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Abstract. In this paper, we establish the generalized Qi-type inequality in-
volving conformable fractional integrals. The results presented here would
provide extensions of those given in earlier works.

1. Introduction

In the last few decades, much signi�cant development of integral inequalities
had been established. Integral inequalities have been frequently employed in the
theory of applied sciences, di¤erential equations, and functional analysis. In the last
two decades, they have been the focus of attention in [4]-[7]. Recently, especially
Qi inequality, one of the integral inequalities, has been studied by many authors.
Recall the famous integral inequality of Feng Qi type:

Theorem 1. (Proposition 1.1, [7]) Let f(x) be di¤erentiable on (a; b) and f(a) = 0.
If f 0 (x) � 1 for x 2 (a; b), then

(1.1)

0@ bZ
a

[f (t)]
3
dt

1A �

0@ bZ
a

f (t) dt

1A2

:

If 0 � f 0 (x) � 1, then the inequality (1.1) reverses.

Theorem 2. (Proposition 1.3, [7]) Let n be a positive integer. Suppose f(x) has
continuous derivative of the n�th order on the interval [a; b] such that f (i) (a) � 0,
where 0 � i � n� 1, f (n) (x) � n!; then

(1.2)

0@ bZ
a

[f (t)]
n+2

dt

1A �

0@ bZ
a

f (t) dt

1An+1

:

In [6], Ngô et al. gave the following inequality which is one of the open problem�s
solution.

Theorem 3. If f is a nonnegative, continuous function on [0; 1] satisfying,

(1.3)

1Z
x

f (t) dt � 1� x2
2

;
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then, for every positive number n;

(1.4)

1Z
0

fn+1 (t) dt �
1Z
0

tnf (t) dt;

holds.

Theorem 4. ([2]) Let f(x) � 0 be a continuous function on [a; b]; then

(1.5)
Z b

a

f�+�(x)x�dx �
Z b

a

�
x�+1 � a�+1

��
f�(x)x�dx;

holds for every positive real number � > 0; � > 0 and � � 0.

Theorem 5. ([2]) Let f(x) � 0 be a continuous function on [a; b]; then

(1.6)
Z b

a

�
x�+1 � a�+1

��
f�(x)x�dx �

�
b�+1 � a�+1

��+�+1
(�+ 1) (�+ � + 1)

;

holds for every positive real number � > 0; � > 0 and � � 0.

Lemma 1. (General Cauchy inequality). Let � and � be positive real numbers
satisfying �+ � = 1. Then for all positive real numbers x and y, we have

�x+ �y � x�y� :

2. Definitions and properties of conformable fractional derivative
and integral

The following de�nitions and theorems with respect to conformable fractional
derivative and integral were referred in [1], [9]-[13].

De�nition 1. (Conformable fractional derivative) Given a function f : [0;1)!
R. Then the �conformable fractional derivative�of f of order � is de�ned by

(2.1) D� (f) (t) = lim
�!0

f
�
t+ �t1��

�
� f (t)

�

for all t > 0; � 2 (0; 1) : If f is ��di¤erentiable in some (0; a) ; � > 0; lim
t!0+

f (�) (t) exist,

then de�ne

(2.2) f (�) (0) = lim
t!0+

f (�) (t) :

We can write f (�) (t) for D� (f) (t) to denote the conformable fractional derivatives
of f of order �. In addition, if the conformable fractional derivative of f of order
� exists, then we simply say f is ��di¤erentiable.

The idea of derivative of non-integer order was motivated by the question, �What

does it mean by
dnf

dxn
, if n =

1

2
?�, asked by L�Hospital in 1695 in his letters to

Leibniz ([15]-[17]). Afterwards, many mathematicians tried to answer this question
for centuries in several points of view. Various types of fractional derivatives were
introduced by many authors, most of them are de�ned via fractional integrals, but
many of those fractional derivatives have some non-local behaviors. Among the
inconsistencies of the existing fractional derivatives are:
(1) Most of the fractional derivatives do not satisfy Da

�(1) = 0, if � is not a
natural number.
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(2) All fractional derivatives do not obey the familiar Product Rule and Quotient
Rule for two functions.
(3) All fractional derivatives do not obey the Chain Rule.
(4) Fractional derivatives do not have a corresponding Rolle�s Theorem, Mean

Value Theorem.
(5) All fractional derivatives do not obey: Da

�D
a
�f = D

a
�+�f , in general.

To solve some of these and other di¢ culties, Khalil et al. [10], introduced the
following.

Theorem 6. Let � 2 (0; 1] and f; g be ��di¤erentiable at a point t > 0. Then

i: D� (af + bg) = aD� (f) + bD� (g) ; for all a; b 2 R (linearity);

ii: D� (�) = 0; for all constant functions f (t) = �;

iii: D� (fg) = fD� (g) + gD� (f) (Product Rule);

iv: D�

�
f

g

�
=
fD� (g)� gD� (f)

g2
(Quotient Rule);

v: D� (f � g) (t) = f 0 (g (t))D� (g) (t) (Chain rule).

