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Abstract: In 1935, Einstein and Rosen (ER), in their seminal paper "Particle Problem in General Relativity"
proposed that "a particle in the physical Universe has to be described by mathematical bridges connecting two
sheets of spacetime" in order to achieve a consistent understanding of quantum fields in curved spacetime. We
discuss similar conclusions independently arrived at by Schrédinger in 1956 and 't Hooft in 2016 in the context of
cosmological and black hole spacetimes. Quantum effects at gravitational horizons involve inverse harmonic
oscillators. We demonstrate that an analogous ER proposal of a mathematical bridge is envisioned by Berry
and Keating for the description of a quantum inverse harmonic oscillator that has horizons in its phase space.
Recently proposed direct-sum quantum theory reconciles the ER’s vision by expressing a single quantum state
in the physical space as a direct-sum of two components in the parity conjugate regions with opposite arrows
of time. We discuss the implications of this framework for offering a new understanding of the ER bridges,
promising a unitarity description of quantum fields in curved spacetime along with observer complementarity.
Furthermore, we present compelling evidence for our new understanding of ER bridges in the form of large-scale
parity asymmetric features in the cosmic microwave background. We finally discuss the implications of this new

understanding for our endeavors in combining gravity and quantum mechanics.

Keywords: gravity and quantum mechanics; black holes; early universe cosmology and cosmic microwave
background

1. Introduction

The key highlights of this investigation are

¢ Starting with Einstein and Rosen in 1935 [1], Schrodinger in 1956 [2], and "t Hooft in 2016 [3],
which involved three Nobel Laureates, suggested the necessity of quantum fields to be described
by two sheets of spacetime (see Figure 1).

e Parity (P) and Time (7) reversal symmetries are fundamental aspects of quantum theory, and
we present a new formulation of quantum theory where a single quantum state is described in a
direct-sum Hilbert space defined by P77 based geometric superselection sectors. We demonstrate
that this construction brings an enhanced understanding of Berry and Keating’s quantum inverse
harmonic oscillator [4], whose spectrum is given by the zeros of the Riemann zeta function
on Re[s] = 1/2. We explain the quantum effects in gravity mimic various aspects of inverse
harmonic oscillator.

¢ Combining gravity and quantum mechanics requires a new understanding of ‘time’, and the
direct-sum quantum theory brings that, and the framework resonates well with Einstein-Rosen’s
mathematical ‘bridges’ (see Figure 1).

¢ Achieving unitarity and observer complementarity is the first step in building a consistent
understanding of quantum fields in curved spacetime. Direct-sum quantum theory is a promising
approach to achieve this by creating geometric superselection sectors of Hilbert space describing
components of a quantum state in regions of spacetime related by discrete transformations.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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* The ER bridges realized via direct-sum quantum theory, when applied to inflationary quantum
fluctuations, predict parity asymmetry in the primordial spectra on large scales. We showed this
explains the parity asymmetry observed in the cosmic microwave background (CMB) on large
angular scales and also resolves CMB anomalies.

® Our new and fundamental understanding of ER bridges brings a new understanding of quantum
gravity, potentially opening new doors of investigations from early Universe cosmology to black
hole physics. We also elucidate how the action of gravity and quantum mechanics involve inverse
harmonic oscillators and how our quantum framework brings a novel understanding of them.
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Figure 1. Einstein-Rosen Bridges (ERB): "A particle in the physical universe must be described by a
mathematical bridge between two sheets of spacetime" (Einstein and Rosen, 1935 [1]). Top: Wormhole
Interpretation of ERBs- Two configurations of wormholes by classical considerations of gravity: (1)
connecting distinct sheets of spacetime (top right) or (2) linking space-like separated regions within
a single sheet (top left). [5-7]. Middle: Direct-Sum Quantum Field Theory (DQFT) interpretation
of ERBs- Quantum theory describes ERBs with two opposing arrows of time, connecting any two
antipodal (parity-conjugate) points within the same spacetime and inside the gravitational horizon.
Instead of having a single bridge between two separate horizons, there are infinitely many (discrete)
bridges within the same horizon. Bottom: Observational Evidence for DQFT Interpretation of ERBs-
CMB temperature fluctuations (AT normalized by its root mean square o), measured by the Planck
SMICA 2018 map (smoothed and normalized to unit variance), reveal a significant antisymmetric
mirror pattern at antipodal points (See also Figure 7). This pattern, 650 times more probable than in
scenarios without ERBs by direct-sum quantum theory, demonstrates the imprints of a continuous
ensemble of ERBs connecting parity-conjugate points. This supports the DQFT treatment of inflationary
quantum fluctuations, which follow the dynamics of a quantum inverse harmonic oscillator and become
classical on superhorizon scales. It reveals quantum gravitational effects within the bulk 4D spacetime,
leaving classical imprints on the 2D CMB surface. These observations align with the principles of
quantum gravity and holography [8-10].
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Beyond the standard model (SM) of particle physics and the General Theory of Relativity (GR),
the immediate new physics one can think of is quantum field theory in curved spacetime (QFTCS).
Even after decades of research and numerous explorations of Planck scale quantum gravity', the
fundamental questions about QFTCS, such as the loss of unitarity and black hole information paradox,
still loom around. In this paper, we highlight the crucial observations of Einstein-Rosen (ER) in an
attempt to combine GR and quantum mechanics (QM) [1]. The basic essence of ER investigation is
the incompatibility between gravity and quantum theory due to the possibility of two arrows of time
describing one physical world. ER demanded that there should only be one physical world, but they
were not in favor of choosing an arrow of time by hand. Since the QM requires fixing the arrow of
time (or the arrow of causality), to solve the particle problem in GR, ER conjectured description of the
particle (quantum field) in one physical world has to be described by mathematical bridges between
two sheets of spacetime. A similar conclusion was obtained independently by Schrodinger in 1956 [2]
and "t Hooft [3] in 2016 in the context of cosmological (de Sitter) and black hole (BH) spacetimes. The
occurrence of two arrows of time in an attempt to describe one physical world is not only limited to
the (quantum) physics at the gravitational horizons but also bound to occur in the context of phase
space horizons of an Inverse Harmonic Oscillator (IHO). The seminal work of Berry and Keating
(BK) in 1999 uncovered the intricacies in the quantum physics of IHO. As a way out, they proposed
the identification of phase space regions. There is an intriguing similarity between BK'’s proposal in
the context of quantum IHO phase space and Schrédinger and 't Hooft’s proposals in the context
of quantum physics at gravitational horizons. In other words, the first quantization of IHO and the
second quantization in curved spacetime are fundamentally related. The purpose of the paper is
to juxtapose all these foundational developments that independently emerged across decades and
observe the universal features connecting them.

We discuss the relations between ER bridges and analogous proposals in different contexts
with the recently developed framework of direct-sum quantum theory and its applications to early
Universe cosmology, and BH physics [11-15]. The direct-sum quantum theory is based on the discrete
spacetime (such as parity (P) and time reversal (7)) (a)symmetries of the physical system to formulate
a description of the quantum state as a direct-sum of two components corresponding to (geometric)
superselection sectors (SSS) of Hilbert space. Geometric SSS are Hilbert spaces that describe quantum
states corresponding to a region of physical space. If a Hilbert space is a direct-sum of geometric SSS, a
state vector in that Hilbert space becomes a direct-sum of components, each corresponding to geometric
SSS. The same applies to operators in the Hilbert space. This is called the geometric superselection rule.
We show that the "direct-sum" is the mathematical bridge that matches the expectations of ER bridges
in describing one physical world with two arrows of time. The two arrows of time here operate at
the parity conjugate regions of physical space embedded with the geometric construction of SSS. This
framework restores unitarity in curved spacetime, and it is tested against the latest observations of the
cosmic microwave background from the Planck satellite data.

The paper is organized as follows. In Section 2, we discuss the origins of ER’s proposal of mathe-
matical bridges, which has links with later discoveries by Schrodinger and "t Hooft. In Section 3, we
discuss the connections between the quantum physics of IHO and quantum effects at the gravitational
horizons and the non-trivial zeros of the Riemann zeta function. In Section 4, we present the basic
elements of direct-sum quantum field theory (QFT) and demonstrate the new understanding of space-
time with geometric SSS. In Section 5, we study the implications of direct-sum quantum theory for

Throughout this paper, our reference to Planck scale quantum gravity aligns with the conventional expectation of a
renormalizable, ultraviolet (UV) complete quantum theory of gravity, applicable up to and beyond Planck length scales,
where the graviton is typically treated as a fluctuation around Minkowski spacetime. However, if one aims to develop a
Planck scale quantum gravity framework within a curved spacetime context (i.e., treating graviton fluctuations around
a curved background such as de Sitter space), it becomes crucial to address the foundational issues of quantum fields in
curved spacetime, which is the central focus of this paper
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understanding IHO and show how the construction resonates well with the BK’s quantization proposal.
In Section 6, we uncover the relation between ER bridges and the direct-sum QFTCS in the contexts
of Rindler, de Sitter, and Schwarzschild spacetimes. In Section 7, we provide observational support
for our new understanding of ER bridges with early Universe cosmology that leads to temperature
fluctuations in the cosmic microwave background (CMB). In Section 8, we summarize by highlighting
important aspects of our studies, which have non-trivial implications for the open challenges we have
in all the theories of Planck scale quantum gravity [16,17].
Throughout the paper we follow the units ¢ = 1 and metric signature (— + ++).

