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Abstract

An infinite-horizon He, linear-quadratic control problem is considered. This problem has the following
features: (i) the quadratic form of the control in the integrand of the cost functional is with a positive
small multiplier (small parameter), meaning that the control cost is much smaller than the state
cost; (ii) the current cost of the fast state variable in the cost functional is a positive semi-definite
(but non-zero) quadratic form. These features require developing a significantly novel approach
to asymptotic solution of the matrix Riccati algebraic equation associated with the considered Heo
problem by solvability conditions. Using this solution, an asymptotic analysis of the He, problem is
carried out. This analysis yields parameter-free solvability conditions for this problem and a simplified
controller solving this problem. An illustrative example is presented.

Keywords: infinite-horizon He control problem; cheap control problem; perturbed matrix Riccati
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1. Introduction

Uncertain dynamics systems are widely studied in the literature (see, e.g., [1-14] and references
therein). The two most considered types of uncertainties are the following: (I) uncertainties which
belong to a specified bounded set of an Euclidean space; (II) uncertainties which are quadratically
integrable in a given interval (finite or infinite). For controlled systems with the second type of
uncertainties (additive disturbances), the He control problem is frequently considered (see, e.g.,
[1,3-5,8,13] and references therein).

In the present paper, we consider an infinite-horizon He, linear-quadratic control problem. The
features of this problem are the following: (i) the current quadratic cost of the control in the cost
functional is with a small multiplier ¢ (¢ > 0 is a small parameter), meaning that the control cost is
much smaller than the state cost; (ii) the current quadratic cost of the fast state variable in the cost
functional is a positive semi-definite (but non-zero) quadratic form. The first feature means that the
considered Hy problem is a cheap control problem.

Infinite-horizon He, cheap control problems and closed to these problems infinite-horizon zero-
sum cheap control differential games have been studied in a number of works in the open literature.
In these works, the following two types of the current quadratic cost of the fast state variable in the
cost functional are considered: (a) the cost is a positive definite quadratic form (see, e.g., [13,15-19]
and references therein); (b) the cost is zero (see, [16]). As it is aforementioned, in the present paper, we
study an infinite-horizon He cheap control problem in the case where the current quadratic cost of the
fast state variable in the cost functional is a positive semi-definite (but non-zero) quadratic form. To
the best of our knowledge, this case is completely novel.

The motivation of this purely theoretical paper is three-fold. The first motivation is to study
asymptotically a considerably new class of Hy cheap control problems. The second motivation is

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://orcid.org/0000-0002-8877-5008
https://orcid.org/0000-0002-9385-7999
https://doi.org/10.20944/preprints202512.1381.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 December 2025 d0i:10.20944/preprints202512.1381.v1

2 0f 27

to carry out an asymptotic analysis of a new type of e-dependent Riccati matrix algebraic equation
associated with the original He cheap control problem by solvability conditions. This analysis requires
developing an essentially novel approach to the derivation of the asymptotic solution of the Riccati
equation with respect to . The third motivation is to establish e-free solvability conditions for the
considered He, cheap control problem and to design a simplified controller, solving this problem.

The paper is organized as follows. In the next section, the problem is rigorously formulated.
Objectives of the paper are stated. In Section 3, e-dependent solvability conditions for the formulated
infinite-horizon He cheap control problem are presented. Asymptotic solution of the e-dependent
Riccati matrix algebraic equation, appearing in these solvability conditions, is obtained in Section 4.
Based on this asymptotic solution, e-free conditions of solvability of the He, cheap control problem,
valid for all sufficiently small ¢ > 0, are established. In Section 5, the simplified controller, solving
this He, cheap control problem for all sufficiently small £ > 0, is designed. An academic illustrative
example is presented in Section 6. Conclusions are placed in Section 7. Appendix A is devoted to the
proof of the theorem justifying the validity of the simplified controller.

The following main notations are applied in the paper.

1. R" denotes the n-dimensional real Euclidean space;

2. |- || denotes the Euclidean norm either of a vector (||z||) or of a matrix (||A[|);

3. Ly[0, 4+00; R"] denotes the linear space of the functions f(t) : [0, +00) — R" square integrable in
the interval [0, 4-c0);

4. || l5[0,+-c0) denotes the norm in the space L [0, +o0; R"];

5. the superscript ”T” denotes the transposition either of a vector (z”) or of a matrix (AT);

6. I, denotes the identity matrix of dimension #;

7. col(xl, X2, ..., xk), where x1 € R", x, € R™,..., x; € R", denotes the column block-vector of the

dimension n1 + ny + ... + 1y with the upper block x1, the next block x; and so on, and the lower
block xy;
8. Re(yu) denotes the real part of a complex number p.

2. Problem Formulation

Consider the system

dx(t)/dt = Ayx(t) + Ay (t) + Fiw(t), t >0, x(0) =0, 1)
dy(6)/dt = Asx(t) + Agy(£) + u(t) + Bo(t), £ >0, y(0) =0, 2
o(t) = col(Crx(t), Coy(t), eu(t)), t>0, 3)

where x(t) € R" and y(t) € R™, (m > 1) are the state vectors; u(t) € R™ is the control; w(t) € R7is a
disturbance; v(t) € RP1TP2™M jg an output; € > 0 is a small parameter (¢ << 1); A;, (i=1,...,4) and
F;, Cj, (j = 1,2) are given constant matrices of corresponding dimensions.

Assuming the fulfillment of the inclusions u(t) € Ly[0, +00; R™] and w(t) € Ly[0, +00; R7], we
consider the cost functional

J(u,w) = o012, 0, 100) = VI (O)F 0, 1.00) (4)

where v > 0 is a given constant called a performance level.
Using the notations
D;=C/C;, j=12 )

we can rewrite the functional (4) in the following equivalent form:

Jw) = [ [T ODx(O) + 3T (ODay(0) + T (u(t) - o (o)t ©
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Let us consider the block vector
L2 col(x,y) e R"™™, x € R", yeR"™, (7)
and let ¢ > 0 be a given number.

Definition 1. The infinite horizon He, control problem with the dynamics (1)-(2) and the cost functional (6) is to
design a controller u}(z) such that, for any w(-) € Ly[0,4o00; RY: (i) there exists the unique locally absolutely
continuous solution zf (t; w(-)) = col (xf (t;w(-)),yi (Ew(-)), (xi(Lw(-)) € R", yi(t;w(-)) € R™) of the
initial-value problem (1)-(2) with u(t) = u}(z) in the entire interval [0, +o0); (ii) the following inequality is
valid

J (1 (22 (50(-)), w(t)) <0, ®)

Remark 1. Due to the smallness of the parameter € > 0, the Hoo problem, formulated in Definition 1, is a cheap
control problem, i.e., the problem where a control cost in the cost functional is much smaller than a state cost.
In what follows, we call the Hoo problem with the dynamics (1)-(2) and the cost functional (6) the Hoo Cheap
Control Problem (HCCP).

Remark 2. Due to the equation (5), the matrices D1 and Dy are symmetric and at least positive semi-definite.
In what follows, for the sake of timplicity (but without loss of the generality), we assume that the matrix Dy has
the form

Dz = diag(/\l,)LQ,...,/\m), Ak > 0, k= 1,..., m. (9)

Remark 3. Using the non-singular control transformation 1i(t) = eu(t), (ii(t) is a new control), we convert
the HCCP into the equivalent Heo control problem, which consists of the differential equations (1) and

dy(t)
dt

= e[Agx(t) + Agy(t) + Bw(t)] +a(t),  y(0) =yo, (10)

and of the cost functional

o) = [ D)+ (ODay() + 7 (5(e) — 2 (e (e)ar. a1

The dynamic system of the new Heo control problem is singularly perturbed. In this dynamic system x(t) is a
slow state variable and y(t) is a fast state variable (see, e.g., [20]). Therefore, we call the state variables x(t) and
y(t) of the HCCP a slow state variable and a fast state variable, respectively.

