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Abstract: Robotic-assisted therapy is an increasingly vital approach for upper-limb rehabilitation,
offering consistent, high-intensity training critical to neuroplastic recovery. However, current control
strategies often lack robustness against uncertainties and external disturbances, limiting their efficacy
in dynamic, real-world settings. Addressing this gap, this study proposes a novel control framework
for the iTbot—a 2-DoF end-effector rehabilitation robot—Dby integrating differential flatness theory
with a derivative-free Kalman filter (DFK). The objective is to achieve accurate and adaptive trajectory
tracking in the presence of unmeasured dynamics and human-robot interaction forces. The control
design reformulates the nonlinear joint-space dynamics into a 0-flat canonical form, enabling real-time
computation of feedforward control laws based solely on flat outputs and their derivatives. Simul-
taneously, the DFK-based observer estimates external perturbations and unmeasured states without
requiring derivative calculations, allowing for online disturbance compensation. Extensive simula-
tions across nominal and disturbed conditions demonstrate that the proposed controller significantly
outperforms conventional flatness-based control in tracking accuracy and robustness, as measured
by reduced mean absolute error and standard deviation. Experimental validation under both simple
and repetitive physiotherapy tasks confirms the system’s ability to maintain sub-millimeter Cartesian
accuracy and sub-degree joint errors even amid dynamic perturbations. These results underscore the
controller’s effectiveness in enabling compliant, safe, and disturbance-resilient rehabilitation, paving
the way for broader deployment of robotic therapy in clinical and home-based environments.

Keywords: Rehabilitation robots; Flatness-based control; Kalman filter; Disturbance compensation

1. Introduction

Robotic-assisted therapy has gained significant attention as an effective solution for restoring
motor function in individuals with neuromuscular impairments, particularly those recovering from
stroke and related conditions [1-3]. These systems enable high-intensity, repetitive, and goal-directed
training, which is essential for promoting neuroplasticity and functional recovery. Unlike traditional
physical therapy, where therapists manually guide patients through rehabilitation exercises, robotic
systems provide structured assistance in passive, active, and assist-as-needed modes. Moreover, they
facilitate precise monitoring of patient progress and allow for objective assessment of motor recovery
[4,5]. Despite these advantages, significant challenges persist—especially in personalizing therapy for
individual patients and scaling robotic systems for broader clinical and at-home applications [6].

Rehabilitation robots are typically categorized into two main types: exoskeleton and end-effector
systems [6]. Exoskeleton robots are wearable devices designed to mimic the anatomical structure
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of the human arm, enabling multi-joint movement support for comprehensive rehabilitation [7-10].
While these robots can perform complex therapy routines, they tend to be bulky, expensive, and
challenging to operate—factors that limit their suitability for home-based use [11]. In contrast, end-
effector robots interact with users through a single physical interface, such as the wrist or forearm.
Their mechanical simplicity, lower cost, and ease of deployment make them well-suited for non-clinical
settings, including home rehabilitation [12]. Nonetheless, access to portable and consistent therapy
remains limited, particularly for individuals facing logistical barriers to attending healthcare facilities.

To bridge this gap, we introduce iThot, a two-degrees-of-freedom (2-DoF) end-effector-type
therapeutic robot specifically designed for upper-limb rehabilitation. The iTbot is lightweight, compact,
and capable of delivering therapy in both clinical and home environments. Its design emphasizes
usability, portability, and adaptability, thereby expanding access to high-quality rehabilitation beyond
traditional care settings.

A key challenge in robotic rehabilitation is the development of control strategies that facilitate
accurate, safe, and robust interactions with users. For end-effector systems, the primary control goal is
to achieve precise trajectory tracking during repetitive tasks such as elbow flexion and extension. How-
ever, this objective is complicated by actuator dynamics, system nonlinearities, external disturbances,
and the inherently variable nature of human-robot interaction [13]. Several control methodologies have
been proposed to address these issues. For example, backstepping control employs Lyapunov-based
recursive design techniques to ensure stability, but it remains highly sensitive to modeling errors
[14]. Other approaches, including fuzzy logic, neural networks, hybrid adaptive control, and machine
learning, are capable of managing uncertainties [15-18]; however, they often entail high computational
overhead, which complicates real-time implementation. Alternative strategies such as adaptive control
[19], EMG-driven methods [20], admittance-based control [21], and sliding mode control [22] are also
used but suffer from drawbacks like model dependency and noise sensitivity. Time Delay Estimation
(TDE) provides a non-model-based compensation method for unmodeled dynamics [23], though it is
often affected by noise and latency. Similarly, Extended Kalman Filters (EKF) have been employed for
state estimation [24,25], but the requirement for Jacobian-based linearization can compromise stability
and increase implementation complexity.

A promising alternative lies in the flatness-based control paradigm introduced by Fliess and
collaborators [26,30]. Differential flatness allows system states and control inputs of nonlinear systems
to be expressed in terms of flat outputs and their derivatives, thereby significantly simplifying the
control design process. Building upon our previous work [45], this paper presents a novel flatness-
based control framework for the iTbot system. The proposed approach transforms the system dynamics
into a 0-flat canonical form and integrates a derivative-free Kalman filter (DFK) to estimate unmeasured
states and external disturbances in real-time. This combined method enhances tracking accuracy and
robustness while maintaining computational efficiency, making it suitable for real-time application.