2. A Brief History of Quantum Field Theory in Curved Spacetime

ER paper [1] of 1935 is the first work in history that looked for quantum effects in curved spacetime.
ER worried about the appearance of two identical sheets of spacetime when one aims to describe a quantum
field in the exterior of the Schwarzschild BH (SBH). The SBH metric in its original form is described by

-1
ds? = — (1 - 2GrM>dt2 + (1 - ZCiM) dr? + 120> 1)

where d()? = d6? + sin? 8d¢? describes two dimensional sphere, (t, r) are time and radial cordinates.
There is a coordinate singularity at the Horizon r = 2GM, and the physical singularity is at 7 = 0. The
Kruskal-Székers (KS) coordinates (U, V)

r t—r r t+r
— 44 ’——1’ LI [ v} ’——1‘ 2
u M\l 3eMm exP( 4GM> CM\/156am — 1P aem @
which obey
—1ec2a2 (1 T r u_ _
uv =16G"M (1 ZGM) eXp(ZGM>’ v exP( 2GM> ®)
remove the r = 2GM. With the redefinition
T_U+V,X:V_u @)
2./e 2./e
The SBH becomes 2CM
ds? = el 2w (_de + dX2> 12402, )
From (3) we can notice that
r>2GM:>{u<O'V>O r<2GM:>{u>O’V>O , U—=--UV—--V = T—-T (6)
U>0,V<0 U<0,V<0

This implies there are two arrows of time T : FFoo — 00, to describe the exterior (interior) of the SBH related
by discrete transformations. If we consider one arrow of time, say T : —co — 00, to do quantum physics with
positive energy states, then one ends up with another physical spacetime with the opposite arrow of time
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and negative energy states 2. As a way out of this conundrum and demanding only one physical world, ER,
conjectured *:

A quantum field in physical space has to be described by mathematical bridges between two sheets of spacetime

After 20 years, Schrodinger in 1956 encountered a similar conundrum in the context of "Expanding
Universes" in de Sitter (dS) spacetime [2]. We can understand this by the following dS metric in the flat
Friedmann-Lamaitre-Robertson-Walker (FLRW) coordinates

1
ds? = —dt? + a®(t)dx® = —
s + a”(t)dx e

_ 2
= o R = 12H2. 7)

(—de —|—dx2>, a(t) =ef* = —

where R is the curvature scalar of de Sitter space and 7 = [ % being the conformal time. One thumb
rule in physics is to make use of symmetries. The origin of physical conundrums often occurs, throwing
away any symmetries by hand. Similar to SBH, dS spacetime too (7) described the physical world with
two possible arrows of time given by

H>0, t:—00—>00 — 17<0

Expansion of Universe = Scale factor a(t) grows —> {
H<0, t:oo——00 — 7>0

(8)

Schrodinger demanded there cannot be two expanding Universes; there should only be one Universe,

which is similar to ER who demanded one physical world. There cannot be two exteriors to SBH.

Analogous to ER bridge Schrodinger proposed the so-called antipodal identification (i.e., (T, x) and

(—7T, —x) to represent a single physical event), often called the Elliptic interpretation of de Sitter space.

Schrodinger’s conjecture is:

Every event in dS has to be described by thin, rigid rods connecting the antipodal (PT” conjugate) points in
spacetime

We notice the one-to-one correspondence between ER bridges and Schrodinger’s rods. After 60 years,
following the seminal works of Norma G. Sanchéz and Whiting [19], Gerard 't Hooft, too, arrived
at a similar idea in the context of SBH [3] i.e., to identify (U, V) and (—U, —V) together with parity
conjugate points (0, ¢) and (7t — 6, m + ¢). All these developments spanned over 90 years, have a
common goal of achieving unitary quantum physics in curved spacetime defined by:

An imaginary observer bounded by a gravitational horizon has to witness pure states evolving into pure states.

Another concept called observer complementarity is tied to the unitarity definition above, which
requires different observers in curved spacetime to share complementary information in the form of
pure states. This leads to information reconstruction beyond the spacetime horizons that the observer
cannot causally access. Both unitarity and observer complementarity are the essential requirements for
QFTCS and quantum gravity.

All the investigations over the decades majorly admitted the inevitability of unitarity loss in
curved spacetime unless a new physics is built from a yet unknown theory of quantum gravity at

Note that Einstein-Rosen uses a different coordinate system to write the Schwarzschild metric non-singular at r = 2GM. However, the
sheets of spacetime describing r > 2GM are similar to what we describe here in terms of KS coordinates. Most importantly, the two
sheets representing the same physical world (outside the SBH) are related by discrete coordinate transformation (U — —U, V — —V).
One can interpret the ER concerns as the appearance of a (quantum mechanically) negative energy state that comes by reversing
the arrow of time (T — —Tie, T : 00 — —o0 in the (naive writing of) Schrodinger equation (in the » ~ 2GM approximation)
i % = E[¥). Thus, we have both positive and negative energies possible due to the discrete symmetry (6). In the later sections, we
shall return to the new conception of time reversal that can describe the same positive energy state with the opposite arrow of time.
Einstein-Rosen paper is literally about the quantum mechanical understanding of Schwarzschild horizon, but the paper is differently
understood and often classically interpreted (with GR modifications) in the literature [5,7,18]. In this paper, we stick to uncovering
the original motivations and deriving new (quantum) interpretations.
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Planck scales. Even then, the particle description problem initiated by ER remains unsolved, and it
remains one of the deepest problems in theoretical physics [20].

With all the significant developments in cosmology and astrophysics, both in theoretical and
observational aspects, the importance of discovering the true nature of quantum fields in curved
spacetime is the need of the hour. Every development of this subject, starting from Zel’dovich and
Starobinsky’s revelation of particle production in cosmological backgrounds [21], Starobinsky’s later
formulation of cosmic inflation and the generation of quantum fluctuations [22-24], Hawking’s BH
radiation (that was followed from Starobinsky’s work on Kerr BHs [25]) [26] has pushed significantly
the field of theoretical and observational physics.

ER’s proposal of the mathematical bridge later evolved into classical possibilities and interpreta-
tions of wormholes connecting different universes or space-like distances in a single universe with the
need for exotic matter or modifications of gravity [5-7,18,27]. However, the paper of ER is majorly
concerned with gravity and quantum mechanics in the sense of QFTCS in the vicinity of gravitational
horizons. The exact realization of "a mathematical bridge" (quantum mechanically) to represent a
physical Universe has been unclear over these decades. Our recent attempts in this direction show a
promising outcome both from theoretical and observational points of view, which forms the crux of
this paper.

3. Inverse Harmonic Oscillator, Quantum Gravitational Physics, and Riemann Hypothesis

In the context of early Universe cosmology, the inflationary quantum fluctuations manifestly
appear in terms of canonical quantum variables (known as Mukhanov-Sasaki variables) [28] can be
understood through QFT of inverse harmonic oscillators (IHOs). Even in the context of Black Hole
physics, IHOs are found to be the fundamental building blocks to describe Hawking radiation [29-31].
The role of IHOs even extends to the Rindler spacetime and also in the context of the quantum Hall
effect, molecular physics, and even in biophysics (See [31,32] and references therein). The quantum
aspects of IHO are found to occur in the context of the zeros of the Riemann zeta function [33]. In 1999,
M. V. Berry and J. Keating (BK) found a remarkable relation between the energy spectrum of the IHO
and the zeros of the Riemann zeta function [4] along Re[s|] = 1/2. This is in line with Hilbert-Pélya’s
conjecture [34]. The following classical Hamiltonian describes the IHO

L _ Wi 2 s__P i — /1o
Hipo = 2 (P q )/ p= \/%f 4= vmwq ©)
The Hamiltonian equations of motion are
z aHiho s aI_Iiho

Like the Harmonic oscillator case, the IHO is symmetric under P7T,ie. t = —t, § = —§ with a crucial
difference that the Energy is not bounded from below, which tempts us to see it as instability. The
classical solutions of (10) can be written as
p=++/|E|coshwt, §=++/|E|sinhwt, E >0
Hisong )P V/|E|coshwt, § V/|E| sinh w an
2 p = ++/|E|sinhwt, §==*x+/|E|coshwt, E <0
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where w > 0 and Ew characterize the energy of the physical system, which can be both positive (E > 0)
and negative (E < 0).* Since the physical system can take infinitely positive and infinitely negative
energies, the Hamiltonian of the IHO is said to be unbounded from below. This is a clear contrast
with the usual quantum mechanics, where we always deal with physical systems whose energies
are bounded from below (even when we have situations where the potential is negative). Since the
potential of IHO is unbounded from below (can take infinite negative values), there are conceptual
limitations to treating IHO as a scattering problem [35]. The phase space trajectories in Figure 2 define
four regions separated by phase space horizons or separatrices [30,35] § = +|j|

p =4/ |E|sinh(wt), § = \/|E|cosh(wt), t : —co — oo (Region], E < 0)
p =1/ |E| cosh(wt), —1/|E| sinh(wt), t : —o0 — oo (RegionIll, E > 0)
(13)
p = —4/|E| sinh(wt), —1/|E| cosh(wt), t : co — —oo (RegionlIl, E < 0)
= —1/|E| cosh(wt), § = 1/ |E| sinh(wt), t : 00 — —oo (RegionlV, E > 0),

where we can notice the behavior of position and momentum swap when changing from a region of
negative energy to positive energy and vice versa. The arrows of time in (13) define that arrows of
phase space trajectories in Figure 2.

