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This paper discovers that current canonical variational principle and canonical Noether theorem
of (in)finite freedom systems for different physics systems have neglected doublet extreme value
processes of the general extreme value functional that both is derived by variational principle and
is necessarily be taken in deriving all ( quantum ) physics laws in phase space, but which have
not been done for over one century since Noether’s showing her distinguished theorem, which lead
to the crisis deriving all (quantum) physics laws (necessary) in phase space. We discover there
is the hidden logic cycle that people assume canonical equations, and then they finally deduce
canonical equations by the equivalent relation in the whole processes in all current references. We
correct the current key mistake concepts that when physics systems take the variational extreme
values, the appearing processes of the physics systems are real physics processes, otherwise, are
virtual processes in all current references. The real physics should be what after taking the physics
systems’ variational extreme values, the physics systems’ general extremum functional needs to
further take the general extremum functional’s minimum absolute extremum zero, otherwise, the
appearing processes of physics systems still are virtual processes. Conservation current equations
and conservation currents, in phase space, of general canonical variational principle and general
canonical Noether theorem are, respectively, deduced for the first time. Using the general extremum
functionals’ doublet extreme value processes, the hidden logic cycle and the crisis in current canonical
variational principle and current canonical Noether theorem are solved. Consequently, the new
mathematical pictures, classical and quantum new physics in phase space and the new mathematical
and physical doublet extremum processes for (in)finite freedom systems are discovered. General
canonical variational principle and general canonical Noether theorem naturally are given, which
would rewrite all the different sciences in phase space, as key tools of studying and dealing with
them.

Key words: canonical variational principle, canonical Noether theorem, mathematical physics,
fundamental interaction, physics law, unification theory, classical and quatum new physics in phase
space

PACS numbers:

I.Introduction

The systems’ behaviors can be determined by the prin-
ciple of least action [1]. In science, variational principle
makes problems resolved via utilizing the calculus of vari-
ations, and optimizes quantities in the variational sys-
tems [2].

Using Euler-Lagrange equations and the corresponding
convervation quantity deduced from variational principle
can show basic physics laws [3, 4]. Variational principle
is generalized to Noether theorem by Noether’s finding
the transformation symmetry properties of systems, and
Noether showed Euler-Lagrange equations and conserva-
tion quantities related to symmetries [5-8].

Different branches of science, e.g., mathematics,
physics, chemistry, astronomy, even engineering and so
on, have largely used variational principle and Noether
theorem as key tools studying and processing the theo-
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ries and practical applications of the different branches
[2, 3, 9-19], [20], [21, 22].

A lot of references, e.g., [23-28] have very well inves-
tigated various variational principles and their useful ac-
tual applications, and lots of good works, e.g., [29], [30],
[31] have very well researched on Noether’s Theorem and
the useful pratical applications in different branches of
physics.

There exist the needs in advance, in current variation-
al principle and Noether theorem, to pressume existing
some conditions equivalent to Euler-Lagrange equation-
s and conservation quantities, and then deriving Euler-
Lagrange equations and conservation quantities, which
are relevant to a hidden logic cycle trouble and are no
exact.

This paper discover that all the studies on variational
principle and Noether theorem have neglected the key in-
vestigations for the double extremum processes relevant
to the general extremum functional that is derived by the
least action principle and needs to be taken in deriving
all the physics laws, however, the variational principle
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and Noether theorem have not do so for over one centu-
ry since Noether’s showing the theorem [5, 6], which lead
to the crisis of no objectively deriving all physics laws.
Utilizing the investigations for the double extremum pro-
cesses relevant to the general extremum functional in this
paper, the hidden logic cycle trouble and the crisis are
resolved, and the new mathematical and physical double
extremum processes are discovered.

Not losing the generality, all ( quantum ) physics laws
in phase space always can be expressed as some equation-
s, these equations always can be viewed as some cannon-
ical equations, the canonical equations belong to phase
space’s Hamiltonian description coming from configura-
tion space’s Lagrangian description with Euler-Lagrange
equations via Legendre transformations [33, 34], and the
canonical equations always can be deduced by the canon-
ical variational principle and/or canonical Noether the-
orem [5, 6], [33, 34]. Therefore, there always exists the
crisis deducing all the ( quantum ) physics laws in phase
space by the canonical variational principle and canoni-
cal Noether theorem. This paper plans to mainly solve
the crisis. Especially, path integral quanitzation in phase
space is more general than path integral quanitzation in
configuration space [33, 34], and studying the canonical
variational principle and canonical Noether theorem in
phase space is very useful due to the key importance of
quantum physics in modern physics.