The main contributions can be summarized as follows:

*  Development of a flatness-based control strategy specifically tailored to the iTbot platform,
enabling precise and robust trajectory tracking.

e Derivation of a 0-flat canonical form of the system dynamics using differential geometric tools.

e Integration of a derivative-free Kalman filter for real-time estimation and rejection of external
disturbances and unmeasured dynamics, without the need for derivative computations.

e  Demonstration—through both simulations and real-time experiments—that the proposed method
offers improved tracking performance and robustness under a variety of disturbance conditions,
all with reduced computational load.

The remainder of this paper is structured as follows. Section 2 details the design and mechanical
specifications of the iTbot system. Section 3 presents both the kinematic and dynamic modeling. In
Section 4, the flatness-based control methodology is introduced alongside the disturbance estimation
scheme employing DFK. Section 5 discusses the simulation-based comparative study, while Section
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6 describes the experimental validation. Finally, Section 7 concludes the paper with a summary of
findings and outlines directions for future research.

2. Mechanical Design of iTbot

The development of the iTbot robot is centered on a workspace that is accessible to humans,
enabling therapy throughout its entire range of motion. Its structural design is intentionally simplified
while ensuring that it fully supports robot-assisted rehabilitation, as illustrated in Figure 1. The robot’s
framework consists of two linkages: Link-1 and Link-2, both mounted onto a sturdy base. To provide
stability during experimental operations, the base of the iTbot is made from a heavy aluminum block.
This block is crafted from two aluminum components: one forms the bottom of the robot, while the
other acts as a mounting platform for the Motor-1 (Joint-1) assembly, as depicted in Figure 1. Joint-1
(Motor-1) incorporates a harmonic drive gear reducer, which is mounted directly onto the top base,
with the motor situated behind it using a custom-designed motor adapter. Link-1, constructed from
an aluminum segment featuring an integrated gear reducer, connects directly to the output of the
harmonic drive gear unit. In the Link-2 assembly, the fabricated aluminum part also contains the
second half of the Motor-2 wire spool holder. Joint-2 (Motor-2) is made up of two interconnected links:
Link-1 and Link-2.

Force Sensor
End-effector
Link-2
Motor-2
Link-1

Motor-1

Base

Figure 1. iTbot: Mechanical Architecture [44]

At the end of the connection, an end effector holds both the force sensor and the handle. The
handle is specifically tailored to fit the user’s hand profile; in our prototype, its design was based on
the average hand size of two adult male laboratory members who participated in the development of
the iTbot. This handle includes a base component that has been 3D-printed from polycarbonate plastic
and is attached to the force sensor. An inner tube, equipped with mounting points for two bearings at
either end, is then screwed into the base component to finalize the assembly.

2.1. Specification of the iThot

The completed CAD model outlined in Section 2 was created by applying material properties to
each component with SolidWorks software. Table 1 provides a summary of the mechanical parameters
derived for the iTbot.

Figure 2 demonstrates that the iTbot offers a range of motion of 1.1 meters along the X-axis. This
robot was specifically designed to assist the motion of the human upper limb [32] within a workspace
that accommodates individuals ranging in height from 1.21 to 1.82 meters, allowing for both horizontal
and vertical orientations. In Figure 2, the shaded area indicates the workspace coverage for a human
arm, extending from 0.5 meters to 0.66 meters. Moreover, the iTbot’s base design facilitates installation
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in either a horizontal or vertical position, provided it is adequately anchored. Its symmetric design,

paired with asymmetric joint ranges of motion, makes the robot suitable for use by both left- and
right-handed individuals.
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Figure 2. Reachable workspace of the upper limb under (a) vertical and (b) horizontal arrangements [44]

Table 1. Mechanical parameters of iTbot estimated from CAD model [44]

Joint Parameters

Item Joint-1 Joint-2
Joint Range of A Ao o Ao
Motion (Degrees) A=85A A£180A
Link Parameters
Mass (Kg) 1.79 0.65
Center of gravity =~ Center of gravity
of link 1 in of link 2 in
Location of the frame {1}, see frame {2}, see
center of gravity Figure 3 Figure 3
in link frame (m) X1=0.26, Xp=0.15,
Y1=0.00, Y>=0.00,
Z1 =0.00 Z, =0.02
Robot Properties
Mass (Kg) 6.67 (3.2 without base)
Maximum
Horizontal A+0.55
reach (m)
Maximum
Vertical +0.1 to +0.55
reach (m)

3. Kinematics and Mathematical Model of iTbot

The kinematic model of the iTbot employs the modified Denavit-Hartenberg (DH) notation [44].
As depicted in Figure 3, only two joint angles are actively controlled during rehabilitation training. Each
link in the robot’s structure has an associated coordinate frame (link frame) that specifies its position
concerning adjacent links. The DH parameters are determined by assigning coordinate frames that link
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X
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Figure 3. Coordinate frame assignment for the 2-DoF iTbot [44].

one axis of rotation to the next. Frame 1 is associated with Joint 1, Frame 2 corresponds to Joint 2, and
Frame 3 is designated for the iTbot’s end-effector. Frame 0 acts as the fixed reference frame, aligned
with the world (base) frame. The modified DH parameters, which describe the spatial relationships
of the link frames (shown in Figure 3), are summarized in Table 2. Additionally, integrating the DH
parameters, we obtain the homogeneous transformation matrix, which defines the positions and
orientations of the reference frames relative to the fixed base frame.