One can rewrite (9) in terms of the so-called canonically rotated coordinates

(Q-P+P-Q), Qz’a}j, P ”ﬁq (14)

which is known as the Berry-Keating Hamiltonian [4] whose equations of the system give the following

Hipo =

N[ &

solutions

Q=Qoe"", P=Pee , Hy,=QoP= 5 “E. (15)

From the phase space trajectories of IHO Figure 2, we may conclude that the Hamiltotian is unbounded
and the system is highly unstable. Depending on the initial conditions, the phase space indicates
doubly degenerate positive and negative energy time evolutions separated by phase space horizons or
separatrices [30,35] § = £4. Furthermore, we can also notice that the doubly degenerate trajectories
can be associated with opposite arrows of time (t : —co — oo and ¢ : 0 — —o0) together with the
following discrete transformations

Q—--Q P—-P t——t=p—p §——4. (16)

that leaves the Hamiltonian (14) invariant. It is worth noting that (16) with t — —¢ in (15) becomes the
PT transformation in our notation. Furthermore, the positive and negative energy regions in Figure 2
are related by

Q—FP, P—=£0Q = p—F4, {§— £p. (17)

As a consequence of Heisenberg’s uncertainty relation, we have

=i, [Q, P]=ih, Hy,= —ihw(QaQ + ;) ) (18)

v

4,

4 In the case of a Harmonic oscillator the position and momentum are harmonic functions of time and the energy of the

physical system becomes a positive definite

Hyp = %(ﬁz + qz), p= \/Ecos(wt), j= \/Esin(wt) (12)
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E>0

Region Il
E<0

Region |

~

E<0 -4

E>O0 \
/ Region IV \

Figure 2. Phase space of Inverse Harmonic Oscillator representing doubly degenerate positive and
negative energy solutions in (11) and (15). The negative energy trajectories are givenby Q >0, P < 0
and Q < 0, P > 0 whereas the positive energy trajectories are Q >0, P > 0and Q < 0, P < 0. These
double degenerate trajectories are related by (16) whereas the positive and negative energy regions are
related by (17).

Notice in Figure 2 that the parity conjugate regions of physical space with opposite arrows
of time are separated by the lines of phase space horizons or separatrices p = =%[j|. Quantum
mechanically, IHO has been understood in two ways [36]: (i) With the BK’s quantization: by applying
the identification for doubly degenerate points in phase space (Q, P) and (—Q, —P) along with
boundary conditions based on the dilatation symmetries. Interestingly, these lead to matching the
spectrum of IHO with the non-trivial zeros of the Riemann zeta function along the line Re[s] = 1/2.
(if) Considering the IHO as a scattering problem with incoming and outgoing states. This allows the
quantum states to reflect and tunnel from one region to another region. But this consideration has
fundamental issues from the foundational point of view due to the presence of phase space horizons
[35]. Furthermore, the connection between IHO and the Riemann zeta function is unclear in the
scattering approach. By the analysis of IHO’s Wigner function and the corresponding conditions for
scattering, it was found in [35] that the tunneling from the left (E < 0) to the right region (E < 0) of
phase space depicted in Figure 2 is not possible unless one invokes an evolution of quantum states
from negative to positive energy. QM does not allow this because the E < 0 and E > 0 regions of
phase space involve distinct time evolutions. On the other hand, BK’s quantum description of IHO
suffers from issues related to quantum chaos [37] because Hamiltonian is unbounded with regions
of phase space containing different arrows of time. Furthermore, BK'’s identification and boundary
conditions lack physical and (phase space) geometrical understanding.

The position Q and momentum P wavefunctions of the IHO Hamiltonian operator (for the region
Q > 0and E < 0) are [4,30,34]

i|E]
C i 1 1_i ig T i+
¥Q ==, ¥(p)= |P|zf<2h>h(4 fZ) 19)
Tth 27th r(%_%)

which satisfy the orthogonal and completeness properties [30,32]. The wavefunctions as a function
of (p, ) can be found explicitly along with the detailed discussion of probability densities without
any singularities at the phase space horizons can be found in [30,32,38]. The wave function of IHO
becomes delocalized with time evolution. Thus, one cannot have the usual interpretation of a particle.
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This resonates with the situation in describing quantum fields in curved spacetime where we cannot
have usual particle interpretations.
Notable features of quantum IHO are

* With the quantum mechanical limitation |Q| > /g and |P| > {p such that {olp = 27T, the
energy spectrum of IHO becomes discrete. Counting the number of states between 0 and |E| > 0

one gets
_ B EL )Y L7

which matches with the average number of non-trivial zeros of the Riemann zeta function
73+ iT) for T >> 1 with the identification T — lhﬂ

¢ The relation between IHO energy eigenstates and Riemann zeros was shown to be more than a
coincidence with the analysis of scale transformations and the discrete symmetries of the IHO’s
phase space, which form the dihedral group [39] D4 of order 8. These symmetries render a
boundary condition (for either E > 0 or E < 0)

12,(1 iE 12,(1 | iE _
Q g(z h)‘f’(Q)—I—P €(2+h)T(P)—O. (21)

The condition (21) implies the position and momentum wave function are time reversals of each

other [4]. However, the geometric and physical interpretation of this condition in association

with the entire region of phase space was stated as an open problem by Berry and Keating [4].
e The wavefunction ¥(Q) is also an Eigen function of Weyl reflected Laplace-Beltrami operator

1 if; 1 if;
b= @20 = (350 (6 @

with positive definite Eigenvalues (% + 5—22)

e BK proposes identifying the discrete set of points in phase space, which are (Q, P), and
(—Q, —P). This is very much similar to the antipodal identification in dS spacetime proposed by
Schrodinger and the one of 't Hooft in the context of Schwarzschild spacetime [2,3]. As discussed
earlier, the antipodal identification is similar to the ER’s mathematical bridge. Thus, what BK
proposes is another "mathematical bridge" to join the IHO’s phase space regions with opposite
arrows of time.

As mentioned at the beginning of this section, inflationary quantum (scalar) fluctuation in terms
of the Mukhanov-Sasaki variable (Vss) is equivalent to QFT of inverse harmonic oscillators with
time-dependent mass [28]

1 3 2 w2, 7 2 z! Vsz_% 29
Sinfzi/drd x Vs —81+8i+? Vms, u =, =" , vs=Z+Ze+77 (23)

% < 1, 1 = £ < 1 are the slow-roll parameters during inflationary expansion. Over-

dot denotes differentiation with respect to cosmic time, and over-prime represents differentiation with

where € = —

respect to conformal time. The MS variable Vj;s = a%R where R is the curvature perturbation that
determines the super-horizon metric fluctuation and eventually seed the temperature fluctuations in
the cosmic microwave background (CMB), ¢ is the inflaton field which sources the inflationary cosmic
expansion and H = £ is the Hubble parameter during inflation [14,28]. Similarly, graviton fluctuations
during inflation are also described by inverse harmonic oscillators.

In the context of Black hole physics, the appearance of IHO can be intuitively seen through the
behavior of Kruskal coordinates U, V (2), which scale similar to P, Q of IHO (15). "t Hooft has explicitly
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derived the gravitational backreaction effects between in going state (at position V;,, and out going
state (at position U,,) near the horizon of SBH and applied first quantization, which yielded [40,41]

8G
, | = ih— e 24
[fm } RZ(2+(+1) @)
where Rg = 2GM is called the Schwarzschild radius. The above result is obtained from equations of
motion GR with the partial wave expansion

Uour = 4GM Y_UZHYL (6, 9),  Viy = 4GMY_ V{mYL (6, ¢) (25)

where Y,ﬁ’s are the spherical harmonics. From (24) and (2), one can deduce that the following Hamilto-
nian, which is analogous to IHO, describes the quantum effects in the Black hole horizon (See [29,30]
for more details)

(uautvi V uout) (26)

Eqns. (23) and (26) establish the connection between IHO and quantum effects in gravity and the
need for understanding ER bridges. In the next section, we focus on establishing direct-sum quantum
theory, which emerges from the necessity of incorporating two arrows in time to describe one physical
world.