Objectives of this paper are:
(I) to analyze asymptotically with respect to € > 0 the HCCP using the method of its solution based on
the game-theoretic matrix Riccati algebraic equation;
(IT) to derive an asymptotic solution to this Riccati equation;
(III) to obtain e-independent conditions for the existence of a controller 1} (z) solving the HCCP for all
sufficiently small € > 0;
(IV) to design an asymptotically simplified controller u . (z) solving the HCCP for all sufficiently small
e>0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Solvability Conditions of the HCCP
First, we introduce the following block-form matrices:
Aé AlAleé 0 ,Fé Fl,Dé Dy 0 ’
A; Ay I b 0 D,
(12)

where A and D are of the dimension (1 + m) x (n + m); B is of the dimension (n + m) x m; F is of the
dimension (n + m) x q.

Based on these matrices, let us construct the following matrix Riccati algebraic equation with
respect to (n + m) x (n + m)-matrix P:

PA+ ATP — P[S,(¢) — Sw]P+D =0, (13)
where
00 FFET R ET
Su(e) = 2BBT =¢72 , Sw=92FFT =972 1112 14
u(e) =¢ o, w =" v BFT RE (14)
We assume:

Al. For a given € > 0, the equation (13) has a real solution P = P*(¢) such that:
* T *

(@) (P*(e))" = P*(e);

(b) all roots u = p;(¢), (I =1, ...,n + m) of the polynomial equation

det (ulyym — A+ Su(e)P*(e)) =0 (15)
lie strictly inside the left-hand half-plane.
Lemma 1. Let the assumption A1 be valid. Then:

(i) P*(e) is a positive semi-definite matrix;
(ii) the controller

ui(z) = —E—ZBTP*(e)z (16)
solves the HCCP.
Proof. We start with the item (i).
Consider the matrix
Q"(e) = D+ P*(e)Su(e)P* (¢). (17)

Since the matrices D and S, (¢) are symmetric and positive semi-definite, and the matrix P*(¢) is real
and symmetric, then the matrix Q*(¢) is symmetric and positive semi-definite.

Using the equation (17) and that P*(¢) is a solution of the equation (13), we obtain the following
equality:

P*(e) (A — Su(e)P*(2)) + (A — Su(e)P*(e)) 'P* () = — (Q* () + P*(£)Suw P (). (18)

Let us consider this equality as a matrix Lyapunov algebraic equation (see, e.g., [21]) for P*(¢)
with the matrix-valued coefficients (A — S, (¢) P*(¢)) Tand (A —Su(e)P*(¢)), and the matrix-valued
non-homogeneity — (Q*(e) + P*(¢)SwP*(¢)). Thus, using the item (b) of the assumption Al and the
results of [21], we can rewrite the equality (18) in the equivalent form

P*(e) = /(:oo exp ((A —S,(e)P* (g))TX) (Q*(s)

+P* () S P* (€)) exp ((A — Su(e)P*(e)) x) dy. (19)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Since the matrices Q*(¢) and P*(¢)S,,P*(¢) are positive semi-definite, then the matrix in the
right-hand side of the equality (19) is positive semi-definite. Hence, P*(¢) is positive semi-definite,
which completes the proof of the item (i).

Proceed to the item (ii).

Consider the Lyapunov function

V(z] = zTP*(e)z, z e R"™. (20)

Let A\
Vi (Ew(-) = V]zi(Ew())], (21)

where, for any given w(-) € Ly[0, +00;R7], z§ (t;w(-)) is the solution of the initial-value problem
(1)-(2) generated by the controller u(t) = u}(z) (see the equation (16)). Due to the assumption Al
and the form of u(z), the aforementioned solution of the problem (1)-(2) exists, is unique and locally
absolutely continuous in the entire interval [0, +-00).

Differentiating V* (t;w(-)) with respect to t € [0, +o0) and using the assumption A1, we obtain
the following expression:

*(f: . * (g, . T
av (;rtw( )) _ 2<dzg (i;:v( ))> P*(S)Z: (t;w(.)), t>0. (22)

Using the equations (1)-(2) with u(t) = u;(z), as well as the equations (7),(12),(13),(14) and that
P*(e) is a solution of (13), we can convert (22) after a routine algebra to the following expression:

dV*(th(.)) = —(z;k (t;w(~)))T(D + P*(€)Su(e)P* (¢) + P*(€)SwP*(¢)) 2 (w(+))

+2w" (H)FTP*(e)z} (;w(+)), t>0. (23)

Finally, using the equation (16) and the notation

Wi () 2y 2FTP ()2 (B w (),

the expression (23) can be rewritten as:

dV*(th(-)) = —(ZZ (t;w(-)))TDz;k (tw(+)) —Ez(u:(t))Tu:(t) + 20T (Hw(t)
—92(w(t) —wi (D) (w(t) —wi (1), >0,
(24)

where 1} (t) is the time realization of the controller u}(z) along z = z¥ (£ w(-)).

Let zp = col(xg,yo), (x0 € R", yo € R™) be any given vector and ¢y be any non-negative number.
Let z¢o(t) = col(xe0(t), ¥e0(t)), t > to be the solution of the system of the differential equations in
(1)-(2), generated by the controller u(t) = u}(z) (see the equation (16)), the disturbance w(t) = 0 and
the initial condition z(ty) = z¢. Due to the item (b) of the assumption A1,

tgrfoo zeo(t) = 0. (25)
Let N
Vo(t) = V(zeo(t)], t>to. (26)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Then, quite similarly to the expression (24), we obtain
aVo(t * T &
o) T ()Dzop(t) — 7l (Bwea(t) — (uo(D) Tulp(t), 12 1o @)
where
JANSS, - * L«
Weo(t) =7 “FP*(e)zep(t), ug,o(t) =uglzeo(t)], t>to. (28)
The expression (27) implies the inequality
—d‘f;’t(t) >0, t>t. (29)

Integrating this inequality from ¢ = t; to +c0 and using the equations (20),(25),(26) and that
z¢0(to) = zo, we obtain
ZgP*(S)Zo > 0. (30)

Remember that in this inequality zj is any (n 4 m)-dimensional vector. This observation directly
yields the validity of the item (i) of the lemma. Thus, the chain of the equations (20)-(30) represents an
alternative proof of this item.

Based on the inequality (30), we continue to treat the expression (24). Since 92 (w(t) —

wi(t)) T (w(t) —wi(t)) > 0, this expression implies the following inequality for all ¢ > 0:

(=2 (60)) D (100()) + (2 () T () — 2T (o) <~ BL)) a1

Integrating this inequality from ¢ = 0 to any f > 0, using the equation (20) and taking into account
that z} (0;w(-)) = 0, we obtain

/Ot (= (a;w(.)))TDz: (c30()) + & (ui () "t (0) = v*0" (o) (o) | do
< —(z:(t,-w(.)))Tp*(s)z:(t;w(-)), t>0. (32)

Since P*(¢) is a positive semi-definite matrix, the inequality (32) yields

/Ot [(z;" (a;w(-))>TDz: (o;w(-)) + & (ug (0))Tu;‘(0) - 72wT(0)w(0)}da <0, t>0, (33)

which, along with the inclusion w(t) € L,[0, +co; R7], implies

/Ot (= (a;w(.)))TDz; (c30()) + & (i () "t (0)] do < PP (][], g ey =0 (34)

Since the matrix D is symmetric and positive semi-definite, the integral in the left-hand side of
the inequality (34) is a non-decreasing function of t > 0 and this function is bounded from above.
Therefore, this integral has a finite limit for t — +4-oc0. This observation, along with the equations (6),(12)
and the inequality (34), directly yields the inequality (8), where u}[-] is given by the equation (16).
Thus, the item (ii) of the lemma is proven. This completes the proof of the lemma [

Substituting u(t) = u}(z) into the system (1)-(2) and into the cost functional (6), and using the
equations (7) and (12), we obtain after some rearrangement the following system and cost functional:

dz(t)/dt = A(e)z(t) + Fw(t), t>0, z(0)=0, (35)

) = Jug,w) = [ T OPE:) - a0, G0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where
A(e) = A—Syu(e)P*(e), D(e) = D+ P*(e)Su(e)P*(e). (37)
For the differential system (35), we consider the output equation
1/2
(1) = (D) *2(1), t20, (38)

1/2. . . o e . .
where (D(¢)) /% is the unique symmetric positive semi-definite square root of the symmetrix positive
semi-definite matrix D(e).