Table 2. the modified Denavit-Hartenberg (DH)

joint (i) a1 d; a1 0;
ine 1 0 0 0+ 75
2 0 0 l] 92 +
3 0 I 0
ine

In Table 2, «;_1 denotes the link twist, a;_; is the link length, d; represents the link offset, and 6; is
the joint angle.

3.1. Dynamics of the iTbot

The dynamic behavior of the iTbot is examined using the iterative Newton-Euler formulation, as
shown in Figure 4 [34]. This approach allows for precise simulation of joint movements in experiments
that utilize nonlinear control strategies.

The dynamic model of the iTbot, expressed in joint space, is illustrated below:

M(0)6+C(6,0)0 +Gr(0) +Cais =T (1)

where 0 € R? denotes the vector of generalized coordinates. M () € R?*2 represents the symmetric
positive-definite inertia matrix, C (6, 9)9 € R? accounts for Coriolis and centrifugal forces, and Gr(()) €
R? denotes the gravity vector. T € R? represents the torque input vector, while &5 € R? incorporates
external disturbances. Furthermore, it is important to note that ;s = | TF,, where ] € R®*? is the
Jacobian matrix and F, € R®*! denotes the contact force between the human and the robot.

The dynamic model presented in Equation (1) can be transformed into a state-space representation
by incorporating the variables x = 6 and x = 6. This results in the following system:
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F. , contact force
Y,
Figure 4. iTbot nomenclature for dynamic modeling, including contact force at the end-effector.
X = F(x,%) + G(x)u ()

where:

* 1y = 7 is the control input (torque),

*  G(x) = G = M1(0) is the inverse of the inertia matrix,

o F(x,x)=M1(0)[-C(0,0)0 — G/(0) — &4is(6,6)] represents the system dynamics including non-
linearities and disturbances.

4. Control Design

It has been shown that the robot model, as described in Eq. 2, is affected by uncertainties and
external disturbances. The main objective is to develop a robust controller capable of supporting
physical therapy movements. This will be accomplished through the use of a flat controller along with
estimation techniques. The approach includes two essential strategies: the first takes advantage of
the flatness property applicable to a certain class of dynamic systems, and the second employs the
derivative-free Kalman (DFK) method.

4.1. Notation

Firstly, the following are presented [35] :
e Definition 1 : The Lie derivative is defined as the derivative of v, with respect to the vector
field F given by the following: Lry = E%F(x). L(}'y = vy fori = 0,and fori = 1,2,... we have

. - BLFl
Liy = LpLi 'y = S TF(x).

e Defintion 2 : The Lie Bracket of the two vector fields F and G, denoted as adrG or [F, G](x), is
defined as [F, G](x) = ?TSF - %I;G. Additionally, we have ad%G = G(x) and ad:-G = [F, ad}_lG].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4.2. The Differential Geometric Approach

Let us start by defining the flatness property for a dynamic system that includes a control input
described as follows:

f=F()+ Y. Gi(x)u 6
i=1

where x represents the state vector defined on X C R", u is the input vector defined on U C R" while
F, G are the vector fields defined on X’ x U.

e Definition 3 A system described by Equation (3) is considered differentially flat if there are y
variables ¢y € R, known as flat outputs v = (71, ..., Ym), that satisfy the following condition:

1. v is written as function of the state vector x, the control input vector u and its time derivatives ut
v =h(x,u, Ll,...,u(’l)).

2. The components of the state vector x can be expressed from the flat output  and its time
derivatives : x = ¢(7,7, ..., v(?)).

3. The components of the input vector u can be expressed from the flat output and its time derivatives
U=y, . 7(’2"’1)), where 1, ¢, and y are smooth functions.

Let G(x) = [G1(x), ..., G (x)] denote a set of vector fields. We assume that this set has a rank of
m..
The flat system is characterized by flat outputs, where all control inputs and state vectors are defined
in relation to these output variables and a limited number of their derivatives. For a specific class of
differentially flat systems, in this work we have only ¢ = h(x) considered in (1) of Definition (3), this
means that these systems are called 0-flat.
It demonstrates that dynamic affine systems with a codimension of 1, possessing n states and n — 1
inputs, are controllable if and only if these systems are O-flat [36].
One of the primary objectives of this work is to apply the properties of differential flatness. Once the
system is demonstrated to be flat, it can undergo a transformation into the proposed 0-flat normal form,
where geometric conditions are adequately provided. Similarly, this procedure yields an algorithm for
computing the flat outputs. Additionally, a dynamic system (3) which has n states and m inputs, is
classified as having codimension 2 when the difference between n and m equals 2.