4. Quantum State with a Mathematical Bridge Connecting Parity Conjugate Regions of Physical
Space: Direct-Sum Quantum Theory

In the previous section, we discussed how SBH and dS spacetimes can allow a description of
one physical world with two arrows of time. Similar realization occurs even with the Schrodinger
equation, which is an order differential equation in time (setting /7 = 1)

8 Y

oY) =H|Y) =€|Y), tp:—o00— (27)
atp
where H here is assumed to be time-independent parity symmetric Hamiltonian for simplicity. The
Schrodinger equation (27) sets the definition of positive energy state with a presumption on the arrow
of time

), = e W)y, £>0, ty:—00 = 00 (28)

4

Suppose one assumes an opposite arrow of time; an equivalent definition of a positive energy state
becomes
[¥)r, =€ [¥)g, £>0, tp:o0— —co (29)

This would emerge from the Schrodinger equation with a sign change of the complex number, which
is obvious because we reversed the arrow of time.
I
_IT H|Y) =&|Y), tp:00— —c0 (30)
P

The entire QFT is built on the definition of a positive energy state. Thus, one must define an arrow
of time before specifying the quantum theory. Thus, there is an ambiguity in fixing the arrow time,
which is associated with whether to have "+i" or "—i" in the description of the Schrédinger equation.
Nature does not distinguish between "+i" and "—i"; Quantum theory (without gravity) is known to be
time-symmetric. Thus, it does not matter what convention we use for the arrow of time; we would
arrive at the same physics. This is what a recent work by J. Donoghue and G. Menezes shows [42],
that is, the entire QFT can be reconstructed with —i convention with opposite arrow time by replacing
everywhere +i with —i.
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This crucial observation is the basis for building a direct-sum quantum theory, which removes
the requirement of defining an arrow of time to declare a positive energy state. We formulate here the
description of a quantum state by (geometric) superselection rule [11-14,43] involving P7T .

Vi(x)
1), =ewie, ¥ e, =),

/

PT Mirror
1

| _ 1 (1E)
ﬁ(|\11+>ea|‘1‘->)—\/5 <|w_>>

Figure 3. The picture depicts the new understanding of quantum harmonic oscillator in a direct-sum

|¥) =

Hilbert space. Time is a parameter in quantum theory. In contrast, the spatial position is an operator.
A quantum state here is described by a direct-sum of two components in parity conjugate points in
physical space.

Here, we formulate a quantum state as a direct-sum of two orthogonal components® ¥ )

_ 1 _ 1 [¥s)
|?) = ﬁ(|‘f’+>@|‘1’7>)— ﬁ(l‘i’>> 31)

that are positive energy states with opposite arrows of time at parity conjugate points in physical space
governed by the direct-sum Schrédinger equation [12]

0 ([¥4)\  (H 0 [¥4)
an(v) = (5 &) (V) )

defined in a direct-sum Hilbert space H = H, @& H_. The Hilbert spaces H are called geometric
superselection sectors (SSS) describing quantum states in the parity conjugate regions.
With direct-sum QM, we describe the wave function and the probabilities as

_ 1 |¥, )ge it %‘h (x4)e ®, xp=x2
‘Y(x) - \/§(<x+| <x*|> ( ‘T7>0€i£t = %"Pf (X7>€i€t, o— S 0 (33)
and . 1 0 | oo
/_oodx(‘l"|‘{’> - E/_mazx,<11f,|‘1f,> +§/0 dxs (¥4 [¥,) =1. (34)

5 Note that direct-sum operation is different from superposition
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The position operator here becomes £ = %(J@r @ £_) with eigen values being x; = x 2 0 and

x— = x < 0. Similarly, the momentum operator becomes p = %(fhr @ p-) with py = :Fi%. The
canonical commutation relations are
(e, pe] = +i, [#4, 2] = [p+, p-] = [#+, p-] = [P+, 2-] =0 (35)

We note that P77 operations remain the same irrespective of any coordinate translations. Thus, one can
shift the origin x = 0, but the direct-sum quantum theory is unaltered. Once we divide the quantum
state by the above direct-sum operation into sectorial Hilbert space, we can still perform individually
T and P operations in H+. The T operation in each SSS turns the positive energy states to negative
ones and changes the direction of momenta, whereas the P operation changes only the direction of
momenta.

4.1. Direct-Sum QFT in Minkowski Spacetime

Minkowski spacetime ds? = —dt%, +dx? is PT symmetric (t, — —t, and x — —x). Thus, extend-
ing the first quantization approach by direct-sum Schrédinger equation to the second quantization
is straightforward, and we call it direct-sum quantum field theory (DQFT) [11,13]. For example, the
Klein-Gordon (KG) field operator now becomes a direct-sum of two components as a function of P7T

conjugate points
A 1 (¢ 0
bx) = ("’O* A ) (36)

V2 -
where 3
2 — >k 1 ik-x t —ik-x
)= [ o g o o™
(37)
A _ d*k 1 Cikx ot ikx
$—(—x) = / (272 V/2lko| [“(*)ke Tac ke }
where k - x = —kot, + k - x and the creation and annihilation operators obey
[ﬂ(i)k, a-([-:t)k} =1, [a(:t)kr aEL:F)k} = [a(i)k, a(:F)k} =0. (38)
This gives a new causality condition
[#+ (), $-(-y)] = 0. (39)

along with the standard condition, which demands the operators to commute for space-like distances

[$+(x), $=(y)] =0, (x—y)*>0. (40)

Note that the ¢4 are field operators exclusively defined for parity conjugate points in physical space
with positive energy states defined with opposite arrows of time. The direct-sum of these two
operators results in the description of the quantum field (36) everywhere in Minkowski spacetime. The
construction here is based on P77 and any Lorentz transformations and translations on (36) preserve

PT symmetric feature of DQFT Minkowski vacuum®
O) = [ [2+) Opm4) =0 Om—) =0 41
0m) = om) |’ a4 klOmy) =0, a_yloym—) =0. (41)

6 Positive energy state in vacuum [0y, ) is |r) = e[y )0 whereas in |0y ) it is |¢r) = e€t|¢y)o. Here in this notation

ko = &€ and k = |K|.
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Correspondingly, the Fock space of DQFT is a direct-sum of geometric superselection sectors (5SS)
F = F; @ F- describing quantum states in parity conjugate regions of Minkowski space’. The
two-point function in DQFT is given by

OIFIP()I0) = (0419 () (¥)]04) + 5 (0-I§- ()9 (x') 0. ) 42)

N\P—‘

A similar structure is followed for the propagator, which is a time-ordered product of two field
operators. Thus, the propagator of a quantum field between any two points in Minkowski becomes
the sum of two terms, each describing the field propagation in parity conjugate regions of physical
space. In DQFT, all the interactions are divided into direct-sum; for example, a cubic interaction would

look like
A A3 0
3973 < 0 ¢ *3)

This means we will never have any mixing between ¢ and ¢_. As a consequence, all the standard QFT
calculations extended to DQFT give the same results, which is obvious because of PT symmetry of
Minkowski spacetime (See [11,13] for more details). According to DQFT, the standard model degrees of
freedom, such as particles (|SM)) and antiparticles (|]SM) get represented according to the direct-sum
split of the SM vacuum.

0sm-+) 1 (ISMy)) 57 1 (ISM)
Osm) = SM) = — SM) = — | 1= (44)

Osaa) <|05M> M= a\smsy ) M= s
Note that the geometric superselection rule is the same for all Fock spaces of the SM degrees of freedom,
i.e., the parity conjugate regions are uniquely defined for all states of the SM. We provided DQFT
quantization of a real scalar field, but construction is very straightforward for the complex scalar,
fermion, and gauge fields. Every quantum field is written as direct-sum of two components which are

PT mirror images of each other spanning the entire Minkowski spacetime. Thus we can easily extend
the standard quantization [44] to DQFT as follows:

» Complex scalar field operator ¢, in DQFT is expanded as

A 1. A 5 dk 1 Sikx ot ” A
b= 5P @)y fes = /(271)3/22|ko| [u(i)ke b (e fe-] =0,
(45)
where a4y, azr 1)k and b4y, bzf 1)K are canonical creation and annihilation operators of the
parity conjugate regions (denoted by subscripts (..)) attached with geometric SSS. All the cross
commutation relations of a..), al and by, bl vanish.
¢ Fermionic field operator in DQFT becomes

us(k)e ™ - df vs(k)eﬁk'x] (46)

R Cg S
mm l ok

where § = 1,2 correspond to the two independent solutions of (¥ + m)us = 0and (—K + m)vs =
0 corresponding to spin-i%. The creation and annihilation operators of geometric SSS of

b= plbemi) =L [

Fock space here satisfy the anti-commutation relations {cs(i)k, C:( :t)k} =1, {cs(ﬂk, c;r( :t)k} =

{Cs(:F)k/ Cs(i)k} = 0 leading to the new causality condition {1/3+, I[AJ,} =

7 Inspatial 3D, parity is a discrete transformation totally different from rotation. In spherical coordinates, parity operation

takes a point at a radiatial distance r to its antipode i.e., (6, ¢) — (7w — 6, m + ¢) which can never be achieved by rotations.
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¢ The vector field operator in DQFT expressed as
A 1 2 A A &k () tikx |t ik
Au=—(A @A), As :/—e ceane™ T ot e @47)
Iz \/i( tH #) H (2n)3/2 2[ko| H (FAM)k (£M)k

(1)

where e’ with A = 0,1,2,3 is the polarization vector satisfying the transverse and traceless
conditions. The creation and annihilation operators ¢y, czr LAk satisfy the similar relations as
(38).