This paper’s arrangements: Section 2 shows unify-
ing investigations for canonical variational principle and
canonical Noether theorem of finite freedom systems;
Section 3 researches on crisis of deducing physics laws
in phase space and its solution to the crisis for finite
freedom systems; Section 4 shows unifying investigations
for canonical variational principle and canonical Noether
theorem of infinite freedom systems; Section 5 investi-
gates crisis of deducing physics laws in phase space and
its solution to the crisis for infinite freedom systems; Sec-
t. 6 shows their discussions and applications; Section 7
displays summary and conclusions.

II.Unifying investigations for canonical varia-
tional principle and canonical Noether theorem
of finite freedom systems

The mathematical expressions of the least action prin-
ciple in phase space are: variational of the action during
[t1,t2] about N generalized coordinates ¢ = (¢*, ¢%,...,¢")
and generalized momenta p = (py, pa,...,pn) is [18, 32]

th 2
AA=A-A= / L'(q,p,t)dt —/ L(q,p,t)dt = 0.
t] t1
(1)
The general infinitesimal transformations in phase s-
pace are [32-34]

' =t(qg,pt,a) =t+At=t+e,77(q,p, t, ), (2)

(') =q"(g,p,t,0) = ¢ () +Aq" = ¢'(t)+e.£" (¢, p, IE 6)%),
3
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pi(t") = pi(g:p,t, @) = pi(t)+Ap; = pi(t)+en7 (¢, p, t7(a%,

4
where a = (o, ag, ..., auy, ) are Lie group G’s independent
continuous variable parameters and

ot’ t
77 = 7(25; @) la=0 ,0=1,2,...,m. (5)

§w - 60[(7 ‘oz:O , 0 = 1723 ey MM, (6)

o _ 6101(‘]729» ta a)

; 9. la=0,0=1,2,...,m, (7)

Egs.(5), (6) and (7) are the group G’s infinitesimal gen-
erating functions, €, (¢ = 1,2,...,m) are independent in-
finitesimal parameters related to «, the curves ¢(t), p(t)
are parameterized by time, and the path in phase space
takes extremum related to AA = 0.

Similar to the well known Refs. [3, 12, 18, 32, 34], one
can define

27 (q(t), p(t), 1)
dt
(8)

LP(q' (), ' (t),t') = LP(¢'(¢'),p'(¢'), ') +&4

in which 0 = 1,2,...,m.
Substituting Eq.(8) into Eq.(1), we have

A= [T @) )0+ 2 T

where

LP(q(t), p(t),t) = pi(t)q'(t) — He(a(t), p(t),t)  (10)

Simplifying Eq.(9) and neglecting high order infinites-
imal quantities, we can obtain

a0 . OH 0H,. . ;
AA = o—— + (" — =—)épi — (p; “)oq’
/t1 Eo—g T api)p (pz+3qz)q
d .
—|—a(pi5ql + LPAt + Q)]dt. (11)
Then Eq.(11) can be further simplified as
ta . OH 0H, ;
AA = i — —)0p; — (p; + —)dq"
. [(d op; )opi — (b o )dq
d .
—(pidq" + LPAL + Q)]dt = 0 (12)

dt
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in which Q = ¢,0°.

No lossing generality, there are still three different sit-
uations:

Situation (a): When presuming

ta
AA = / %[piéqi + LPAt + Q]dt, (13)
t

1

utilzing Eq.(12) and Eq.(13), we achieve

OH, . OH.
aq (14)

3

q = apZ 7pi

in which ¢ = 1,2,..., N, due to the linear independent
properties of d¢* and dp; (i =1,2,...,N).
Utilizing Eq.(13), one can derive conservation quantity

pidq’ + LPAt + Q = const., (15)

Using

Aq'=0q'(t) + ¢' (t)At, Ap; = 6p,(t) + p;(t)At,  (16)

we can rewrite Eq.(15) as

pi(Ag =g (t)At) + LPAt + Q = const. (17)

Eq.(17) is the conservation quantity of the systems
from canonical variational principle.

