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Abstract: The author previously investigated the thermodynamic properties of the one-dimensional Potts-SOS
model on the lattice of positive natural numbers N in [Akin H, Phys. Scr. 99 (2024), 055231]. In this present
paper, we extend that research by determining the Gibbs measures for the same mixed-type model using partition
functions constructed on a second-order semi-infinite Cayley tree. By leveraging the self-similarity of the Cayley
tree, we analyze the behavior of these partition functions and identify the regions where phase transitions occur.
We pinpoint these phase transition regions through a stability analysis of the dynamical system associated with

the model at specific fixed points.
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1. Introduction

The phenomenon of phase transitions is prevalent both in nature and in everyday life, making
it a topic of great interest [1-3]. Particularly for lattice models defined on cubic lattices, this subject
has captivated many scientists, showing an ever-growing trend in research [4,5]. Significant attention
has been given to phase transitions in fields such as statistical mechanics and condensed matter
physics. Due to the inherent structure of Cayley trees (CTs) and Bethe lattices (BLs), determining
the phase transition behavior in lattice models (such as Ising, Potts, and SOS) on these lattices is
more straightforward [6]. This research can provide valuable insights and potentially inspire further
studies on cubic lattices. The Potts model is a generalization of the Ising model [7] used in statistical
mechanics to study phase transitions, magnetism, and critical phenomena [8]. It is particularly useful
in understanding systems with more than two possible states at each site, making it applicable to a
wide range of physical, chemical, and even biological systems [9].

The solid-on-solid (SOS) model, a statistical mechanics model, is used to study the behavior of
interfaces in materials [10]. The SOS model on the CT was introduced by Rozikov and Suhov [11].
In [10], the scenario of arbitrary conditions is addressed, and a vector-valued functional equation
is derived to describe potential boundary laws of the model. Recently, in [12], Rahmatullaev and
Abraev have provided the phase transition problem of the SOS model on the CT and the corresponding
classification of Gibbs measures.

As discussed in our previous studies [13-15], we employed three primary methods to analyze the
thermodynamic properties and phase transition phenomena of lattice models defined on the CTs:

(1) Kolmogorov consistency condition,
(2) Cavity method (utilizing the self-similarity of the Cayley tree),
(3) Transition matrix method.

Recently, structures known as mixed-lattice models have become the focus of extensive research.
Consequently, the Potts-SOS model can be viewed as a type of mixed-lattice model. Rahmetullaev et al.
[16] studied the phase transition problem of the Potts-SOS model with the spin set {O, 1, 2} on the CT
using the Kolmogorov consistency condition. In [13], we demonstrated that there is no phase transition
in the 1-D Potts-SOS model with the spin set {—1,0,+1} and calculated various thermodynamic

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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quantities using the transition matrix method. In this study, we aim to explore the uniqueness and
construction of Gibbs measures associated with a mixed-type lattice model, characterized by Potts and
SOS Hamiltonians with two distinct coupling constants, using the self-similarity of the second-order
semi-infinite CT. To achieve this, we will first define the partial partition functions and then derive the
Gibbs measures using the cavity method. To determine the number of these Gibbs measures, we will
identify the fixed points of the two-dimensional dynamical system that we construct.

As is well known, the phase transition problem of lattice models on the CT has been a subject
of study for a long time [2,17]. For a phase transition to occur, the number of Gibbs measures for the
given model must exceed one. Generally, determining the exact number of Gibbs measures directly is
a challenging problem [15]. Instead, researchers investigate the fixed points of the dynamical system
formed by the iterative equations, as there is a one-to-one correspondence between these fixed points
and the Gibbs measures [6]. Consequently, the existence and uniqueness of fixed points are analyzed
to determine the presence of a phase transition for given lattice model. However, identifying all fixed
points analytically, especially for high-dimensional dynamical systems, can be difficult [18,19].

The presence of repelling fixed points suggests the existence of additional fixed points [20,21].
There are several methods to determine whether a fixed point is repelling. One approach is to
check if the derivative of the function at the fixed point is greater than one [22]. Another method
involves identifying regions where the largest eigenvalue of the Jacobian matrix associated with the
n-dimensional dynamical system exceeds one [22,23].