All the SM calculations remain the same because all the interaction terms are split into direct-sum
in the following way.

03 0 . Oiu 0
Le~ OgM = ( S(;VI* 0§M_> Ly~ Ogy = ( 0 * O%M, (48)

Here, Oy, is an arbitrary operator involving any SM fields and their derivatives.® Evidently, the
DQFT framework does not alter the QFT calculations in Minkowski due to the spacetime being P77
symmetric. If we compute any scattering amplitude, say, N particles to M particles, the DQFT gives

AN—)M ,— —|—A1l]_>M —a,
AN—)M — + (pﬂ pb) 5 ( Pa pb), Aﬁ—)M(pul_pb) — AIE—)M(_pa, Pb)/ (49)

where p,, py witha=1,---Nand b =1, - - - M represent the 4-momenta of all the states involved in
the scattering. A4 represent amplitudes as a function of 4-momenta of initial and final states computed
in both vacuums |0sps+ ). Notice that the in (out) states in |0gps+) come with the opposite sign, which
is due to the arrow of time being opposite in both the vacuums. The amplitudes A are equal at any
order in perturbation theory due to the P7 symmetry of Minkowski spacetime. The famous CPT
(charge conjugation, Parity, and Time reversal) invariance of scattering amplitudes [45] also holds in
both vacuums, which means

ANTM (o, —pp) = AYTN(—pa,pp),  ANTM(—pa, py) = AN (pa, —py) - (50)

This is attributed to the fact that the CPT operation of any scattering process would turn the outgoing
anti-particles into in-going particles and vice-versa [45].

In summary, we presented a new understanding of quantum (field) theory with a direct-sum
(mathematical bridge) between P77 conjugate sheets of spacetime. Using the geometric superselection
rules formulated by parity conjugate regions of physical space, we have successfully incorporated two
arrows of time in a single quantum state description. DQFT does not change the practical results in SM
particle physics, but it gives a new feature of understanding the role of "time" in quantum theory. We
will witness in the next sections that this structure will lead us to a novelty of building the connection
between gravity and quantum mechanics and tackle the new challenges associated with problems like
IHO.

5. Geometric Quantization of Berry and Keating ITHO

This section aims to elucidate how we can build a new construction of quantum IHO with direct-
sum operation, which echoes consistently with the absolutely crucial observations made by Berry and
Keating, B. Aneva [4,39]. As discussed in Section 3 and as we can see in Figure 2, the regions of phase

8  Remember that any derivative operators must be split into components joined by direct-sum operation.
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space are related by the following discrete group of transformations, which form the dihedral group
[39] D4 of order 8

Ti:Q/:_E, P/::I:PQZ
1 © ", 61)
Tzi:Q’:—ﬁ, P’:$—Q;;

along with lei and szi that include transformations in (16) and (17). These transformations include
dilatations and preserve the quantization conditions Q > /g, and P > /p discussed in Section 3.
Due to the presence of regions related by discrete operations, we formulate quantum theory with
geometric superselection sectors in the phase space. This observation was also recently made in a
work on generalized the Born oscillator, which contains BK IHO as a special case [46]. The relation
between IHO Hamiltonian (9) and the Weyl reflected Laplace-Beltrami operator (22) motivate us to
write positive (E > 0 = +E) and negative energy (E < 0 = —E) quantum states as direct-sum of two
components corresponding to direct-sum Hilbert space (H;s,)

oY _ (¥ ) (+5) g 2(B)
|‘Yiho = (’Tzho > ® ‘Tiho >) = T(fE) » Hiso = Hlso & HISO (52)
} iho >
The doubly degenerate trajectories in phase space imply further direct-sum split of the above states
into the respective components as

_ 1 B B B
\‘Pfhf)>=—(}‘f§ Dy o D)), HOE =1 o u P
(53)
Dy = — (}‘Ym >@|\P§§E)>), HOE) = () g 9 (4E)

The rules of direct-sum quantum theory rely on dividing the physical space by parity operation, which
we do separately for all the regions of the phase space. In particular, the regions IIl and IV of the phase
space individually contain parity conjugate regions (£4) (See Figure 2). But in contrast, the regions [
and II together cover £4.

We split the position and momentum operators of the entire phase space as

A 1 /4 A A A
Q= 7 (Q(+E) ® Q(—E))/ Que = 7 (QueQw), Qrp = 7 (Qr® Q) o
R 1 /4 N N A N N 1 N
P=—(P ®P_p ), P = —(bpy®Py), P_p=-—(PaP
ﬁ( (+E) ® P E)) (+E) ﬁ( m® Prv), P ﬁ( 1@ Prp)
with the only non-zero commutation relations
Qi Pryy| =i, [Qpy, Prv] = —ih
[Qur, Pryp] =i [Qtv, Prv] L (55)

[Q1, Py] =ih, [Qu, Pu] = —ih

which can be realized with four commuting sets of creation and annihilation operators. With (54) the
Hamiltonian of IHO (9) split into direct-sum of four components describing the four regions of the
phase space in Figure 2. Finally, the quantization of IHO is governed by the direct-sum Schrédinger
equation of the following

~(+E
ih— <|‘cho >> — (Hz‘(}; ) A( > <|‘cho )>> (56)
of "Piho > 0 tho |‘Ijzho >

d0i:10.20944/preprints202410.0190.v1
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which describes the evolution of positive and negative energy quantum states. Due to the doubly
degenerate regions I (II) and II (IV) related by (16) in the separatrix phase space (Figure 2), the states
|¥=E) would then be governed by

Tm 111 0 ‘Pm ry(+E
() =[5 o) (Sl). - i
) )
) )

—E
ih— (’T ) ( iho ) (z ) <|1II ) H(fE) _ H}*E) @HI(;E)
ot }TII 0 tho |‘PII

where the Hamiltonians correspond to each region are functions of corresponding position and momen-
tum operators (54). Since the positive and negative energy regions are related by the transformations
(17), the position and momentum wave functions in the region I (II) and III (IV) swap with each
other (i.e., Fourier transform in the region I (II) becomes inverse Fourier transform in the region I1]
(IV) and vice versa). Working out (56) we obtain

(57)

QUZC(l i|;f|>T(E)(QI) Q}I/12€< l|§|)T(+E)(Q111) =0

| (58)
a5 - 1)t mom+ oipe(5+ 1) ¥em@m) o,

which generates the zeros of the Riemann zeta function ¢ (% +i T). The above relations (58), though
they seem similar to the BK’s quantum boundary condition (21), there is a significant difference, which
is "geometrical interpretation”. With our direct-sum quantization using phase space geometric SSS,
we obtain the geometric interpretation, which is a drawback in Berry and Keating’s proposal [4,39].
Our direct-sum quantization, by splitting the full phase-space Hilbert space geometrically into SSS,
would bring a resolution to the issue of quantum chaos in describing the quantum dynamics of IHO
[4,37]. In short, what we achieved here is a description of the IHO quantum state (See (52) and (53))
by mathematical bridges (direct-sum) between various sheets of phase space with different arrows of
time.

6. Quantum ER Bridges in Schwarschild, de Sitter, and Rindler Spacetimes

In this section, we further witness the implications of direct-sum quantum theory for the de-
scription of quantum fields in curved spacetime as well as the so-called Rindler spacetime, which
is Minkowski spacetime with respect to an accelerated observer [13]. Remarkably, ER’s work also
discusses quantum physics in Rindler spacetime and highlights the need for "mathematical" bridges

[1].

6.1. The Mathematical Bridges in Rindler Spacetime

Starting with 1+1 dimensional Minkowski spacetime

ds? = —df* + dz? (59)
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The Rindler spacetime can be realized as
2_p_ lEZaé _ == ler¢ coshay, t= lesinhay (Right Rindler)
2 z=—1e® coshay, t=1le"sinhay (LeftRindler)
— | ds? = e (—dy? + dg?)
(60)
22 le%’? . = %e’m coshag, z= %e‘”] sinhaé (Future Kasner)
a t = —Lle" coshag, z= le"sinha¢ (PastKasner)
— |ds® = * (—dﬂz + d§2)
We can express the whole Rindler spacetime ds?> = —dUgdVy in a coordinate system defined by
1 1w : :
Ur = et < 0, Vr = Je > 0 (RightRindler)
1 1
Ur = —e ™ >0, Vg =—-¢"<0 (LeftRindler)
1 - (61)
Ug = ;(f”” >0, VR = Ee“” >0 (Future Kasner)
1 1
Ur = —Ee_”” <0, Vr = —Ee‘w <0 (Past Kasner)
where
u=n—-¢ v=n+
n-6 n+s 62)

Ur=t—2z, Vrg=t+z

We can visually see the structure of Rindler spacetime in Figure 4. Similar to how phase space horizons
of IHO form a basis for geometric quantization with SSS, the Rindler horizons form the basis for DQFT
in Rindler spacetime. A KG operator in Rindler spacetime is split into 4 components

9) = —5(100) @ l9r)) & (1) @ lov)) (63)

AllRindler

with respect to a direct-sum Fock space corresponding to a direct-sum vacuum defined by a commuting
set of canonical creation and annihilation operators (details can be found in Ref. [13])