4.3. 0-Flat Form for Co-Dimension 2 System
The suggested canonical normal form for co-dimension 2 dynamic systems is presented as follows:

Proposition 1: A dynamic system of co-dimension 2 is considered 0-flat if it can be expressed in the
following :

L1 = Q2+ el (Du

5:1,2 = P12(0) + (P%,z(g)}ll + @3, (Quz + oo 4 @5 (L) tim
by = Qp+Yrrgh? @5 1(0)ui )

{22 Ba2(0) + (Piz(é)ul + (P%,z(é)uz T+t (ngz(g)”m

Gao= B+l ¢l (O

The flat outputs are represented as : v; = ({j1)1<j<m=n—2, and { = (({j1)1<j<m=n-2,{12,022) is the
updated vector of the system.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof 1 of proposition 1
Now, we will demonstrate that the previously described system dynamics, represented in the proposed
normal form of equations (4) is 0-flat. We will examine the following m equations:

m=n—2
Ty =011 — G2 — ¢11(Qu; =0 ®)
i=3
. m=n—2
Ty =021 — o2 — ¢1(Qui =0 (6)
i=3
. men-2
Tj=gj1— Bja(0) — 9;1()ui =0 7)
i=3,i%]

where 3<j<m=mn-2).
Consider the vector § = ({1, {22, U1, U2, ..., Um=n—2), Which consists of the unknown system variables.
We will use this vector later to compute the partial derivative of Ty, Ty, ..., Tyy=,—2 as follows:

A(T1, To, ..., Tn)

where I, denotes the (m x m) identity matrix, and p(#) comprises terms that are of order one with
respect to the 7 variables. Using the equations provided (5) — (7), and recognizing that the partial

a(Tlr---/Tm)
E)

derivative is locally invertible, we can apply the implicit function theorem. This enables us

to conclude that there exist two functions Ay () and 6 () such that :

T2 = Me(Vj¥joj=1,m—=2,k=1:2) )
uk:5]((’)/]‘,’)'/]',]':1,.,1’1*2,1(:3:m) (10)

Next, by substituting equations (9) and (10) into equation (4), we can derive the unknown system
variables, which are the control inputs (11, up, and u3, ...u, ). These inputs are expressed in terms of
the flat outputs (7}, ¥;) (j=1:m—n—2) and their second time derivative (v3), (73), -7

Thus, the state vector and control inputs can be represented as functions of flat outputs y and their suc-
cessive time derivatives. This indicates that dynamic systems with co-dimension 2 exhibit differential
flatness properties. Consequently, Proposition 1 has been proven.

4.4. Geometrical Background

This section focuses on outlining the geometrically sufficient conditions required for our dynamic
system to be transformed into the previously proposed flatness normal form, in which the outputs are
flat.

Next, we assume that the controllability distribution, represented by A, has a dimension of n such that

A= SpLZI’l{Gl,Gz,..., anz,adpGi,lldpG]‘} (11)

where adrG;, adp Gj denotes Lie brackets.
It’s important to recognize that G;, G; € {G1, Gy, G3, Gy, .., Gy 2 }. For ease of discussion, the vector
fields G; and G; can be expressed as G; = Gy and G; = Gy, respectively, without losing generality.
Theorem 1.
The transformation of the system of Equation (3) into the proposed 0-flat form occurs through a change
of coordinates if and only if the distribution A = {G;, Gy} C A is involutive.
Proof of Theorem 1.
A is considered as nonsingular distribution generated by the set of vector fields. If the involutive
condition A = {Gy, G, } C A is verified, then Frobenius theorem [37] states that there exist m = n — 2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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independent state functions (7;(x) = ;1) (1<i<m=n—2) such that:

o m
A = () ker dv;
i=1
where ker dvy; denotes the kernel of the differential of the function ;. Next, we introduce the following
Lie brackets:
Lig, rj7vk 70, for k=1,2 (12)
Leyk=0, for k=1:2 (13)

As a result, the new state vector ( is created based on the following equations: ((12), (13), detailed as
follows :

(Gin = 7i(x), (1<icm=n—2)), and (L12 = Lrl1,1,822 = Lrl1) (14)
Now, if we consider {11 = 71(x), {12 = Lry1(x), the derivation of {; ; results in

m=n—2

C10="Ci2+ i LGy (x)u; (15)
i=3

Thus, we can put goil(g) = LG;y1(x) and (pé/l(g) = LG;v2(x), while the other variables:

(q)iz(g), (piz(é) q)fz(g)) and (‘P%,Z(é)' (p%lz(g) (pgfz(é)) are also defined in Equation (4) by the
derivation of the variable ;5. and {5 5.

Now, we can obtain the proposed flatness normal form (4) by applying the same procedure of succes-
sive derivations to all other selected outputs of the system.

4.5. Design of a Flatness Based Controller for iTbot’s Robot System
To demonstrate that iTbot’s dynamic model (2) is differentially flat, we will utilize the following
transformations to achieve a proposed 0-flat form (4). Let us begin by rewriting the robot’s dynamic
model (2) in this format:
m=n—2
x=F@x)+ ), Gix)u (16)

i=

—_

where xT = [0; 6, 6; 6] = [x; x2 x3 x4] represents the state space vector of iTbot’s dynamic model,
u; signifies the inputs, and F(x) and G;(x) are smooth vector fields.

F(x) = F(x) (17)

F2(x)

with F'(x) = [Fi(x) F(x)]T where F/(x) = M~ (x1)[t — C(x1,x2)x2 — Gr(x1) — Cajs), and

Gl‘(JC) = ] (18)

wherei =n —2.
Next, we will examine the controllability distribution defined by the following vector fields:
A = span{Gy, Gy, adpGy, adpGy}. In contrast, the dimension is consistently set to n=4. Meanwhile,
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the distribution of dimensions A = span{Gy, G, } is 2..
Thus, when verifying the following Lie brackets, one finds that

[G,GleAV1<ij<n—2=m

The distribution A € A is involutive, that the earlier condition stated in Theorem 1 is satisfied.
Next, we can also ensure the existence of n — 2 smooth functions 71, 9, that satisfy the following
partial differential equations, as dictated by the Frobenius theorem:

dyi(x).A =0 (19)
dya(x).A =0 (20)
Equations (19) and (20) written as :
dy1(x)[Gi1(x), G2(x)] =0 (21)
dy2(x)[G1(x), Go(x)] = 0 (22)

From (19) and (20), we can conclude that for all (x1, x7), it holds that:

O _ (i1, .
a—xj—O(l—l.Zand]—3.4) (23)

As a result of the analysis presented above, we can describe 1 (x) and 9, (x) in the following manner:

711(x) = %1 =11 (24)
X2 =021 (25)

where (1 1, and {5 1 represent the flat outputs generated by iTbot’s dynamic model.