Remark 4. By virtue of Lemma 1 and the results of [3], the assumption Al guarantees that the Hy norm
YH(€) > 0 of the system (35),(38) satisfies the inequality

YH(e) <. (39)

Moreover, for all w(-) € Ly[0, 4o00; R7| and any number y € (g (€), |, the following inequality is valid:

/;oo [(ZET(f;W(-)))TD<s)z;(t;w(->) - '72wT(t)w(t)]dt <0. (40)

Remark 5. It should be noted the following. Lemma 1 is similar to the results of [13] (Theorem 3.4). However,
this theorem is proven subject to the more restrictive assumptions than Lemma 1, while yields the stronger result
than Lemma 1. Namely, in contrast to Lemma 1, Theorem 3.4 from [13] yields the positive definiteness of the
solution to the matrix Riccati algebraic equation.

4. Asymptotic Solution of the Equation (13)

We derive the asymptotic solutions to the equation (13) (and, then, to the HCCP) subject to the

condition
Ap >0, p=1,..,m;, 1<m<m,

(41)
Ar=0, r=m+1,..,m,

where Ay, (k =1,2,...,m) are the entries of the matrix D; (see the equation (9)).

4.1. Transformation of the Equation (13)

Due to the form of the matrix S, (¢), the left-hand side of the equation (13) has the singularity for
¢ = 0. In order to remove this singularity, we are going to transform this equation in a proper way.
Namely, assuming the symmetry of the solution to (13) and using the form of the matrices D, and
Su () (see the equations (9),(41) and (14)), we look for this solution in the following block form:

Pi(e) ePy(e) eDPs(e)
P=P(e) = | ePf(e) ePy(e) €*Ps(e) |, (42)
ePI(e) €2PI(e) €?Ps(e)

where the matrices P (¢), Py(¢) and Ps(¢) are of the dimensions n x n, my X my and (m —mq) x (m —
my), respectively, and these matrices are symmetric.
Let us partition the matrices A and Sy, into blocks as follows:

A Ay As
A= | Ay As Ag |, (43)
A; Ag Ay

Sw1 Sw2 Sw3
Sw = SZ;;,Z Sw,4 Sw,5 ’ (44)
55,3 55;,5 Swe

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where
As Ag
Ag Ag

Ay = Ay, [Ay,As3] = Ay, = Az, = Ay (45)

the blocks Ay, As, Ag and Sy, 1, Sy 4, Sw e are of the same dimensions as the corresponding blocks in
(42); SZ;J. = Sy, (j=1,4,6).

In what follows, we derive the asymptotic solution of the equation (13) and, therefore, the
asymptotic solution of the HCCP subject to the assumption:
A2. A3 =0.

In Section 4.3, the meaning of the assumption A2 is explained.

Using the equations (9),(12),(14),(41),(42),(43),(44) and the assumption A2, we can convert the
equation (13) to the following equivalent form:

Py(e) Ay + AT Pi(e) — Pa(e)P3 () — P3(€)P5 (€) + Pi(€)Su,1 P (€)
+Dj +€Gy (Pi(¢), Pa(e), P3(e),€) =0, (46)

Pi(e) Az — Py(e)Pa(e) + eGa(Pi(e), Pa(e), P3(e), Pa(e), Ps(e),€) =0, (47)

Pz(€)A6 + P5 (E)Ag + A{Pg (8) - P (£)P5 (8) — P (S)Pé (8)
+P; (E)Sw,1P3 (8) + eG3 (P1 (8), P, (S), P (8), Ps (S), P (8), E) =0, (48)

—PZ(e) + A +eGy(Pa(e), Pa(e), Ps(e),e) =0, (49)

Py(e) A + Aj P3(e) — Py(e)Ps(e)
+¢Gs (Py(e), P3(e), Pa(e), Ps(e), Ps(e), €) =0, (50)

PJ (€) A + Ps(e) Ag + A¢ P5(e) + Ag Pg(e) — Py (€)Ps(e) — PZ(e)
+P (€)Sw1Ps(e) +€Gs (Ps(e), Ps(e), Ps(e), ¢)

I
o

(51)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.1381.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 December 2025 d0i:10.20944/preprints202512.1381.v1

9 of 27

where

G (P1(e), Pa(c), Pa(e),€) = Pa(e) A+ Pa(e) A7 + ATPJ (¢) + AT P (¢)
+Py(€)S5,,P1 (€) + P3(€)Sy,5Pi(€) + Pi(€)SwaP; (¢) + ePa(e ) w,4Pz (¢)
+€P3(€)S5,5P5 (€) + P1(€)Sw3P3 () + €Pa(€)Sw,sP3 (€) + ePs(¢) SweP3 (€),
Ga(Pi(e), Pa(e), P3(e), Pa(e), Ps(e), €) = Pa(e) As + P3(e) Ag + A Pa(e)
+ALP] (¢) +eA7 PJ (€) — P3()P3 (€) + Pi(€)Su,1 Pa(€) + ePa(€) Sy, 2 Pa(€)
+€P3(¢) Sy, 3P2 () + P1(€)Sw2Pa(e) + €Pa(€) SuaPa(e) + €P3(€) Sy 5 Pae)
4¢Py (€)Sy3PT (e) + 2P (€) Sy 5PY (e) + €2 P3(€) Sy 6 P2 (e),
G3(Py(e), Pa(e), P3(e), Ps(e), Po(e), €) = Ay Ps(e) + A7 Ps(e) + Pa(€)Sq,nP5(e)
+P3(€)S£’3P3(8) + Py (€)SwaPs(e) + ePa(€) Sy alPs(e) + £P3(£)S£,5P5(£)
+P1(€)Sw,;3Ps(€) + ePa(€)Sw5P6(€) + €P3(€) Sw,6Pe (€),
Ga(Pa(e), Py(e), Ps(e),€) = P; (€) Ay + Py(e) As + eP5(e) Ag + AL P (e) + AL Py(e)
+eA§PI (e) — ePs(e) P (¢) + €P] (¢)Sw1Pa(€) + €Py(e)SL 5 Pa(€) + €*P5(e) ST, 3 Pa (e)
+ePy (€)SwaPa(e) + ePy(€)SwaPy(e) + € Ps(¢) Sy, 5Pa(e) + €7 P3 (€)Sw3Ps ()
+€2Py4(e)Sw 5P () + €3P5(e)Sw e Pa (e),
Gs(Pa(e), P3(e), Pa(e), Ps(e), Po(e), €) = Ps(e) Ag + AL P5(e) + Ag Ps(e) — Ps(e) Po(e)
+PJ (€)Sw,1P5(€) + Py(e)SL ,P3(e) + ePs(€)SL, 3P3(€) + Py (€)Sw2P5(e)
+€Py(€)Su,aP5(€) + €7 P5(€) S35 P5(€) + €Py (€)Su,3Ps () + Pa(€) S5 Ps (€)
+€"Ps(¢) Su,6 P €),
Go(Ps(e), Ps(¢), Po(e),€) = P (¢)Si,2P3(e) + Po(e)SE 3Ps(e) + P3 (¢)Sw2Ps(e)
+ePJ (€)SwaPs5(€) + €Ps(€)Sh, 5P5(€) + P5 (€)Sw3Ps(€) + €Ps (€)Sw,5P6(e)
+ePs(€) Sw,6Ps(¢);
(52)

A(t) = diag(Aq(t), ey Ay (1)) (53)

Remark 6. The representation (42) and the system (46)-(51) differ considerably from the results of [13,22-25].
These representation and system are essentially novel results in the asymptotic analysis of parameter-dependent
matrix Riccati algebraic equations with singularities, arising in infinite horizon Heo control problems, differential
games and optimal control problems.