Fr=(FLO®FR)® (Fr@® Fp), [0)=(|0)L®[0)r)® (|0)r ©[0)p) (64)

If we quantize a field in (59), according to DQFT, the Minkowski vacuum is a direct-sum of two as we
split the quantum field into two components by parity and time reversal similar to the 4-dimensional
case (36). As a consequence of this construction, the Minkowski vacuum (|M,.)) looks like a pair of
quantum states in Rindler spacetime that follows from the Bogoliubov transformations. For example,
in the context of Left and Right Rindler regions, the Minkowski vacuum can be written as

(65)

B
I1 exp [— 5k ) ChpCh ]|OR>
Oa) = <|0M+>) | \ of | (2 kp> RpCR(~

|0pm—) BE\ o 4
My i ee | = (2 )l 00

Here (af, BR) and (ak, ') Bogoliubov coefficients, (CLP, czp) and (cRp, C£p> are creation and an-

nihilation operators corresponding to the Right and Left regions of Rindler spacetime. Thus in
this framework any maximally entangled state |¢,) (pure state) is split into two pure state com-
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ponents |¢,r), |yr) corresponding to the SSS Hilbert spaces of Left and Right Rindler regions

(Hm = Hp @ HR).
) = —= ('l”m) (66)

V2 \[¥pr)
This means the density matrix of the pure state is split into direct-sum of two pure-state density
matrices
1
P =/ (Pwﬂ ® Pm) (67)

The Von Neumann entropies of the Left and Right states (|'¥ 1), [¥,r)) vanish because the Left and
Right are described by geometric SSS Hilbert spaces. Therefore,

SL = —Ti’[ppL ll‘lppL] = O, SR = —Tr[ppR h‘lppR] =0 (68)
The Von Neumann entropy for [¥p) vanishes too since
S=S5.+5Sr=0. (69)

This confirms the state [¥p) is a globally a pure state whereas [¥p;) and [¥pr) are pure states of a
local Rindler observer. Note that since the quantum theory on the Left and Right are constructed in
SSS corresponding to causally separated spacetime regions, an observer on the Left cannot access
any information on the right. However, the Left and Right regions are P7 conjugates of each other
but separated by Rindler horizons. Though the Left observer cannot access the Right region causally,
by observing the pure states |¥pr ), the observer can reconstruct the pure states of the Right region.
Thus, both observers share complementary pieces of information in the form of pure states. In this
respect, the Rindler horizon acts like a "P7 mirror". We can further extend this to the entire Rindler
space, which includes both Future and Past, along with Left and Right. Following (63), any maximally
entangled pure state now becomes a direct-sum of 4 pure state components whose individual Von
Neumann entropy vanishes; thus, we have a unitary description of QFT in Rindler spacetime.

Figure 4. The figure represents the Left, Right (z2 > t?) and Future, Past (> 2 z2) regions of Rindler
spacetime. The curved lines in the Left and Right regions are constant acceleration ae ¢ curves with
arrows of time 17 : co — —oo (Left) and 57 : —co — oo (Right). Future and Past Rindler with arrows
arrows indicate changing z : £c0 — Foo, 17 : Foo — F00. The Fuzzy colored lines indicate the Rindler
Horizons for Left (Yellow), Right (Green), Future (Cyan), and Past (Pink).
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6.2. The Mathematical Bridges in Quantum Black Hole

Here, we have come to a new understanding of quantum fields in SBH metric with direct-sum
mathematical bridges between two sheets of spacetime. First of all, let us recall the fact that the interior
r < 2GM and exterior r > 2GM are not of the same kind because we cannot treat the time in the same
way in the interior and the exterior. Since, in quantum theory, time is a parameter (not an operator),
we cannot do the same quantum theory everywhere. Furthermore, we can notice that the interior and
the exterior are related by discrete operation U — —U, V — V, which takes us from region I to I1]
in Figure 5, whereas the transformation U — U, V — —V takes us from region II to IV. What this
all mean is switching X = T, T — X or X —+ —T, T — —X respectively. All of this indicates that the
Hilbert spaces of the interior and exterior of SBH are geometric superselection sectors (SSS), suggesting
the KG field operator becomes a direct-sum of two components according to the rules of DQFT. For
quantizing a scalar field in SBH spacetime, we first perform expansion of the KG field in spherical
harmonics

(U, V)

U, V,0,9) =Y Y5 (6, ¢) (70)

{,m
where Y% (8, @) are spherical harmonics. Upon integrating out the Y}, (6, ¢) and considering a suffi-
ciently large BH, we can realize that ®(U, V) effectively becomes a massless field in two dimensions
(U, V), which we quantize promoting it to be an operator as

&= Dy = 1 (Prodn) @ 1 (D110 Prv) (71)
V2 V2

where ext and in subscripts indicate the components of the field operator correspond to exterior and
interior regions of SBH as defined in (6). In Hawking’s 1974 paper [26], the quantum field operator is
written as a summation of interior and exterior parts, which means making a superposition of interior
and exterior quantum states. Since the concept of time is not the same as we discussed earlier, one
cannot write a superposition of quantum states. Our direct-sum operation separates the Hilbert space
geometrically into SSS, which avoids completely any superposition. This follows from the fundamental
meaning of time in quantum theory. The second assumption from the Hawking computation is that
the interior and exterior components of fields commute [ﬁDin, <i>gxt] = 0 based on the intuition that
the ingoing state should be independent of the outgoing state. This intuitive argument also led to the
initial formulation of the information paradox, which has evolved into many intuitive interpretations
in the theories of quantum gravity [47,48]. However, 't Hooft’s calculation of gravitational backreaction
from GR and QM implies a non-commutativity of the QFT operators

s s 8ntG
[(binr q)ext} =i &

n— oo 72
"R+ (72)

which is extension of (24) in the context of second-quantization (DQFT) [12,43]. This consideration
would modify the initial formulation of information loss. The question of extracting what has formed
the BH requires a microscopic (quantum) picture of gravitational collapse, which is an open question
still now due to the lack of a concrete way to quantize fields in a dynamical (collapsing) geometry and
lack of Planck scale quantum gravity to explain final stages (high curvature regime) of the collapse.
The relation (72) is the most fundamental relation that joins gravity and quantum mechanics at the
horizon scale, and it is the key to progress in understanding BH physics. Computing the Bogoliubov
transformation between the Kruskal vacuum |0x) = |0;) @ |07;) and the asymptotic Minkowski
vacuum [Op) = [Op+) @ |0p—) gives us the Hawking radiation given by the number density [12,43]

1

Np = e2mwpy /K _

(73)
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where the surface gravity term x = ﬁ which appears in Bekenstein’s Black hole thermodynamics

[49] gives the temperature of Hawking radiation tobe T = ﬁ.

T — ((9, ¢)

— (7—0, 7+ ¢
U v ( )

Figure 5. The picture represents the spacetime conformal diagram of quantum SBH according to
DQEFT. It contains four regions I, II, I11, IV, which define geometric SSS to describe quantum fields
in Schwarzschild spacetime (applying the near horizon approximation r ~ 2GM). In this picture, the
region I (I1I) and II (IV) are parity conjugates of each other in the exterior (interior) regions of SBH
with opposite arrows of time T.

The result is the same even when calculating Bogoliubov transformation between vacuums of an
infinitely long time before and after SBH formation [50].

With DQFT, we achieve Hawking radiation in the form of pure states [43] because the density
matrix of the maximally entangled pure state is the direct-sum of the pure state components (op ~
Pint © Pext) corresponding to exterior and interior regions of SBH,’ that define geometric SSS. Thus,
any observer who may only access one of the regions in the conformal diagram (Figure 5) access
the information in the form of pure states; thus, there is no unitarity loss. Each observer accesses
complementary information because fixing a vacuum in any one of the geometric SSS uniquely fixes a
vacuum in the rest because of the discrete spacetime transformations that relate to different SSS. This
is called observer complementarity [9] that is consistent in the framework of DQFT.

6.3. The Mathematical Bridges in de Sitter Spacetime

The dS metric (7) in the static coordinates (s, ) can be expressed as [51]

ds? = —(1— H72)di2 + O_Lzﬂ)drz + 120>
1 o - (74)
= (—4dUdV + (1+UV)*d0?)
H2(1-UV)

where r = |%|1+L:”? and%:

_ ,2Ht,
v e

°  Analoguous to (68) the Von Neumann entropy corresponding to the density matrices p;,; and ey vanishes, thus pp is the

density matrix of a pure state.
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Together with the symmetry (8), the metric (74) can cover the entire dS spacetime. Similar to
SBH and Rindler spacetime, the dS spacetime too has four regions related through discrete coordinate

transformations
U=—eHt <, y=el>90 (RegionI)
U=ett>y, V=—e <0 (RegionII) 75)
U=ett>yo, V=0 (Region III)
U=—eHt <, Yy=—¢H" <0 (RegionIV)

where ii = t — 7, and & = t + 7, with 7, = tanh~ ! (Hr,). DQFT in dS spacetime is analogous (by the
construction of geometric SSS) to Rindler and SBH spacetime, and it can be understood through the
conformal diagram of quantum dS spacetime depicted in Figure 6. Similar to the SBH case, we achieve
unitarity and observer complementarity in dS space due to the geometric construction of quantum
theory with SSS Hilbert space.