Substituting Eqgs.(2) & (3) into Eq.(17), we deirve m
conservation quantities of the systems

pi(E99—¢'(t)1°) 4+ LP7° + Q7 = const?. (18)

in which e,(0c = 1,2,...,m) belonging independent in-
finitesimal parameters have been used. That is, Eq.(18)
is Noetther theorem’s conservation charges [18, 34].

One can watch that variational principle & Noether
theorem both give the same canonical equations 14), but
their convervation quantities are Eq.(17) and Eq.(18) re-
spectively, i.e., are very different.

Situation (b): When presuming that there is Eq.(14),
and then substituting Eq.(14) into Eq.(12), we have
Eq.(13). There are, in the following, the very similar
discussions underneath Eq.(14) in situation (a).

IT1.Crisis deducing physics laws in phase space
and solution to the crisis for finite freedom sys-
tems

Situation (c): Utilzing Eq.(12) and merging like terms,
one exactly has a general functional

2 . 9H, . OH. _,;

i — 5pi — (b + =—2)8¢")dt

/tl [(q 8pi) pi — (P aqz) q']
to d )

S E(pi(qu + LPAL + Q)dt (19)
ty
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Eq.(19) is deduced by taking extremum of the gen-
eral Lagrangian systems, when the systems don’t have
Eq.(13) or Eq.(14), the systems then cannot give canoni-
cal equations and the corresponding conservation quanti-
ty. That is, this situation cannot show real physics laws,
which just is the reason that both canonical variational
principle and canonical Noether theorem have neglected
the situation (c) [18, 34].

Utilzing Eq.(19) deduced by the variational extremum,
we are able to define exactly a general extremum func-
tional

2 . OH, OH. .
F = i — —5)0pi — (p; + ——)dq"]dt
J = = G+ i

to )
_ / %(plﬁql +IPAL+ Q)dt (20)
t

1

The general new functional F' between the functional
F,, for deducing canonical equations having merged like-
terms relevant to canonical equations and the functional
F,, for deducing the general conservation quantities hav-
ing merged like-terms relevant to the general conserva-
tion quantities is derived by satisfying variational prin-
ciple, namely, F' = F., = —F,,, namely, F., + F., = 0,
which shows just the variational extremum, but these
cannot still show real physics ( see the investigations be-
low ), these are the very key classical and quantum new
physics processes for the general physics systems.

When the minimum absolute value of the general ex-
tremum function F' is taken as zero, because the mini-
mum absolute value of any function is zero, namely, a
general extremum, we, then, have

2 9H, . OH.. ..
i — 5pi — (p; + =—2)8¢")dt = 0
/tl [(d O )opi — (p aq’) q']

to

=— %(piéqi + LPAt + Q)dt = 0. (21)
ty

Eq.(21)’s the first line is just equivalent to situation (b),
and Eq.(21)’s the second is equivalent to situation (a),
which can show physics laws. That is, the general ex-
tremum functional F' chooses a minimum absolute zero
value, the physics laws are able to be deduced. Therefore,
we discover that the extreme functional F’s extremum
leads to that the physics laws can be derived.

The systems, thus, first choose the extremum of the
Lagrangian by Eq.(1), need in advance as usual to pre-
sume existing situation (a) or (b), which are equivalent
to canonical equations and conservation quantities, and
then deriving canonical equations and conservation quan-
tities, which are relevant to a hidden logic cycle trouble
and are not natural and exact.

There actually naturally is the general extremum func-
tional F' such that one can take the general extremum
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functional F’s the absolute extreme value zero, and then
situation (a) or (b) is able to be naturally derived, e.g.,
refer the discussions below Eq.(21). The natural deduc-
tions show the systems’ intrinsical properties, that is, the
objective double extremum procceses in mathematics and
physics. Otherwise the systems are not able to obtain re-
al physical laws. These results are not only supplemen-
tary developments of the current canonical variational
principle and current canonical Noether theorem but al-
so classsical and quantum new physics corresponding to
classical and quantum canonical physics systems, because
this Lagrangian is a general Lagrangian.