4.2. Zero-Order Asymptotic Solution of the Set of the Equations (46)- (51)

We seek the zero-order solution { Py, Py, P39, Pao, Pso, Peo, } of the set of the equations (46)- (51).
The equations for this asymptotic solution are obtained by setting formally ¢ = 0 in (46)- (51) and
replacing P, (e) with Pjg, (I = 1,2,...,6). Thus, we have

PyoAy + A{ Pig — Py Py — P3Psy + PyoSy1Pio + Dy =0, (54)
PigAy — PyoPy =0, (55)

PyyAg + P3gAg + A{ Psy — PagPsg — P3gPeo + P1oSw1 P30 = 0, (56)
—Pj+A=0, (57)
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PyAg + A3 P3g — PyoPso = 0, (58)
P51;)A6 + PéoAg + Agp50 + Agpa) - PSIE)P50 — P620 + P3T05w,1P30 =0. (59)
The equation (57) yields the unique symmetric positive definite solution
Py = AV? = diag(A/?, ..., AL/2). (60)

Substituting (60) into (55) and (58) and resolving the resulting equations with respect to P,y and
Ps5, respectively, we obtain
Py = PigA, A2, (61)

Psg = A + A2 AT Py, (62)
where A~1/2 = diag(A;l/z,..., )\,7111/2).
Furthermore, substitution of (61) and (62) into the equation (56) yields after a routine algebra

P3o(Ag — Peo) + (A] — PigAy A~ AT + P1gSu,1)Pao = 0. (63)

Considering the equation (63) as an equation with respect to the unknown matrix Psy, we can
choose its solution as:
Py =0, (64)

which, along with (62), yields
Psp = Ag. (65)

Now, using the equations (61),(64),(65), we can convert the equations (54) and (59) into the
following equations for Pjg and Py, respectively:

PigA1 + Al Pyg — Pio(AoA 1A — Sy1)Pio+ D1 =0, (66)

PsgAg + Al Psy — P2y + AL Ag = 0. (67)

In what follows, we assume:
A3. The equation (66) has a solution Pjj such that:
(a) Ply = Py;
(b) all roots v;, (I =1, ..., n) of the polynomial equation

det (VIn — A+ (Az/\_lgg — Sw,l)Plo) =0 (68)

lie strictly inside the left-hand half-plane;
(c) all roots x;, (I =1, ...,n) of the polynomial equation

det (kI — Ay + Ay~ A Pyg) = 0 (69)

lie strictly inside the left-hand half-plane.
A4.
rank [Ag JATAT, .., (ADym=m AT ] = m—m. (70)

Remark 7. By virtue of the results of [26], the assumption A4 provides the existence of the symmetric solution
Py to the equation (67), such that all roots x;, (I = 1, ..., m — my) of the polynomial equation

det (le—ml ~ Ay + Péo) =0 (71)
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lie strictly inside the left-hand half-plane.

Remark 8. By virtue of the results of [27] and Remark 7, the assumptions A3 and A4 yield the uniqueness of
the solution (64) to the equation (63).

4.3. Reduced Heo Control Problem

Let us set ¢ = 0 in the He Control Problem, consisting of the singularly perturbed system (1),(10)
and the non-cheap control cost functional (11). Re-denoting the notations ¥, y, @i, w and ] in the
resulting system and functional with x;, yr, ity, wy and ﬁ, respectively, we obtain

dx;(t)/dt = A1x:(t) + Agye(t) + Frwe(£), >0, x:(0) =0, 72)
Jr = /0+0o [x] () Dyxe () +yi (£) Doy (t) + 10 (£ (£) — 7P (H)w,(t)] dt. (74)

Due to (73), the functional (74) becomes

o= [ REOD0) + 4 (ODaye(t) vl ()]t 75)

It is seen that, in the set (72),(75), the variable y,(t), t > 0 does not satisfy any equation. Hence,
we can choose this variable to satisfy a desirable property of the system (72) and the functional (75).
The latter means that y,(¢) can be chosen as a control in these system and functional. This observation
means that the functional (75) depends on y, and wy, i.e., Ty = Tr(yr, wy), where y;(+) is the control,
while w,(+) is the disturbance. Similarly to Definition 1, we can formulate the Hy, control problem
with the dynamics (72) and the cost functional (75).

Since the matrix D; is not invertible (see the equations (9),(41)), then the He, control problem
(72),(75) cannot be solved by direct application of the method based on the matrix Riccati algebraic
equation, i.e., it is singular (see, e.g., [13]). However, if the assumption A2 is fulfilled, the He, control
problem (72),(75) becomes as:

dx(t)/dt = Ayxe(t) + Agye1 () + Frwe(t), >0, x:(0) =0, (76)

Te(ys1, wy) = /O +°° [ ())Drxe(t) + v () Ay (£) — vl (Hwe(1)] dt, (77)

where y,.1(f) € R™ is the upper block of the control vector y, () and it is the control in the Ho, problem
(76)-(77). Since the matrix A is positive definite, the Ho, problem (76)-(77) is regular, i.e., the method
based on the matrix Riccati algebraic equation can be used for its solution. We call this He, control
problem the Reduced He, Control Problem (RHCP). Thus, the assumption A2 guarantees the RHCP
to be regular.
Consider the function
y:,l(xr) = _A_1A2P10xr/ (78)

where Py is the solution of the problem (66) mentioned in the assumption A3 (items (a) and (c)).
Taking into account that S, 1 = y2F FlT , we obtain (similarly to Lemma 1) the following assertion.

Lemma 2. Let the assumption A3 (items (a) and (c)) be valid. Then:
(i) Pyg is a positive semi-definite matrix;
(ii) the controller (78) solves the RHCP.
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4.4. Justification of the Asymptotic Solution to the Equations (46)-(51)

Lemma 3. Let the assumptions A2-A4 be valid. Then, there exists a positive number eg such that, for all
e € (0,¢o), the set of the equations (46)-(51) has the solution P(e) = P (e), (I = 1,...,6), satisfying the
inequalities

|Pf(e) = Pp|| <ae, 1=1,...,6, (79)

where a > 0 is some constant independent of e.
Proof. Let us transform the variables in the equations (46)- (51) as follows:
PZ(E) =P+ AI(S), I=1,..6, (80)

where A (¢), (I =1, ...,6) are new unknown matrices.
Consider the block-form matrix

Ai(e)  elp(e)
Ale) = | enl(e) ensle) ns(e) |- (81)
eAl(e) 2Al(e) eAq(

Substitution of (80) into the equations (46)-(51) and use of the equations (54)-(59) and the block
forms of the matrices S, (¢), P(e), A, Sy (see the equations (14),(42), (43),(44)), yield after a routine
matrix algebra the equation for A(e)