If f is di¤erentiable, then D� (f) (t) = t1��
df
dt (t) :

Also:
1: D� (1) = 0;

2: D� (e
ax) = ax1��eax; a 2 R;

3: D� (sin(ax)) = ax
1�� cos(ax); a 2 R;

4: D� (cos(ax)) = �ax1�� sin(ax); a 2 R;

5: D�
�
1
� t
�
�
= 1;

6: D�
�
sin( t

�

� )
�
= cos( t

�

� );

7: D�
�
cos( t

�

� )
�
= � sin( t�� );

8: D�

�
e(

t�

� )
�
= e(

t�

� ):

Theorem 7 (Mean value theorem for conformable fractional di¤erentiable func-
tions). Let � 2 (0; 1] and f : [a; b]! R be a continuous on [a; b] and an �-fractional
di¤erentiable mapping on (a; b) with 0 � a < b: Then, there exists c 2 (a; b), such
that

D� (f) (c) =
f(b)� f(a)
b�

� �
a�

�

:

De�nition 2 (Conformable fractional integral). Let � 2 (0; 1] and 0 � a < b: A
function f : [a; b]! R is �-fractional integrable on [a; b] if the integral

(2.3)
Z b

a

f (x) d�x :=

Z b

a

f (x)x��1dx

exists and is �nite.
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Remark 1.

Ia� (f) (t) = I
a
1

�
t��1f

�
=

Z t

a

f (x)

x1��
dx;

where the integral is the usual Riemann improper integral, and � 2 (0; 1].
Theorem 8. Let f : (a; b) ! R be di¤erentiable and 0 < � � 1. Then, for all
t > a we have

(2.4) Ia�D
a
�f (t) = f (t)� f (a) :

Theorem 9. (Integration by parts) Let f; g : [a; b] ! R be two functions such
that fg is di¤erentiable. Then

(2.5)
Z b

a

f (x)Da
� (g) (x) d�x = fgjba �

Z b

a

g (x)Da
� (f) (x) d�x:

Theorem 10. Assume that f : [a;1) ! R such that f (n)(t) is continuous and
� 2 (n; n+ 1]: Then, for all t > a we have

Da
�f (t) I

a
� = f (t) :

Theorem 11. Let � 2 (0; 1] and f : [a; b] ! R be a continuous on [a; b] with
0 � a < b: Then,

jIa� (f) (x)j � Ia� jf j (x) :
In this paper, we propose and prove some new results on the recently proposed

conformable fractional derivatives and fractional integral, [Khalil, R., et al., A
new de�nition of fractional derivative, J. Comput. Appl. Math. 264, (2014)].
The simple nature of this de�nition allows for many extensions of some classical
theorems in calculus for which the applications are indispensable in the fractional
di¤erential models that the existing de�nitions do not permit.

3. Main Results

We start the following important inequality for conformable fractional integrals:

Theorem 12. Let f(x) 2 C� [a; b] and f(a) = 0: If 0 � f 0(x) � 1; then

(3.1)

tZ
a

[f(x)]
3
d�x �

0@ tZ
a

f(x)d�x

1A2

:

Proof. Let

F (t) =

0@ tZ
a

f(x)d�x

1A2

�
tZ
a

[f(x)]
3
d�x:

Simple computation yields

F 0 (t) = 2

0@ tZ
a

f(x)dx

1A f(t)t��1 � [f(t)]3 t��1

=

242 tZ
a

f(x)dx� [f(t)]2
35 [f(t)] t��1

= G (t) [f(t)] t��1;
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and

G0 (t) = 2f(t)t��1 � 2f(t)f 0(t)

= 2f(t)
�
t��1 � f 0(t)

�
:

Since f 0(t) � 0 and f(a) = 0, thus f(t) is increasing and f(t) � 0.
When 0 � f 0(x) � 1; we have G0 (t) � 0; G (t) increases and G (t) � 0 because

of G (a) = 0; hence F 0 (t) = G (t) [f(t)] t��1; F 0 (t) is increasing. Since F (a) = 0,
we have F (t) > 0, and F (b) > 0. Therefore, the inequality (3.1) holds. �

Remark 2. If we choose � = 1 in (3.1), then we have Proposition 1.1 in [7].

Theorem 13. Let f(x) 2 C� [0; 1] satisfying

(3.2)

1Z
t

f�(x)d�x �
1� t2�
2�

; 8t 2 [0; 1] ;

then

(3.3)

1Z
0

t�f(t)d�x �
1

3�
:

Proof. Let
1Z
0

0@ 1Z
t

f�(x)d�x

1A d�t:
By using our assumption we have

1Z
0

0@ 1Z
t

f�(x)d�x

1A d�t �
1Z
0

1� t2�
2�

d�t

=
1

3�2
:

On the other hand, integrating by parts, we also get

1Z
0

0@ 1Z
t

f�(x)d�x

1A d�t =
t�

�

0@ 1Z
t

f�(x)d�x

1A������
1

0

+
1

�

1Z
0

t�f�(t)d�t

=
1

�

1Z
0

t�f�(t)d�t

Thus,
1Z
0

t�f�(t)d�t �
1

3�
:

The proof is completed. �
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Theorem 14. If (3.2) holds then we have,