Up to now, we discover that all the studies on canon-
ical variational principle and canonical Noether theorem
about different physics systems have neglected the key in-
vestigations for the double extremum processes relevant
to the general extremum functional F' which is derived
by the least action principle and needs to be largely tak-
en in deriving the physics laws in phase space, however,
the current canonical variational principle and current
canonical Noether theorem have missed the general ex-
tremum function F' & F’s minimum extremum, which
lead to the hidden logic cycle disaster and the crisis of
no objectively deriving all physics laws in phase space.
Using the investigations about the double extremum pro-
cesses relevant to the general extremum functional F' in
phase space, the hidden logic cycle disaster and the crisis
are solved, and the new double extremum processes and
the new pictures in mathematics and physics are nat-
urally discovered. Consequently, the canonical canon-
ical variantional principle and the canonical canonical
Noether theorem of finite freedom systems are shown,
which resolve the hidden logic cycle disaster and the cri-
sis.

IV.Unifying investigations of canonical varia-
tional principle and canonical Noether theorem
for infinite freedom systems

Considering the exact mathematical expressions for
the least action principle in a general situation are:
variational of the action for N field components X =
(X1, X2 XN) eg., general field variables X (z) =
{¥(z), p(x),wu(x), guv(x), ..., }, and momenta II =
(Y, 112,..., 1TV is [33, 34]

!’
Ty

AA=A"-A= / LP( X (2)), T (2), " )dz™

z!

- / © (X (@), (), 2)da* = 0. (22)

where general infinitesimal transformations are [33, 34]
ot =2t + Azt = 2" + e, (2)7H (2, X (), 11(z)), (23)

X'(a') = X(x) + €0 ()€ (x, X (2), () (24)
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4

' (2') = I*(x) + €5 ()77 (z, X (2),I(z)) (25
in which X'*(2') = X%(2)+AX*(x), [T'*(2') = I1*(x)+

ATl*(2), w = (w1, w2, ..., W) are Lie group G’s indepen-
dent continuous variable parameters and

_ Ozt (z, X (z), I(x),w)

THU awg |wU:0 5 (26)
wo _ 0X%(x, X(2),[I(z),w)

go = s bmos  (27)
o M EXENEG),

Owey

in which 7#9 | £ and n*° (o = 1,2, ..
imal transformation functions [33, 34].
Eqs.(26), (27) and (28) are the group G’s infinitesimal
generating functions, €, are independent infinitesimal pa-
rameters related to w.
No loss of generality, we can define

.,m) are infinites-

LP(X ("), T (2"),2") = LP (X' (2), 1T (2), 2")
2,0, (X (z), (z), 7), (29)

LP(X (), 1(x), z) = I, (2) X (z) — He(X (), H(m»(sg% |
where H. = [, Hcdr®.  Substituting Eq.(29) into

Eq.(22), we have

A= [ IO T ), 00,2 (X 0). T2, )

7Ep(X(x/)7 H(xl)v :)3/) + EP(X(JJ/), H(x,)v x,)}da’ﬂli

/ P L2 (X(2). 1M(2), @) = / (X @), @), ")

T

+e,0,0" (X (x),11(x), ) + LP(X (x),II(x), z) +

Drp OAzH 2
Db S )da:4—/ LP(X (z),T(z), z)dz*

Azt)(1 +

T2 .b _ .b _
:/ (OULX —He) o ALK —He) o

oXe oll,

i DLP RING
200,27 (X (@), T(w), @) + 1 At 4 LP =
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where DLP/Dax#* is whole derivative of the canonical La-
grangian. Making Eq.(31) into order and missing high
order infinitesimal quantities, we achieve

r2 : OH : OH
_ _17b c a a c
AA_/xl (I — S )0X + (X = ZE)a,

+D(IT,06X%) + %(mx# + e, M) dat (32)

Eq.(32) can be further simplified as

OH.
oXe

AA=0= / (X 871LC)ana — P 4 2 ysxe

NG

1

+D(II,0X%) + %(U’Aa%‘ +OM))dzt  (33)
where Q* = £,/ is an infinitesimal quantity of one
order. Eq.(33) cannot directly show canonical equation-
s, because there exist some additional degrees of choice
freedom.
There are still three situations for Eq.(33):
Situation (A): When presuming

/ [D(IT,6X°) + %(zmxﬂ +OMdat =0, (34)

1

utilizing Eq.(34), we have

OH,: oM.

X0 =T, =—
o, = 9Xe

(35)

because 60X and 0Il, (¢ = 1,2,..., N) are, each other,
independent. Eq.(35) just are the usual canonical equa-
tions.