In our recent investigation, we have analyzed the stability of fixed points to address the phase
transition problem for lattice models on CTs [24,25]. In this paper, we will employ both meth-
ods—examining the derivative and analyzing the eigenvalues of the Jacobian matrix—to determine
the regions where phase transitions occur as a function of the coupling constants.

In our previous research, we employed both the boundary field condition [26,27] and the self-
similarity property [14,15,28,29] of the CT to derive the partial partition functions for the Potts-
SOS model on a uniform one-order CT. Our findings indicated that the partial partition functions
obtained through both methods are equivalent, with the self-similarity method proving to be a more
straightforward approach compared to the boundary field condition. In the current paper, we will
build on this investigation by examining the thermodynamic properties of the Potts-SOS model using
the self-similarity approach of the CT. Previous work [13] established that no phase transition occurs
for the Potts-SOS model on a one-order CT, and therefore, on the N lattice. In this study, our goal is to
demonstrate the existence of a phase transition by analyzing the partial partition functions associated
with the spin set {—1,0,+1}.

2. Preliminaries and Construction of the Partial Partition Functions

In this section, we introduce key concepts and results that are fundamental to our findings. To
avoid redundancy, we will not go into detailed information about CT in this article. Instead, we
suggest readers consult relevant literature for more information [6,26,30]. Here, we will briefly outline
a few characteristics of the CT. In a CT of order k, each node is connected to k + 1 neighbors, except for
the nodes at the boundary (outermost level), which have only one neighbor. The tree is organized into
levels, starting with a single root node at the top (level 0), with each subsequent level branching out
with k branches per node. Unlike square or cubic lattices, the CT contains no closed loops or cycles.

Since the vertices of the CT are loopless [26,27,30], the distance between any two vertices x,y € V
is defined by the number of edges along the path connecting them. If x(?) is the root of the CT, then
d(x(©), x) represents the distance from the root to the vertex x, measured by the number of levels
separating them. Therefore, if we denote the set of vertices from the root up to the n-th level (or shell)
as Vy, this set can be briefly expressed as V, = {x € V : d(x(o),x) <n}.
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We analyze the Potts-SOS model on the second-order CT, defined by the Hamiltonian:

=—Jp Y So(wet) =] L lo(x) —a(y)| = he Y o (x), @)

(xy) )y xev

where (x, y) represents the energy associated with nearest-neighbor bonds and the third term is the
energy of each site.

Let V denote the set of vertices of the semi-infinite CT, and U be a finite subset of V. We denote
the restriction of ¢ to U as o(U). Given a fixed boundary configuration &(V \ U), the total energy of
o(U) is given by:

Hy(o(UW) [e(V\W) =~Tp| X ooy T X Joxow) (2)

(v y)yxyeld (xy):xelygU

Il X le-cwl+ X le(x) -] —h ) olx

(xy)xyeld (vy)yxelygU xel

Given (V \ U), the partition function Z;;(¢(V \ U)) in volume U is defined as:

Zy(@(V\U)) = ). exp(—BHu(c(U) |o(V\U))),

o(U)epd

where = % is the inverse temperature.
For simplicity, Zy, and the configuration (V) in volume V,, are referred to as ¢, and Z ("),
respectively. The total partition function Z(") can be expressed as:

zm =y 7z

icd

where:
z= L exp(-pHy,(on | T(V\ V).
0y €@V g (x(0))=j
2.1. Self-Similarity Approach to Determine the Partial Partition Functions

Consider a CT of order two with the root vertex x(0) (refer to Figure 1a). From the root vertex
x0) two edges extend to vertices x; and xp. When viewing the lattice G as infinite, we obtain two
infinite subgraphs G; and G, that are equivalent. Therefore, the tree exhibits self-similarity such that
G = Gy = Gy (see [30] for more details).

o =
/ xll X 2 . X21

\cz/ Tt R

\/ Ny

Figure 1. (Color online) (a) A semi-ball Bz(x(o)) with center x(?) and 2 radius on the second-order CT.
(b) Possible configurations that can be placed on the semi-ball By (x(?)) given on the left.
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In this section, we will set the external field variable & to zero. For a finite configuration ¢, €
{—1,0,+1}", the Hamiltonian in Equation (1) can be rewritten as follows:

H(U”) = _]P Z (5(7(x),0(y) -7 Z |U(x) - 0'(]/)|r ®3)
(xy) {xy)

where d;(y) o) represents the Kronecker delta function.
For convenience, we use the following equation to compute partial partition functions, as illus-
trated in Figure 1(b):

1

Zlgon) = X Z
I

=14

exp (B] (i — ir| + lio — ia]) + BIp ($igi, + Gipin)) 2 M Z Y. )

i1 i1
1

Il\ M,_k

After performing elementary algebraic operations, for ip = —1,0, 1, the partial partition functions
are obtained from Equation (4) using the following formulas:

1

2
2" = (P2 4 Bz )y Iz Y

2
2" = (HPZUY 4 oIz Pz

2
20 = (B2 4 oIz 4 2z V) 5)

Let P(c9)) represent the probability that the spin at the root vertex x(9) of the semi-infinite CT
has the value ¢©). For ¢(®) € {—1,0,+1}, we obtain:

P(c) = L) . 6)
7" 7z 4z

Note that (P(—1),P(0), P(1)) is a probability vector. After substitution, we have:

n P(-1 z")
um = T(O)) - z%g'})’
n _ P(+1) _ Z"
v = 15(0)) =t

From the definition, we get the following system of recurrent equations:

(eznsv(n—l) Lelby eﬁqum_n)Z
um - ) o
(ePr + eIB(UO-D 4 vOr-1))

(efﬂp V1) 4 oJp 4 ezmu(nq))z
v = - ®)
(eﬁIp FelBun-1) 1 V(;H)))

Thus, we have obtained a two-dimensional recursive dynamical system with

F:R% — R3. )
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If we assume u = 1211 U and v = ILm V{1, then we get the following two-dimensional
n—oo n—oo
dynamical system;
_ (BPu+6+ ,ou)2 10)
(p+6(v+u))?’
0+ 02u)’
S (pv + 6+ 6%u) ) (11)
(p+6(v+u))?
where 6 = ¢f/ and p = ePJr.
Let us change the variables u = t? and v = s?. From the equations (10) and (11), we have
2 (677 +6+p2)? 2
(o +0(s2+12))2’
2 g4 p22)?
SZ _ (pS +0+ ) (13)

(0+ 06+ )7

1. For the first equation: Since t > 0 and s > 0, taking the square root of both sides of the equation (12),
we have

%240 + pt?

T p+0(s2+12)

After some algebraic manipulation, we arrange to group like terms:
to + t0s® + 130 = 6?s> + 6 + pt*.

2. Similarly, for the second equation: Since t > 0 and s > 0, taking the square root of both sides of the
equation (13), we have

2 242
_ps +92—|—6; (14)
o+ 6(s>+t?)
Similarly, after some algebraic manipulation, we arrange to group like terms:
50+ 5°0 + s0t> = ps® + 0 + 6212
From the two simplified equations, we have:
to + t0s? + t30 = 0252 + 0 + pt?, (15)
s0 + 530 + 502 = ps? + 6 + 612
Since p # 0 and 6 # 0, we need to find f and s such that both equations are satisfied.
We canset s =t or s + ¢ = 1 as before to check for consistency:
Casel:s=t
Substitute s = t into the simplified equations:
to + 012 + 130 = 0212 + 0 + pt?,
3 2 _ 2 242 (16)
to + 130 + 1012 = pt2 + 0 + 0212,

Both equations simplify to:

to+ 130 + 130 = 6212 + 0 + pt?.

d0i:10.20944/preprints202408.1768.v1
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Since the equations are symmetric, this case is consistent.
Case2:s+t=1
Substitute s = 1 — t into the simplified equations (15) and check for consistency:
to+10(1—1)2 + 130 = 62(1 — )2 + 0 + pt?,
3 2 2 212 (17)
(I-t)p+ 11004+ (1 1)t =p(1—t)>+ 6+ 6t~

Let us start by simplifying and solving the system of equations (17) with the assumption s + ¢ = 1.
Substitute s = 1 — ¢ in both equations:
Equation 1:

to+t0(1— )2+ 130 = 0*(1 — t)* + 6 + pt>.

