS

// save
compress // compress data
datasignature set, reset

*okkk
save ‘DTA_FILE’, replace // cloud-proof saving
copy ‘DTA_FILE’> "AP____DATA_$date.dta", replace

*okkok

preserve

keep r ¢ zerod mean sd p*
mata: fputmatrix((tmp=fopen("AP____DATA_$date.mmat", "w")), st_data(.,.))

mata: fclose(tmp)

*x# Bookmark #8
* ==== CLEAN UP *
cap log close data // close log

clear all
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