Utilizing Eq.(34) and Gauss theorem equating zero on
boundary surfaces, we derive a general equation

/ Ao, (0X + X Az°) — H Az" +Q0)dz* = 0 (36)

that is

/ M (AX—X,% Az” + X*Az®) — H Az® +Q0)]dz® =

1

x2
/ M, (AX® — X% Az") — H Az + Q°)dz® = const.
1 (37)

Eq. (37) is just the consevation quantity of canonical
variational principle.

Utilizing Eq. (23) and Eq.(24), we can rewrite Eq.
(37) as

d0i:10.20944/preprints202010.0398.v1

— H.7% + Q%)da® = const®.

(38)
Eq. (38) is just the consevation quantities of canonical
Noether theorem.
On the other hand, using Eqs. (34), we can have

[ e - xg v

1

/ 96X 60 4+ (T, X" — Ho) Ak + Q)]da* = 0 =

/ O[T, (6X 60 + X Axh) — Ho Azt + QM))da* = 0,

(39)
utilizing Eqgs. (39), we achieve the new convervation cur-
rent of improved canonical variational principle

JE =TI, ((AX* — Xﬁ,Ax”)&“O + X“Am“) — H Az +QF

(40)

Using X = AX® — X{Ax”, Eq.(23) and Eq.(24),

we achieve m continuos equations and their conservative
currents

9, JP = 9T, ((AX® — X% Az")6"0 + X Azh)

“H A"+ QP =0

0" = 0T (€77 =X & 7"7) 50+ X O ) —H 717 47| = 0

(41)

JHT =T (677 — X 777) 0" + XOTH7) — M 7Ho 4+ Q7

(42)
in which we have utilized that e,(c = 1,2,...,m) are in-
dependent infinitesimal parameters. That is, Eq.(42) is
the new canonical Noetther theorem’s conservation cur-
rents.

Utilizing Eq.(40) and Eq.(42) and Gauss theorem
IMS (90J0dV=— fMS 81JZ dV = _fMZ JldSz — 0, ( Sz —
00, J — 0,M? is the M*®’s closed surface), we achieve
conservation charges of improved cannonical variation-
al principle and improved cannonical Noether theorem,
respectively

Qup = / J0dx?, Q% = / JYde3 0 =1,2,...,m.
M3 M3
(43)
They are just Eq.(37) and Eq.(38), which just display
that our investigations are consistent with the above two
different reasonings.
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One can watch that improved canonical variational
principle and improved canonical Noether theorem both
give the same canonical equations (35), but they give
that the convervation currents are Eq.(40) and Eq.(42)
respectively, i.e., are very different.

Situation (B): When presuming that there exist
Eq.(35), then substituting Eq.(35) into Eq.(33), we have
Eq.(34). There are the very similar discussions in the
following below Eq.(35) in situation (A).

V.Crisis of deducing physics laws in phase space
and its solution to the crisis for infinite freedom
systems

Situation (C): Utilizing Eq.(33), we can generally ob-
tain

T2 'a 87—[0 .b 87‘[0 al g4 o
/x (X0 — ST, — (11 Z29)5X e =

1

- / [D(H&X“)—k%(ﬁpr“—kQ“)]d‘lx (44)

1

Eq.(44) is deduced by taking extremum of the gen-
eral Lagrangian systems, when the systems don’t have
Eq.(34) or Eq.(34), the systems then cannot give canoni-
cal equations and the corresponding conservation quanti-
ty. That is, this situation cannot show real physics laws,
which just is the reason that both canonical variational
principle and canonical Noether theorem have neglected
the situation (C).

Utilzing Eq.(44) deduced by the variational extremum,
we are able to define exactly a general extremum func-
tional

o OH,
Gf/m (X~ G 0T~

OH.

r al g4 .,
(Ha + 522)0X )d's =

1

T2
- / [D(IT,0X*) + i(U’Aw“ +QM)d*x  (45)
- ozt

The general new equal functional G between the
functional G, for deducing canonical equations having
merged like-terms relevant to canonical equations and
the functional G, for deducing the general conservation
quantities having merged like-terms relevant to the gen-
eral conservation quantities is derived by satisfying vari-
ational principle, namely, G = G., = —Go, namely,
Geo + Goo = 0, which shows just the variational ex-
tremum, but these cannot still show real physics ( see
the investigations below ), these are the very key classi-
cal and quantum new physics processes for the general
physics systems.