Expand and simplify each term:

to+t0(1 — 2t + t2) + 130 = 6%(1 — 2t + 12) + 0 + pt?,
to + 10 — 2t20 + 130 + 130 = 0% — 2162 + 1202 + 0 + pt>.

Combine like terms:
to + t0 — 2170 4 2t30 = 6% — 216 + 120% + 6 + pt°.

Equation 2:
1=+ (1—1)30+ (1—1)0f> = p(1 — )% + 0 + %%
p p

Expand and simplify each term:

(1—t)p+ (1 =3t +32 =130+ (1 — 1)0t> = p(1 — 2t + £2) + 6 + 6212,

p —to+0—3t0 + 3t20 — 130 + 02 — 102 = p — 2tp + t2p + 0 + %42
Combine like terms:

p—tp+60—3t0+3t20 — 130 + 01> — 10 = p — 2tp + t2p + 6 + 6%,

So, we have two simplified equations to solve for ¢:

to + 10 — 220 + 2130 = 0% — 2t0% + 126 + 0 + pt?,
p —to+ 0 — 3t0 + 3t20 — 130 + 01> — 130 = p — 2tp + t2p + 0 + 612

Let us isolate terms involving ¢:
1.Rearrange Equation (1):

to + t0 — 2120 + 2130 = 62 — 26 + 126 + 6 + pt?,
Hp +6) — 2120 + 2130 = 0% — 210> + 126 + 0 + pt°.

2.Rearrange Equation (2):

P —to+ 6 —3t0 + 310 — 130 + 01> — 130 = p — 2tp + t2p + 0 + 6%,
p(1—t)+6(1 =3t +32 + 12 — 12— 13) = p(1 — 2t + 1?) 4+ 6 + 6212

We can solve these equations numerically to find the values of t. This substitution will lead to
a more complex equation, which may have solutions depending on specific values of p and 0. In
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conclusion, the solutions to the system of equations can be either s = ¢ or s + f = 1. These solutions
ensure the consistency of the given equations after substituting u = ? and v = s2.
Consequently, from the system of equations (12) and (13), we derive the following dynamical

system:

0252 + 0 + pt?

filts) = M, (18)
2+ 0 4 622

fa(ts) = M 19)

In Section 4, we will discuss the stability analysis of the fixed points of the system of Equations
(18) and (19).

3. Phase Transition for the Potts-SOS Model

In this section we will find the fixed points satisfying the Equations (10) and (11). Let us investigate
the existence and multiplicity of fixed points of the given equation system by examining Case 1.
Assuming s = t, from the Equation (14), we obtain:

(p+6%)s*>+0 _

F(s) := 2

(S ) p + 26 S2 ( 0)
Now, let us find the roots that satisfy this equation. First, multiply both sides by p + 265 to clear the
denominator:

s(p +265%) = (o + 6%)s* + 6.

Next, we obtain a cubic equation in s as
2057 — (p + 6%)s* + ps — 6 = 0. (21)

To find the roots of Equation (21), we can apply various methods such as factoring (if possible), using
the Rational Root Theorem, or numerical methods. The given equation can be solved numerically with
Mathematica [31] or other computing tools.

For a cubic polynomial as® + bs? + ¢s + d = 0, the roots can be found using the cubic formula,
but it is often simpler to use numerical methods or software tools for specific values of p and 6. From
the Cardano’s formula, the discriminant of a cubic equation ax® + bx? + cx +d = 0 is given by:

A = 18abcd — 4b3d + b*c? — dac® — 27a%4d2.

Substituting a = 260, b = —(p + 6?), c = p, and d = —@ into the discriminant formula, we can compute
Aas
A = 0(p* — 80p + 380> — 120° + 6*)(20 — 66) — 467 — 1086*.

Depending on the value of A:

¢ If A > 0, the cubic equation has three distinct real roots.
¢ If A = 0, the cubic equation has a multiple root and all its roots are real.
e If A < 0, the cubic equation has one real root and two nonreal complex conjugate roots.

Analyzing the discriminant will help us determine the nature and multiplicity of the fixed points
for the given equation. Alternatively, solving the cubic equation numerically for specific p and 6 will
provide explicit values for the roots s.