~ —_ (H,QD)
— (ﬂ—H,fr+ (p)

Figure 6. This is a conformal spacetime diagram that represents quantum dS spacetime where a
quantum field operator is expressed as direct-sum four components corresponding to geometric SSS
corresponding to regions I, II, III, IV. The regions I(IIT) and II(IV) are parity conjugate regions with
opposite arrows of time-related by (U, V) — (U, —V).

Quantizing fields in flat FLRW dS spacetime (7) is widely used in understanding physics related
to early Universe cosmology (cosmic inflation in particular). Often taken assumption in the literature
is fixing the arrow of time T < 0 before quantization. In DQFT treatment, we preserve the discrete
symmetry of spacetime T — —7 and x — —Xx at the quantum level by writing the KG field operator as
a direct-sum of the two components which belong to the parity conjugate points of the physical space.
For quantizing KG field, we rescale the field with the scale factor ¢ — a¢ such that the KG action into
the form of IHO with time-dependent mass [28]

; 2
Sp = /drdg’xgb(a% +0'0; + Tz)gb (76)

Then, in DQFT we promote the field to an operator as
» 1

3 X .
b= @ ed- (-1 ), ds = / (zd)li/z [dki<1¢ = )ﬁ’kfik"‘wi <1i kT) *mk*} (77)

In the above relation, the creation and annihilation operators satisfy [dy 4, df .| =1, [dk e d;, i} =

[dy+, dy ] = 0 preserving causality and locality. The dS vacuum is |04s) = [045+) @ |045_) chosen
such that we recover the direct-sum Minkowski vacuum (41) in the short-distance limit or sub-
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horizon k > |aH|, which we can call it as direct-sum Bunch-Davies vacuum. This construction joins
mathematically the quantum field components ¢4 such that we have one expanding Universe with
two arrows of time (quantum mechanically). Thus, we create mathematical bridges a 14 ER and
Schrodinger’s thin rods we described in Section 2.

7. ERBs, Direct-Sum Inflation and CMB

In this section, we present the first observational test of DQFT in the context of primordial
cosmology, which is responsible for the temperature fluctuations in the CMB. Probes of CMB such
as COBE, WMAP, and Planck have measured the angular correlations of temperature fluctuations
T(n) = %gﬁ) which can formally be written as the sum of its symmetric (even parity) S(7) and its
antisymmetric (odd parity) A(71) components that can be expanded in spherical harmonics as:

T () = S(A) + A(#)
= Y (a5 +afh ) You () (78)
4m
where . 1
S(n) = E[T(ﬁ) +T(—n)] =8S(—n), Ah)= E[’T(ﬁ) T(=A)] = —A(—h) 79)

where (—11) is parity P conjugate of (7). Note that 7 (1), S(71) and A(1) are modeled as stochastic
random fields and are therefore per se neither a scalar nor a pseudo-scalar under P transformations or
isotropic under rotations R. By construction, given in Equation (79), the decomposition into S(71) and
A(n) of the particular realization 7 (72) of the random field has a defined parity, but they are not scalar
or pseudo scalars. Assuming ergodicity, we can instead search for statistical (an)isotropy or statistical
parity (a)symmetry in specific statistical quantities measured from the CMB maps. For instance, we
can define the directional two-point function as:

wlf] = (T ()T (f2)) (80)

where the expectation value (- - - ) is taken over all pairs of directions. We can then examine if w[f] is
statistically (an)isotropic, meaning whether it remains invariant (or not) within sampling errors under
rotations R of §. Furthermore, we can investigate if w[f)] is parity P — symmetric or antisymmetric—that
is, whether w[0] = fw[r], within sampling errors. From the latest CMB data, we can deduce that
w[0] > 0, w[rr] < 0 and w[0] # —w][rt] (See a left panel of Figure 7).

Because P (parity) and R (rotation) are independent symmetries—no combination of R trans-
formations can reproduce P—statistical parity symmetry is entirely distinct from statistical isotropy,
despite recurring claims to the contrary in the literature (see, e.g., [52] and references therein).

Here, following standard CMB analysis, we assume statistical rotational (R) isotropy to focus on
testing statistical parity (P). Under statistical isotropy, the two-point function and power spectrum are
defined as:

emax 26 1
wlo] =< T(Ay)T(Ay) >= Y. 2

(=2

Cy Py[cos 0] (81)

where 0 = |71 — 71| and C; is called the angular TT-power spectrum whose even-odd contributions
are given by
g (S) :_llgm for ¢ =even 82)

1 2
Ce 2/ +1 ;'af”’l ’ where ag,, (T +5) { apm(A) =ay, for £=odd ’
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or in other words, the S and A maps correspond to the even and odd multipoles ¢ of the total map 7
1 1
A S S 2 A 2
Co=Cr+C , CJ=Cieyen = 2011 Eml,|a€m| + € =Cloodd = 2041 Em:|a€m| . (83)

Decades of analysis of CMB data [53-55] with the following quantity

meax f( ) Cﬁzeven

~ 0.79 (84)
T 0(€ +1)Cpoua

Rrr =

indicates there is more power ( 20%) in the odd-multipoles compared to even ones for £, < 20 — 30
corresponding to 6 2 6 — 9°. The result is significant at more than 3.5¢ standard deviations. This
means the scale invariance feature of CMB is only statistically accurate for § < 1° (¢ > 200) that
corresponds to the so-called pivot scale k. =~ 0.05Mpc~!. The even-odd power asymmetry is related to
parity, which is a discrete transformation, not anisotropy. Unfortunately, it is interpreted as anisotropy
in the literature, which resulted in wrong deductions such as hemispherical or dipolar anisotropy or
violation of cosmological principle [56,57]. A severe drawback of these deductions is the lack of sharp
definitions of statistical anisotropy and mistaking parity with anisotropy. It was shown in [14] that the
Universe is statistically homogeneous, isotropic, but parity asymmetric.
The statement CMB is scale-invariant associated with the observational fit of

ke dk , k"
C=o [ ku(,{)%( ) PR—As<k*) (85)

convoluted with ACDM model for small angular scales ¢ > 200. Here As = 2.2 x 10~ is called the
primordial power spectrum amplitude, and the scalar spectral index n; = 0.9634 & 0.0048 (Planck
TT+TE+EE) at k. = 0.05 Mpc_1 from the Planck data [55] and ks = T_1T S = 7 x 1075 Mpc_1 is related
to the distance from the CMB surface of last scattering, and j,(z) are Bessel functions.

Often, many cosmologists dismiss the importance of understanding large-scale features of the
CMB with a statement that the data falls within the cosmic variance
AC) = B (86)
(25 +1 )f sky

of the standard cosmological model with (near) scale-invariance (85). This sampling variance errors
results directly from assuming gaussian statistics in the C; definition of Equation (82). In (86) f, is the
portion of the CMB sky considered in the analysis; usually, one masks the signals from our own galaxy
to avoid data contamination from local sources. This dismissal actually means the incompatibility
of (85) with the data, and it is necessary to search for a theory that gives low-cosmic variance and,
as such, fits the data better. The Ryt in (84) indicates CMB angular power spectra oscillate between
even-odd ¢ with decreasing amplitude. The literature of theoretical (and phenomenological models)
often ignored half of the multipoles (i.e., (0dd)-¢) and interpreted data as indicating power suppression
at low multipoles [58,59]. This misinterpretation has led to numerous works of building speculative
models of inflation in the last decades. In a nutshell, both the theoretical and observational studies
have corroborated with mutual wrong interpretations over the last two decades and left the CMB
anomalies as an unresolved mystery.

Application of DQFT to single-field inflationary scalar fluctuations (Direct-sum Inflation (DSI))

gives [14]
2 rkedk ,
Crmid = u( ) PR 1+ 4Py)
o Jo k
b dk (87)
Cﬁzeven = 97‘[ k ][ <ks>PR(k)(l - APU)
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where
o oH(f)

W) ™

APy = (1 —ns)Re

(88)

=3

And H,Esl) (z) is the Hankel functions of the first kind, and k. = 0.02k, is the cut-scale that corresponds to
the largest angular scales in the CMB 6 > 6° or £ < 30 and the first modes that exit the horizon during
inflation. Inflationary background by definition quasi-dS expansion and it breaks the symmetry (8)
(1, x) = (=T, —x) by the time-dependent slow-roll parameters € = —%, 1 = 7% and as a result the
MS-variable Vs (23) when promoted to operator in DQFT becomes a direct-sum of two components

5 L 5 5 &k dikx | pt K
Vis = <= (Vs ® Vs ), Vs = [ — 75 b Viese ™5 b L Vo™ (89)
where Vj . = 7@7116(1’1/} +1) H](/li) (Fkt) and vi" ~ % =+ € £ 1. We impose conditions of the vacuum such

that we recover the DQFT Bunch-Davies vacuum in the limit e — 7 — 0. The DQFT treatment gives
two-point correlations for parity conjugate points in physical space, which are unequal due to the time
reversal asymmetry induced by the inflationary expansion