When the minimum absolute value of the general ex-
tremum function G is taken as zero, because the mini-
mum absolute value of any function is zero, namely, a
general extremum, we, then, have

d0i:10.20944/preprints202010.0398.v1

OH.
0Xxe

i ra aHf r a1l g4 ... o
/m (X = ST, — (I + 526X s =0 =

1

T2
f/ [D(IT,0X%) + i(ﬁ’m“ +OQM))d*z = 0. (46)
- oz
Eq.(46)’s the first line is just equivalent to situation (B),
and Eq.(46)’s the second is equivalent to situation (A),
which can show physics laws. That is, the general ex-
tremum functional G chooses a minimum absolute zero
value, the physics laws are able to be deduced. Therefore,
we discover that the extreme functional G’s extremum
leads to that the physics laws can be derived.

The systems, thus, first choose the extremum of the
Lagrangian by Eq.(22), and we, then, naturally derive
Eq.(33), need in advance as usual to presume existing
situation (A) or (B), which are equivalent to canonical
equations and conservation quantities, and then deriving
canonical equations and conservation quantities, which
are relevant to a hidden logic cycle trouble and are not
natural and exact.

There actually naturally is the general extremum func-
tional G such that one can take the general extremum
functional G’s the absolute extreme value zero, and then
situation (A) or (B) is able to be naturally derived, e.g.,
refer the discussions below Eq.(46). The natural deduc-
tions shows the systems’ intrinsical properties, that is,
the objective double extremum procceses in mathemat-
ics and physics. Otherwise the systems are not able to
obtain real physical laws. These results are not only sup-
plementary developments of the current canonical varia-
tional principle and current canonical Noether theorem,
but also classsical and quantum new physics correspond-
ing to classical and quantum canonical physics systems,
because this Lagrangian is a general Lagrangian.

Up to now, we discover that all the studies on canon-
ical variational principle and canonical Noether theorem
about different physics systems have neglected the key in-
vestigations for the double extremum processes relevant
to the general extremum functional G which is derived
by the least action principle and needs to be largely tak-
en in deriving the physics laws in phase space, however,
the current canonical variational principle and current
canonical Noether theorem for imfinite freedom systems
have missed the general extremum function G & G’s min-
imum extremum, which lead to the hidden logic cycle dis-
aster and the crisis of no objectively deriving all physics
laws in phase space. Using the investigations about the
double extremum processes relevant to the general ex-
tremum functional G in phase space, the hidden logic cy-
cle disaster and the crisis are solved, and the new double
extremum processes and the new pictures in mathematics
and physics are naturally discovered. Consequently, the
general canonical variantional principle and the general
canonical Noether theorem of infinite freedom systems
are shown, which resolve the hidden logic cycle disaster
and the crisis.
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VI. Discussions and applications

For finite freedom systems, when replacing t, ¢*(t),p; ()
in eq.(1), respectively, with z, X*(z),11*(z) for infinite
freedom systems, e.g., general field variables X*(z) =
{¥(2), ¢(x),w,(2),9,5(z)}, people can derive canonical
equations Eq.(35) and the relevant conservation currents
Eq.(40) and Eq.(42) of the improved canonical variation-
al principle and the improved canonical Noether theorem,
respectively, for infinite freedom systems in phase space,
which have the extensive uses in the different branches
of modern science, for examples, in different branches of
mathematics, physics, chemistry, even engineering and so
on.

For the improved variational principle and improved
Noether theorem for (in)finite freedom systems in config-
uration space has been given in works due to the length
constraint of this paper [35].

Utilizing Eq.(20) deduced by the variational ex-
tremum, people can have a general extremum functional
for finite freedom systems

0H, 0H.,

= (4" — op; — (p; )oqt
f=(a 8pi)p (p; + 3q1) q
d i »
=~ (pidq' + LPAt + Q) (47)
in which f is able to take arbitrary functional value and
F=[[fdt.

When the general extremum functional f’s minimum
absolute value is taken to zero, i.e., taking the general ex-
tremum functional f’s the minimum absolute extremum
zero, namely, the doublet extreme value process, then us-
ing Eq.(47) people can directly derive canonical equation-
s due to the independent properties of d¢; and dp; each
other and the general conservation quantity due to hav-
ing chosen Eq.(47)’s second line into zero. Consequent-
ly, people can discover that the processes of no taking
the minimum absolute extreme value of the general ex-
tremum functional f statisfying the canonical variation-
al extremum principle are still virtual processes, because
this stituation cannot deduce real canonical equations
and the correspoonding conservation quantity. Namely,
when taking the double extremum process of the general
extremum functional f, the processes of the systems are
real physics processes and can give the canonical eqau-
tions and the corresponding conservation quantity.