Figure 2 illustrates the blue region where A > 0. This indicates that the cubic polynomial
20s% — (p + 62)s? + ps — 0 has real or multiple roots within this area. Consequently, this region signifies

d0i:10.20944/preprints202408.1768.v1
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the occurrence of a phase transition. By choosing values of 8 and p from this region, we can numerically
demonstrate that the function F(s) given in (20) has three distinct fixed points.

12

Phase Transition
101 Region

L L L L
0 1 2 3 4
0

Figure 2. (Online color) The blue region on the (6, p) plane represents the area where A > 0.

Figure 3 shows various graphs of the F(s) function to verify the presence of a phase transition.
For (6 = 0.49,p = 22) and (0 = 3.49,p = 22), there are three distinct fixed points. In contrast,
for (6 = 3.49,p = 2), there is only one fixed point. We know there is a one-to-one correspondence
between Gibbs measures and the solutions of Equations (10) and (11) (see [6] for details). Thus, a
phase transition is observed in the first two cases but not in the third. Therefore, we have examined
the non-uniqueness of the solutions to these equations to determine if there is a phase transition in the
Potts-SOS model on the second-order CT.

10

/
/ {0=3.49, p =22}
e

0= d I I I I I

Figure 3. (Online color) Some graphs of the F(s) function to determine whether a phase transition has
occurred.

4. Stability Analysis of the Two-Dimensional Dynamical system

In this section, we will perform the stability analysis of the fixed points of the two-variable
equation system (18) and (19). It is known that the presence of other fixed points in the region
where a fixed point is repelling (unstable) indicates the existence of multiple Gibbs measures for the
corresponding Potts-SOS model, signifying a phase transition.

In stability analysis, the eigenvectors of the Jacobian matrix are crucial for assessing the stability
of a fixed point [32]. To compute the Jacobian matrix of the dynamical system given in (18) and (19) at
the point (t,s) = (2,2), we first need to find the partial derivatives of f1(t,s) and f,(t,s) with respect
to t and s. So, we compute the Jacobian matrix | of the dynamical system given in (18) and (19) as

follows:
9h  9f
J= aai aafsz :
ot


https://doi.org/10.20944/preprints202408.1768.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2024 doi:10.20944/preprints202408.1768.v1

90f13
Let us calculate each partial derivative. For f;(t,s), we have
ofi _ 2t(—6*—5%6° +5%0p + p?)
ot (520 + £26 + p)*
oft  2s0(—0+ 26> — 2p +6p)
ds (20 + 120 + p)*
Similarly, for f,(t,s), we have
Af  2t9(—6+s20% —s2p + 6p)
ot (520 + 120 + p)?
Afr  2s(—0% —126° + 26p + p?)
ds (s20 + 20 +p)*
So, we obtain the Jacobian matrix as:
of  of 2t(79275293+529p+p2) 259(79+t2927t2p+9‘0)
J(ts): = oF 25 ) _ (s20+120+p)* (s20+120+p)° (22)
20T\ 9 | T 2t0(—0+5202—s2p+0p)  25(—02—126%+120p+p%) |°
o 9 (s20+1260+p)* (s20+120+p)°

Using vector calculus of a vector-valued function of several variables, we obtain the Jacobian matrix |
given in (22) associated with the dynamical system given in (18) and (19) at the fixed point (¢,s) = (2,2)

as
4(—02—40%+40p+0%)  40(4024+0(—1+p)—4p)
— (80+0)? (80+p)*
J(2,2) = 40(402+0(—1+p)—4p)  4(—02—463+40p+p?) |° (23)
(86+p)? (80+p)?
After elementary linear algebra operations, we compute the eigenvalues of the Jacobian matrix
(23) as
4p — 462
N = oA
p+ 80
o 40% + 4p6% — 802
2 0% + 1600 + 6462

These eigenvalues help determine the stability and behavior of the system near the point (t,s) =
(2,2). As is known, in the region where the condition |Amax| —1 > 0 is satisfied, the fixed point
(s,t) = (2,2) becomes repelling (unstable). Therefore, the presence of additional fixed points in this
region indicates that a phase transition occurs. Let us determine the region to which the pair (6, p) that
satisfies the inequality |A2| —1 > 0 belongs.