A(e)O(e) + O (e)A(e) — A(e) (Sule) — Sw)A(e) +T(e) =0, (82)
where

Pio ePy eP3y
O(e) = A— (Sule) — Sw)Po(e), Pole) = | ePly ePy €*Ps |; (83)
EP:% SZPS% €2P60

the matrix I'(¢) has the form
[(e) = Po(e) A+ ATPo(e) = Po(e) (Su(e) = Suw) Po(e) + D (84)
Taking into account the symmetry of the matrix I'(¢), let us represent it in the block form

I'i(e) Ta(e) T3(e)
T(e)= | TI(e) Tule) Ts(e) |, (85)
IT(e) TI(e) Te(e)

where the blocks have the same dimensions as the corresponding blocks of the matrix Py(e).
Substituting the expression for the matrix Py(e) (see the equation (83)) into the equation (84) and
using the equations (54)-(59),(64),(65), we obtain the estimates of the blocks in (85)

IT1(e)ll < are, [Ta(e)| < are, [Ta(e)ll < are?, e € (0,e1],
ITa(e)ll < are, [Ts(e)]| <me?, [To(e)l| < are’, e € (0,e1],
(86)

where g1 > 0 is some sufficiently small number and a; > 0 is some number independent of e.
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Now, let us analyze the matrix ©(¢). Taking into account the equations (60),(61),(64),(65), we can
represent this matrix in the block form as:

O1(e)  Oa(e) O3(e)
Oe) = | 104(e) 1Os(e) Ogle) |,
O7(s)  Os(e) (e

)
O1(e) = A1+ Suw1Pro+ O(e), ©2(e) = A2+ 0(e), O3(e) = O(e),

)
@4(8) =—A" 1/2ATP10+£(A4—|—S 2P10) +O( ), @5(8) A1/2+£A +O ),
Og(e) = O(e%), O7(e) = A7+ SL,3Pio+ O(e), Og(e) = Ag — A§ + O(e),
®(e) = Ag — Peo + O(¢),
(87)
where O(¢) and O(£?) denote matrices of corresponding dimensions satisfying the inequalities
IO(e)[| < aze,  [|O(?)]] < az2e?, €€ [0e4], (88)

ap > 0 is some number independent of «.

Let us estimate the real parts of the eigenvalues of the matrix ©(e) for all sufficiently small e > 0.
For this purpose, first, we permute simultaneously the second and third block rows and columns of
the matrix ©(¢). This permutation yields the matrix

O1(e) ©O3(e) Oafe
Oe) = | O7(e) ©Og(e) Og(e
104(e) Oge) 1Os(e)

(89)

For any ¢ > 0, the matrices ®(¢) and @ () have the same set of eigenvalues.

Presenting the matrix @ (¢) as 1e@(¢) and applying the results of the work [28] (Theorem 2.1)
in the particular (undelayed case) to the matrix ©(e), we can conclude the following. If the matrices
®5(0) and

o

©1(0) ©3(0) ] [ ®,(0)

®7(0) ©s(0) s(0) ]@ (0)[©4(0), 0] (90)

are Hurwitz matrices, then there exists a positive number ¢; < ¢ such that, for all ¢ € (0,¢],
n +m — my eigenvalues 6y, (¢) of the matrix ©(e) satisfy the inequality

Reby, () < —p1, ki =1,.,n+m—my, 91)
while the other m; eigenvalues 6y, (¢) satisfy the inequality
Refy, (e) < —Pa/e, kp=n+m—my+1,.,n+m, (92)

where 81 > 0 and B, > 0 are some numbers independent of e.
Due to (87)-(88),
®5(0) = —Al?, (93)

meaning, along with the equations (41),(82), that ©5(0) is a Hurwitz matrix.
Proceed to the matrix ®. Using the equations (87),(90) and the inequalities (88), we obtain after a
routine matrix algebra

Al — (A A71A2 Sw 1)P10 0

O=|" g
Ay — ((Ag — ADATA] — ST 3 Py Ag — Peo

(94)
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Thus, ® is a Hurwitz matrix if and only if the matrices ®; = Ay — (ApATTAT — Sy 1) Pg and @, 2
Ag — Py are Hurwitz matrices. Due to the assumption A3 (item b), ®; is a Hurwitz matrix. Due to
Remark 7, ®; is a Hurwitz matrix. Hence, ® is a Hurwitz matrix. Therefore, the inequalities (91) and
(92) are satisfied.

Based on the inequalities (91),(92) and using the results of [21], we can rewrite the equation (82) in
the equivalent form

Ae) = /0 T (g (T(e) = Ae) (Sule) = Su)A(e) ) ¥ (e, e)de, ¢ € (0,a), (95)

where, for any given e € (0, ¢;], the (n+ m) x (n + m)-matrix-valued function ¥(c, ¢) is the unique
solution of the problem

d¥(c,e)/do=0(e)¥(c,e), >0, ¥(0,&) = Litm. (96)

We are going to estimate the matrix-valued function ¥ (o, €). For this purpose, let us partition it
into blocks as:

o€ €
¥(o,¢e) = | Yy4(o,€) Ys(o,e) Ye(o,e) |, (97)
Y7(0,€) ¥s(o,€) Yo(o,e)
where the blocks are of the same dimensions as the corresponding blocks in (42).
By virtue of the results of [28] (Theorem 2.3), we have the following estimates of these blocks:

||‘Yr1 (Ur€)|| <azexp(—pi0), r =1479,
[¥r,(0,€)|| < aseexp(=pro), 12=2,8,
||1P7’3 (U, E)H S a3£2 exp(—‘Bla), r3 = 3’6’

|¥5(0,€)|| < a3 (sexp(—ﬁla) +exp (- ﬁza/e)),
c>0, e€(0,¢e3],
(98)

where 0 < 3 < g3 is some sufficiently small number; a3 is some positive number independent of €.
Now, let us apply the method of successive approximations to the equation (95). For this purpose,
we consider the sequence of the matrices {A,(e) }:;03 given as:

“+o00
Aria(e) = /O ¥T (0, ¢) (F(s) — Ar(e) (Sule) — Sw)A,(e))‘I’(U, e)do, (99)
where (r =0,1,...,), € € (0,e3]; Ap(e) = 0; the matrices A, (¢) have the block form

Arp(e)  ebrp(e)  eAr(e)
Ar(e) = eArTl(e) eArgle) E20:5(e) |, (100)
sArT,S(s) SZAZS(S) 82A7,6(£)

and the dimensions of the blocks in each of these matrices are the same as the dimensions of the
corresponding blocks in (81).

Using the block form of the matrices S,(¢), Sw, I'(¢), ¥(0,€), Ar(e) (see the equations
(14),(44),(85),(97),(100)), as well as using the estimates (86) and (98), we obtain the existence of a
positive number ¢ < €3 such that, for any € € (0, ¢], the sequence {Ar(s) }:;08 converges in the linear

space of (n 4+ m) x (n 4+ m)-matrices. Moreover, the following inequalities are fulfilled:

A ()] <ae, r=1,2,.., 1=1,.,6,
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where a > 0 is some number independent of ¢, » and .
Thus, for any ¢ € (0, ¢,

A (e) £ lim A(e)

r—+o00

is a solution of the equation (95) and, therefore, of the equation (82). Moreover, this solution has the
block form similar to (81) and satisfies the inequalities

IA; (o) < ae, 1=1,..6.

This observation, along with the equation (80), proves the lemma. O

Consider the matrix

NE GO
P*(e) = s(PZ*(s))T eP; () e2P:(e) |, €€ (0,¢), (101)
e(Ps(e)" E(P1(e)" Pi(e)

where { P} (¢), P; (¢), P5 (¢), Py (¢), Pz (¢), P} (¢) } is the solution of the set of the equations (46)- (51)
mentioned in Lemma 3.