Utilizing Eq.(45) deduced by the variational ex-
tremum, for infinite freedom systems, we derive a general
extremum functional

oM,
oI

0H.

1
oL, — (I + 522

g= (X"

DG

— _[D(IL,0X") + %(cmﬂ +Om)] (48)
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in which g can take arbitrary functional value and G =
Jope gdta.

When the general extremum functional g’s minimum
absolute extremum is taken into zero, i.e., taking the
general extremum functional g’s the minimum absolute
extremum, namely, the general extremum functional g’s
extreme value, i.e., the double extreme value processes,
using Eq.(48), we can directly derive canonical equations
due to the independent properties of §.X* and JII, each
other and the general conservation current in phase space
due to having taken Eq.(48)’s second line into zero.

Therefore, we discover that the processes no taking
the minimum absolute extremum zero of the general ex-
tremum functional F' (G) statisfying the variational ex-
tremum principle still are the virtual processes, because
all current refererenes, e.g., refs.[5, 6],[3, 15-19], think of
situations (c) and (C) satisfying the variational extreme
value cannot deduce cannonical equations and their cor-
respoonding conservation quantities. Anyway, for taking
the processes of the general extremum functional F’s (
(’s ) minimam absolute extremum zero, the physics sys-
tems’ processes are just real physics processes and can
give canonical eqautions and their corresponding con-
servation quantities. Especially, situations (a) and (b)
((A) and (B)) are the two special taken value situations
and are included in case (c) ((C)) as special situation-
s, and there exists the hidden logic cycle between situa-
tion (a) ( assuming to exist Eq.(13) of deducing conserva-
tion quantity, then putting Eq.(13) into Eq.(12), people
can derive canonical Eq.(14) ) and situation (b) ( as-
suming to exist canonical Eq.(14), then putting Eq.(14)
into Eq.(12), people can derive Eq.(13) of deducing con-
servation quantity ), namely, situations (a) and (b) are,
each other, equivalent, which means that people assume
canonical equations in situation (b), and then they fi-
nally derive canonical equations in situation (a) by the
equivalent relation between situations (a) and (b) in the
whole processes, which is just the hidden logic cycle, so
does Eq.(13) of deducing conservation quantity (similar
for situations (A) and (B)). Consequently, the current in-
vestigations about situations (a-c) ((A-C)) in all current
references, e.g., refs.[5, 6],[3, 15-19], are not the exact
general investigations.

Therefore, we correct the current key mistakes that
when physics systems take the variational extreme val-
ues, the appearing processes of the physics systems are
real physics processes, otherwise, are virtual process-
es in all current articles, reviews and (text)books, e.g.,
[5, 6],[3, 15-19]. The real physics should be what after
taking the variational extreme values of physics systems,
the physics systems’ general extremum functional F' (G)
needs to further take the general extremum functional
F’s (G’s ) minimum absolute extremum zero, otherwise,
the appearing processes of physics systems still are virtu-
al processes because the virtual process situations cannot
deduce canonical equations and their corresponding con-
servation quantities.

In this paper, all the studies on functionals F' and G
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give the relevant integral expressions, utilizing function-
al f and g people can show the relevant differantial ex-
pressions, the two expressions are whole equivalent, this
paper, thus, doesn’t repeat more here.

VII. Summary and conclutions

One can derive canonical equations and correspond-
ing conservation quantities via using canonical variation-
al principle and canonical Noether theorem of the sys-
tems with canonical Lagrangian and symmetry of finite
(infinite) freedoms. But this paper discovers that the sys-
tems have generally intrinsical freedoms of extra choices.
If no to presume existing Eq.(13) or Eq.(14) (Eq.(34) or
Eq.(35)), the canonical Lagrange systems, then, cannot
show true physical laws. Eq.(13) and Eq.(14) (Eq.(34)
and (35)) are actually equivalent to canonical equations
and conservation quantities, and then deriving canonical
equations and conservation quantities, which are relevant
to a hidden logic cycle and are no both natural and exact.