T—+—-T=—t—>—-tH—-—-He€e——€,1—=—1. (90)

According to DQFT, inflationary quantum fluctuations evolve in P7T asymmetric vacuum (|0ys) =
10445+ ) © 0445 )) leads to a single quantum fluctuation to evolve asymmetrically at parity conjugate
points. During inflationary expansion, these fluctuations become classical and leave their parity
asymmetric imprints as cold and hot structures in the two-dimensional CMB. This is nothing but
holography, the imprints of quantum gravity in the bulk on the boundary. This supports 't Hooft
original idea of quantum gravity in two dimensions that was propagated to the frameworks of string
theory [8,9] This is schematically depicted in Figure 7, and the actual data can be visualized in the
bottom panel of Figure 1. Computing the two-point correlations of MS-variable Vs, we obtain

A 1 N R
(Oqas| Vs Vis|0qds) = 5 (Ogds+|Vims+ (T, X) Vs (T, ¥)[0qds+)
1 X N
+ 5 (0qas— [Vis— (=T, =x)Vms— (=7, ~¥)|0qas-) 91)
- %ﬁ sinkL
“ ) k22 V kL

where L = [x —y|and P, = 1 (|Vi ms+ | + | Vi, ms—|?)- This results in a power spectrum of curvature
perturbation that leads to parity asymmetric CMB sky (87)

p, - 1 " o)
R 7 272242 Y )
classical T=F 79
H2 (k\""1 r L
8. <k*> 2 {2+®(T>®(X>Apv (k*> — @(—T)@(—x)A’Pv<k*>]

where @ is the Heaviside step function. Note that the power spectrum is the Fourier transform of the
two-point function of curvature perturbation that is proportional to (91), which contains two unequal
contributions due to P77 symmetry of dS (7) is broken during inflation (i.e., [0,4s) is P77 asymmetric.
It is shown that the DSI power spectra [14] (87) 650 times more probable to fit the data better than
the standard scale-invariant inflation (SI), and furthermore, the direct-sum mathematical bridges
(ER bridges) between quantum field components at parity conjugate points explains 20% excess of
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power in the odd-multipoles (84). Similarly, even-odd power asymmetry is derived for inflationary
graviton fluctuations, which serves as a test for DSI with future primordial gravitational wave probes
[15]. Towards the small angular scales in CMB, parity asymmetry becomes insignificant because
high-frequency modes are less affected during inflationary expansion compared to low-frequency
modes. Finally, we depict our observationally consistent new understanding of quantum fields in
curved spacetime in analogy with ER bridges in Figure 1. Note that the parity asymmetry we found in
the CMB is different from the other recent parity-related investigations [60], which are about small-
scale effects due to specific modifications of gravity involving beyond SM degrees of freedom. Parity
asymmetry in our context is much more generic due to the combined action of gravity and quantum
mechanics. It is attributed to large (angular) scales and found to be insignificant at small (angular)

scales in CMB.
1=2-20
0.25
B 99%, 68% SMIC_m NILC_m
0.20 —— COMM_m -_—-
015 —— COMM_c = = DSI
SEVE_m

0.10

0.05

\
\
1
N\

0.00 ©.0) N N (r—6.7+9)
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-0.15

20 40 60 80 100 120 140 160 180

Figure 7. The left panel is for w(#) which highlights the temperature correlations at large angular
scales 6 > 9°, the CMB data lines are coloured lines with with 68% and 99% errors in the SMIC,, data
[55]. Tt is very clear that the direct-sum inflationary (DSI) quantum fluctuations fit better (red-dashed
line) than the standard inflation (SI), which is a black dashed line, in particular the anticorrelation at
6 = 180°. The right panel presents the physical (schematic) picture of quantum fluctuations in DSI
evolving asymmetrically at parity conjugate points in physical space and leaving their imprints in the
CMB when they leave the horizon.

8. Conclusions

Nature’s (classical) laws of physics are governed by second-order differential equations in time,
whereas the counter-intuitive quantum world is governed by first-order differential equations in time.
Understanding gravitational horizons and the associated quantum effects play a key role in deciphering
the origin and evolution of the Universe from the Big Bang to the present accelerated expansion [61-64].
The dynamics of spacetime resulting from Einstein’s GR are found to be incompatible with quantum
mechanics due to the possibility of two arrows of time in describing one physical world. Einstein-Rosen
noticed this in 1935 and conjectured that a consistent quantum gravitational theory that describes
the physical world should emerge by the construction of mathematical bridges between two sheets
of spacetime. Similar deductions independently came from two more prominent scientists, Erwin
Schodinger (1956) and Gerard ‘t Hooft (2016), in the contexts of cosmology and black hole physics. It
is not a coincidence because all of these revelations emerged from one principle of "describing one
physical world with two arrows of time".

In this paper, we discussed all these historical coinciding thoughts with fundamental reasoning.
We also found the importance of quantum theory with two arrows of time in the context of understand-
ing inverse harmonic oscillators based on the seminal investigations by Berry and Keating (1999). We
discussed and conjectured that the quantum fields in curved spacetime are fundamentally connected
to inverse harmonic oscillators. It is important to note that even after nearing a century since ER’s 1935
paper, quantum gravity investigations are still pondering around the ER'’s initial thoughts (See, for
example, ER=EPR conjecture from Susskind and Maldacena [65]). Unlike the many present generation
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physicists working on various formulations of quantum gravity, ER, Schodinger, and 't Hooft were tied
to the single thought of explaining "One Universe" or "One physical spacetime" with unitary quantum
physics instead of creating multiple possibilities of parallel worlds. If one sticks to this principle,
the only way is to re-understand quantum theory, reformulate it, and re-position it for a consistent
embedding within the rules of GR. Almost all the fundamental questions we have in understanding
the Universe, including Planck scale quantum gravity'’, require filling the gaps in our understanding
of quantum fields in curved spacetime. In addition to the ever-growing endeavors of Planck scale
quantum gravity to fix problems that emerge at the level of QFT in curved spacetime, we position
ourselves by delving into the foundational thoughts that can still provide us fruitful answers.'!'?

In this paper, we established a new connection between ER mathematical bridges and recently
found direct-sum quantum field theory (DQFT) in curved spacetime. DQFT builds the understanding
of quantum theory by formulating geometric superselection sectors (SSS) of Hilbert space based on
discrete spacetime transformations. Gravitational horizons are the key to understanding the interplay
between GR and QM. Geometric SSS is vital to building local quantum theory bounded by gravitational
horizons. Crossing the horizon changes the concept of time. Thus, quantum theory with geometric
SSS is a promising way to combine the spacetime geometry from GR with the notion of Hilbert spaces
in QM. This foundational restructure of quantum theory not only brings a new understanding of
time but also reiterates the unitarity in curved spacetime that was thought to be lost after Hawking’s
seminal paper of 1974. Along with the unitarity, we also bring back the observer complementarity,
which helps to start addressing the information-loss paradox. We have shown how the framework of
DQFT explains the long-standing anomalies in the cosmic microwave background and brings a new
interpretation of ER’s mathematical bridges. To be specific, we uncover for the first time compelling
evidence for parity asymmetry of CMB due to the quantum gravitational physics, which could open
new doors of understanding open challenges in quantum gravity research [16,17]. It is worth to recall
the parity asymmetry in beta decay observed by Wu experiment in 1957 [69] has shaped the SM model
of particle physics; finding the parity-related signatures in gravity could potentially uncover new
phenomena in gravitational physics [70]. The direct-sum QFTCS we establish here and its application
to inflationary cosmology via DSI is a promising beginning; further developments of the theory, along
with future astrophysical, cosmological, and gravitational wave observations, could open new doors to
understanding the Universe. Direct-sum quantum theory also clarifies the conceptual conundrums in
quantizing inverse harmonic oscillators, setting the stage for new developments in other related areas
such as condensed matter, quantum chemistry, and biophysics. In particular, recent developments
related to the observation of phase space horizons with BH analog systems, such as surface gravity
water waves, open new arenas for exploring our new understanding of ER bridges [71].
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even if we consider quantum gravity in curved spacetimes like de Sitter [66]

At this juncture, we would like to acknowledge and re-call 't Hooft’s continued efforts in guiding the new generation on
understanding the Universe: as he writes in a recent article [67], "The Standard Model of the sub-atomic particles is often
presented as a theoretical description of all known particles that only has two basic shortcomings. First, the gravitational
force cannot be added without generating uncertainties in the renormalization procedure, and secondly, it seems that the
gravitational effects observed in galaxies and groups of galaxies cannot be accounted for in terms of all particles that are
observed; something basic, possibly invisible and unknown forms of matter, is missing. Naturally, it is attempted either to
add as yet unknown particles to the set of elementary particles known or to add new terms to the equations, in particular,
those of the gravitational force. But if the history of science has taught us one thing, it is that guessing does not often
provide for the correct answers and that the best procedure for improving our understanding consists of systematic studies
of imperfections that can easily have been overlooked".

A recent article by James Peebles [68] also urges us to look for a consistent understanding of quantum fields in curved
spacetime and their essential role in the present understanding of astrophysics and large-scale structure.
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