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ABSTRACT. In this paper, we establish the generalized Qi-type inequality in-
volving conformable fractional integrals. The results presented here would
provide extensions of those given in earlier works.

1. INTRODUCTION

In the last few decades, much significant development of integral inequalities
had been established. Integral inequalities have been frequently employed in the
theory of applied sciences, differential equations, and functional analysis. In the last
two decades, they have been the focus of attention in [4]-[7]. Recently, especially
Qi inequality, one of the integral inequalities, has been studied by many authors.
Recall the famous integral inequality of Feng Qi type:

Theorem 1. (Proposition 1.1, [7]) Let f(x) be differentiable on (a,b) and f(a) = 0.
If f' () > 1 for z € (a,b), then

b 2
(L1) / O AE / fyde]|

a

If 0 < f' (z) < 1, then the inequality (1.1) reverses.

Theorem 2. (Proposition 1.3, [7]) Let n be a positive integer. Suppose f(x) has
continuous derivative of the n—th order on the interval [a,b] such that f@ (a) >0,
where 0 <i<n—1, f (z) > n!, then

b

b n+1
(1.2) / [F Ot | > / fwd|

a

In [6], Ngo et al. gave the following inequality which is one of the open problem’s
solution.

Theorem 3. If f is a nonnegative, continuous function on [0, 1] satisfying,

1— 22
)

(1.3) /f(t) at> 1
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then, for every positive number n,
1

(1.4) /f”+1 (t)dt > /t"f(t) dt,
0

0
holds.
Theorem 4. ([2]) Let f(x) > 0 be a continuous function on [a,b], then
b b
(1.5) / fOrB(z)aPdr > / (zPt! — ap'H)a P (x)zPde,

holds for every positive real number a > 0, >0 and p > 0.
Theorem 5. ([2]) Let f(z) > 0 be a continuous function on [a,b], then
(b1 — ap+1)a+ﬁ+1

(Pt (a+p+1)’
holds for every positive real number o >0, 8 >0 and p > 0.

b
(1.6) / (zPt — a”“)a A (x)aPdr >

Lemma 1. (General Cauchy inequality). Let o and 8 be positive real numbers
satisfying o + B = 1. Then for all positive real numbers x and y, we have

ax + By > z%y°.
2. DEFINITIONS AND PROPERTIES OF CONFORMABLE FRACTIONAL DERIVATIVE

AND INTEGRAL

The following definitions and theorems with respect to conformable fractional
derivative and integral were referred in [1], [9]-[13].

Definition 1. (Conformable fractional derivative) Given a function f : [0,00) —
R. Then the “conformable fractional derivative” of f of order « is defined by

fE+etr=) = f(t)

(2.1) Dy (f) (1) = lim
e— €
forallt >0, a € (0,1). If f is a—differentiable in some (0,a), a > 0, lirélJr £ () eist,
t—
then define
(2.2) F00) = lim £ ().
t—0t

We can write f(®) (t) for Dy (f) (t) to denote the conformable fractional derivatives
of f of order o.. In addition, if the conformable fractional derivative of f of order
« exists, then we simply say [ is a—differentiable.

The idea of derivative of non-integer order was motivated by the question, “What
mn

does it mean by Zx—ic, if n = 1?”, asked by L’Hospital in 1695 in his letters to
Leibniz ([15]-[17]). Afterwards, many mathematicians tried to answer this question
for centuries in several points of view. Various types of fractional derivatives were
introduced by many authors, most of them are defined via fractional integrals, but
many of those fractional derivatives have some non-local behaviors. Among the
inconsistencies of the existing fractional derivatives are:

(1) Most of the fractional derivatives do not satisfy D% (1) = 0, if « is not a

natural number.
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(2) All fractional derivatives do not obey the familiar Product Rule and Quotient
Rule for two functions.

(3) All fractional derivatives do not obey the Chain Rule.

(4) Fractional derivatives do not have a corresponding Rolle’s Theorem, Mean
Value Theorem.

(5) All fractional derivatives do not obey: Dy D§f = Dy 5f, in general.

To solve some of these and other difficulties, Khalil et al. [10], introduced the
following.