The new state variables { of the system are created from the collection of flat outputs {1 1,, {31, and 2,
along with the additional variables: { = ({;1 = 7i(x),1<i<z ) and {12 = Lr{11,022 = Lr{21.-

The updated vector of the system is expressed as { = [{11, {12,021, (2.2],

The first equation in normal form (4) is derived from the derivative of the initial flat output {1 1.
Consequently, the derivatives of other variables, we can outline the triangular 0-flat form for a dynamic
system of co-dimension 2 as follows:

m=n—2
Gi1 = Qi+ ¢11(0)ui
i=3
Gz = Pr2(0) + @12(Q)ur + 91, (Duz +dy (26)
m=n—2
Go1 = oot Y, ¢21(Qu
i=3

lop = Poa(l)+ ¢22(Q)ur + 95,5(0)ur +da

In the normal flat form, the variables d; and d; represent external disturbances, appearing in the
second and fourth rows, respectively.

Furthermore, all state variables and the control input of the iTbot model are defined as functions of
the flat output and its derivatives. As a result, the studied system is considered to be differentially
0-flat. Now, we can establish the expressions for the appropriate control inputs 11 and u; based on
the second and fourth equations from the triangular form (26). Consequently, 9; (i = 1 : 2) defines
two new control inputs that are created using the specified flat outputs {; ; and {1, along with their
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derivatives, aligned with the desired values of the designated reference trajectories. "¢/, {"¢f, {7/ such
that:

0 =& kg, (CF —Gia) +hp (8 = Ti1)s im12 27)

where kg, and kj,; are selected control gains that ensure the asymptotic elimination of the tracking
errors, lim;_,e;(t) = 0.

In the following section, we will estimate the external disturbances d; that influence the robotic
model, as well as the disturbance terms related to parametric uncertainty. This will be accomplished
simultaneously using the derivative-free Kalman Filtering (DFK) method.

4.6. Filtering Kalman for Dynamical Systems

It is assumed that the dynamical system can be represented as a discrete-time state model ([38],
[39], [40]) in the following manner:

x(k+1) = A(k)x(k) + J(k)u(k) + w(k)
z(k) = Cx(k) + v (k) (28)

where x € R"*1 represents the system’s state vector, z € RP*! is the system’s output. w(k) and v(k)
signify the process noise, which is uncorrelated with the respective covariance matrices Q and R. A
is a (m x m) real matrix, while C is a p X m matrix consisting of real numbers. The structure of the
discrete-time Kalman filter equations is organized as follows:

=27 (k) + K (k) [x(k) — Cz~ (k)]

k)
P(k) = P~ (k) — Kp(k)CP~ (k) (29)

The initial stage is referred to as the time update or prediction stage, which provides estimates x(k)
prior to the availability of the output measurement z(k) (resulting in an a priori estimate).

K.(k) = P~ Y(k)CT[C.P 1 (k)CT + R] !
P~ (k+1) = A(k)P(k) AT (k) + Q(k)
27 (k+1) = A(k)£(k) + J(k)u(k) (30)

x(k) is estimated during the second part, known as the measurement update or correction stage, after
z(k) has been made available (a posteriori estimate).

4.7. Disturbances Compensation Using (DFK) Derivative-Free Kalman Filtering

The controller described here is capable of providing highly accurate tracking of the desired
trajectory while also exhibiting robust performance in the face of disturbances. These disturbances
may arise from parametric uncertainties, variations, or external factors. To effectively counter these
disturbances and uncertainties, we can incorporate Derivative-Free Kalman Filtering (DFK) into the
flat-based feedback controller loop, as illustrated in Figure 5.

In Section 4.5, we showed that the nonlinear model of iTbot’s robot, as outlined in equation (16),
is differentially O-flat. This was established by converting it into a triangular 0-flat normal form,
accomplished through equation (26).

In the dynamic model of the robot expressed in a triangular 0-flat normal form, the stabilizing feedback
controller is represented as follows:

= 8 ok (G~ 60) + Ky (T~ T10)
O = ref +kay, (G371 S lon) + kpas (C;e{ —021)
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The dynamics of the tracking error are obtained as follows:

(6] = 1) +kay, (617 = Ga1) + e, (05 —G11) =0
(gref $o1) + ka,, (gge{ —{a) + kps,, (Cgelf — ) =

Assuming that the effects of both modeling uncertainty and external perturbations on the iTbot’s robot
are represented as additive disturbance inputs (dy, d;), these disturbances are incorporated into the
initial nonlinear model of the iTbot as follows:

¥ = l91—|—d~1
X = 192+d~2 (31)