We consider the inequality

—26% + 6% + p?
> 1. 24
’ (80 +p)? =
Therefore, we analyze the following inequality:
‘ —862 + 4620 + 40 o1
(80 + p)? ’

This inequality can be broken down into two separate inequalities:
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. —862+46%p+40?
Case I. W 1.

Multiplying both sides by (86 + p)?, which is always positive, yields —862 + 46%p + 4p* > (86 + p)>.
Expanding and rearranging the terms, we obtain:

—86% + 40%0 + 40% > 646% + 160p + p?,

which simplifies to —720% 4 46%p — 166p + 3p? > 0.

. —80°+46%p-+4p?

Again, multiplying both sides by (86 + p)? results in —862 + 46%p + 4p> < — (80 + p)?. Expanding and
simplifying gives:
—860% 4 46%p + 4p* < —646% — 166p — p?,
which simplifies to 5662 + 46%p + 160p + 5p2 < 0.
Therefore, the regions in which the absolute value of the given expression is greater than 1 are
characterized by the following inequalities:

307 4+ 4(0 — 4)6p — 726% > 0, (25)

56602 4 46%p + 160p + 50* < 0. (26)

These inequalities delineate the areas of interest in the 0-p plane where the absolute value of the
expression exceeds 1. Since inequality (25) is a quadratic equation in p, we will solve the corresponding

quadratic equation 3p? +4(0 — 4)0p — 720%> = 0 to find the critical values of p. This will help us
understand the regions where the inequality holds. So, we have

po= %(49_92_wm),

3
_ 240 g2 - 2
pr = 3(49 62 +01/70 89+9).

Regarding the solution set of the inequality in (26), given that both 6 and p are positive, the
solution set for this inequality is empty.

Now, let us proceed with the analysis of the inequality in (25) once more. We consider the
inequality:

0> %(49—92+9\/70—89+92).

To analyze this inequality, we perform the following steps:
Let us consider the function by

£(0) = %(49 — 02+ 01/70— 80 + 92). 27)

The term inside the square root is 70 — 86 + 62. To ensure that the square root is real and non-negative,
we require 70 — 860 + 6% > 0. Rewriting this quadratic expression, we get:

62 — 80 + 70 > 0.

Solving the quadratic equation 8> — 86 + 70 = 0, yields complex roots, indicating that the quadratic
expression 8% — 80 + 70 is always positive for all real 8. Hence, the square root term v/70 — 86 + 62 is
always real and non-negative.

As 6 — 0: For small values of 0, the expression simplifies approximately to:

2 2 4 070 ST E) ~ 2 ap
5(49 02 +0+/70 89+6)~§49_—.

3

d0i:10.20944/preprints202408.1768.v1
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As 0 — oo: For large values of 6, the dominant term in the expression is:

2 2 26°

~ (46 — 6% +01/70 — 2) ~=(0-0) = —.

3(9 0=+ 6v70 89+9) 3(9 6) 3
To gain a deeper understanding of the function f(6), we plot:

£(0) = %(49 — 02+ 01/70— 80 +92).

This plot illustrates how the function f(6) varies with 6 and helps determine the feasible range

for p (see Figure 4(Left)). The blue area in Figure 4(Right) illustrates the region where the inequality

—80%+46%p+4p>
(86+p)?

experiences a phase transition.

> 1 is satisfied. This blue region corresponds to the domain in which the model

Unstable Region
201

15+

w0l /// Stable Region

o . . . . 0 1 2 3 a
0 1 2 3 4 o

Figure 4. (Online color) (Left) The graph of function f(6) = % (49 — 0% +670 — 80 + 62>. (Left) The
blue region on the (6, p) plane represents the area where |A3| —1 > 0.

5. Conclusions

In this present study, we build upon the author’s previous research on the thermodynamic
properties of the one-dimensional Potts-SOS model on the lattice of positive natural numbers N in
[Akin H, Phys. Scr. 99 (2024), 055231] by exploring a mixed-type model on a second-order semi-
infinite CT. We have determined the Gibbs measures through the construction of partition functions
and utilized the self-similarity of the CT to analyze the uniqueness of these measures. Our stability
analysis of the dynamical system at specific fixed points enabled us to identify the regions where phase
transitions occur. Our results show that, while the one-dimensional Potts-SOS model does not exhibit a
phase transition, the same model does display a phase transition when applied to the second-order CT.
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