Corollary 1. Let the assumptions A2-A4 be valid. Then, there exists a positive number €* < gq such that, for
all e € (0,¢€*], the assumption A1 is fulfilled with P* (&) given by (101). Therefore, for these ¢, all the statements
of Lemma 1 are valid.

Proof. First of all, let us note the following. Since the set of the equations (46)- (51) is equivalent to the
equation (13) and { P (¢), P; (¢), P (¢), P (¢), PZ(¢), P¢ (¢) } is a solution of (46)- (51) for all € € (0, o],
then the matrix P*(¢) is a solution of (13). Since the matrix P*(¢) is symmetric, then the item (a) of the
assumption Al is fulfilled for all € € (0, gg].

Proceed to the proof of the fulfillment of the item (b).

Consider the matrix A(e) given in the equation (37).

Using the block form of the matrices S, (¢), A and P*(¢) (see the equations (14),(43) and (101)), as
well as Lemma 3, the assumption A2 and the equations (60),(61),(64),(65), we can represent the matrix
A(e) in the following block form

Ai(e)  Ax(e)  As(e)
Ale) = | tAs(e) $4s(e)  As(e) |,
A7(e)  As(e)  Ag(e)
Ai(e) = A1, Ag(e) = Ay, As(e) =0, Ay(e) = —AV2ATP+ €Ay +O(e%),
As(e) = —AY2 £ eAs5 4+ O(e2), Ag(e) = O(e), Az(e) = A7 +0(1),
Ag(e) = Ag — A§ +0(e), Ag(e) = Ag — Psg + O(e),

(102)
where O(1) denotes a matrix of corresponding dimension satisfying the inequality
c1 < [0 < e, (103)

0 < ¢1 < ¢y are some numbers independent of ¢ € (0, .
Let us estimate the real parts of the eigenvalues of the matrix .A(¢) for all sufficiently small € > 0.
This estimation is done quite similarly to such an estimation for the matrix ©(¢) in the proof of Lemma
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3. Namely, first, we permute simultaneously the second and third block rows and columns of the
matrix A(e) which yields the matrix

Ai(e)  As(e)  Axle)
) (104)

Ae) = | Ay(e) Ag(e)  Ag(e
1A4(e) Ag(e) 1As(e)

For any ¢ > 0, the matrices A(e) and A(e) have the same set of eigenvalues.
Presenting the matrix A (¢) as 2eAq(e) and applying the results of the work [28] (Theorem 2.1)
in the particular (undelayed case) to the matrix A(e), we can conclude the following. If the matrices

As(0) and
y 2 l ﬁg; jjgg% ] - [ 228; ]Agl(o)[m(o), 0] (105)

are Hurwitz matrices, then there exists a positive number ¢* < ¢y such that, for all ¢ € (0,¢*],
n +m — my eigenvalues 1, (¢) of the matrix A(e) satisfy the inequality

Reny, (8) < —w1, ki =1.,n+m—my, (106)
while the other m; eigenvalues 7, (¢) satisfy the inequality
Ren,(e) < —wa/e, ky=n+m—my+1,..,n+m, (107)

where w1 > 0 and wy > 0 are some numbers independent of e.
Due to (102) and (88),
A5(0) = —A1/?, (108)

meaning, along with the equations (41),(82), that .A5(0) is a Hurwitz matrix.
Proceed to the matrix Y. Using the equations (102),(105) and the inequalities (88),(103), we obtain
after a routine matrix algebra

. A1 — AzAilAzTPw 0

Y = _ z _ - _
Ay — (Ag— AN APy Ay — Py

(109)

Thus, Y is a Hurwitz matrix if and only if the matrices Y; 2 Ay — AN TATPpand Y, = ¥, =
Ag — Pgy are Hurwitz matrices. Due to the assumption A3 (item c), Y7 is a Hurwitz matrix. Due to
Remark 7, Y, is a Hurwitz matrix. Hence, Y is a Hurwitz matrix. Therefore, the inequalities (106) and
(107) are satisfied, meaning that the item (b) of the assumption Al is fulfilled for all ¢ € (0, ¢*]. Since
both items of the assumption Al are fulfilled for all ¢ € (0, *], then the statements of Lemma 1 are
valid for these €. Thus, the corollary is proven. [

Remark 9. Corollary 1 presents the e-free solvability conditions of the HCCP.

5. Simplified Controller for the HCCP
Consider the following controller for the HCCP:

1
Upe(z) = —;BTP()(S)Z, e>0, (110)
where the matrix B is given in (12) and the matrix Py(¢) is given in (83).

Comparing the equations (16) and (110) with each other, one can conclude that the controller
1 ¢(z) is obtained from the controller u; (z) by replacing in the latter P*(e) with Py(¢).
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Substituting u(t) = ug.(z) into the system (1)-(2) and into the cost functional (6), and using
the equations (7),(12) and (14), we obtain after some rearrangement the following system and cost

functional:
dz(t)/dt = Ag(e)z(t) + Fw(t), t>0, z(0)=0, (111)
Jo(w) 2 Juoerw) = [ [T (ODo(e)z(0) 220" ()t d, (112)
where
Ao(e) = A—Su(e)Po(e), Dole) = D+ Py(e)Su(e)Po(e). (113)

Remark 10. For a given ¢ > 0, the controller ug¢(z) solves the HCCP if and only if
Jo(w) <0 Vw(:) € Ly[0, 00, R (114)
along trajectories of the system (111).

Theorem 1. Let the assumptions A2-A4 be valid. Then, there exists a positive number &y such that, for all
e € (0,&], the controller ug,(z) solves the HCCP.

Proof of the theorem is presented in Appendix A.
For the differential system (111), we consider the output equation

1/2 -
Coe(t) = (Do(e)?2(), £20, € (0,2, (115)
where (Dy(¢)) 2 is the unique symmetric positive semi-definite square root of the symmetrix positive
semi-definite matrix Dy (e).

Similarly to Remark 4, we have the following remark.

Remark 11. By virtue of the results of [3] and Theorem 1 and its proof, the assumptions A2-A4 guarantee that,
forall e € (0,8, the Hoo norm g o(e) > 0 of the system (111),(115) satisfies the inequality

YHO(E) <7 (116)

Moreover, for all w(-) € Lp[0,4+00;R7], all € € (0,&y] and any number v € (yuo(€),v], the following
inequality is valid:

+oo T YT
| [(Foc(tw()) Pole)zos(tw0()) = 7o (ht)]at <, (117)
where zg ¢ (t;w(-)) is the solution of the system (111).

6. Illustrative Example
Consider a particular case of the HCCP with the following data:

n=1 m=2, g=2, m=1, =05,

0 0 1
A1 =-2, Ay=|1 0], Az= , Ag= ,
1 2 [ ] 3 0 4 0 _1]
00 10
10
B=|10|, F=|01|, Di=1, D;= 00|
01 00

(118)
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yielding

-2 1 10
A=|0 0o 1|, D=0 1
0 0 -1 00
1{000 10
Sule)=5[0 1 0|, Su=4/0 1
00 1 0 0

o oo © o o

d0i:10.20944/preprints202512.1381.v1

18 of 27

(119)

Let P*(e) be the solution of the matrix Riccati algebraic equation (13) for the matrix-valued
coefficients given in (119).

In this example, P*(¢) was calculated numerically using the MATLAB function icare(A, [1,D
,[1,01,[1,-(Su-Sw)). Numerical simulation shows that the equation (13) with the data (119) admits
the unique symmetric stabilizing solution for 0 < ¢ < € = 0.5745.

In Figures 1 and 2, the real parts of the eigenvalues y;(¢), (i = 1,2,3) of the closed-loop matrix
A(e) (see the equation (37)) are depicted for € € (0,%).