Theorem 6. Let o € (0,1] and f,g be a—differentiable at a point t > 0. Then
i. Dy (af +bg) = aDy (f) + 0D, (g), for all a,b € R (linearity),
ii. Dy, (\) = 0, for all constant functions f (¢) = A,
iii. Do, (fg) = fDu (9) + gDo (f) (Product Rule),

iv. Da (Jg‘) _ fDq <g>g—ggDa (f)

v. Do (fog)(®) =1 (g(t)) Do (g) (t) (Chain rule).

If f is differentiable, then Dy, (f) (t) = '~ % (¢).

(Quotient Rule),

Also: ”
1. Do (1) =0,

2. D, (€7%) = az' =%, a € R,

3. D, (sin(ar)) = ax'~* cos(ax), a € R,

4. D,, (cos(ax)) = —az*~*sin(az), a € R,

5. Do (Lt*) =1,

6. D, (sm(%)) = cos(%),

7. Dy (cos(L)) = —sin(L),

8. Dy (e<%>) = ().

Theorem 7 (Mean value theorem for conformable fractional differentiable func-
tions). Let o € (0,1] and f : [a,b] — R be a continuous on [a,b] and an a-fractional
differentiable mapping on (a,b) with 0 < a < b. Then, there exists ¢ € (a,b), such

that )
Da () (¢) = L0 =S 1),

Definition 2 (Conformable fractional integral). Let o € (0,1] and 0 < a < b. A
function f : [a,b] — R is a-fractional integrable on [a,b] if the integral

(2.3) /abf (2) do == /abf (z) 2 'da

exists and is finite.
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Remark 1.

o= = [ L

where the integral is the usual Riemann improper integral, and o € (0, 1].

Theorem 8. Let f : (a,b) — R be differentiable and 0 < « < 1. Then, for all
t > a we have

(2.4) IEDf @) = f () = f(a).

Theorem 9. (Integration by parts) Let f,g : [a,b] — R be two functions such
that fg is differentiable. Then

b b
(2.5) / f(#) D2 (9) (2) do = fol! — / 0(2) D (£) (x) doz.

Theorem 10. Assume that f : [a,00) — R such that f(™(t) is continuous and
a € (n,n+ 1]. Then, for all t > a we have

Def@)Ia=F(t).

Theorem 11. Let a € (0,1] and f : [a,b] — R be a continuous on [a,b] with
0<a<b. Then,

15 (f) (@) < I3 | f] ().

In this paper, we propose and prove some new results on the recently proposed
conformable fractional derivatives and fractional integral, [Khalil, R., et al., A
new definition of fractional derivative, J. Comput. Appl. Math. 264, (2014)].
The simple nature of this definition allows for many extensions of some classical
theorems in calculus for which the applications are indispensable in the fractional
differential models that the existing definitions do not permit.

3. MAIN RESULTS

We start the following important inequality for conformable fractional integrals:

Theorem 12. Let f(x) € Cy [a,b] and f(a) =0. If 0 < f'(z) < 1, then

(3.1) tfmwf%xs jﬂ@%xQ-

Proof. Let

Simple computation yields ’ ’
Fl) = 2 / fayd | fepet = (o)
= |2 / f@)dz — [F@OP | [F0)] e
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and

G'(t) = 2f(tt ! —2f()f'(¢)

= 2f(t) [t*7 - f'(1)] .

Since f'(t) > 0 and f(a) = 0, thus f(t) is increasing and f(t) > 0.

When 0 < f/(z) < 1, we have G’ (t) > 0, G (t) increases and G (t) > 0 because
of G (a) = 0, hence F’ (t) = G (t) [f(t)]t*~t, F'(t) is increasing. Since F(a) = 0,
we have F'(t) > 0, and F'(b) > 0. Therefore, the inequality (3.1) holds. O

Remark 2. If we choose oo =1 in (3.1), then we have Proposition 1.1 in [7].
Theorem 13. Let f(z) € C, [0,1] satisfying

1

1— g2
. * o > 5. 9 )
(3.2) /f (z)daz > °a vt € [0, 1]
t
then
; 1
) a > —.
(3.3) /t O > o
0
Proof. Let

1

/ /lfo‘(x)dax dat.