Or in the second and fourth rows of the normal flat form after transformation (26) such that:

b1 = Bra(D) + 912 Q)m + 97 (Duz +dy
Bon = Bop(l) + @3a(Q)ur + 93,(D)ur +da (32)

and by establishing the new control inputs

0 = P1200) + 12(Q)ur + ¢, (Duz
% = PB22(0) + 22(Dur + 93,(uz (33)

The dynamics can be expressed as follows:

Gii=0+d
b1=0%+d

The behavior of the disturbance terms is characterized by the time derivatives of the disturbance
variables, extending up to order n. [41], [42]. These terms are formatted as follows for n=2:

dy = f. dq
dy = fz, (34)

To account for the additional state variables, disturbance inputs, and their time derivatives, we expand
the system’s state vector. The new state variables of the system are then determined as follows:

Ce=1011 C12 Q21 G22 8y, Cary Sy Sl

Now, we can express the dynamics of the extended state space model of the robot as follows:

Gii=x1, Gia=%, G211 =X, a=%, {5 = dy, Cd, = dy, Cay, = da, 8y, = 2,
Therefore, the structure of the extended state space of iTbot’s robot represented by it’s normal flat form
(26) of codimension 2 can be written as follows :

Ge = (Ae)e + (Be)?
me = (Ce)l, (35)

A state estimator has been created for the extended state-space representation of the system:

A

Ce = (AE)ée + (36)19 + Kf( Zze - CEée)
= Ceée (36)
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Where
01000000
00001000
00010000
| 00000010 )
00000100
00000000
00000001
00000O0GO0O
and
0 0
10
0 0
0 1 10000000
Be=1 19 o ’Ce:<00100000> 38)
0 0
0 0
0 0

The estimation of the unmeasurable elements of the state vector, as well as the disturbance inputs and
their derivatives, is performed using the Kalman Filter recursion, which is outlined in the following
step:

e  First step (measurement update):

Ke(k) = P~ (k)CHICuP~ (k) Ch + B!
Ge(k) = &g (k) + Kp (k) [g0" (k) — Caile (k)]
B(k) = P~ (k) — Kg(k)Cyi P~ (k) (39)

*  Second step (time update):

P (k+1) = Ay (k)P(k) A} (k) + Q(k)
Co (k+1) = Agi(k)Ze(k) + Byi(k)8 (k) (40)

Agi, Bgi and Cy; are defined as the discrete-time equivalents of the previous matrices A,, B, and
Ce.

As a result, the new control input for the iTbot’s robot has been adjusted to account for the effects of
disturbances, expressed as follows:

th = ;E{ + kd1,1( ;e{ - 51,1) + kpm( ;el - 51,1) - étim
b = ;e{ + de,l (52,1 - 52,1) + kPZ,l( 281 —0o1) — édz,l (41)
The dynamics of tracking error for the closed-loop system can be described by the following equation:
é; + kdiéi + kpiel- =0 (42)

4.8. Stability Studies

In the following section, the Lyapunov function to demonstrate the asymptotic stability of the
closed-loop system, which can be :

€ + kdiéi +kpe; =0 (43)
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Proposition 2

The dynamic model of the iTbot described earlier has been shown to be 0-flat, based on the principles of
differential flatness theory (26). According to equation (42), when the system operates in a closed-loop
configuration using the two control inputs u; and u; from (26), it achieves global exponential stability.
This stability is attained by selecting positive definite diagonal gain matrices (k, and k4). Moreover,
the errors ¢;, ¢;, along with the additive disturbance inputs d; and d», are kept within bounded limits.
Proof of proposition 2

We introduce the following Lyapunov function:

2 2
, 1 1.
Vi(e,¢) =Y Ek,gl.el2 +) 561'2 (44)
i=1 i=1
The derivative of V; can be expressed as:
) 2 2
Vl(e, é) = Z kpieiéi + Z é;é; (45)
i=1 i=1
Substituting Equation (42) into Equation (45) yields:
. 2 2
Vile,e) =) kpeiei+ ) éi(—kaé; —kpei) (46)
i=1 i=1
Simplifying results in:
2 2 2
Vl(e, é) = Z kpieiél- — Ekd,‘éiz — 2 kpl.el-éi (47)
i=1 i=1 i=1
Therefore, we ultimately arrive at:
. 2
Vie,e) = —Y kge? <0 (48)
i=1

Then, by applying Barbalat’s lemma [43], we can confirm the global stability of the system. After
differentiating equation (48) obtain:

2
V'l(e, é) =-2 Z kd,véiéi (49)
i=1

Since all gains k, and k; are positive, the state vector g, ref  and the additive disturbance dy, d, are
limited in scope. Similarly, the errors e;, é;, and ¢é; are also confined within certain bounds. Therefore, it
can be concluded that V;(e, ¢) is likewise bounded.
The derived V (e, ¢); exhibits uniform continuity. Given that the target trajectory ¢/, gfef and {"¢f
are also uniformly continuous, it follows that the errors ¢;,, é;, and ¢é; are uniformly continuous as
well. According to Barbalat’s lemma, lim; eV (e,€);=0, lim;_,e; = 0, and lim;_,«¢; = 0. Under these
conditions, the iTbot system achieves global asymptotic stability.
Figure 5 illustrates the global schematic of the proposed control system.