-1.4
Re(p)
1.6

0 0.1 0.2 0.3 0.4 05 ¢
Figure 1. Real parts of y1(¢) and gz (e).
Re(us)
-50 1
-100
-150H
_200 1 1 1 1 1 E
0 0.1 0.2 0.3 0.4 05 ¢

Figure 2. Real part of ps(e).
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It is seen that Re(p;(¢)) <0, (i = 1,2,3) forall ¢ € (0,¢), i.e., the MATLAB function icare returns
the symmetric stabilizing solution of (13),(119) meaning that the assumption Al is satisfied for all
€ (0,8).
Figure 3 presents the He norm of the system (35),(38) in this example as a function of e. It is
seen that vy (e) < 7y for all ¢ € (0,€), which illustrates Remark 4. The He norm was calculated by
implementing the MATLAB code

A_cl=A-SuxP;
D_cl=D+P*Su%*P;
C_cl=sqrtm(D_cl);
system=ss(A_cl,F,C_cl,0);

hinfn=hinfnorm(system) ;

0.5
Vi ()
0.49 - 1
0.48 - 1
0.47
0.46 - .
0.45 L L i L 1 E
0 0.1 0.2 0.3 0.4 05 ¢
Figure 3. Heo-norm of the system (35),(38).
One can observe that, in agreement with the results of [3],
yu(€) =05=1. (120)

Using the equations (12),(14),(43)-(45),(118), we obtain that in this example the system (46)-(51)
becomes as:

—4P;(e) — P2(e) — P2(e) +4P?(¢) + 1 + 462 P2 (e
Py (e) — Pa(e)Py(e) — 2ePs(e) — eP3(e P5( )
+4€Py () Py () + 4€2P5 (e) Py (e

)=
)
)
Py(e) —3P3(e) — P2(e)Ps(e) — Ps(e)
+4P (¢) P3(e) + 4€° Py (¢) P5 (¢)
)
)
)
)

03

()

—P2(g) + 1+ 2ePy(e) — €2P2(e) + 46> P2 () + 4e* P (e
Py(e) + P3(e) — Pa(e)Ps(e) — ePs(e) — ePs(e Pe( )
+4eP;(e) P3(e) + 4€>Py(e) Ps(e

2Ps5(e) — 2Ps(e) — P2(e) — P2(e) 4 4P3(e) + 4e>P2 (e

(121)

where P;(¢), Pa(¢), P3(¢), Ps(e), P5(¢) and Ps(¢) are scalar unknowns.
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Setting ¢ = 0 in the system (121) yields the particular case of the system (54)-(59):

—4Pyg — P3y — P3 +4P% +1 =0,
Pyg — PyPy =0,
Pyo — 3P30 — PaoPso — PaoPeo +4P19P30 = 0,
—P3+1=0,
Pyo + P3p — PyoPso = 0,
2Psg — 2Pgy — PZ, — P% + 4P% = 0.

(122)

Using the results of the Section 4.2 and the data (118) of the example, we obtain the following
components of the solution to the system (122):

Pyp=0, Pp=1 Pop=1 (123)
The components Py and Py satisfy the equations
3P, —4P;p+1=0 (124)

and
P% +2Ps—1=0, (125)

respectively.
The component P, satisfies the equation

Pyg = Pyp. (126)

Let us start with the equation (124). This quadratic equation has two solutions Pjg; = 1/3 and
Pyop = 1. It is directly verified that P;g = Py ; satisfies the assumption A3, while Pjy = Pjg does not
satisfy this assumption. Thus,

1
Pip== 127
0= 5 (127)
which, along with (126), yields
1
Po =3, (128)

Proceed to the equation (125). Before solving this equation, let us check the fulfillment of the
assumption A4.

Due to the data (118) of the example, A = 1, Ag = —1 and m — my = 1. Substituting these values
into the equation (70), we immediately obtain the fulfillment of the assumption A4. Therefore, the
equation (125) has the solution mentioned in Remark 7. This solution is

P =V2—-1. (129)

The absolute values of the errors Aj(e), defined in (80), for I = 1,2,3, and for | = 4,5,6 are
shown in Figures 4 and 5, respectively. For the sake of clear demonstration, the errors are depicted for
e € (0,0.5). It is seen that these errors are of the order ¢, which illustrates Lemma 3.
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0.25r
o2 <A E]
| As(e)]
0.15+ | As(e)]
0.1F
0.05F
0 o=t 8 S = | L il 2 L L I
0 0.05 0.1 0.15 02 025 03 035 04 045 £ 05
Figure 4. Absolute errors of Py, [ =1,2,3.
2 |
L <[ Ay(e)]
1.5 |8
| As(e)]
| Ag(e)]
1 L
0.5r
0 lo=s mm— S— 2 S g S 8 4 2 - | 1 I
0 0.05 0.1 0.15 02 025 03 035 04 045 €0.5
Figure 5. Absolute errors of Py, | = 4,5,6.
Using the equations (83) and (123),(127)-(129), we have in this example
1
330
Py(e)=| § ¢ ¢ (130)
0 € 2(v2-1)
Furthermore, using the equations (7),(110),(118),(130), we obtain the simplified controller in this
example
X n
_ | TaT e ¥
uO, zZ) = 7 (131)
«(2) [ 1 — (V2=1)y2 ]

where z = col(x,y1,¥2); X, y1, Y2 are scalar state variables; x is a slow state variable, while y =
col(y1,y2) is a fast state variable.
Moreover, in this example the matrix-valued coefficient Ay (€) of the closed-loop system (111) is

-2 1 0
Ao(e) = | -5 -+ 0 |, (132)
0 -1 —V2
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and (111) becomes
x(t) -2 1 0 x(t) 10
d wi(t)
at vi(t) | = _é -1 0 yi(t) |+]101 [wz(t) , t>0,
ya(t) 0 -1 —v2 || wt 00
x(0) =0, y1(0) =0, ¥2(0)=0,
(133)
where w(t) = col(wy (t), wa(t)) € La[0, +o00; R].
The matrix Dy(e), appearing in the cost functional (112), becomes
10 1 £
9 3 3
Do(e) = | 3 2+ e+e2(vV2—-1) |. (134)
£ oet+ei(V2-1) E2+4E(V2-1)2
By a routine algebra, it is shown that the eigenvalues of the matrix (132) are
—2e—1++4e2 —16e/3+1 .
pip(e) = > ,i=12,
€
Hao(e) = —v2, (135)

and these eigenvalues satisfy the inequalities Re(p;(e)) < 0 for all ¢ > 0. Thus, the simplified
controller (131) stabilizes the system (1)-(2) with the data (118) for all € > 0.

In this example, the Riccati algebraic equation (A1) was solved numerically using the MATLAB
function icare. Numerical simulation showed that this equation admits the unique symmetric
stabilizing solution P (¢) for 0 < ¢ < € = 0.3625.

Thus, the simplified controller (131) solves the HCCP for ¢ € (0, €).

The absolute values of the errors Ag;(e) = |P;(e) — Pio(¢)| for I = 1,2,3, and for 4,5, 6 are shown
in Figures 6 and 7, respectively, for e € (0,€). It is seen that these errors are of the order ¢, which
illustrates Lemma A2.

0.08
0.07 G

0.06 -

0.05F

0.04 -
0.03
0.02 -

0.01~

0 0.05 0.1 0.15 0.2 0.25 03 € 035¢

Figure 6. Values of |Ag)(¢)|, 1 = 1,2,3.
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1.2+
1 L
[ Ag4(e)]
=[Ao5(e)
0.8 | Ag6(e)]

0 & 2 = e o o & 0 v = a 8
0 0.05 0.1 0.15 0.2 0.25 03 ¢ 035°
Figure 7. Values of | Ay (¢)|, | = 4,5,6.