0
By using our assumption we have

1

1 1

/ /f"‘(:z:)dax dot > /1_t2adat
- 2c

0 t 0
!
= o3

On the other hand, integrating by parts, we also get

/1 jfa(x)dam dot = g jf“(x)dax Jra
0 t

t

£ f () d gt

—
o _

1

1
- 1o fo

. / £ () dut

0
Thus,
1
1

/t“f“(t)dat >
0

The proof is completed. O
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Theorem 14. If (3.2) holds then we have,

1

1
A4 tintepepyg g > ——
(3-4) / @) ~ na+ 3a
0
Proof. Let
1 1
/t”o‘ /fa(a:)dax dut.
0 t

Integrating by parts, we have

1 1
ner N p P t(n—i—l)a a
/t /f (x)doz | dot = n+1 /f
0

t

1

1 n o £
+m/t( D ()t
0
1 1

0

On the other hand, by using our assumption we have

1 1 1
1— t2a
e f¥z)daz | dat > e dot
0 t 0
_ 1
a(n+1) (na+ 3a)
Thus,
i 1
ttDe pe iyt > ———.

/ 7o) ~ na+ 3a

0
The proof is completed. O

Remark 3. If we choose o =1 in (3.4), then we have Lemma 1.3 in [6].

Theorem 15. Let f(x) > 0 be a continuous function on [0, 1] satisfying

1
/fm(x)dax > /azmdax, vt € [0,1],
t

t

then the inequality

1
1
n+a—1 epm >
(3.5) /:E f (m)daz_—n+m+2a—1
0

holds for every positive real number n > 0, m >0 and « > 0.
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Proof. Integrating by parts, we have

1

1 . . ) pract 1 .
O/t ! /f (2)dpz | dot _ /f (2)doz

t t 0

1
b T 0
0
1
1 n+a—1 pm
= nxaco1 U T 0dat

0

On the other hand, by using our assumption we have

1 1 1 1
/t”_l /fm(x)dax dot > /t”o‘ /mmdax dot
0 t 0 t
_ 1
- (nt+a-1)(n+m+2a-—1)
Thus,
i 1
gnta—lm dot > —M8M———.
/ ) “n+m+2a—1
0
The proof is completed. O

Remark 4. If we choose o =1 in (3.5), then we have Lemma 2.3 in [14].

Theorem 16. Let f(x) > 0 be a continuous function on [0,1] satisfying
1 1
/fm(z)dam > /xmdam, vt € [0,1],
t t
then the inequality
1 1
(3.6) /f"“"*"‘*1 (z) doz > /:U”Jra*lfm (z) dax
0 0

holds for every positive real number n > 0, m >0 and a > 0.

Proof. By using the Cauchy inequality, we obtain
n+a—1
n+m+a—1

m n+m-+a—1
n+m+a71f (@) +

Thus

xn+m+a—1 > xn-l—a—lfm (.’I}) .

1 1
m [ frrmte=t(@ydar + (n+a — 1) famtmreld, o
0 0

1
>(n4+m+a—1) [z M (2)dya.
0
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Moreover, by using Theorem 15, we get

1
(n+m+a—1)[z"T* L™ () dyx
0

1 1
=(n+a-1)[aznTortfm(2)dox +m [T ™ (2) dpa
0 0

n+a-—1 1 a1
n+—oa— m da
——n+m+2a_1+m0f‘” [ (@) da

that is
1

+m/x"+°‘*1fm (z) dox
0
which completes this proof. O

n+a—1 . n+a—1

1
n+m+a—1 d
m/f (@) ax+n—|—m+2a—1_n+m—|—2a—1
0

Remark 5. If we choose oo =1 in (3.6), then we have Theorem 2.1 in [14].

Theorem 17. If (3.2) holds then we have
1

1
(3.7) / FoDe (@) dya > / " f (x) dpa
0 0
Proof. By using the Cauchy inequality, we obtain
FOFD () 4 pg D > (n 4 1) 2™ (2) .

Thus
1 1 1

/f("+1)0‘ () dox + n/x("H)o‘da:c >(n+1) / " () dy.
0 0 0
Moreover, by using Theorem 14, we get
1 1 1

(n+1) /:c""f”‘ (z)doxr = n/a:"af"‘ (x)doz + /x”afo‘ () dox
0 0 0
1
n noa o
ot 2a +/m e (x)dox
0
that is
1 1
(n+1)a n n no po
/f (x)dax+na+2a_na+2a+/x J* (@) daz
0 0
which completes this proof. ([l

Remark 6. If we choose o =1 in (3.7), then we have Theorem 2.1 in [6].

Conclusion 1. In the present paper, we establish the generalized Qi-type inequal-
ities involving conformable fractional integrals. Some special cases are also dis-
cussed.
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