Figure 5 illustrates the global schematic diagram of the proposed control strategy.
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Figure 5. Global schematic of proposed control for iTbot robot

5. Simulation Setup and Performance Evaluation

In this section, we assess the effectiveness of the proposed control strategy in comparison with
the conventional flatness-based control approach presented in [45]. The evaluation is conducted
under three distinct simulation scenarios using the CAD model of the iTbot robot within the MAT-
LAB/Simulink 2024a environment. The robot’s dynamic model is assumed to be fully known, and its
parameters are detailed in [44].

5.1. Scenario 1: Nominal Conditions

In the first scenario, the conventional flatness-based control (FBC) method [45] under nominal
conditions, indicating that no external disturbances are present. The disturbance vector is set to zero:

gdis =0.

5.2. Scenario 2: External Disturbance

In the second scenario, we apply the same control method, but this time the system experiences
external disturbances that vary with time, represented by:

4sin(t) + 0.5sin(2007tt)

cos(3t) + 05sin(2007t) | (50)

Cdis =
5.3. Scenario 3: Proposed Control Strategy

In the third scenario, the disturbance profile established in Scenario 2 while implementing the
proposed control strategy (refer to Equation (41)). This arrangement allows us to directly compare the
performance of the proposed method with that of conventional approaches in the same conditions.

5.4. Trajectory and Control Parameters

The desired joint trajectory used in all simulations is defined as:

a(t) = 0.1+ 2cos(t)

0.2+ Zsin(t)]

The control gains are established as follows for all scenarios: k;, = 10lrx2, kg = 50I2x2,
where I, represents the 2 x 2 identity matrix. The parameters for the Kalman filter applied in
the observer design are summarized below.
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r_ |10 0];
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5.5. Performance Metrics

To thoroughly assess and compare the effectiveness of the control strategies, we utilize a range
of quantitative metrics: the Mean Absolute Error (MAE), the Standard Deviation of the Error (SDE),
and the Standard Deviation of the Control (SDC). The metrics related to tracking errors are defined as
follows:

MAE = g X [le(i)],

SDE = /& T ()| - MAE?,

where e(i) represents the tracking error at the i time step, and N is the total number of samples
gathered.

5.6. Simulation Results

Figures 6-8 illustrate the trajectory tracking performance of different control strategies applied to
the joint motion of the robotic system. Figure 6 presents the response obtained using a Flatness-Based
Control (FBC) strategy under ideal conditions, where no external disturbances are introduced. The
controller demonstrates satisfactory performance in tracking the desired joint trajectory, maintaining
relatively smooth and accurate convergence. However, minor deviations observed at high-slope
segments of the trajectory indicate a certain sensitivity of the control law to small model mismatches
or measurement imperfections.

In contrast, Figure 7 evaluates the same flatness-based controller (FBC) under the influence of
external disturbances (torque variations). As evident in the Figure 7, the control system exhibits
increased tracking error, especially during dynamic transitions and at trajectory peaks. The presence of
disturbances significantly deteriorates the controller’s performance, leading to overshoots, oscillations,
and noticeable lag between the desired and actual trajectories. This result highlights a key limitation
of standard FBC: its lack of inherent robustness against unmodeled dynamics.

To address these shortcomings, Figure 8 introduces the proposed improved control strategy,
which integrates a Kalman filter into the flatness-based framework. The Kalman filter is employed
to estimate the true system states and attenuate the effect of external disturbances. The resulting
trajectory tracking performance is markedly improved compared to the previous cases. The proposed
FBC-Kalman controller effectively suppresses noise-induced fluctuations and ensures smoother, more
accurate tracking with minimal error. The system responds reliably even during rapid trajectory
transitions, showcasing both stability and robustness.

The comparative analysis highlights the benefits of integrating the Kalman filter technique with
nonlinear control method. While the basic FBC performs well in ideal settings, it lacks robustness
in disturbed environments. By incorporating a Kalman filter, the system’s resilience and tracking
accuracy are greatly improved, making this integrated approach more applicable to real-world situa-
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tions, especially in rehabilitation contexts where effectively managing disturbances is essential. This
conclusion is further supported by the performance metrics detailed in Table 3.

Joint Trajectories
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Figure 6. Joint Trajectory Tracking Using Flatness-Based Control [44]
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Joint Trajectories

(rad)

Angle
.

Time (s)
Tracking Error Joint 1 Tracking Error Joint 2
T T T -—” T T T T
0.1 1 1
9 - - 9'11 "%\ 0.1F
b a1E 0
P i
g 301k
5 s E i
4 H o2t
-0.1
L 1 i L .0.3 L L 1 L
0 5 10 5 20 A 0 5 10 5 20 A
Time (5) Time (s)
Torque Joint 1 Torque Joint 2
60 T T T T 8 T T T r
. T
= A0F g
3 £y
g Wf 1 ¢
: 2
.20 il 1 il 1 .2 1 il
0 5 10 15 2 A 0 5 10 15 20 A
Time (s) Time (s)

Figure 7. Joint Trajectory Tracking Using Flatness-Based Control under external disturbances
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Figure 8. Joint Trajectory Tracking Using the proposed controller (41)
Table 3. Performance comparison across different scenarios
Performance Scenario 1 Scenario 2 Scenario 3
Joint 1 Joint 2 Joint 1 Joint 2 Joint 1 Joint 2
MAE (rad) 0.0032 0.0010 0.0789 0.1055 0.0561 0.0559
SDE (rad) 0.0136 0.0015 0.0345 0.0545 0.0254 0.0298