In Figure 8, the Ho norm 7y (e) of the differential system (133) with the output (115) and
the matrix Dy(¢), given by (134), is depicted for ¢ € (0,€). It is seen that, for these values of ¢,
0 < ypo(e) < v = 0.5. The latter means that the simplified controller (131) solves the HCCP (1)-(2),(6)
with the data (118) not only for all ¢ € (0,€) and v = 0.5, but also for all € € (0,¢) and any performance
level ¥ € (vm,0(€), v) instead of v in the cost functional.

In addition, let us note that, similarly to (120), yg0(€) = 0.5 = 7.

0.5
7H,0(5 )
0.49
0.48

0.47

0.46

0 0.05 0.1 0.15 0.2 0.25 03 €035

™

0.45

Figure 8. Heo-norm of system (111),(115).

7. Conclusions

In this paper, an infinite-horizon He control problem for a linear differential equation and a
quadratic cost functional was studied in the case where the control cost is much smaller than the
state cost. This smallness is due to the presence of the small multiplier > (¢ > 0 is a small parameter)
in the control cost. Because of this feature, the considered Ho, problem is a cheap control problem.
One more feature of this He problem is the following. The problem’s dynamics has both, slow and
fast, state variables, and the current quadratic cost of the fast state variable in the cost functional is
a positive semi-definite (but non-zero) quadratic form. By the solvability conditions, the solution of
the considered He, control problem was reduced to the solution of the game-theoretic matrix Riccati
algebraic equation perturbed by the small parameter ¢ > 0. This equation represents a new type of
e-dependent matrix Riccati algebraic equations arizing in the control theory. The zero-order asymptotic
solution to the aforementioned matrix Riccati algebraic equation was derived. This derivation requires
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the developing the considerably novel approach. Based on the asymptotic solution to the matrix Riccati
algebraic equation, the e-free conditions, providing the existence of the solution to the considered
He cheap control problem for all sufficiently small € > 0, were established. The simplified controller,
solving this problem for all sufficiently small ¢ > 0, was designed. Using the theoretical results, the
academic example was solved. Numerical simulation in this example shows that a very accurate
approximation of the solution to the He, cheap control problem is obtained even for not too small
values of ¢ > 0.

Appendix A. Proof of Theorem 1

Proof of Theorem 1 is based on two auxiliary lemmas.

Appendix A.1. Auxiliary Lemmas

Lemma Al. Let the assumptions A2-A4 be valid. Then, there exists a positive number &, such that, for
all ¢ € (0,&], the real parts of all eigenvalues of the matrix Ag(e) are smaller than some negative number
independent of €.

Proof. The lemma is proven just similarly to the proof of Corollary 1 (the property of the matrix

A(e)). O

Consider the following matrix Riccati algebraic equation with respect to the (n + m) x (n + m)-
matrix P:

PAy(e) + Al (e)P + PSuP + Dy(e) = 0. (A1)

Lemma A2. Let the assumptions A2-A4 be valid. Then, there exists a positive number &, such that, for all
e € (0,&], the equation (A1) has a solution P = P (e) of the block form

Pi(e) ePa(e) €Ps(e)
P(e) = | eP](e) ePu(e) €Ps(e) |,
87’3 (e) P2 () *Pele)

where the matrices Py (€), Py(e) and Pg () are of the dimensions n x n, my x my and (m —mq) x (m — my),
respectively, and these matrices are symmetric.
Moreover, the matrices P (¢), (I =1, ...,6) satisfy the inequalities

|Pi(e) = Pyl| < ae, 1=1,..,6,
where the matrices Py, (I =1, ...,6) are obtained in Section 4.2; a > 0 is some constant independent of e.
Proof. The lemma is proven quite similarly to Lemma 3. O

Appendix A.2. Main Part of the Proof

Consider the Lyapunov-like function
Viz] =2"P(e)z, ze€R"™™, ¢ (0,7), (A2)

where P (¢) is the solution of the equation (A1), mentioned in Lemma A2; §y = min{¢&,&,}.
Let

Vo(tw()) £ V[zo(Ew ()], (A3)

where, for any given w(+) € L [0, +-00; R7], zg (£;w(+)) is the unique solution of the initial-value problem
(111). This solution is locally absolutely continuous in the entire interval [0, +c0).
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Differentiating Vy (t; w(-)) with respect to t € [0, +0c0), we obtain the following expression:

dVo (tw(-)) _, (dzo (tw(-
dt dt

T
))> P(e)zo(Lw(-)), t=>0. (A4)

Using the equations (111),(A1), we can convert (A4) after a routine algebra to the following
expression:

dVO(t;w(-))

T
- = —(20(tw() ) (Do(e) +P(e)SuP(e))z0(t;w(-))

+2w" (1) FTP(e)zo (t;w(+)), t>0. (A5)

Finally, using the notation

wo(t) £ 7 2ETP &)z (1 0(-)),

the expression (A5) can be rewritten as:

dlb(Zf“”):(zoa;w(g))Tz%(@zou;w(o)4yszu)w(g
=7 (w(t) — (1)) (w(t) — wo(1), +20.

(A6)

Let zg € R"™™ be any given vector and f( be any non-negative number. Let Zy(t), t > to be the
solution of the differential equation in (111), generated by the disturbance w(t) = 0 and the initial
condition z(ty) = zp. Due to Lemma A1,

tEIJPooZO(t) =0 Vee (0,50]. (A7)
Let A
Vo(t) = V[zo(t)], t>to. (A8)

Then, quite similarly to the expression (A6), we obtain

dVo(t)
dt

=zl (H)Do(e)20(t) — ¥*@ (Hwo(t), t> to, (A9)

where

@o(t) 2 7 2ETP()z0(t), > to.

Since Dy(¢) is a positive semi-definite matrix for all ¢ € (0,&], the expression (A9) yields the
inequality

>0, t>ty, €€ (0,50].

Integrating this inequality from ¢t = ty to +o0 and using the equations (A2),(A7),(A8) and that
Zo(to) = zp, we obtain
2 P(e)z0 >0, &€ (0,7). (A10)

In this inequality zg is any (n + m)-dimensional vector. This observation directly yields the
positive semi-definiteness of the matrix P(e) for all e € (0, &].
Based on the inequality (A10), we continue to treat the expression (A6).
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Since 72 (w(t) — wo(t)) T (w(t) —wo(t)) > 0, this expression implies the inequality
(zo(t,-w(.)))TDO(s)zo(t;w(.)) — 2w’ (Bw(t) < WO(’;?’()) £>0. (A11)

Integrating this inequality from ¢+ = 0 to any t > 0, using the equation (A2) and taking into
account that zo (0;w(+)) = 0, we obtain

[ () Doz (or20()) - 7" (@)(o)|do
<~ (a(tw()) PEOEw), t>0. (A12)

Since P (¢) is a positive semi-definite matrix, the inequality (A12) yields

[ [(2o(@00) Po(e)z(ea)) - ol @u(o)|ar <o, 120, (A13)

which, along with the inclusion w(t) € L,[0, +-00; RY], implies

/Ot (Zo(a;w(.))>Tpo(s)zo(a;w(.))da < 'YZHw(')Hiz(o,Jroo)’ t>0. (A14)

Since the matrix Dy (¢) is symmetric and positive semi-definite for all ¢ € (0, £y}, the integral in
the left-hand side of the inequality (A14) is a non-decreasing function of t > 0 and this function is
bounded from above. Therefore, this integral has a finite limit for t — 4-oc0. This observation, along
with the equation (112) and the inequality (A13), directly yields the inequality (114). This conclusion,
along with Remark 10, completes the proof of the theorem.
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