(3.4)

1Z
0

t(n+1)�f�(t)d�t �
1

n�+ 3�
:

Proof. Let
1Z
0

tn�

0@ 1Z
t

f�(x)d�x

1A d�t:
Integrating by parts, we have

1Z
0

tn�

0@ 1Z
t

f�(x)d�x

1A d�t =
t(n+1)�

(n+ 1)�

0@ 1Z
t

f�(x)d�x

1A������
1

0

+
1

(n+ 1)�

1Z
0

t(n+1)�f�(t)d�t

=
1

(n+ 1)�

1Z
0

t(n+1)�f�(t)d�t

On the other hand, by using our assumption we have

1Z
0

tn�

0@ 1Z
t

f�(x)d�x

1A d�t �
1Z
0

tn�
�
1� t2�
2�

�
d�t

=
1

� (n+ 1) (n�+ 3�)

Thus,
1Z
0

t(n+1)�f�(t)d�t �
1

n�+ 3�
:

The proof is completed. �

Remark 3. If we choose � = 1 in (3.4), then we have Lemma 1.3 in [6].

Theorem 15. Let f(x) � 0 be a continuous function on [0; 1] satisfying
1Z
t

fm(x)d�x �
1Z
t

xmd�x; 8t 2 [0; 1] ;

then the inequality

(3.5)

1Z
0

xn+��1fm (x) d�x �
1

n+m+ 2�� 1

holds for every positive real number n > 0; m > 0 and � > 0.
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Proof. Integrating by parts, we have

1Z
0

tn�1

0@ 1Z
t

fm(x)d�x

1A d�t =
tn+��1

n+ �� 1

0@ 1Z
t

fm(x)d�x

1A������
1

0

+
1

n+ �� 1

1Z
0

tn+��1fm(t)d�t

=
1

n+ �� 1

1Z
0

tn+��1fm(t)d�t

On the other hand, by using our assumption we have
1Z
0

tn�1

0@ 1Z
t

fm(x)d�x

1A d�t �
1Z
0

tn�

0@ 1Z
t

xmd�x

1A d�t
=

1

(n+ �� 1) (n+m+ 2�� 1)
Thus,

1Z
0

tn+��1fm(t)d�t �
1

n+m+ 2�� 1 :

The proof is completed. �

Remark 4. If we choose � = 1 in (3.5), then we have Lemma 2.3 in [14].

Theorem 16. Let f(x) � 0 be a continuous function on [0; 1] satisfying
1Z
t

fm(x)d�x �
1Z
t

xmd�x; 8t 2 [0; 1] ;

then the inequality

(3.6)

1Z
0

fn+m+��1 (x) d�x �
1Z
0

xn+��1fm (x) d�x

holds for every positive real number n > 0; m > 0 and � > 0.

Proof. By using the Cauchy inequality, we obtain

m

n+m+ �� 1f
n+m+��1 (x) +

n+ �� 1
n+m+ �� 1x

n+m+��1 � xn+��1fm (x) :

Thus

m
1R
0

fn+m+��1 (x) d�x+ (n+ �� 1)
1R
0

xn+m+��1d�x

� (n+m+ �� 1)
1R
0

xn+��1fm (x) d�x:
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Moreover, by using Theorem 15, we get

(n+m+ �� 1)
1R
0

xn+��1fm (x) d�x

= (n+ �� 1)
1R
0

xn+��1fm (x) d�x+m
1R
0

xn+��1fm (x) d�x

� n+ �� 1
n+m+ 2�� 1 +m

1R
0

xn+��1fm (x) d�x

that is

m

1Z
0

fn+m+��1 (x) d�x+
n+ �� 1

n+m+ 2�� 1 �
n+ �� 1

n+m+ 2�� 1+m
1Z
0

xn+��1fm (x) d�x

which completes this proof. �
Remark 5. If we choose � = 1 in (3.6), then we have Theorem 2.1 in [14].

Theorem 17. If (3.2) holds then we have

(3.7)

1Z
0

f (n+1)� (x) d�x �
1Z
0

xn�f� (x) d�x

Proof. By using the Cauchy inequality, we obtain

f (n+1)� (x) + nx(n+1)� � (n+ 1)xn�f� (x) :
Thus

1Z
0

f (n+1)� (x) d�x+ n

1Z
0

x(n+1)�d�x � (n+ 1)
1Z
0

xn�f� (x) d�x:

Moreover, by using Theorem 14, we get

(n+ 1)

1Z
0

xn�f� (x) d�x = n

1Z
0

xn�f� (x) d�x+

1Z
0

xn�f� (x) d�x

� n

n�+ 2�
+

1Z
0

xn�f� (x) d�x

that is
1Z
0

f (n+1)� (x) d�x+
n

n�+ 2�
� n

n�+ 2�
+

1Z
0

xn�f� (x) d�x

which completes this proof. �
Remark 6. If we choose � = 1 in (3.7), then we have Theorem 2.1 in [6].

Conclusion 1. In the present paper, we establish the generalized Qi-type inequal-
ities involving conformable fractional integrals. Some special cases are also dis-
cussed.
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