We discover that the processes no taking the minimum
absolute extremum zero of the general extremum func-
tional F' ( G ) statisfying the variational extremum prin-
ciple still are the virtual processes, because all curren-
t refererenes think of situations (c¢) and (C) satisfying
the variational extreme value cannot deduce cannonical
equations and their correspoonding conservation quanti-
ty. We discover that for further taking the processes of
the general extremum functional F’s ( G’s ) minimam
absolute extremum zero, the physics systems’ processes
are just real physics processes and can give canonical e-
gautions and their corresponding conservation quantities,
which are the new key physics.

Especially, situations (a) and (b) ((A) and (B)) are in-
cluded in case (c¢) ((C)) as special situations, and there
exists the hidden logic cycle between situation (a) ( as-
suming to exist Eq.(13) ( Eq.(34) ) of deducing conser-
vation quantity, then putting Eq.(13) ( Eq.(34) ) into
Eq.(12) ( Eq.(33) ), people can derive canonical Eq.(14)
(Eq.(35) ) and situation (b) (‘assuming to exist canonical
Eq.(14) ( Eq.(35) ), then putting Eq.(14) ( Eq.(35) ) into
Eq.(12) ( Eq.(33) ), people can derive Eq.(13) ( Eq.(34)
) of deducing conservation quantity ), namely, situation-
s (a) and (b) ((A) and (B)) are, each other, equivalent,
which means that people assume canonical equations in
situation (b) (B), and then they finally derive canonical
equations in situation (a) (A) by the equivalent relation
between situations (a) and (b) ( (A) and (B) ) in the
whole processes, which is just the hidden logic cycle, so
does Eq.(13) ( Eq.(34) ) of deducing conservation quan-
tity. Consequently, the current investigations about sit-
uations (a-c) ((A-C)) in all current references are no the
exact general investigations.

Therefore, we correct the current key mistake concepts
that when physics systems take the variational extreme
values, the appearing processes of the physics systems
are real physics processes, otherwise, are virtual process-
es in all current articles, reviews and (text)books. The
real physics should be what after taking the variational
extreme values of physics systems, the physics systems’

general extremum functional F' ( G ) needs to further
take the general extremum functional F’s ( G’s ) min-
imum absolute extremum zero, otherwise, the appear-
ing processes of physics systems still are virtual process-
es because the virtual process situations cannot deduce
canonical equations and their corresponding conservation
quantities. These conclusions for finite (infinite) freedom
systems are not only the supplementary developments for
the current canonical variational principle and current
canonical Noether theorem, but also classsical and quan-
tum new physics corresponding to classical and quantum
physics systems in phase space.

Up to now, this paper uncovers that all the investi-
gations about canonical variational principle and canon-
ical Noether theorem for different physics systems with
(in)finite freedom systems have missed the key investiga-
tions about doublet extremum processes of the general
extreme value functional F' ( G ) that both is derived
by the least canonical action principle and is necessari-
ly largely taken in deriving all the physics laws in phase
space, but which have no been done, which lead to the
crisis of deriving all physics laws in phase space. Utiliz-
ing the studies above on the general extremum function-
al F’s ( G’s ) doublet extremum processes in this paper,
namely, on the double extremums, the hidden logic cycle
and the crisis are solved, and the new mathematical and
physical pictures for (in)finite freedom systems are dis-
covered. Therefore, for (in)finite freedom systems, the
general canonical variantional principle and the gener-
al canonical Noether theorem are shown in phase space,
which solve the hidden logic cycle and the crisis having
existed for over a century since Noether’s proposed her
famous theorem.

This paper discovers the new equations of conserva-
tion currents of general canonical variational principle
and general canonical Noether theorem and their new
corresponding convervation currents, their conservation
charges deduced from new conservation currents are the
same as the conservation charges of the usual canoni-
cal variational principle and the usual canonical Noether
theorem, which show that our studies are consistent
with current canonical variational principle and current
canonical Noether theorem.

Consequently, this paper opens a door of studying gen-
eral canonical variational principle and general canonical
Noether theorem of (in)finite freedom systems via taking
the double extremum to show origins of physics laws in
phase space, especially, all quantum physics laws need to
be in phase space, and will rewrite significantly the rele-
vant investigations of different sciences, because canoni-
cal variational principle and canonical Noether theorem
for (in)finite freedom systems have been the key sol-
id bases in physics or general sciences, and this paper
just uncovers new avenues of investigations for (in)finite
freedom systems, general canonical variational principle,
general canonical Noether theorem and their applications
in different sciences, and all the current relevant papers
and (text)books need to rewrite, supply and update.
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