6. Experimental Results

The iTbot rehabilitation robot system is built on a three-tier computing architecture. At the top
level, a user interface (UI) on a personal computer enables control commands and real-time visualiza-
tion of joint positions and force sensor data. The second level uses a National Instruments CompactRIO
as a Real-Time (RT) controller, where LabVIEW RT applications handle trajectory planning, control
algorithms, feedback processing, and data logging. At the lowest level, the system’s FPGA embedded
within the CompactRIO executes fast-loop tasks every 50us, including PI motor current control and
position measurement from motor hall-sensor signals. The robot’s joints are actuated by Maxon EC-45
Flat BLDC motors (30 W and 70 W models) paired with Harmonic Drive gearboxes (100:1 ratio), and
powered by ZB12A servo amplifiers. The built-in hall sensors serve both for motor commutation and
precise joint feedback.

6.1. Experimental Evaluation

The proposed control approach (41) was experimentally tested under two scenarios to assess its
performance in practical conditions. In the first scenario, a simple physiotherapy task was conducted.
The subject’s hand was attached to the end-effector of the exoskeleton robot and guided through
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a predefined trajectory. In this case, the external disturbance originated from the subject’s natural
interaction with the robot during motion execution. The second scenario involved a repetitive task,
designed to evaluate the controller’s robustness under continuous human-robot contact and dynamic
parameter variations introduced by repeated movements. This setup mimics realistic rehabilitation
activities where disturbances and nonlinearities may arise over time. The controller gains used in both
experiments were: k, = 18Ibx2, k; = 75I2x2. The Kalman filter parameters remained the same as
specified in the previous section. Experimental results are presented in both joint space and Cartesian
space, utilizing the Jacobian matrix to perform coordinate transformations between these domains.

6.2. Scenario 1: Simple Motion

In Scenario 1, which involves a guided physiotherapy task with moderate external interference
from human interaction, the proposed control scheme demonstrates strong trajectory tracking capabili-
ties in Cartesian space (Figure 9). The desired and actual end-effector paths show a close match, with
minimal deviation along all three axes. The position error plots confirm this observation, maintaining
sub-millimeter deviations in most instances and not exceeding 0.2 cm in any axis. This high level
of precision highlights the controller’s ability to reject mild disturbances and ensure smooth motion
execution.

Joint space analysis (Figure 10) reinforces this performance. The actual joint angles accurately
follow the reference trajectories for both joints, with maximum joint errors staying below +0.4 degrees.
The smoothness of the joint torque signals, particularly in the first joint, suggests effective damping
behavior and a lack of abrupt corrective actions. This behavior indicates good compliance with minimal
overshooting, which is essential for safe human-robot interaction during rehabilitation exercises.

Robot End Effector Desired and Measured Trajectory
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Figure 9. Cartesian Trajectory Tracking and Position Error in a simple Physiotherapy Task (Scenario 1)
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Figure 10. Joint Space Tracking, Error, and Torque Response in a simple Physiotherapy Task (Scenario 1)

6.3. Scenario 2: Repetitive Motion

In Scenario 2, involving repetitive tasks and dynamic variations due to continued human contact,
the control system maintains stable performance albeit under more challenging conditions (Figures
11 and 12). Although Cartesian tracking remains precise, noticeable deviations, particularly along
the X and Y axes, where peak position errors can increase by up to £0.8 cm. These errors reflect
the increased difficulty of maintaining precision under time-varying disturbances and unmodeled
dynamics. Nonetheless, the system recovers promptly from disturbances, suggesting robust adaptive
behavior.

Joint space metrics in Figurel2 reveal higher joint angle errors compared to Scenario 1, with values
reaching up to £2 degrees in Joint 1. The torque profiles exhibit more aggressive corrective actions,
indicative of the controller’s responsiveness to persistent disturbances. Despite these challenges,
trajectory following remains stable and smooth, with no signs of instability or oscillations, which
emphasizes the effectiveness of the proposed control law even under non-ideal conditions.
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Figure 11. Cartesian Trajectory Tracking and Position Error in a Repetitive Task (Scenario 2)
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Figure 12. Joint Space Tracking, Error, and Torque Response in a Repetitive Task (Scenario 2)

7. Conclusions

This study tackles the vital challenge of achieving robust, adaptive, and safe control in end-
effector-based rehabilitation robots, with a specific emphasis on the iTbot system designed for upper-
limb therapy. Conventional control methods often struggle with dynamic uncertainties and the
forces generated during human-robot interactions, limits their practical effectiveness. To address
these challenges, the research presents an innovative flatness-based control framework, enhanced
by a derivative-free Kalman filter (DFK) that facilitates real-time state estimation and disturbance
compensation. This control scheme converts the nonlinear dynamics into a 0-flat canonical form,
which simplifies trajectory tracking while maintaining computational efficiency. Both simulation and
experimental results consistently illustrate improved tracking accuracy, compliance, and robustness
compared to traditional approaches, even in the presence of significant external disturbances. These
findings are significant for expanding robotic rehabilitation into both clinical and home settings,
providing a promising avenue for more accessible and effective therapy options. However, the study is
limited to a 2-DoF system and predefined disturbances, which may not fully capture the complexities
encountered in real patient scenarios. Future research should aim to adapt the method for multi-DoF
systems, incorporate human intent recognition, and validate its performance through clinical trials.
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